ROBUST NON-PARAMETRIC REGRESSION VIA MEDIAN-OF-MEANS
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ABSTRACT. In this paper, we apply the median-of-means principle to derive robust versions
of local averaging rules in non-parametric regression. For various estimates, including nearest
neighbors and kernel procedures, we obtain non-asymptotic exponential inequalities, with
only a second moment assumption on the noise. We then show that these bounds cannot be

significantly improved by establishing a corresponding lower bound on the tail probabilities.
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1. INTRODUCTION

1.1. Setting and main results. Let (X,Y) be a pair of random variables, where X has
distribution p on R?, for d > 1, and Y is real-valued and satisfies E[Y?] < oo. The regression
function is defined for p-almost every = € R? as

r(z) :=E[Y | X =a].
The pair (X,Y) can be written as
Y =r(X)+e,
where the random variable €, called the noise, satisfies E[e } X] = 0. Note that

E[(Y - r(X))*] = infE (Y - 9(X)?]

where the infimum is taken over all measurable functions g : R? — R such that E[g(X)?] < oo.
In other words, the regression function is an optimal approximation of Y by a square-integrable
function of X, with respect to the Lo risk.

When the distribution of the pair (X,Y’) is unknown, one cannot predict Y using r(X).
However, assuming that one has access to an i.i.d. sample

Dy = ((X1,Y1),...,(Xp, Yp)

with the same distribution as (X,Y’), then one can use the data D,, in order to construct
an estimate of the function r. In this respect, a local averaging estimate of the regression
function is an estimate that can be written as

Vo € R, Fo(x) 1= (2, Dn) = Y Wi(2)V;,
=1

where for all i € [1,n], W;(z) is a Borel measurable function of z and X3, ..., X, (but not of
Y1,...,Y,), with values in [0,1], and such that > ; Wi(x) = 1. This class includes nearest
neighbors, kernel, and partitioning estimates.

The goal of this paper is to design robust versions of 7, (), which exhibit good concentration
properties even if the noise € does not have exponential moments. More in detail, we only
assume that ¢ has a finite second moment. To do so, we use the median-of-means (MoM)
technique: for m € [1,n], we consider m disjoint subsets D). .. , D™ of D,,, each of length
N = |n/m] (if n is not a multiple of m, we simply discard some observations). For each
j €[1,m] and all = € R?, let

79)(z) == Py (z, DY),
for some estimate 7y, called the base estimate. Note that, for a given z € R, the variables
D (z), ..., 7 (z) are i.i.d., with the same distribution as 7 (z) := 7 (2, Dy). The median-
of-means regression estimate is then defined as
™ (z) := median (?(1)(50), e ,7”“”(3;)) ,

n

where median(ry,...,ry) = T([my2]) corresponds to the smallest value r € {ri,...,rm} such
that
m
5 -

Throughout the article, R? is equipped with the Euclidean distance, and for z € R% and
e >0, B(z,¢) denotes the Euclidean closed ball of center x and radius . In all what follows,
we will be interested in the following model (see Section 1.2 for comments on this set of
hypotheses).

Gelmlry <y =2 and [{je[Lm] r=r} >
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Assumption 1. The class F = F, o, with p,o > 0, is the class of distributions (X,Y)
satisfying:
(i) The support S of w is bounded with diameter D > 0 and for all x € S and ¢ € (0, D],
we have
p(B(z,e)) > pet. (1)
(ii) For all z € S, we have Var(e | X = z) < 0.
(iii) The function r is Lipschitz with constant 1.

For a variety of base estimates, including nearest neighbors and kernel estimates, we show
that, when (X,Y’) € F, and when o and p are known, the median-of-means estimate satisfies
the following concentration inequality: for all § € [ %1 1], and for all z € S, when the
number of blocks m is chosen as m = [In(1/0)]|, we have

Pomm@wwunza(“““ﬂ) )sa, 2)

pn

where a > 0 is an explicit numerical constant, possibly depending on d, and where cx > 0 is
a constant that depends on p,o and d only. Roughly speaking, this means that, in a large

domain, the tail of |7'°™(x) — r(x)| is upper-bounded by that of Zﬁ, where Z ~ N (0, Z%)
In fact, if for each = € S, one has access to a local p, such that (1) is satisfied, then (2) is
fulfilled with p, instead of p. Nevertheless, since (2) is valid for all € S, it implies that if

X ~ p independent of D,,, then

o? [In a2
Pommmm—mxn2a<“““”) )ga. 3)

pn

Furthermore, we show that this bound is optimal in the following sense: for all d > 1, there
exists p > 0 such that for all n > 1 and all o2 > 0, for all § €]0, 2*(””3)], for any regression
estimate 7,,, there exists a distribution in F = F,, such that, when X ~ p is independent of
D,,, we have

P \?n(X)—r(X)\zb<(72111(2d'1H3‘5)>ClJr2 >4, (4)

for some explicit numerical constant b > 0 depending only on the dimension d.

In addition to exhibiting concentration properties, the estimate 7'°™ also stands out
through its strong robustness to outliers: as shown in Section 5, as soon as the number of
outliers is less than m/2, the upper bound (2) still holds, modulo a slight modification of the

constants a and cr.

1.2. Related work. It seems that the median-of-means principle was first introduced in
works of Jerrum et al. [22], Alon et al. [1], in order to obtain sub-Gaussian estimators for
the mean of a heavy-tailed random variable, or when outliers may contaminate the data (see
also Catoni [9] for a different but related approach). Some variants that do not require any
knowledge on the variance have also been proposed recently, see for example Lee and Valiant
[28], Minsker and Ndaoud [38], or Gobet et al. [15].

One caveat of the MoM-estimator of the mean is its dependence on the confidence thresh-

old 0. However, under stronger assumptions on the distribution, Minsker [37] showed that it
is in fact adaptive to § up to § &~ e~ V™. In the same vein, Devroye et al. [14] proposed a way
to design d-independent sub-Gaussian estimators up to § ~ e~ ™.

The MoM principle was also generalized to multivariate settings by Minsker [30], Hsu and

Sabato [19], Lerasle and Oliveira [30], Lugosi and Mendelson [35], and applied to a large
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variety of statistical problems, including linear regression (Audibert and Catoni [2]), empirical
risk minimization (Brownlees et al. [7], Lecué and Lerasle [25], Lugosi and Mendelson [34]),
classification (Lecué et al. [27]), bandits (Bubeck et al. []), least-squares density estimation
(Lerasle and Oliveira [30]), and kernel density estimation (Humbert et al. [20]). We refer
the reader to Lecué and Lerasle [20], Lerasle [29], or Lugosi and Mendelson [33] for more
references on all of these subjects.

To our knowledge, there are only very few concentration results in non-parametric regression,
at the exception of Jiang [23] for the k-nn estimate. However, in the latter, the noise is
assumed sub-Gaussian. Hence, the first contribution of the present paper is to derive
estimators satisfying (2), with only a second moment assumption on the noise. Our second
contribution is to show that this bound on the tail probability cannot be significantly improved,
by constructing scenarios where it is tight in the sense of (4).

Let us mention that, except for inequality (1), all points of Assumption 1 (i.e. bounded
support, bounded variance and Lipschitz property) are standard to obtain Ly rates of
convergence in non-parametric regression estimation, see for example Chapters 4, 5, and 6
in Gyorfi et al. [17] for, respectively, partitioning, kernel, and nearest neighbors estimates.
Concerning (1), the proof of Theorem 1 in Penrose and Yukich [39] (see in particular (13.1))
ensures that it is satisfied if .S is a finite union of convex bounded sets and X has a density f

that is bounded away from zero. Such an assumption is also made by Jiang [23]. Comparable
assumptions are the so-called cone-condition in Korostelev and Tsybakov [24], Chapter 5,
and the notion of standard support in Cuevas and Fraiman [13]. As will become clear in the

remainder of the article, equation (1) allows us to obtain inequality (2) for all z € S, and not
only in average for X with law p (see also Remark 1).

Finally, note that the variance factor in inequality (2), given by aﬁ(pn)_d%?, is the
minimax rate of convergence for the Ly risk E[(7,,(X) — r(X))?] in this model. Usually, this
minimax rate is written with respect to D~ instead of p, where D is the diameter of S.
Those two quantities are clearly related by the inequality p < D%, which comes from (1)
applied to e = D. Still, one may check that lower bounds for the Lo risk are actually obtained
in situations where equation (1) is satisfied, namely with X ~ pu = Unif([0, 1]%), see Stone
[13] and Gyorfi et al. [17], Chapter 3. Thus, roughly speaking, we recover this minimax
rate jointly with an exponential upper-bound for the tail of the error |F'°™(x) — r(x)|. This
minimax rate is obtained by optimizing on the tuning parameter of the base estimate (e.g.,
the number & of neighbors for k-nn estimates, the bandwidth h for kernel estimates), and
this optimization step typically requires the knowledge of p and ¢. In this respect, an open
question would be to design procedures to choose this tuning parameter in an adaptive way.
For the Lo risk, this is possible for instance by splitting the sample or cross-validation, as
explained for example in Gyorfi et al. [17], Chapters 7 and 8. Unfortunately, this issue seems
to be more complicated in the present case of concentration bounds.

1.3. Organization of the paper. Section 2 contains two key lemmas and provides a
guideline for proving bounds like (2). In the next two sections, inequality (2) is established for
various choices of local averaging procedures, namely nearest neighbor methods in Section 3,
and kernel and partitioning methods in Section 4. Let us point out that, for partitioning
estimates (Section 4.2), we are able to obtain a uniform control on sup,cg [7°™(z) —r(z)|. In
Section 5, we show that the estimator 7'°™ achieves robustness in a very generic contamination
scheme. The lower bound (4) is established in Section 6. In Section 7, we mention how 7J°™
may be turned into a d-independent estimator, using a strategy introduced by Devroye et al.
[14]. Finally, Section 8 gathers the proofs of several technical results.



2. PRELIMINARY RESULTS

This section exposes two generic results that will be of constant use throughout the paper.
The first lemma relates deviation probabilities for the median-of-means estimate 7°™ with
deviation probabilities of the base estimate . We point out that this result is valid for any
base estimate 7, not only for local averaging rules.

Lemma 1. Let 7)'°™ be the median-of-means estimate of v constructed on m blocks with base
estimate 7. For all x € R and all t > 0, we have

P ([Fy°™ (@) — r(z)| > t) < 2"py(2)"/,

where
pe(z) =P (rn(z) —r(@)] =2 1) .

Let us now turn to the specific context of this article, meaning that the base estimate
takes the form

Ve € R?, Py (z) = Py (z, Dy) = ZW (5)
where for all ¢ € [1, N], W;(z) is a Borel measurable functlon of x and X1,..., Xn (but not

of Y1,...,Yy), with values in [0, 1], and such that S>Y  W;(z) = 1. Our second lemma gives
a bias—variance decomposition for deviation probabilities of local averaging estimates.

Lemma 2. Suppose that (ii) and (iii) in Assumption 1 are satisfied. Then, for all x € R?,

we have
ZW ) +ZW "X — |, (6)
where ¢; =Y; — r(X;). In addition, for all s,t >0, we have

2B | SN Wi(x)?
Pris(T) < [ tzl ] +P<ZW X — =z >s> ; (7)

P () = r(z)| <

with piys(x) as defined in Lemma 1.

In the next two sections, we investigate several instances of local averaging procedures for
the base estimate 7. In each case, we first use Lemma 2 in order to determine ¢ and s such
that piys(z) < ﬁ. Lemma 1 then entails that

P([r°" (@) —r(z)] 2 t +5) <e™™.

The number of blocks m can then be chosen as [In(1/0)], for some target confidence threshold
d € [e7™, 1], so that the probability above is less than ¢. Next, provided o and p are known,
a tuning parameter of the base estimate (e.g., the number & of neighbors for k-nn estimates,
the bandwidth h for kernel estimates) can then be optimized to get a bound in the flavor
of (2), imposing additional constraints on .

3. NEAREST NEIGHBORS ESTIMATION

For = € RY, let
(Xy(@), Yy (@) - (X (@), Yy (@)
a reordering of the data Dy according to increasing values of || X; — z||, that is

Xy (@) = zfl < - < [ Xy (@) — 2],
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where, if necessary, distance ties are broken by simulating auxiliary random variables
(Uy,...,Uy) 1id. with uniform law on [0,1] and sorting them. The weighted nearest
neighbors estimate is defined as

N
() =Y v¥ (@), (8)
i=1
where (vi,...,vy) is a deterministic vector in [0, 1]V satisfying Zfil v; = 1. Note that this

estimate is of the form (5), with W;(x) = v,(;), where o is a random permutation (depending
on z) such that X; = X,(;)(z). We refer the interested reader to Biau and Devroye [1],
Chapter 8, or Samworth [12] and references therein for more information on this topic.

In this context, the variance term of Lemma 2 reduces to

N N N
’ [Z Wz‘(x)Q] DN S ©)
i=1 =1 =1

As for the bias term, letting D(;) () := || X ;) () — x|, we rewrite it as

N N
D Wil@)lIX; —all =Y viDg)(x) . (10)
i=1 i=1

The following lemma, whose proof is housed in Section 8, allows us to control the expected
nearest neighbor distances (see Remark 1 below for a comment on this result).

Lemma 3. Under Assumption 1(i), for all x € S and i € [1, N], one has

; 1/d
E [Dg ()] <2 <p(N+1)> :

According to (10), we then deduce from Markov’s inequality that, for all z € S,

N o N i 1/d
P (; Wi(x)|| X; — 2| > s> <= > ([)(NH)> : (11)

i=1

Combining (9) and (11), and applying Lemma 2 with

N . 1/d
_ 2 .
and s = 16e Zvl <p(]\f—}—1)) N (12)

we see that, for all z € S,

1
Prs(r) < 1e2
which entails, by Lemma 1, that
Py (@) —r(@)| = t+s) <e™™. (13)

We first propose to illustrate this result on two specific examples of nearest neighbors rules:
the uniform k-nearest neighbors estimate (Section 3.1) and the bagged 1-nearest neighbor
estimate (Section 3.2). As we will see, both satisfy the concentration inequality (2). Next,
Section 3.3 details the mutual nearest neighbors estimate, which is not a weighted nearest
neighbor rule, but still a local averaging procedure. The concentration inequality we obtain in
this case is not exactly of the form (2) for the constant a depends on some extra parameter.
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Remark 1. The fact that the upper bound of Lemma 3 is valid for all d > 1 and, more
importantly, for all x € S, is due to inequality (1) in Assumption 1. If one only supposes that
the support of X is bounded, then Biau et al. [5], Corollary 2.1, ford =1 ord > 3 and a
consequence of Liitidginen et al. [71], Theorem 3.2, when d = 2, only ensure that there exists a
constant cq depending on the dimension d and the size of the support such that, for all d > 2,

E [Dgi)(X)?] < cq LJ . ,

whereas for d =1 one has E [D;(X)?] < 1.

3.1. The k Nearest Neighbors estimate. Let us focus on the case of uniform k-nearest
neighbors (k-nn). Namely, we now set

1 k
)= 2 > V()
=1

for some k € [1, N]. Then, for all z € S, (12) becomes

9 1662 k . 1/d 1/d
t= 260’\/7 and § = E <Z) < 16¢€? (km) ,
k ko~ p(N +1) on

where we used that N = | 2] > 2 — 1. We thus deduce from (13) that

<|Am°m( ) —r(z)] > Qeaﬁ—k 16€2 (i:)l/d> <e ™. (14)

When ¢ and p are known, one may then choose k as the largest integer such that 0\/% >

8e (k—m) 1/d, ie.
< |G)
32¢2 m ’

on
which belongs to [1, N] = [1, | 2 |] provided
d

o2 \¥2 spnNaz _ n

< (= = <=

L= (32e2> (m) —m’

@ < d 32@2
p 46\/> 2p2/d'

In this case, using that |u| > u/2 for u > 1, we get

d 2 1
9 32e2\ @+2 a+2 2 d+2
deoy| — < 8eo ¢ m < 32¢2V/2 gm .
V k* o2 pn on

In view of (14), we have, for the optimal choice k*,

i.e.

1

(“mm( )= (@) > 326V2 (‘”")) <o,

on

Finally, we arrive at the following result.



8

Proposition 4. Under Assumption 1, let

d 2
g 32e —cn+1 —
c:p<4€ﬂ> /\J2p2/d/\1, Jdele J1[, and  m=[In(1/9)] ,

~mom
rn

ensuring that 1 < m < cn. Then the estimator constructed on m blocks with k*-nn base

estimators, where
d_
E* — o? \ " (pn)diz
32¢2 m ’

P (iemer vtz v (2N

satisfies

on

Hence, when k*-nn is chosen as base estimate, inequality (2) is satisfied with a = 32e2v/2
and cr = c.

Remark 2. One may notice that the optimal value for k has the same dependency with

2d 2
respect to 0% and n, that is k* = O(cd+2nd+2), as the one that balances bias and variance
when minimizing the Lo risk, see Gyorfi et al. [17] Theorem 6.2. In a different setting, the
conclusion is the same in the work of Jiang, see Remark 1 in Jiang [25].

3.2. Bagging and Nearest Neighbors. We now turn to the bagged 1-nn estimate with
replacement. Bagging (for bootstrap aggregating) is a simple way to combine estimates
in order to improve their performance. This method, suggested by Breiman [(], proceeds
by resampling from the original data set, constructing a predictor from each subsample,
and decide by combining. By bagging an N-sample, the crude nearest neighbor regression
estimate is turned into a consistent weighted nearest neighbor regression estimate, which
is amenable to statistical analysis. In particular, one may find experimental performances,
consistency results, rates of convergence, and minimax properties in Hall and Samworth [18],
Biau and Devroye [3], Biau et al. [7], to cite just a few references.

Without going into details, it turns out that bagged 1-nn estimates, with or without
replacement, can easily be reformulated as weighted nearest neighbor rules (see for example
Biau and Devroye [3]). For sampling without replacement, the weights in (8) are, for some

k € [1,N], o
~ (o)

Vi = — v Lie[,N—k+1] »
()
while for sampling with replacement, we get

e (5 - (x)

From now on, let us focus on sampling with replacement. Concerning the variance term in
(12), Proposition 2.2 in Biau et al. [5] and the fact that k£ < N yield

N 9 _ 2k 1\* 22k 4e2km
i

N N n

where for the last inequality, we used that N = L%J > o+ For the bias term in (12), we
have to upper bound the quantity

S (i)

(< "\ N +1 '

=1




This is the purpose of the upcoming result, whose proof is detailed in Section 8.4.

Lemma 5. For all d > 1, one has

N PNV )
~1/d
I
1=1
In view of (12), we are led to

3
t < 4e’c 2]<77m and s < 32 ,
N n ~ (pk)1d

and, by Lemma 1, for all z € S,

2km  32¢3
~mom >4 2 < M
(\ (@) = 7(@)] = 4%y = +(pk)1/d>_

As for the k-nn case, when o and p are known, the integer £ may be chosen as the largest
>0 ka , that is

d
1 — 32e2n \ #+2
- p2/d02m ’

which belongs to [1, N] = [1, L%J

m o d/\ 32¢?
n =P dev/2 o2p2/d’

In this case, using that |u| > u/2 for u > 1, we get after some simplification

<\”“°”‘( ) —r(z)] > 128¢° (ﬁ)cﬁ) <e ™.

Putting all pieces together gives the following statement.

integer such that B k)l/d

Proposition 6. Under Assumption 1, let

d 2
g 32e —cn+1
_p<4e\/§> /\U2 2/d/\l, Jele J1[,  and  m=[In(1/9)] ,

Amom

ensuring that 1 < m < cn. Then the estimator T constructed on m blocks with k*-bagged

1-nn base estimators, where
d_
I 32e2n "\ 42
g2, ’

% [In e
(rmm( )= rla)] > 1256t (TR0 ) <s.

In summary, the result for the bagged 1-nn estimate is the same as for the k-nn estimate
as established in Proposition 4, that is inequality (2) with this time a = 128¢3 and exactly
the same expression for cr = c.

satisfies
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3.3. Mutual Nearest Neighbors. The term of mutual nearest neighbors (mnn) seems to

date back to Chidananda Gowda and Krishna [11, 12] in the context of clustering. Since
then, it has raised interest in image analysis for object retrieval (see, e.g., Jégou et al. [21]
and Qin et al. [11]) as well as for classification purposes (see Liu et al. [32]). Some theoretical

results (consistency, rates of convergence) can be found in Guyader and Hengartner [16].
Denote Ny (z) the set of the k nearest neighbors of z in Dy, N/ (X;) the set of the k nearest
neighbors of X; in (Dy \ {X;}) U {z}, and
Mp(x) == {X; € Ni(z) : = € N(X;)}
the set of the mutual nearest neighbors of z. Its cardinal My(z) := |[My(z)| is a random
variable with values between 0 and k. The mutual nearest neighbors regression estimate is

defined as .
?N(x) = YZ',
Mk( ) :.X; Ezj\;k

with the understanding that 0/0 = 0. Setting W;(x) := Mk(z) 1x,eMy(2) if Mg(z) >0, and 0
otherwise, we can also write

N
=> Wi@)Y;
i=1

However, notice that it does not admit formulation (8) since the weights are not determin-
istically linked to the order statistics X(1y(),..., X(n)(x). Hence, stricto sensu, the mnn
estimator does not enter into the framework of weighted nearest neighbors rules. Nonetheless,
it is locally averaging and equation (7) combined with Markov’s inequality gives

B[S W] B[S W@ X -l
Prys(z) < I + 5

In the latter, we can reformulate the first term as
My (z)>0
Wi(x — . 16
[Z ] [ M () ] (19
Now, according to equation (2.1) in Guyader and Hengartner [16], we have

X T)—2x
{iemm, - o < P =2l
Then, conditionally on D(41)(z) = [ X(x41)(z) — 2|, it can be shown (see for instance Lemma
A.1 in Cérou and Guyader [10]) that My (x) is stochastically larger than a Binomial random
variable with parameters k and

(15)

 (Blw, Dy (2)/2)
(B2, Dijgr)(x)))

where B (z,7) stands for the open ball with center z and radius r. In light of this, a convenient
way to control E [Mj(x) ] in (16) is to add the assumption that the measure y is “doubling”
in the following sense: there exists a constant o > 0 such that for all z € S and all € > 0,

L (é(m,s/?))
p(B(z, )

Let us mention that, in the standard definition of a doubling measure, the denominator in
(17) is u(B(z,€)). However, under this additional assumption, My (x) is stochastically larger

> a- (17)
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than a Binomial random variable with parameters k and «, and by Gyorfi et al. [17], Lemma
4.1, we can finally upper bound the variance term (16) by

Concerning the bias term in (15), simply notice that any mutual nearest neighbors of x
belongs to the k nearest neighbors of . By Lemma 3, this implies

_E 1, (2)>0 < 200
Mk((]}> “k+1

km

<E [Dgy(z)] <2 (pn>1/d :

E

N
> Wil@)lIX; — |
=1

By the same reasoning as before, if we set

« km 1/d
t= 460’\/7 and s = 16> ()
k on

then Lemma 1 yields P ([r0°™(z) — r(z)| > t+s) < e ™. Therefore, one may carry out

the optimization exactly as in the k-nn case but with o replaced by ov/2«a, and obtain a
proposition akin to Proposition 4, with ¢ modified accordingly.

Proposition 7. Suppose that Assumption 1 and (17) are satisfied. Let
oo\ d 16¢2 Cenat1
c:p<@) /\W/\l’ o€e ™1, and m=[ln(1/d)] ,

ensuring that 1 < m < cn. Then the estimator

base estimators, where
d_
e | (a0t <pn>diz>
|\ 16e2 m ’

P (\?mm(x) — ()| > 64”03 (02 [n(1/9)] ) ) <.

n on =

o™ constructed on m blocks with k*-mnn

satisfies

In summary, the mnn estimate does not exactly satisfy inequality (2), since a = 64e2al/3
depends on the extra parameter o.

4. KERNEL AND PARTITIONING ESTIMATION

4.1. Kernel estimates. Let 0 < h < D and consider the kernel estimator

N
R 1
v (z) = No@) ;Yilllxi—zsm
where N
Na(@) =3 Ljx,—zi<n:
=1

with the convention 0/0 = 0. Observe that this is again of the form (5) with
Wi(z) = Nu(@) ™ 1)x,—a)<h -

By inequality (6), we get
N

ZVVz(fﬂ)Ez

=1

P (@) —r(@)] <
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In this case, we have, deterministically,

N 1 N
Wi@)|Xi — 2l = o= D _IXi =21 x,—z)<n < h.
ZZ} @ @ Np(z) ; i (1 X:i—2|I<

Hence, for all ¢ > 0 and all x € S, Markov’s inequality yields

pepn(x) = P(fry(z) —r(z)| 2t +h) <P <

t2 ’

i=1

so that L
2 Np (z)>0
o’B { Np () }
thrh(x) < 2 ’

Since Np,(z) is distributed as a Binomial random variable with parameters N and u (B(z, h)),
we have, by Gyorfi et al. [17], Lemma 4.1, and Assumption 1,

1y (m)>0:| 2 2m
E|—2 < < :
[ Ni(z) | = (N+1)p(B(z,h)) — pnh
Hence, we obtain
20%m

< _
thrh(.iL') = pnhdt2 )

Since the right-hand side equals 1/4e? for t = 2e 2[)‘;2};;‘, Lemma 1 implies

2 2
P (ymm(x) —r(z)] > 2e p‘jﬁz + h) <e ™.

When o and p are known, the bandwidth h can then be optimized: taking h such that

%2¢ 202m
1
8e2g2m )\ 42
h = ,
< pn )

pnhd
. d+2 .
we see that if m < 'DSDez)iUQn, ensuring h* < D, we have

1
2 2 a+2
P(,ﬂlnom(x)_r(x)|22<860'm> ) Seim.

pn

=h, ie.

All in all, we arrive at the following proposition.

Proposition 8. Under Assumption 1, let

de-i-Q
C:W/\l’ S€le 1, and m=[In(1/8)],
e2o
ensuring that 1 < m < cn. Then the estimator T°™

base estimators, where
1
B 8e2o?m \ @2
pn ’

o? [In vz
P <|ﬂ?°m<x> ()] > 4623 <“p§j/5ﬂ> ) <5

constructed on m blocks with h*-kernel

satisfies

In other words, inequality (2) is fulfilled with a = 4e2/3 and cr = c.
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4.2. Partitioning estimates. To simplify the presentation, let us here assume that S =
[0,1]%. For some integer K > 1, let P = {A;, As, ..., Aga} be a cubic partition of [0, 1]¢ by
K% cubes with side length 1/K. For k € [1, K%, if x € Ay, the partitioning estimate of the
regression function takes the form

N

~ 1

TN(x) = E Wz@)Yz = Fk g YilXieAka
=1 =1

where
N
Nk = Z ]-XiEAk 9
i=1
with the usual convention 0/0 = 0. The reasoning is mutatis mutandis the same as for kernel
estimates. Here again, the bias term can indeed be deterministically bounded:

N N
1 _
> Wil@)| X — | = N D xeallXi—af < VAKT. (18)
. K “
i=1 i=1
Hence, for all t > 0 and x € Ay, we are led to
o’E [71%;0} 962 od+1 frd 2,
thr\/aK—l(x) < 12 < (N+ 1)M(Ak)t2 = pnt2 ’ (19)

where we used that, if a; denotes the center of Ay, then by assumption (1)
p(Ax) > p (Blax, (2K)71)) > p(2K) .
Again, by Lemma 1, we get

2d+1 [(d 52
P o™ (x) — r(x)] > 2e T VAR | <em,
pn

One may then choose K as the largest integer such that vVdK ! > 2e,/ Wlf#, ie.

1
pdn d+2

which belongs to N'\ {0} as soon as

m pd
MR G
n = 2d+30242

Once again, using that |u] > u/2 for u > 1, we obtain

1 1
2d+3 2 2 a+2 2 a2
OAK! < 4vd <m> < 166233 <m> ,
pdn on

which yields

P (|?,T°m(x) —r(z)] > 16eVd <U;T> di?) <e ™.

Putting all things together gives the upcoming result, which shows that inequality (2) is
fulfilled with a = 16ev/d and cr = c.
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Proposition 9. Under Assumption 1 with S = [0,1]?, let

pd

W Al 5 6 € [€_Cn+1, 1[ 5 G/I’Ld m = ﬂl’l(l/(;)} 5

CcC =

ensuring that 1 < m < cn. Then the estimator T™°™ on [0,1]¢ constructed on m blocks with
partitioning base estimators on K¢ hypercubes, where

1
- pdn d+2
K= {<2d+3e202m> J ’

(rmm( )~ r(2)] > 16ev/d ("2 ““<1/5ﬂ>‘”2> <5

pn

satisfies

One enjoyable feature of partitioning estimates is that uniform bounds for z € S can easily
be obtained. Indeed, for all ¢ > 0, we have

~mom — m
P (sup| (z) — r(z)| >t + VdK 1) sule{w] )[R~ 1} =)

zeS zes

Then, by inequality (6) of Lemma 2 and the deterministic bound (18) on the bias term, it
comes

P (sup [re™(z) — r(x)| > t+ \/;iK_1> <P supz 1

m
e xeS {‘Zz 1W(J) (])‘>t} = 2 s

where sgj ), cee 6%) stand for the noise variables in block j, and where

leeAk ]) X(J)GA ’

with X fj ), Xy U) the features in block J, and Ny U) the number of features in block j falling
into Ag. Noticing that Wi(j )( ) does not depend on the exact position of z but only on the

cube Ay in which it lies, we obtain, with the notation BZ.(Q = 1{X(j)€A },
I 7/ k
“ m
P <Sup |roe™(z) — r(z)| >t + \/gK_1> <P| sup Z 1 > —
z€s 1<k<Kd 5T {‘ Ly 2N, BYY >t} 2

<>'P il

1 N (J) (J)
_ i — B

~-3p iB}j) > % ,
j=1

thanks to the union bound and with the notation

B,gj) = 1{

}z

N 3) ()
Z Bljk zj

>t}'

N(])
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Clearly, for each k € [1, K], the Bernoulli random variables (B;(f))lgjgm are i.i.d. with

parameter
9d+1 prd 12,
>t < ——m—

pnt?

1 & () ()
o J J
pr =P <|N(J) E B
k

i=1

)

where the upper bound, which does not depend on k, comes from (19). We may now apply
inequality (25) in the proof of Lemma 1 to deduce that

9d+1 f¢d ;2 m/2
P (sup [fmo™(z) — r(z)| > t + VAK ') < Kd.om (=TT .
x€S pnt2

Choosing t appropriately, we get

9d+3 52 f¢d+22
7 o VK

<e ™.

P [ sup |[F°™(x) — r(x)| > e\/

zeS

In particular, we see that if K — 400, and if there exists ¢ > 0 such that n~'K%¢ — 0,
2d

then, choosing m such that n='mK%*m — 0 and e~ is summable (e.g., m = (logn)?),

Borel-Cantelli Lemma entails that

sup [FM°™(z) — r(z)] — 0 almost surely.
€S oo

5. ROBUSTNESS TO OUTLIERS

In this section, we consider the contamination scheme introduced by Lecué and Lerasle
[25]. We assume that the index set {1,...,n} is divided into two disjoint subsets: the subset
7 of inliers, and the subset O of outliers. The sequence (Xj, Y;);ez is i.i.d. with the same law
as (X,Y) € F. No assumption is made on the variables (X;, Y;)ico. We denote by Poz the
distribution corresponding to such a contaminated sample.

Let 7™ be the median-of-means estimate of r constructed on m blocks, with base
estimate 7. Define ¢ as the proportion of outliers in the original sample and assume that
m > 2|0| = 2en, where |O| is the number of outliers. Then, letting B be the set of blocks
that do not intersect O, we have, for all s,t > 0,

“-~mom = m
Pouz (|F°™(x) — r(x)] > t+5) <Pouz | Y L{170) (@) —r(@)| 445} = 5
=1

c m
<Pour [ 1B+ {70 @) —r(@)| 245} = 5
jeB

Observing that |B¢| < |O| = en < m/2, we get, with a slight abuse of notation,

~mom = m
Jj=1

Now, the proof of Lemma 1 reveals that

m

m
m m_
P> L) @) —r(e) 3045} = 5 €M | S 27 pegs() 27"
j=1
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which is less than e™ for pyys(z) < (26)_%. Hence, provided m = [In(1/0)] > 2|0| =
2en, the same strategy as the one described just after the statement of Lemma 2 can be
applied to the contaminated setting.

For example, in the case of uniform nearest neighbors detailed in Section 3.1, some compu-
tation shows that the estimator 7'°™ constructed on m blocks with k*-nn base estimators,

where
d
1 m 2\ @2
k= {(8(26)’”2%”02 (i:)fl) J ;

which belongs to [1, N] = [1, | 2 |] provided

satisfies

6. LOWER BOUND

For some h > 0 to be specified later, let
S=1o0,n[n "],
We consider the model
Y =r(X)+e,
where X ~ p = Unif(S), the noise ¢ ~ A(0,0?) is independent of X, and r is a 1-Lipschitz
function on S. Notice that this model satisfies Assumption 1, meaning that (X,Y) € F.
Indeed, the support S is bounded with diameter D = h {hil] Vd and, for all z € S and
e € (0, D], one has
d/2

i d d
> > = =: .
p (B, 2)) 2 g (Bl VD)) 2 (BO V) = somrerose? =i e
Let us stress that p depends on d but not on A. Our purpose is to show that the concentration
properties we have obtained so far are optimal in the sense of inequality (4).

Proposition 10. For all 6 6]0,2_(‘“'3)], for any regression estimate T, there exists a
1-Lipschitz mapping v = r,, : S — R such that, when X ~ u independent of D,,, we have

P | [Fu(X) = r(X)| > i (Uz o %dig“)> s (20)

Proof. This lower bound is established using the same idea as in the proof of Theorem 3.2

in Gyorfi et al. [17] (see also Section 2 in Stone [13]). Namely, let C := [—1, %]d and OC its
frontier, then define

g(x) = dist(z,0C) Loee = inf{|lz — yll,y € AC} Loce.
Clearly, g is 1-Lipschitz and one can check that

1
/g(m)zdx = S CESCESR (21)
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Consider a partition of S by K := {h_l]d hypercubes A; of sidelength h and with centers a;,
and let the functions g1, ..., gx be defined by

vj € [1K], gj(z) :=hg (h™! (x —ay)) .

Hence the support of g; is A; = [aj — %; a; + %]d and
hd+2
2
(x)°dx = .
/gﬂ(””) T od+1)(d+2)
The set of regression functions we consider in what follows is

K

R:={rld = chgj ,ee {1, 1}F
j=1
The proof in Gyérfi et al. [17] ensures that each r(¢) is 1-Lipschitz. Our goal is to show

that for all 6 €]0, 2_(d+3)], and for all regression estimate 7, taking as input i.i.d. couples
D, = ((X1,Y1),...,(Xp,Y,)) with the same law as (X,Y'), we have

sup P <
ce{-1,1}K

<7TO'2(d +1)(d+2)In (ﬁ) ) i

n

(X)) — M(X)‘ > Z) >4, (22)

with

(23)

For this, let § €]0,27(@*+3)], h defined by (23), and 7, denote a regression estimate. For
Jj €[1,K], and for z € A;, we start by defining

() := sign (Tn(z)) gj(z) .
Note that for all x € S, and ¢ € {—1, 1}, we have
1.
Fu(@) = rO@)| = 5 [Fal@) - rO@)|
We proceed by designing estimated signs ¢; as follows: for all j € [1, K, define the hypercube

A= [a; = hia; + 4] C 4

and set

Cj 1=
—1 otherwise

_ {+1 if P (7 (X) = g;(X) | X € 4) > §

In other words, for each hypercube A;, we take a majority vote, but only on A;-. Observe
that if X falls in the subset A; of a bad hypercube Aj, i.e. such that ¢; # c;, then

‘FH(X ) —rl(X )’ > h/2 with probability at least 1/2. Combining those observations and
the fact that P(X € A)) = (2¢K)~!, we have

(

We are now left to show that

K
RX) = 11900)] 2 § ) 2 e SPE £ 6.
j=1

(X)) > Z) > p (

-2

K
1
sup ——— E P(c; #¢j) > 0.
ce{—11}K 2d+1 ¢ = J J
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To do so, consider a uniform random vector (Cy, ..., Ck) € {—1,1}¥ (that is, i.i.d. Rademacher
random variables with parameter 1/2). Clearly,

K K
1 — 1 -
SUP 7T i Z]P)(Cj #¢j) 2 pYESy ZP(CJ‘ # Cj).
=1 =1

Now, for each j € [1, K], the estimated sign ¢; might be seen as a decision rule on C}, based
on the data D,,. The minimal error probability is attained by the Bayes decision rule:

C7 = 1pc;=1/p,)>1/2 — 1B(C;=1/D,)<1/2 -
Hence,
P(c; # Cy) > IP(C’; #C;)=E [P(C; # Cj | Xq,... ,Xn)] .
Let X;, ,...,X;, be the variables X; that fall in the hypercube A;. Conditionally on
X1, ..., Xy, the Bayesian rule for C; based on Y1, ...,Y,, only depends on Y;,,...,Y;,, and the
problem comes down to the Bayesian estimation of C' ~ Rad(1/2) in the model Y = Cu+ W,
where u is a fixed vector of RY and W is a centered Gaussian vector with covariance matrix

0?1y, independent of C. In this situation, Gydrfi et al. [17], Lemma 3.2, ensures that
; 2
—1 95(Xi, n (X)2
P(C} # Cj| X1, X)) =@ | — > e195(Xi) :@(— > i1 94 z)>.
g o

By Jensen’s Inequality, we have

P(C £ Cj) > B (_ VI E [gﬂ&-)?]) e (_ nE [gj<X>2]> |

g o

Since, by (21),
hd+2

B[00 = [l = g

we are led to

K
1 1 1 nhd+2
_ P(c. V> _— |-/
Slip 92d+1 | ]; (C] 7'é C]) = 9d+1 ( 0'\/2(d + 1)(d + 2))

1 T 1
= 2d+1q) <_ 5 In <2d+35>> ’

by definition of & in (23). We now use the following lower bound on the Gaussian tail (see
for instance Pdlya [10], equation (1.5)):

1 1
Ve >0, &(—z) > = (1 —\/1- e_fr12> > Ze 3 ,
2 4
where the second inequality is by v/1 —u <1 —u/2 for u € [0,1]. Hence,

1 iPN # e () g
SUp ——— G #cj) > e \2P) =4
Podrig P (¢ #¢j) 2 9d+3
as desired. Returning to (22), there exists 7 = 7() such that

| <7r02(d+ 1)(d+2)In (ﬁa))d-ﬁz

P [7(X) ~r(X)] > 5 . >4
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with, for all d > 1,
(7(d+1)(d+2))72 > 1,
which concludes the proof. ]

7. FROM -DEPENDENT TO J-INDEPENDENT ESTIMATORS

One feature of 7"°™(z) is that it depends on m, the number of blocks, and thus on the
pre-chosen confidence threshold § = e™™. In this section, we give an argument due to Devroye
et al. [11], allowing to turn 7'°™(z) into an estimator satisfying (2) simultaneously for an
infinity of §. Let us first recall that, when ¢ and p are known, then for all integer m between
1 and [en| (for some constant ¢ depending only on p, o and d), one is able to construct a
confidence interval I, for 7(z) with level 1 — e~™. Now let

m:=min 1 <m < |en], E#@ ,

and define the estimator 7, (x) as the midpoint of the interval ﬂL T I;. Let 0 € [eficﬂ, 1[

and let mgs be the smallest integer m € [[1, |cn]

. Then 7, (z) satisfies

P ([F(@) = r(@)] > [Tn]) <. (24)
Indeed, by a union bound, we have
len ] len| _
~ . e~ Ms
Pl N {T(ﬂ:)EIj} 21 ) Tzl 210
Jj=ms Jj=ms

Now, on the event ﬂj s { (x) € } one has ﬂLc_"J f # (0, hence m < mg. But if m < ms,

€ j=ms
then 7, (z) also belongs to ﬂL ./T;, and in particular

[Fa(@) = r(@)] < [T

which establishes (24).
For instance, for k-nn base estimates, one may combine Proposition 4 and this method to

construct an estimator 7, (z) which is such that, for all 6 € [lel, 1 [,

P | [Fn(z) = r(z)| > 64eV2 il ﬁn(;ﬂ—ilmﬂ " <$,

B o dA 32¢*
=P 1er/2 o2p2/d

8. PROOFS OF TECHNICAL RESULTS

with

8.1. Proof of Lemma 1. By definition of the median, we have

m

P ([ (2) = r(2)] 2 6) P D Lo o) -r(o) 2t} = 5
j=1
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The variables 1 ([P (@) —r(2)| >t} AT i.i.d. Bernoulli variables with parameter p;(z). Now, if

By, ..., B, are i.i.d. Bernoulli random variables with parameter p € [0, 1], then for any real
number ¢ € [0, m] we may write

jiBj >l = i (Z)pk(l —p)"F < plfl i GZ) Sp‘kZZ (7;) —2mpl . (25)

k=[] k=[€]

In particular, taking £ = % gives the desired result in Lemma 1.

8.2. Proof of Lemma 2. For a given 2 € R?, the difference 7y (2) —r(z) can be decomposed

as v N
(@) —r(@) =Y Wile)ei + Y Wil) (r(Xq) = r(2)) |
i=1 i=1

where ; = Y; — r(X;). By the triangle inequality and the fact that r is 1-Lipschitz, we have

N N
Y Wi@)r(X;) —r(x)| < Y Wila) || Xi — =,
=1 =1

which establishes inequality (6). Next, for ¢,s > 0, a union bound gives

prys(z) <P < >t>+P<ZW HXi—l‘HZS) ;
) B |(SEWios)|
>t) <

Wi(z)e;

=1
By Markov’s inequality, we have
ZW@(JJ)&} 2 t2 ’

N
]P) (
=1

and the assumption on the conditional variance of ¢ implies that

N 2 N
(Z Wz(ﬂf)éz> = Z E [Wi(z)W;(2)E [eig; | X1,..., Xy]]
i=1

t,5=1
N

= > E [Wi(@)’E [ | Xi]]
i=1

< o’E

which concludes the proof of (7).

8.3. Proof of Lemma 3. We have
D

D
E [D(l) (l‘)] = /0 P (D(z) (x) > 8) de <a +/ P (D(z) (z) > 6) de,

a
for some a > 0 to be specified later. Observe that D;)(z) > € if and only if there are strictly
less than i observations in B(z, ). Since the number of observations in B(z, ¢) is distributed
as a Binomial random variable with parameters N and u (B(z,¢)) > pe?, we have

P (D) (x Z( > Y (1 — peh)yN=i, (26)
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Applying Biau et al. [5], Lemma 3.1, gives, for all p € [0, 1],

i—1 .
N\ 4 i
Y (1-pNTT <
jz (J> (1=2) p(N +1)
Hence,
i b
E [D(l)(l’)] a + m ; Edﬁ
For d > 2, we obtain

) al_d ia—

_ .o\
Taking a = (m) , we get

i 1/d

For d = 1, we set a = 0 and use (26) to deduce that

§=0
i—1
1 N\ [PP
=Z(.)/ (1 - u)Vdu
szo J 0
i—1 1
1 N
< - <>/ uw (1 —w)N I du
P~ J 0

Recognizing the Beta function

1 A 1N — j)!
i1 —uNdu=BG+1,N—j+1) =L """
we obtain
1« —J)! i
]E - = .
PZ<J> (N+1)! p(N+1)
8.4. Proof of Lemma 5. Our objective here is to prove that, for all d > 1, and for all
ke [1,N],
N PNV
Zvi <> < 26k_1/d,
i=1 N+1
where

. k AN
(o2 oL
N N)
If d =1, we can simply apply Proposition 2.3 in Biau et al. [5] to deduce
N

Z' i 21+1k<%
U\Nx1) "k N) =k

=1




22

If d > 2, since

we may write
N ;o\ i\ 1/
, < N
Yu(vr) =4(®)
Sy LR AN i Ve
2 (20w %) ) ()

i<k>z\m 1 <N2< )W (1_]3)@) |

In the latter, we can compare the Riemann sum to the associated integral thanks to the next
inequality (see Section 8.5 for its justification).

Lemma 11. For alld > 2 and 1 < j < k < N,we have

1/d AN 1 ‘
& gz/ 241 — ) ide = 2B(1/d + 1,k — j +1).
Nz( ) ( N) [t 2 (1) )

This yields

B(1/d+1,k—j+1)

N
S
\_/

() 5
—~ "\N+1 =
kN 1 D(1/d+1)(k— )]
2;<]>Nﬂ ITA/d+k—7+2)°

Next, notice that

(1 ) = T(1/d+ 1)( >'kﬁ+l( 1)
I'l/d+k—-—7+2)=1(1/d+ 1)(k — 7+ 1)! 1+
J J 1 dal

so that

IA
[\]
-

N PNV
;”" (N+1>

) 1
J) NIk -+ DI (1+ %)

<
Il
-

Il
E\%»

() v
J=1) NiG T (1 )

E N
Il
—_ =

Il
b

(%) :
s\ Ni(G+ D) TTZ) (1 + %)

To go further, we need the following technical result (see Section 8.6 for the proof).

Lemma 12. For alld > 2, k> 1, and j € [0,k — 1], we have
1

— <kl
G+ DI (1+ 3)
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Accordingly, we get

al i\ Jan (k) 1
< 2k~! —
2 (31) = Jzo(y)fw’

so that, finally, for all we are led to

d>2 w
1/d I\F y »

<21+ —= —ld < 9ek~
: <N+1> = <+N> ks 2ek70E,

and the proof of Lemma 5 is complete.

8.5. Proof of Lemma 11. We have to show that for all d > 2 and 1 < j < k < N,we have

LN\ i\ ki L o
— — - < — —J .
N2 1 <N> <1 N) = 2/0 z (1 - ) de

1=

To lighten the notation, set m := k — j so that 0 < m < N — 1, and we want to establish that

Z( >1/d <1_]i[)mg2/01x1/d(1—x)mdx:2B(1+1/d,1+m).

If m = 0, since the mapping = — x'/¢ is increasing, we get

N .\ 1/d 1 1
S} <= do=—+-2 <92 % —o de .
N;<N> _N+/0x SR e i Tl A

Therefore, from now on we can safely assume that d > 2 and 1 <m < N — 1. Let us denote
@(x) = z1/4(1 — 2)™ for 0 < z < 1, and notice that if we set z* := (1 +md)~!, the function
¢ is increasing on [0, z*] and decreasing on [z*,1]. With this in mind, it is readily seen that

}ngm -/ pla)dz = fj /< (i/N) — pla))de = Z / ( / s ¢'<y>dy> d

= ﬁ;/; (/; w’(y)dx> dy = ;/; (y Z]_V1> ¢'(y)dy
< i /: (v-54) min(0. /e
< ;fi/:l min(0, ¢'(y))dy = go(f;) :

Consequently, taking into account that N > m + 1, it suffices to show that

P B 1/d1+m).

m+1"
For this, we write
F1+1/d)I'(m+1) r1+1/d)I'(m+1)

Fm+1/d+2)  (m+1/d+1)(m+1/d)L'(m+1/d)"
Since d > 2, Gautschi’s inequality then implies that
I'(m +1/d) < pl/d-1
Fm+1) —

B(1+1/d,1+m) =
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Since

o (/) dmm
plz”) = (m + 1/d)m+1/d’
we deduce that
e(a*) < (/)91 + 1/m +1/(md))

(m+1)B(1+1/d,1+m) ~ T(1+1/d)(1 + 1/m)(1 + 1/(md))m+1/d-1"
To conclude the analysis, we distinguish between two cases. First, if m > 2, then
(14 1/(md))™ /91 > 1+ 1/(md)
and remarking that
(14 1/m)(1 + 1/(md))™ Y41 > (1 +1/m)(1 + 1/(md)) > 1+ 1/m + 1/(md)

we get
T 1/d 1/d
o(a*) B
(m+1)B(1+1/d,1+m) — I'(1+1/d)
and it is easy to check numerically that, for all u € (0,1/2], one has t(u) < 1, hence the
desired inequality when m > 2. Finally, when m = 1, we have

p(z*) ey ()2 +1/d)
(m+1)B(1+1/d,1+m) 2B(1+1/d,2) ~ 2I'(1 + 1/d)(1 + 1/d)'/4

and one can again numerically verify that, for all u € (0,1/2], one has ¢(u) < 1. This
concludes the proof.

= ¢(1/d),

8.6. Proof of Lemma 12. If we set p = j and ¢ = k — j, this amounts to show that, for all
p>0and g >1,
1

(p+ DI 1+ )

< (p+q)~V4,

or, equivalently,

wq(p) == éln(p +q)<Iln(p+1)+ Zln (1 + C;) =:Yq(p).
=1

In this aim, note that

1 1
<

0< ¢ (p) =
< #40) dp+q) ~ p+1

=Y,(p),
and ¢4(0) := % 1In(q) while
Z" 1
wq(O) = 2 ln (1 + dﬁ) .

Thus, the lemma holds true if and only if, for all d > 2 and ¢ > 1,

%ln(q) < quln <1+d1€> .

(=1

Taking into account that In(1+ x) > z — 2%/2 for all x > 0, we may write
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Now, if v stands for Euler’s constant, we know that

whereas

hat

q 2
1\ 1 1 -

S(14 )= -lnlg) ==~ (- ).

H“( +d€> dn(q)—d< 12d>

Since the right-hand side is positive for all d > 2, the proof is complete.

[

1
Putting all pieces together, we have shown
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