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Sequential Monte Carlo (SMC) methods represent a classical set of tech-
niques to simulate a sequence of probability measures through a simple se-
lection/mutation mechanism. However, the associated selection functions and
mutation kernels usually depend on tuning parameters that are of first impor-
tance for the efficiency of the algorithm. A standard way to address this prob-
lem is to apply adaptive sequential Monte Carlo (ASMC) methods, which
consist in exploiting the information given by the history of the sample to
tune the parameters. This article is concerned with variance estimation in
such ASMC methods. Specifically, we focus on the case where the asymp-
totic variance coincides with the one of the “limiting” sequential Monte Carlo
algorithm as defined by Beskos et al. (Ann. Appl. Probab. 26 (2016) 1111-
1146). We prove that, under natural assumptions, the estimator introduced
by Lee and Whiteley (Biometrika 105 (2018) 609-625) in the nonadaptive
case (i.e., SMC) is also a consistent estimator of the asymptotic variance for
ASMC methods. To do this, we introduce a new estimator that is expressed
in terms of coalescent tree-based measures, and explain its connection with
the previous one. Our estimator is constructed by tracing the genealogy of
the associated interacting particle system. The tools we use connect the study
of particle Markov chain Monte Carlo methods and the variance estimation
problem in SMC methods. As such, they may give some new insights when
dealing with complex genealogy-involved problems of interacting particle
systems in more general scenarios.

1. Introduction. Sequential Monte Carlo (SMC) methods are classical Monte Carlo
techniques widely used in Bayesian inference, filtering, rare events simulations and many
other fields (see, e.g., [15] and references therein). The principle is to approximate a se-
quence of probability measures (1,),>0 by simulating an interacting particle system (IPS)
via an importance sampling and resampling mechanism. The flow of measures is then ap-
proximated by the empirical version (nY),>0. A lot of convergence results when the sample
size N goes to infinity can be found in the literature (see, e.g., [11, 12]).

In practice, when applying these SMC methods, it is also very important to have a control
on the constructed estimators, such as confidence intervals. For this, if one has a CLT type
theorem for the test function f such as (see, e.g., [10, 11, 14])

N () = () ——= N(0.0.(H)?).

it suffices to provide a consistent estimator o,fv (f) of 0,(f) since Slutsky’s lemma then
ensures that

VNOY ) —m(f)  a
cr,{V(f) N— 00 N(O’ D.

A natural way to achieve this aim is by resimulating the IPS independently many times and
by estimating o, (f)* with the crude variance estimator. However, since a single run of the

Received September 2019; revised July 2020.

MSC2020 subject classifications. 47D08, 65C35, 60J80, 65C05.

Key words and phrases. Sequential Monte Carlo, central limit theorem, variance estimation, interacting parti-
cle systems, Feynman—Kac semigroups.

1021


https://imstat.org/journals-and-publications/annals-of-applied-probability/
https://doi.org/10.1214/20-AAP1611
http://www.imstat.org
mailto:qiming.du@upmc.fr
mailto:arnaud.guyader@upmc.fr
https://mathscinet.ams.org/mathscinet/msc/msc2020.html

1022 Q. DU AND A. GUYADER

algorithm may take a lot of time, this is usually intractable. In addition, as the estimator
n,lqv (f) of n,(f) provided by SMC is typically biased, it is also nontrivial to implement
parallel computing for a large number of IPS with N relatively small. As a consequence,
a variance estimator available with a single run of the simulation is of crucial interest for
applications.

The first consistent estimator of this type was proposed by Chan and Lai [9], by using
the ancestral information encoded in the genealogy of the associated IPS. Then, Lee and
Whiteley [16] proposed an unbiased variance estimator for the unnormalized measures ynN
and a term by term estimator, with insights on the genealogy of the IPS. Both estimators are
studied in the classical SMC framework, meaning in a nonadaptive setting where the weight
functions and the Markov proposal kernels are fixed a priori.

In this article, we deal with adaptive SMC methods. At each resampling step, the weight
functions and/or Markov proposal kernels depend upon the history of the simulated process.
The idea is to approximate an ideal “limiting” SMC algorithm, which is usually out of reach,
by exploiting the induced information tracked by some summary statistics. Such approaches
are expected to be more efficient and more automated than the nonadaptive ones since they
require less user-specified tuning parameters.

Specifically, we are interested in the case where the adaptive SMC algorithm is asymp-
totically identical to a “limiting” SMC algorithm. More precisely, we expect the asymptotic
variance of the adaptive SMC algorithm to be identical to the “ideal” nonadaptive one. This
kind of stability property is at the core of the pair of articles [4] and [8]. The framework
discussed in the present paper is just a slightly generalized version of the one presented in
Section 2 in [4] but still ensures the stability property of their Theorem 2.3.

Another remark is about adaptive multilevel splitting (AMS), also known as subset sim-
ulation; see, for example, [2, 3, 5, 7, 8]. This is a class of ASMC algorithms dedicated to
rare event estimation and simulation. Despite the fact that our assumptions are not verified
in the AMS framework, we expect that the variance estimator would also work in this con-
text. Nonetheless, we believe that this case requires a specific analysis as well as different
assumptions. To account for this, one can notice that the proofs in [8] and [4] differ in many
points, although the take-home message is the same. In a nutshell, the main difficulty in the
AMS framework comes from the indicator functions in the potential functions as well as in
the transitions kernels, leading to severe regularity issues when dealing with CLT type results
and asymptotic variances.

From a theoretical viewpoint, to prove the consistency of the variance estimator proposed
in [16], we were not able to adapt their technical tools. This is due to the additional ran-
domness brought by the weight functions and Markov kernels in the adaptive case. As a
consequence, we propose to develop new techniques in order to estimate the terms Ffi that
appear in the expansion of the variance given in [6]. The main ideas are: first, our term by
term estimator is consistent and, second, the difference between our estimator and the one of
Lee and Whiteley goes to 0 in probability when the sample size N goes to infinity. However,
in practice, one uses the estimator proposed by Lee and Whiteley, which is computation-
ally very simple, while the one we introduce here may be seen as a handy tool to prove the
consistency of the former.

The construction of our estimators FS,  uses the idea of many-body Feynman—Kac mod-
els, which were designed in [13] to study propagation of chaos properties of conditional parti-
cle Markov chain Monte Carlo methods [1]. Above the specific context of the present article,
these connections may give some insights on how to deal with complex genealogy-involved
problems in more general settings.
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Notation. Before proceeding, let us provide some notation that will be of constant use in
the following.

e For any Polish space E, we denote respectively by M(E), M4 (E) and P(E) the sets
of signed finite measures, nonnegative finite measures and probability measures on E en-
dowed with Borel o-algebra B(E), while B,(E) denotes the collection of the bounded
measurable functions from (E, B(E)) to (R, B(R)) equipped with uniform norm ||-||sc.

e For any u € M(FE) and any test function f € B, (FE), we write

w()i= [ Feomun.
E
A finite nonnegative kernel Q from (E, B(E)) to (F, B(F)) is a function
Q:ExB(F)—~ R4

such that, for all x € E, Q(x,-) € M4+ (F) and, for all A € B(F), Q(x,A) is a B(E)-
measurable function. We say that Q is a Markov transition kernel if, moreover, for all
x € E, Q(x, ) is a probability measure in PP(F'). For a signed measure 4 € M(E) and a
test function f € By(F), we denote respectively by uQ € M(E) and Q(f) € Bp(E) the
measure and function respectively defined by

MQ(A):/Eu(dX)Q(x,A) VA € B(F),
and

0(f)() ZZ/FQ(x,dy)f(y) Vx e E.

Given two finite nonnegative kernels Q1 and Q5 respectively from Eq to E| and E| to E»,
Q10> is the nonnegative kernel from Eg to E, defined by

0105(x, A) :=fE 01(x.dy)Qa(y. A) ¥(x, A) € Eg x B(E2).

e For two functions f, g € B(E), their tensor product is the function

f®g E*>(x,y) > f(x)g(y) €R,

and, in particular, we denote f®2:= f ® f. For two finite nonnegative kernels Q and H
from (E, B(E)) to (F, B(F)), we denote

(Q® H)((x,y), (A, B)) := Q(x,A) x H(y, B)

for all (x,y) € E x E and all (A, B) € B(F) ® B(F). Accordingly, we write Q®2 =
0® 0.

e In order to define the coalescent tree-based measures of size 2, we introduce the transition
operators Cg and C| as

Co((x, ), d(x', Y')) i= 8. pyd (x', '),
and
Ci((x,y),d(x",y) :==8@.nd(x', y).
In other words, for any measurable function H : E x E — R, we have

Co(H)(x,y)=H(x,y) and Ci(H)(x,y)=H(x,x).
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e Forallx = (x',...,x") e EN, we define the empirical measure associated to x by

m(x) := Zax, € P(E).

z 1

We also denote

m®2(x) = N2 ZS(XI Xj) € P(EZ)
i,j

and
1
2 . 2
m® (x) = ]\I(T ZS(XI x7) S P(E )
i#]
A straightforward computation shows that
N —1 1
(1) m®2 () = ——mx)Co + Lmx)C.

With a slight abuse of notation, considering [N]:={1,2, ..., N}, we write
m([N]): Z 8 and m®*([N]):=m([N]) @ m([N]).

2. Adaptive sequential Monte Carlo. This section presents the formal definition and
the regularity assumptions of the ASMC framework studied in this article. The motivation
is mainly from ASMC via summary statistics introduced in Section 2 of [4]. We refer the
reader to the latter for details on motivating examples such as filtering or sequential Bayesian
parameter inference.

2.1. Framework. The notations that are adopted are essentially those in the pair of
books [11, 12]. Let (E,, B(E,))»>0 be a sequence of Polish spaces. For each level n > 1,
we consider a family of potential functions G,—1; : E,—1 — Ry and Markov kernels
M, . : (E,—1,B(E,)) — [0, 1] parametrized by z € R¢. Accordingly, we define the family
of nonnegative Feynman—Kac kernels O, ; b

Onz(x, A):=Gp_1,;(x)M; 7 (x, A).

We suppose that there exists a sequence of reference parameters (z);),>0 and, for eachn > 1,
we denote

Gn-1:=Gp_1

n—1’

M, = n,zr_, and Q,:= Qn,zz_l

Starting with a known probability measure yg := g € P(Eqp), we define the unnormalized
Feynman—Kac measures y,, by

Yn :=v001- - On,
along with the normalized measures
1
myn
Assumption 1 below ensures that, for all n > 0, G, is strictly positive so that

Np =

n—1
ya(1) =[] np(Gp) > 0.

p=0
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Another formulation of the connection between normalized and unnormalized measures is
thus given by

n—1
2 Ya(Fa) =ma(fa) [T np(Gp).

p=0

For p < n, we define the Feynman—Kac semigroup

Qp,n = Qp-H T Qm

and Oy ,(x, A) :=6x(A). In this context, ASMC algorithms aim at approximating the se-
quences of measures (y,),>0 and (1,),>0 by exploiting some summary statistics

e Ey R?
such that, for all n > 0, we have

(&) = ZZ-

2.2. ASMC algorithm. In practice, ASMC and SMC algorithms share the same selec-
tion/mutation mechanisms. However, since in most situations of interest the parameters
(z)n>0 are not analytically tractable, the potential functions (G,),>¢ and transition kernels
(M,)n>1 are estimated on the fly through the design of an adaptive algorithm.

Let N € N* be the number of particles (or samples). The interacting particle system
(IPS) associated to the ASMC algorithm is a Markov chain (Xj),>0 taking values in
(EN, B(E,)®N),>0 with genealogy (An)n>0 tracking the indice of the parent of each par-
ticle at each level. Specifically, A;_l = j means that the parent of the particle X }, at layer p
is X ;)—1 at layer p — 1. The estimation of the normalized measure 5, is given by the empirical
measure

N |
:_——E Syi .
My Nilx,,

At each level n > 0, the estimated parameters are defined by Z2 := n¥(¢,). In order to
lighten the notation, we denote

Gu_1,N = anl,Z,iV_l’ M, n = Mn,zjf_l and Q, n:= Qn,zljlv_l.

Then, considering (2), the unnormalized Feynman—Kac measures are estimated by

n—1
vl (f) =) (f) [T 03 (Gp.w)-
p=0

In the following sections, we use the convention
Uﬂ = J’iv1 = T1o-
Let us give the formal definition of the IPS associated with the ASMC algorithm:
(1) Initial distribution:
At step 0, let X ~ n?N.
(i1) Transition kernels:

For all p > 0, set zj,V = név (¢p). The transition X i, ~ X ; 41 1s decomposed into two
steps:
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e Selection: given X;, = xp, we make an independent multinomial selection of the parent
of each particle by

. N G, nGER
(3) Spn(xp,dat) =3 LT
P S X G )

Thus, the genealogy of level p to level p + 1 is tracked by

Sk (day,).

N
Ap~ Q) Sp.n Xp. ).
i=1
e Mutation: given the parent indices Ap = a,, each particle at level p evolves indepen-
dently according to the transition kernel M, 1 y, meaning that fori € [N],

al

X;-H ~ Mp+1,N(Xva )
Said differently, given Xp and Ap, we have

N )
Al
Xpr1~QMpr1n(X,", ).

i=l

2.3. Assumptions. Our assumptions are introduced in a similar way as in [4], but just
slightly weaker. The reason why we can relax their assumptions is because we are only in-
terested in the specific situation where the asymptotic variance of the ASMC estimator is
identical to the “limiting” SMC algorithm which uses ideal potential functions and proposal
kernels, namely G, = G P2y and M, =M Py Considering stability properties, Sec-
tion 2.7 in [4] explains why this case is particularly interesting in practice. In the following
sections, we use 4 as a short-hand for assumption.

ASSUMPTION 1. For each n > 0, we assume that G, ; is strictly positive and bounded
uniformly over z € RY, that is,

1Gn.llo:= sup G, (x) <+o0.
(x,z)€E, xR4

Notice that, under .41, equation (3) above is always well defined for the denominator and
is always strictly positive. In the case where G, ; is only assumed to be nonnegative, as in
the AMS framework, one may consider the stopping time 7y defined by

Ty :=inf{p eN: 9} (G, n) =0}.

We believe that similar techniques can be applied to obtain results of the same taste as in the
present paper, but at the cost of considerable technical complications which are out of the
scope of this article. Let us mention that the strict positivity and boundedness of the potential
functions is also required in [4] (see page 1116 and Assumption 1, page 1118). In our second
assumption, “(-, -} stands for the Euclidean scalar product in R¢ and | - | for the associated
norm.

ASSUMPTION 2. For any test function f;,,11 € Bp(E,+1), there exists a measurable func-
tion &, : (E, x R4, B(E,) ® B(RY)) — (R?, B(RY)) such that, for all (x, z,) € E, x R,

Ont1.z, (fur 1) () = Ot (fur 1) (x) = (R (x, 20), 20 — 2p)-

The function £, is assumed to satisfy the following properties:
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e The Euclidean norm |4, | is bounded over E, x R? by 14, ]l co-
e The application z — h,(x, z) is continuous at z; uniformly over x € E,,. More precisely,
for any € > 0, there exists 6 > 0, such that |z, — z;| < § implies

sup |7, (x, zn) — ha(x, 25)| <e.
xek,

e h, satisfies the equality 7, (h,(-, z)) =0.

Moreover, the summary statistics ¢, = (g“nl, e {,f ) satisfies z; = 1,(&,) and is such that, for
all k € [d], g“,f belongs to B, (E},).

A2 guarantees some regularity properties of the transition kernels Q,, ; with respect to the
parameter z and is just a slight generalization of the framework studied in Section 2 of [4].
Indeed, our function /4, coincides with the function w defined in (2.17) of [4], that is

1
(X 20) = /0 8- O 1.2 fus 1) (0 lemes 42z —25) .

As such, the first two conditions on #,, are satisfied as soon as Assumption 2 in [4] is veri-
fied. In this respect, our third condition on /4, corresponds to their condition (2.19) in Theo-
rem 2.3, which is precisely the “limiting” case mentioned above. Finally, the hypothesis that
the summary statistics are bounded is also required in their Assumption 1, while the relation
25 = N (¢y) corresponds in their notation to én =nu—1&n).

We also want to mention that the second point is equivalent to

Ve > 0,3g, € Bp(E,), 35 > 0, s.t.
lzn — 2| <8 = Vx € E,,

hn(x,zn) — hn(x, 20)| < gn(X)€ < lIgnlloc€.

We expect that, in this alternative formulation, the functions g, and 4, can be relaxed to some
unbounded functions, belonging for example, to 1.2(1,), along with stronger conditions on
the test function f;,4+1. We believe that this is one of the main differences between the ASMC
framework studied in [4] and the AMS framework studied in [8].

In general, it is not easy to verify the existence of such #,. However, we have, at least,
a direction to explore in the case where Q, .(f) is not globally differentiable with respect
to z. We also remark that we do not study the consistency of y,fv (f) and 77,11\’ (f) with weaker
assumptions, as we are only interested in the CLT type result of Theorem 2.1 below and,
more specifically, in the estimation of the asymptotic variance. Nevertheless, let us briefly
mention that to establish the consistency of ¥,V and 7%, one just needs

Vi1 Qun (f) = v On(fn) = 0p(1)

for any test function f, € By(E,). This does not require such a strong assumption as .42.
However, for CLT type results with the “stable” asymptotic variance, it is necessary that

1
YN Qun(f) = 7 Qulfi) = op(ﬁ).

A stronger regularity assumption like .42 over the parametrization is therefore required.

2.4. Central limit theorems. As explained before, the present article only deals with the
case where the asymptotic variance is identical to the “limiting” one, which is only a special
case of the central limit theorem 2.2 given in [4] under slightly weaker assumptions. This is
why, in Section 4.2, we propose a different strategy for the proof.
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THEOREM 2.1. Assume A1-A2. For any test function f € B,(E,), we have
NG ) =) 2 N (.05, (),
and
N ) = () 5 N (007, (F = ma ().

where

n

oy () =Y pWyp(Qpa()) = ya(f)?) and o] (f) =07 (f)/ya(D)>.

p=0

One can notice that the CLT for 77,1,\’ is just a consequence of the CLT for ynN , Slutsky’s
lemma and the decomposition

VNOY () = () = NI (f = 1(H)) = va(f = 0 ().

vl (1)

The main goal of this paper is to estimate the asymptotic variances afn (f) and a,%n (f —
N, (f)) by a single simulation of the particle system, exactly as is done by Lee and Whiteley
in [16] in a nonadaptive context.

3. Variance estimations. In this section, we recall the coalescent tree-based expansion
of the variance first introduced in [6] from which we deduce a new variance estimator. We
also recall the variance estimator proposed by Lee and Whiteley in [16] and explain the
connection between both estimators.

3.1. Coalescent tree-based variance expansion. We call b := (b, ..., b,) € {0, 1)+t a
coalescence indicator where b, = 1 indicates that there is a coalescence at level p.

DEFINITION 3.1. We associate with any coalescence indicator b € {0, 1}"*! the nonneg-
ative measures l"g and l"fz € M+(E,%) defined for any F € Bb(E,%) by

T2(F) = n$*Cpy QF*Cp, - -- QF*Ch, (F),

and

T (F) = ro(F).

ya(1)?

When there is only one coalescence at, say, level p, we write F,(,p ) (F) and f‘,(,p ) (F) instead of
FS(F) and Fﬁ(F) (see Figure 1). When there is no coalescence at all, that is b = (0, ..., 0),
we have

TP =y 2 (F) and TP (F)=nf*(F).

Op+3 On

. Op+2 . ‘.

Op+3

. Opt2 . . On .

" @ [} O o Op

FI1G. 1. A representation of the coalescent tree-based measure I‘,(lp ).
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It is easy to verify from the definition that

TP () =y, (Dyp(Qpa(f)?).

As noticed in [6], the latter yields alternative representations for the asymptotic variances of
Theorem 2.1, namely

) oy (/)= (D (%) =T (f=),
p=0
and
®) o2 (f)=Y (TP (%) = T2 (1%2).
p=0
As a consequence, if for any coalescence indicator b := (by, ..., b,) € {0, 1}”“, We can con-

struct a consistent estimator f‘fl” N of f‘fi , then we automatically deduce consistent estimators
for the asymptotic variances of Theorem 2.1. This is the idea behind our next definition.

In this definition, al[pz] = (a az) and E[Z] = (!, EZ) denote two couples of indices be-
tween 1 and N, while an (n + 1)- sequence of couples of indices such that El #+ Zz for all
0 < p <n is written

1 2
Additionally, we use the notation X ﬁ" as a short-hand for (X ﬁ", X ﬁ”).

DEFINITION 3.2. For any test function F € B;,(E,%) and any coalescence indicator b, we
define the estimator Fb _y of the measure Fb by

, N e T, e
1—‘n,N(F) = W Z :1_[ )\P(APP ’KP )}Cbn(F)(Xnn )’
g([)%le((N)2)x(n+l) p=0
where Af, (&[2], 6[2]) € {0, 1} is an indicator function defined by
b (2] 42
ap(agt O =10 Vg —ot sz =) + Nio,=1) L@t =t —a323)-
The estimator of I'? is defined by
Iy n(F) =y, (DT y (F).
Since E}, £ (2, we also have
b(~[2] 42
A ( I E[ ])—1{/,1):0}1{ I—¢l a2= 52}4-1{/,[)_1 1{5[1):%:&[27}.

Notice that, for n = 0, we get

1 e 1
©) T y(F)=——— Cb(F)X ————— ) Cr(F)(X), X
0,N N(N —1) [Z]Z , 0 ( ) N(N_I)Z 0 0 O)
€ e(N)
We also adopt the convention

I y(F) =T y(F) = n§*Cpy (F).
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step 0 step 1 step 2 step 3 step 4 step 5 step 6

FI1G. 2. AnIPS withn +1="17 levels and N =5 particles at each level.

3.1.1. A toy example. As the definition of the estimator Fi’  1s not completely straight-

forward, we illustrate the idea on a simple example. For this, we consider the IPS of Figure 2.

Suppose we want to estimate l_“g)(F) by l:‘g;(F). We denote b* = (0,0,0, 1,0, 0, 0) the

corresponding coalescence indicator. In the associated IPS, we have to find the choices of
E([)z:t]s such that

> pe R
(7) [125 A" ) =1.
p=0

It turns out that there are four possible choices, taking into account that F(x, x’) is not
necessarily symmetric in its variables. Namely, the first couple of ancestral lines is (see Fig-
ure 3):

o Loy =1((5,3),(43),(2,5),(2,4),(2,5),(1,3), (2, 4);
o (1 =((53),4,3),(2,5),(24),5,2,3,1),42).

The second couple of ancestral lines is (see Figure 4):

o £hE=1((5.3),(4,3),(2,5),(2,1),(2,5), (1,3), (2,4);
o (0 =1((5,3),4,3),(2,5),2,1),(52),3, 1), (42)).

Hence, the number of choices of 65%16 where Egz] = (2,4) is 2, and the number of choices of
Z([)Z% where égz] = (4,2) is also 2. As a consequence, we have
5
_ 3 5
RO =2 | (O3 X + FOxg xD) |.
Our next result ensures the convergence of our estimators.

step O step 1 step 2 step 3 step 4 step 5 step 6

FIG. 3. The first family of €yt such that (7) is verified.
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step 0 step 1 step 2 step 3 step 4 step 5 step 6
FIG. 4. The second family of E([)2]6 such that (7) is verified.

THEOREM 3.1 (Convergence of I“Z’ ~)-  Assume Al-A2. For any test functions ¢, ¥ €
By (E,) and for any coalescence indicator b € {0, 1)+ we have

1
b - b = —_—
Fon@®y)—T(0QY) Op(ﬁ)

The proof is given in Section 4.3.

3.2. Term by term estimator. Considering (4), (5) and Theorem 3.1, we are now in a
position to provide term by term variance estimators for 05’1 (f) and ann f).

DEFINITION 3.3 (Estimators of the asymptotic variances). Given a test function f €
By(E,), we let

o2 ()= (TR (F2) =T (122).

p=0
and

o2 ()= Y (E () = T ().

p=0

Theorem 3.1 ensures the consistency of both Fr(lp ])\,( f ®2) and F,(ZQA),( f ®2). Returning to (4),
this amounts to saying that

n n
P
NN =2 O =T () o P ) = T2(1%) = a5, ().
p=0 p=0
Similarly, for the consistency of 0,72n N (f — n,ﬁv (f)), since by (5) we know that

n

o2 ()= D (CP(F%2) TP (£2),

p=0
it suffices to verify that, for any coalescent indicator b,
P

©) T8 ([ =0 (H]®) —— To([f = u (H]®?).

N—o00

Clearly, the linearity of f‘s’ N yields
2w (LF =y (H])
=0 v (22 =) (N N (@ )+ T v (f @ 1) + 1) (1T (199).
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Mutatis mutandis, the same relation holds for f‘f{([ f - n,ﬂv (/)1%?). Since a by-product of
Theorem 2.1 is that

1
N
()= m(h) = 0p( )
the verification of (8) is just a consequence of Theorem 3.1 and Slutsky’s lemma. Hence, we
have obtained the following result.

THEOREM 3.2 (Consistency of an , and o,%n v)- Assume A1-A2. For f € By(Ey), we
have ' ’

2 2 1
o2 (H—ol(f)= op(—ﬁ)
as well as

1
o2 (F =N () =02 (F —m(f) = op<ﬁ).

Even if the term by term estimator is very natural in theory, the computational cost is
quite heavy in practice since one has to trace the whole genealogy of a particle system and
calculate all the corresponding terms one by one. Therefore, we do not provide an efficient
algorithm to calculate this estimator. Instead, we show in the next section that this estimator
can be connected to the one given by Lee & Whiteley in a nonadaptive context (SMC), which
is very simple and fast to calculate. Let us also mention that our term by term estimator is
different from the one introduced in Section 4.1 of [16]. The interested reader can find more
details on this point in Appendix A.3.

3.3. Disjoint ancestral lines estimator. Let us now recall the variance estimator proposed
in [16], which can be seen as a disjoint ancestral lines estimator. Namely, given a test function
f € By(Ey), consider

Nn—l . .
9) VN(f) = n,’,v(f)z—m > F(xh)fF(x,

Ei#E]

where E! is the ancestor index of X' at level 0. Returning to the toy example of Section 3.1,
the couples (i, j) such thati < j and Ejl * E; are: (1,2), (1,4), (2,3), 2,5),3,4),4,5).
In a nonadaptive context (SMC), this is the variance estimator introduced in [16] when the
number N of particles is the same at each step. The reader is referred to [16] for an efficient
algorithm to compute this estimator.
According to our notation, since Eﬁ, # Ej; corresponds to the case b = (0, ..., 0) = (@) of
disjoint ancestral lines, we may also write

VN =0l (H? = TE ().

The following proposition makes a connection between VnN (f) and our estimators. Notice
that this result does not depend on A2, but is provided by the structure of the IPS and the
underlying multinomial selection scheme. The proof is housed in Section 4.5.

PROPOSITION 3.1. Assume Al. For any test function [ € Byp(E,), we have

NVN(P =02 ()= op(%),
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and
N N 2 N 1
NV (f =0, (H) =y (f =1, () = op<ﬁ).

By combining Theorem 3.2 and Proposition 3.1, we finally obtain the main result of the
present article.

THEOREM 3.3. Assume A1-A2. For any test function f € Bp(E,), we have

1
Ny Y RVY () =62 (f) = op<ﬁ),

and

1
N - N - 2 —_ = _—
NV, (f =np () = oy (f —ma(f)) op<ﬁ>.

Hence, the main message of the present work is that the computationally very simple
estimator proposed by Lee and Whiteley in a nonadaptive framework (SMC) is still consistent
in an adaptive one (ASMC). However, since we could not adapt easily their proof to our
adaptive context, we propose a new approach to show this consistency result. More details on
the connection between both estimators are given in Appendix A.3.

As emphasized before, among other ingredients, the tools we use connect the study of
particle Markov chain Monte Carlo methods and the variance estimation problem in SMC
methods. As such, more generally, they may give some new insights when dealing with com-
plex genealogy-involved problems of interacting particle systems.

Before going into the details of the proofs, let us mention that a numerical experiment on a
toy example is proposed in Appendix B to illustrate the consistency of the Lee and Whiteley
variance estimators in the adaptive and nonadaptive cases. Finally, Appendix C makes a con-
nection between our term by term estimators and the truncated variance estimators recently
proposed by Olsson and Douc in [18] to address the issue of degeneracy in the ancestral lines.

4. Proofs.

4.1. Almost sure convergence. In this section, we provide classical almost sure conver-
gence results on SMC framework under our specific parameterization, namely with adaptive
potential functions and transition kernels. We focus on the properties that do not use the
additional information given by the genealogy of the associated IPS. Therefore, in order to
simplify the story, we give a “rougher” definition of the associated IPS without considering
the genealogy.

° XONU(‘)X)N
e For p>1, we let

N
XP ~ ®Kp,172’_1( ;)—1’ ')’

i=1

where, given X1, K is the Markov kernel defined by

N
Py

Ny _1Qp.N(x, A)

ny_1(Gpin)

V(x,A)e E,_1 x B(E)), prnivil(x, A):=
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It is easy to check that the distributions of the particles are identical to the ones defined
in Section 2.2. Let us begin with the consistency of the corresponding adaptive estimators.
Recall that, by A2, the summary statistics ¢, = (g“nl, ceey §,‘f ) satisfies 1, () = z;; and, for all
k e[d], {,f belongs to B, (E},).

THEOREM 4.1. Assume A1-A2. For any f € By(E,), we have
vl (f) === yu(f).
N—o0
and
Y (f) == na(f).
N—o0
In particular, we also have

ZN =N (g =2 nu(gn) =2
N—o0

PROOF. By definition, it is clear that the convergence of ¥,V implies the convergence of
nXN . Therefore, it is sufficient to establish the first one. We prove by induction that

VI EBy(ED, v ()~ (),

Step O:

The almost sure convergence of yON = 77(1)\’ to Y9 = no with respect to a test function in
By (Ep) is given by the strong law of large numbers.

Stepn > 1:
We assume that

and, for any ¢ € By(E,—1),
V(@) = Yao1().
N—o0

For any f € By (E,), the triangular inequality yields

VN () = v ()]
<IvN ) =X Qun (D + 1 Qv () = 7 0n(f)]

(10) Pi(N) Py(N)
+ N0 (f) = Y1 Qn ()] -
Py(N)

e For Pi(N), we denote

Ul v =0 1 (Guot ) F(XE) = 0 Qu v ().

It is readily seen that

AR
Pi(N) = y,{v_lmﬁ YUy
i=1
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Given ?N | :=0 (X, ..., Xp_1), the random variables (U N)1<,<N are 1.1.d. and such
that

Tln 1Qn N(f)

E[U; v | F0 )=y 1(Gno1.N) G M1 Qun(f)=0
—1 n—

Under Al, we can also see that

U} v < Cui=21Gn-1 ool f llco-

Therefore, for any € > 0, Hoeffding’s inequality gives

N 2
—e“N
P U! ff"N_l <2exp € .
o n 2C,%

Since this upper-bound is deterministic, this amounts to saying that

P ; Ul v|>Ne|<2 —€N
vz Ne|=2exp( 55 )-
i=1 n

Consequently, the Borel-Cantelli lemma ensures that

N| = Ne

—Z N—>0

N—o0

Combined with the induction hypothesis, we get

Pi(N) =y 1(1>—Z N——+0

e For P,(N), A2 implies that there exists a function /4, —; such that

OnN(F)X) = Qn(F)x) ={hnor(x, ZN ), ZN | =25 )).

Hence, since |h,—1| and the potential functions G, ; are bounded, the Cauchy—Schwarz
inequality gives

n—2
Py(N) <y, (Dlhn—1lloo|Zh — 21| < { I1 ||Gp,.||oo}||hn_1||oo|2,’!_1 — 7]
p=0

By induction hypothesis, we conclude that
Py(N) =25 0.
N—oo

e For P3(N), under Al, we have that Q,(f) € By(E,—1). Thus, the induction hypothesis
gives

P3y(N) = 0.
N—oo
Considering (10), the verification of the convergence
VS EBy(ED. v () == ()
N—oo

is then complete. [
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4.2. Proof of Theorem 2.1. 'We prove by induction that
d
VN () = () 5= N (0,07, (9).

The verification of step O comes from the CLT for i.i.d. random variables. For step n > 1, we
suppose that

d
Vo<p<n—1. VN () =rp(H) === N(0.07 (/).
Notice that, by .42, this implies that
(11) Vo<p<n—1, ~N|Z) =z ||=0p().

For any test function f € B,(E,), we denote f, := Qp .(f) € Bp(Ep). For any (x, A) €
Eo x B(Ep) we set Qo(x, A) = Qo n(x, A) = 8,(A). Taking into account the convention
y ivl = Yo = no and the fact that y,, = 9 Qo .., we have the telescoping decomposition

N = ()

Z Y () = a1 Qp(fp)

— ZZ vy D fp(X,) = v Qpn () + (V)1 Qo v (fp) — Vi1 Qp(fp))}-

p =0i=1
For k € [(n + 1) N], we denote

k
= | — d ) ::k— N.
Pk LNJ an Ik Pk X

We define the filtration
Vke[mn+DN], & =F) [ Vo(X,.....X%).

Then, we set

1 .
Uy = ﬁ()’p}vk(l)fpk (X)) =¥ 1O pe v (Fp)s

and
Dy =VN(y) 1 Qpn(fp) = V)1 Qp(fp);
so that
(n+1)N 1 (n+1)N
12y VNN -mH))= ) (Uk +— DN) Z o7 +ZDN-
k=1

From A2, we know that there exists a function /,_ such that
D} = \/N(Vév—l(hp—l('» Zy ). Zy =)
= “/N(V;;v—l(hp—l(" Zg—l) —hp-1(- Z;—l))’ Zﬁ_l - Z;—1>
+ W(V,gv_l (hp—1(- 25—1))s Ziav—l —Zp1)-
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e For the first part, we have by Cauchy—Schwarz inequality

VN (a3 ZY) = Bt (5 ) 20y = <)
fﬁy;ﬁv—l(lﬂzé\’—l—zz—ﬂ sup Ihp—l(x,Zﬁ,V_) hp—1(x,z p e

xe Ep—l
Then, let us consider

Qp1={weQ:Z) 1@ ——— 7,1}

By Theorem 4.1, 2,1 has probability one. Therefore, by .42, for all w € 2,1 and all
€ > 0, there exists N(w, €) > 0 such that, for all N > N(w, €),

sup |hp—1(x, Zp (@) —h,e 1(x,z;§_1)|<6.
x€E, g

This means that

sup |h 1xZ hyp_1(x,z%_1)| —— 0.
3 (e 2 ez 2

Thus, we deduce from (11) that
N N N
\/Nb/p—l(hp—l(" Zp—l) - hP—l(" Z;fl))’ Zp—l - Z>;771> —0.
e For the second part, since Theorem 4.1 and .42 imply that

V;ﬁv—1(hp—1("Z;—1))%’Vp—l(hp 1z p 1)) =0,

N
we conclude by (11) that
p
N (-1 o) Zhy = ) 2 0.

Hence we have proved that
P
DY ——0,
P Nooo

which leads to

Next, it is easy to check that (U,fv)lskg(nH)N is an (8,](\/)1§k§(n+1)N—martingale difference
array. In order to apply Theorem 2.3 in [17], we just have to check that:

e By Al,
-1

(13) Y| < —= ||f||oo max 1‘[||Gq oo < f||f||wz 1‘[||Gq lloos

1<k<( +1)N =1 g=0

which shows that (max;<x<@u+1)nv |U ,ﬁv |) is uniformly bounded in L2-norm.
e From (13), we also get that

P
max |U,£V| — 0.
1<k<(n+1)N N—>oo



1038 Q. DU AND A. GUYADER

e Standard calculation gives

(n+1)N
> Wy
k=1

n

=3 N2 (D) + (Y Qv () = 20N N (v Qp v (f)-
p=0
As shown above, the convergence of DQ’ indicates that
P
Vp-1Qp.N(fp) = 1,11 Qp(fp) ———> 0.

Then, by applying Theorem 4.1, we obtain

(n+1)N . p
Y (UY) —— 0 (f).
=1 N—o0

Therefore, we have the following central limit theorem

n+1)N

> uY N—>N(oo ()

k=1

Returning to (12), the conclusion follows from Slutsky’s lemma.

4.3. Proof of Theorem 3.1. We want to show that, under A1-A2, for any test functions
¢,V € Byp(E,) and for any coalescence indicator b € {0, 1}”+1, we have

1
b b
M@ ©v) - Ti@ 1) = 0p( 7 ).
Before proceeding, let us introduce some additional notation. With a slight abuse of notation,
for a coalescence indicator b = (b, ..., b,) € {0, 1}”+1, we denote, forall 0 < p <n,
rh=T""% and T =T

with the convention
b b . ®2
2y v =T =n5"Cy.
Note that, with this convention, we have
b _ b ®2

We also remark that, for any b, € {0, 1} and any ¢, ¥ € Bp(E,), there exists f and g in
By(E;_1) such that

(14) 0%2Cp, (V) =f R g.

Specifically, for b, = 0, it suffices to consider f = Q,(¢) and g = Q, (¥), while for b, =1
one can take f = Q,(¢v) and g = Q, (1) = G,,—1. As usual, the proof is done by induction.

— Step O:
e If bg =1, (6) and Definition 3.1 give

E[I§ (@ ®y)] = [ Z¢ Xo)¥ }—no(¢1ﬂ)—Fo(¢®1ﬂ)
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Hence, the central limit theorem yields
VN(TE (6 ®¥) = T ® ) —— N (0. m0(®*¥?) = mo(@v)?).

so that

1
Fon@®v) ~Thp®y) = op<ﬁ>.

e If by = 0, the central limit theorem ensures that

) and - =0p(—=).

1
n (@) — no(¢) = op(— e

VN

Therefore, we have

o (@b () — no(@)no (W)
= () (@) — 10(®))nd W) + no(d) (n) (W) — no(y))
1
= ‘”P(Tﬁ)-

Thanks to (1), one has
b N N N g i i
Con(@®y) =+— (1m0 @ng W) — 33 2_¢(Xo)¥(Xo) ).
i=1
Combined with Definition 3.1 and the law of large numbers, one deduces that

1
o (@ @) —TH$ @ v) =T{ y (@ ®¥) — no(@mo() = op<ﬁ).

—Stepn > 1:

We suppose that for any test functions f, g € Bp(E,—1) and coalescence indicator b, we
have

1
My ®e -Th (fog = op(ﬁ).

Next, we consider the following decomposition
Ty n@@Y) —TR(@®Y) =T, y@® V) =T, yOIHCh,($® V)
Ri(N)
+ T N QN Co (@ ® V) =Ty v 072Ch, (@@ Y)
Ry (N)

+ T2 N OB2Ch, (9 @) — T 022C), (9 @ V).
R3(N)

15)

The tools to terminate the proof are the following ones:

e Lemma 4.1 shows that

Ri(N)= op(\/%).
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e Lemma 4.2 and the fact that one may write C, (¢ ® ¥) as f ® g for any b, ensure that

Ry(N) = o%ﬁ).

e Finally, the convergence rate

Ry(N) = op(\/iﬁ)

is a direct consequence of (14) and the induction hypothesis.

4.4. Technical results. This section presents some useful technical results. Before going
further, remind that

Nn—l o121
F,};,N(l) = ,yn]\/(l)z—l Z 1_[ )\'b A P+l, 2]) .
(N —1Dr* (2] =0
Zo:ne((N)z)X("“) p=
If we set
[2]

(16) Aﬁn — Z {HAb A p+l E[Z])}

Z([)zlz 16((N)2)X" p=0

[2]

together with the convention Ago := 1, we may write
N1 2l
b N2 e
(17) LvO =y O g 2 A
den)?
so that
NTTEN2 J2 0

@6 he(n)<
Note that (17) is still true when n = 0. Then, for n > 1, we have by definition
2]
(19) A=Y AT ),
e e(vy?

This decomposition will appear several times in the sequel for it is a keystone to study the
behavior of the coalescent tree-based measures.

PROPOSITION 4.1. Assume Al. For any coalescence indicator b, we have

sup E[T'? y (1)?] < +oo.
N>1
In particular, the sequence (Fi”N(l); N > 1) is uniformly tight.

PROOF. We give a proof by induction. The verification for step O is trivial as Fg, y=1
For n > 1, we suppose that

sup E[I'2_; v (1)*] < +o0.
N>1
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As defined in Section 2.2, the IPS associated with ASMC is a Markov chain (Xp),>0 with
genealogy (Ap),>0 tracking the indice of the parent of each particle at each level. More pre-

cisely, Afp_l = j means that the parent of the particle X fp is X 2—1- Accordingly, the filtration
(GM),>0 with the genealogy of the IPS is defined by
S0 =0 (Xo)
and, forn > 1,
SN :=o(Ay,....,An_1. X0, ..., Xn).
By combining (18) and (19), and taking into account that

n—1

D) =] Gpm) =y (D) 1 (Gurn) =¥, (DM Xn_1)(Gro1,3)
p=0

is Sflv_l -measurable, we have

E[I) y(1)? 157 ]

N 4 N1 2 6[211 e'[EJI
=Yu1 (D ((N— 1)n+1) Z AT A
@62 en
(20)
x 3 mXn-1)(Gn-1,n)"

2 2
@ elPhevy2)x2

X B[ (AL 02 A (A 62 190 )
For the notation concerning the indices in the IPS, we use
[N]q ={(i1,...,ig) €[N]Y: Card{iy, ..., i5} = p}.
In particular, we denote (N)? := [N ]q We also write
(N)?)*? .= (N)? x (N)* x --- x (N)>.

g times

With a slight abuse of notation, we admit that
(@ ), (k. D) =G, j, k, ).

With this notation, for N > 4, we have the decomposition

(V)2 = (M PNINB) U (MDD NN U (),

The idea of the proof consists in analyzing (20) with respect to the three terms that appear
in the right-hand side of the latter. Recall from (3) that, given X,_1, we make an indepen-
dent multinomial selection of the parent of each particle at step n according to the discrete
probability measure

N k N k
Guo1 N (XE_)) Gp-1.N(X;,_1)

N R =D N nX G 1

o1 291 Gt (X2 o N Ea-0)(Gam1n)

Sk,

with, for all k € [N],

G UGt
N mXn-1)(Gp—1,8) ~ N mXn-1)(Gn-1,8)
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We also recall that

A A 0 ) =1, =01 + 1, =1
A6 =1, M o o Floe=nl 0 i e
e Case I: (¢l2, ¢/12h) e (N)®)*2N[N15.
/1
Al Al

In this case, there are only two distinct random variables among A” AL AL

An”_ |- Recall that Z,ll #+ Kﬁ by construction. Let us first suppose that
eb=¢l and =02
Thus, we deduce that

2 o
E[)“n l(A E[] ))“n I(A /[ )|9 ]

n—1> n—1° n 1

<E[S_ (A 2 ) 190

nl’

e N
p A =0 15 )

o 1 e N
+ 1, =1)P(A,) =€ = A" 15,_1)

— 14— P(A7, =

( 1Gn—1,-llco )2
“\NmXn-1)(Gp1n)/
The analysis for the case where

ty=072 and (r=¢)

is analogue. Hence, we conclude that

20 Il /12! ( 1Gr-1, o )2
21 E[A2 (A" L AL (A " ,
( ) [ n— 1( n—1 n—l) n— 1( n—1 n l) | 9 ] N m(Xn 1)(Gn 1 N)

Meanwhile, we notice that
#((N2) P NN =2N(N — 1).

Putting all things together yields

@,, 2 Z,, 2]
3 (K1) Gt W) B[R (AS 620 )2 (A% 62 9]
@ ePhevy?y2niNg
2(N —1) 4
§T||Gn—l,~||oo

e Case 2: (¢I2 ¢/12h) e (N)®H)*2N[N13.
As noticed in the previous case, the number of different indices within (€], £/[2]) is the

only thing that matters for the upper-bound in (21). Accordingly, the same reasoning gives
this time

6[2] o) e;l[Z] 2]
B (Af 67040 (ar 7)) 192 < (

”Gn 1, ”oo )3
N mXn-1)(Gn—1,n)

Since the total number of choices is

#((N)Y) 2 N[NT3) =4N(N — 1)(N —2),
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it comes
zn 2 e'l
Z m(Xn-1)(Gn- lN) E[)“n I(An I’ZL 1) n— I(An 1° n 1)|9 ]
@ ePhewy2y2ning
4(N — 1)(N —2)
< N2
e Case 3: (¢21, ¢/[2) e (N)*.
This time, we get

4
1Gn—1,lls-

”Gn 1, ||oo >4

AZ" ﬂ A(Z,, /[2]
( ))‘n (A6, 1)|9 = <Nm(Xn D(Gu-1,N)

nl’nl

E[.b

n—1

and
#(N)) =NV — (N —2)(N = 3),
so that
2]
Y. mEa-)(Guo1 W) E[M_ (A f; 1,5[2] o (AL e 1G]
@ elPhey
(N —D(N —=2)(N —3)
=< N3
As a consequence, since

4
1Gn—1, 5

4(N—2)+(N—2)(N—3) <7

2 9
+ N N2
an upper-bound for (20) is
E[I2 v(D? | GY )]
Nl 2N -1 (2 o
§7< N 1 n+1> N ”Gn_l’”ioynlv_l(l)z‘ Z AnnfllAnnfll.
( - ) (Z[Z] E/[z])e((N)z)x2
n—1""n—1

Replacing n with (n — 1) in (18) allows us to conclude that

N
E[I v (102 1G301] < T IG5y (D2,

Finally, by applying the induction hypothesis, we have

sup [T, v (1)*] = sup E[E[T) y(1)* | ) ,]]
N>4 N>4

28
< S 1Gu—i1. 1% sup E[T_y y(1)?] < +oo.
3 N>4
which ends the proof of Proposition 4.1. [

LEMMA 4.1. Under Al, for any test functions f, g € Bp(E,), we have, for all n > 1,
(22) E[I) y(f®8) |G 1 1=T0_ yOZ3Ch,(f ®2).

as well as

1
o N (f®8) —Th_y yOS3C,(f ®2) =op(ﬁ).
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PROOF. First, by exploiting the notation defined in (16), we have

n—1

[2] [2]
oo 2 AV G (Feax).

tleny?

re y(f @ =yN1)?

and (22) is then a direct consequence of Proposition A.1 since for any E%Z] € (N)?
Nn—l
N 142 n
E|:)/n (1) W Cbn(f®g) ’ 9 :|
B 1
~N(N-1

where the right-hand side does not depend on 652]. Second, thanks to Chebyshev’s inequality,
it suffices to verify that

I NOSHCh, (f® ),

1
Var[T) \ (f ®8) —Th_ | yOF3Ch, (f ®8)] = o(ﬁ)'

For this, by (22), we just have to show that

1
BITE v (f © 9~ (T, 03 Co(F 8 9)] = 0( 3 )

Then, recall that, by definition,
Iy N (f ®g)°

= ynN(1)4((NNn7_l)2 Z Af;lZ]Af;;l[z] (Cbn f g))®2(X€” Xg/[z])

1)n+l
@ ehen) <

n—1 2 /
— VnN(1)4((NIiw) Z AE’EZIAZ" (Cb f® g))®2(X€n Xg l2J)

@ elPhewys

R{(N)

vl NN a2, ol ®2 0 ol
+v, (D) W =1y > Ay Ay (Cr, (f ®8)) (Xn" X,").
@ e Phe(v)2)y <2\ (V)4

Ry (N)
e For R{(N), our goal is to establish that

1
E[RI(N) — (T v 05 G, (F 901 =0 37 ):
In fact, for any (€121, ¢/121) e (N)*,

1 1 2 2 1 12 12
(A, X2", A, X2")  and (A,, X AR X0

are conditionally independent given 92’_1 by construction of the IPS. Hence, by applying
Proposition A.1 respectively for £[2! and for ¢//?], we have

Nl R ) 2] 2]
ElyN DY ——— ) AF AL Co, (f @ (X5 )Co, (f @ ) (X2 ) | SN,
(N —

1)n+1

1
= iy = T i, (f @ )
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Then, since
#((N)Y) = N(N — 1)(N —2)(N —3),
we deduce that
E[R{(N) — (T5_, yOZ3Ch, (f ) 193]

B N(N —1)(N —2)(N —3)
‘( N2(N —1)2 -

)T 05Ch (2 )’
and

E[R1(N) = (T}, v 53 Ch, (f © )]
N(N —1)(N —=2)(N —3) N ) ) |

:< N2(N — 1) - I)E[(Fle;?fNCbn(f®g)) ]:O(ﬁ)’
where the final equality is due to Proposition 4.1, taking into account that f and g are

bounded, and so is G, y uniformly with respect to N by Al.
2]
e For R(N), the nonnegativity of Aﬁ” implies

n—1 2 ,
E[R2(N)] < E[yﬁ(l)‘*(L) 3 AﬁfJAf;"m} TS

N —1 n+l1
( ) €2 e e((v)2)x2\ (w4

So the proof will be finished once we have shown that
N2 Rl 2 1
N 4 Ly Ly —
e o () > arao(g)
@ ePheny?y 2\t
Once again, we proceed by induction. At step 0, we have

1 _ NIN-DWN =2)(N=-3) _

N2(N — 1)2 2 I=1 N2(N — 1)2 _o<ﬁ>'
B e e((v)2)yx2\ (V)4

For step n > 1, we suppose that

Nn—2 2 o121 /12 1

N 4 n— n—

E|:yn—l(1) <(N— 1)n) Z AnllAn11i| :(‘)(N)
2 e Bhen)2) <2\ (V)4

n—1""n—1

The adaptation of (20) to the present context gives

Nl 2 2 el
N 1r4 (2 g N
Bln 0 () )3 v

i e Phe((v)2) <2\ (Vy*

N 4 N 2 6[211 e’[f]l
=Y,—1(1) <W> Z AN
@2 Phe(n)2)<2
X > mXn-1)(Gp1n)*

i e Phe(v)2y <2\ (V)4

[2] (2]
X B[y (A, G2 a0y (A5, 620 16)],

n—1 n—1\**n—-1>%*n—1

Now, for N > 4, it is clear that

(N)2)2\ (N)* = (NN INTE) U (N2 N INTS).
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— Case 1: (¢[2, 02121y € (N)®)*2 N [N15.
By definition of S,,— x in (3),

a2 o
E[h_y (4,1 62 )My (A1 6,21 19)04]

n—1"*n—1
||Gn—1,-||oo 2
= <N m(Xn-1)(Gr-1 N)) (l{b””:l’e'z—l:e;ll—l} +1{b”*120’£ _e;zll 5 1—511 1})
||Gn—1,-||oo 2
= (Nm(xn_n(Gn_l,N)) Tty 6 662 <4y
and since
#((N)?)PNINTY) =2N (N — 1),
it comes

> mXn-1)(Gu_1.n)*

e Phe(v)2)2n [N

2 a2
XE[)‘n 1(An pﬁ[] ))‘n 1(A —1 ;z[ ]1)|9 1]

2N(N —1) 4
ST”Gn—lynool{#{e,‘lfl,ﬁ” 202 <4y

— Case 2: (21, /121y e (N)H*2 N[N
First, we suppose that E,‘l = E;l. As for the previous case, we have

AL 2 e 2
E[)‘n 1( E[] ))‘n I(An 1’ /[])|9 ]

n—1>

(MGl V' » |
Nm(Xn—l)(Gn—l N) ( n 1= lgll I_E/l } {bn 1= Ogn I_Z/l }

< ||Gn—1,-||oo 31
N mXn-1)(Gno1y)/) ~Ha b6 G <4)
By the same reasoning, for Zl = Z;lz, E,% = E’l and 82 _2/2 we also have
el 2 o /[2]
E[h (A G DA (A 6, 5) 1501 ]
< ||Gn—1,~||oo 31
N mXn_)(Guory)/) b b G 62 <4

In addition, since
#(((N)2) 2 N INTY) = 4N (N — 1)(N — 2),

we get this time
> mXn-1)(Gn-1,8)*
@ eheny 2Ny

2 JAC DS
< E[A]_ I(An l’EL]l))“n (AL P TGN ]

- AN(N — 1)(N —=2)

4
= N3 1Gn=tMooLigre_ el 22 <y
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By gathering both cases, we have

N7l 2 21 02
N4 IS NA N
E[Vn (D (W) > Ayt A, |9n—l]

i e Phe((vy2y <2\ (V4

N"=2 \2 N2 2N(N —1) 4N(N —1)(N =2
) (o )16

< ynN_l(l)“(

(N—1") (N —=1)2 N2 N3
2[2] Z/[Z]
x > AN e et e e <4
€2 ePheny» =2
2 n-2 \2 @2
56w]i—1)2||6n_1,.||i0y,{v_1<1>4<WN_—1)n) > AR
@ ePhen2 2\ (V)

The conclusion follows from the induction hypothesis by taking the expectation on both
sides.

This ends the proof of Lemma 4.1. [J

LEMMA 4.2. Assume A1-A2, then for any test functions f, g € Bp(Ey) and for all n >
L

1
M N QSR @9~ T 0P 89) = Op =

)

PROOF. The verification shares some resemblance with the convergence of P>(/N) in the
proof of Theorem 4.1. Specifically, we start with the following decomposition:

M) N2V (f®8) —Th | NOP(f ® )|
<[ yOEXN(f®8) =Tl | N(Qnn ® Ou)(f ®9)

D (N)

+TE_ N (Oan ® Q) (f® ) —TE | N OPX(f® ).
Dy (N)

For D{(N), we may write

(022, (f ®8) — (Qun ® Q) (f ® ))(x, ¥) = Cu N (/)X () (Y) — Qu(@) ().
By A2, for any g € By (E,), there exists a bounded function 4, _; such that

|Qn,N(g)(y) - Qn(g)(y)| = |(hn—1(y7 Zrlzv—l)’ Z;lzv—l _Z:_1>| = ||hn—1||oo|Z,11V_1 _Z:_1|-

Since, in addition,

|Qu N (@) = NGn-1, ool f oo,

it comes

Di(N) <T5_ 1 y(DIGu=1.llsoll Flloln—1lloo| ZN_ — 2 _]-

By Proposition 4.1, one has

ro_ v =0p(D).
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In addition, a by-product (11) of Theorem 2.1 is that

1
ZN L~ =0 (—)
| n—1 1| P \/N

Hence, one concludes that

Di(N) = op(%ﬁ).

The reasoning for Dy (N) is the same. [

4.5. Connection between the estimators. In this section, we give some combinatorial
results on the coalescent tree-based measures Fb . In particular, they allow us to connect
the variance estimator (9) of Lee & Whiteley and our term by term estimators. As mentioned
before, these relations do not depend on .42: they are provided by the structure of the IPS and
the underlying multinomial selection scheme. In this respect, recall that, under .41, equation
(3) is always well defined for the denominator is always strictly positive, and the same holds
true for the IPS itself. This is in fact the only condition required here.

PROPOSITION 4.2.  Provided that the IPS is well defined, then for any test function F €
By(E 5), we have the decompositions:

n 1-b
(N=1"""" |,
G2 E = Y [l ————({Thn),
! bef{0,1}7+1 Lp=0 N !
and

(N = DI
COSGEED I B !

be{0,1}+1 Lp=0

PROOF. Since

. N1 -l 2 2l
FS,N(F) = 3 nkb Ay Cpt 5[2]) Ch, (F)(X5),
(N —=1)" 2
LNy * D Tp=0
we have, for any b = (b, by, ..., b,) € {0, 1}"*1,
(N _ l)l—bp

TV =bT T2y (F)
T

Nl (N —Dl=br o 2]
= (N — 1)n+1 Z {l_[ N 1_[ )‘b A 1 Z[z) Cbn(F)(Xﬁn )

E([)Z:,le((N)z)X(nH) p=0 i
Enumerating all the possibilities for the coalescence indicator b € {0, 1}n+1 -
N —1)lb )
2 { [T [
N .
bef0,1)r+1 Lp=0

n—1
1 N -1
-y Y {H(—l . TEL AL )}
N { N {App+l=€})75App+l:Z%}

p+1 p+l 1 2
e 2 ey p=0" A=A =020

N \'(N-1 1
X(N—l){ N mGZ(Xn)CO(F)+NMQZ(Xn)CH(F)}.
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To conclude, one just has to observe that

n—1
1 N —1
Z Z i Nl Gt + N 1 Chil G )}
Egzje(N)z @)l,ZAIE(N)z p=0 (A, =A" =, #6) (AT =t#A,T =063)

N —1\"
- ( N )
while, by (1),
NT_lm@%Xn)co(F) + %m@z(xn)am — (X)) (F) = (1Y) ®2(F).

Multiplying both sides by ynN (1)? gives the corresponding relation for (ynN )®2(F). O

We can now proceed with the proof of Proposition 3.1. Recall that the goal is to show that

"o - 1
NVY () =02, (D =NVY () = TN = TR () =0y 3 )
p=0

and

n

- - 1
NV = () = AR =l (%) = P = (1) = 0057 ).
p=0

By construction, we have
VY= (O =T (%) = ) *2 (%) - T (7).

An implication of Proposition 4.1 is that, for any test function f and any coalescence indica-
tor b,

l;zla),N(f@Z) = Op(l)'
Thus, a consequence of Proposition 4.2 is

o0 = (M) TR0+ () SRR+ o)

p=0

The desired formula is then obtained by remarking that

N —1\" 1 N —1\"t+! 1 1
(_) zl_o(_) and (_) =t +o(—).
N N N N N2

Similarly, since

I v ([ = 1Y (H]%%) = 0p(D),

the same algebraic manipulation yields

LI _ 1
NVY(F =¥ () = AR = (1) = EQU =¥ DI} = 0 ):
p=0

This closes the proof of Proposition 3.1.
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APPENDIX A: MANY-BODY FEYNMAN-KAC MODELS

The many-body Feynman-Kac model was proposed in [13] to study the propagation of
chaos property of the conditional particle Markov chain Monte Carlo introduced in [1]. The
basic idea is to trace the information of all particles in the IPS along with its genealogy, and
to construct an instrumental particle block which is heavily dependent (identical) to some
specific particles. We call these instrumental particles the coupled particle block of the IPS.

A.1. Duality formula. At each layer, the particles in the original IPS are denoted by X,
with its genealogy Ap_1. The coupled particle block of ¢ particles is denoted by X [q], with

its genealogy denoted by A[Q] The corresponding variables in the integral operators will be

denoted by xp, ap—1, x[q] and a 1 respectively.

Before giving spe(:1ﬁc deﬁnltlons we want to mention that the mathematical object we
would like to look into is the whole particle system, namely the original IPS and the coupled
particle block with genealogy. At each layer p, we are interested by the tuple:

% ilal

As for the basic idea of the particle Markov chain Monte Carlo method [1], we study respec-
tively the distributions of

v ilgl
Xp. Ap1 | X4, Al
and
viql jlal

Thanks to the specific construction, as well as the relatively simple multinomial resampling
scheme of Feynman—Kac IPS, Lemma A.1 provides a duality formula to connect both dis-
tributions and leads in particular to Proposition A.1. This latter result is crucial to prove the
consistency of our term by term estimator in Theorem 3.1.

In this section, a transition kernel denoted by the letter Q is a Feynman—Kac kernel, mean-
ing that its total mass is not necessarily 1, and it can be expressed by the product of a positive
potential function and a Markov kernel. All transition kernels denoted by the letter M are
Markov kernels.

Notice that the transition from level p — 1 to level p of the IPS with its genealogy defined
in Section 2.2 can be expressed as

N

(Ap-1,Xp) ~ @ q’p,N(Xp—l’ d(Alp 1 X;))
1=

with @, y defined by
i p-1
CI>1v,N(xp—1sd( ap_1,X )) Sp—1,n(xp- l’dap 1) x Mp,N( p—1 ,dx, )
We define the transition of the original IPS with its genealogy by

M (xp 1,.d(ap- l,xp) l_[quN Xp— l,d(a;_l,x;))
i=1

and the potential function of the particle block of size g by

G (xp-1) = m(xp-1)(Gp1.N)1.
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We denote the associated Feynman—Kac transition kernel
Q' (xpt1.d(@p-1.xp)) =G\ (xp_1) X My (xp_1.d(@p_1.xp)).

Given EE?] e (N)4, Ez;q] € [N]? and ~1[,q] € E?, we define

~[q]1 e[q] ~Lq]
M’ (xp-1.d(ap-1,xp))
] ) e[ql e[ql
= I A®@pwGep-r.d(@, i, xp)} x 0 (dxy” ) x 800 (da,”))
i€INT\{€h...£5) -

the conditional transition for the original particle system given the coupled particle block
5(1[;1] [q] ilal [q

at position E[q] with frozen genealogy A 1=

. In particular, we denote

6["] x[q] . e[q]
MOO 0 (dxg) —{ l_[ no(dx(’))} X 52([)41 (dxoo )
i€[NI\{E,...e0}

We also define

a”

QY (xpr. d(@l) | #90) := m(INY)® (@@l ) Q9% (1) dzle),
and

E[‘” -
» ((@po1.xp).d(@! | &490) = dy (dal})s gy (d550).
p 1 xP

Then we have the following pivotal duality formula, which is simply a generalization of
Lemma 4.1 in [13]. We will apply it in the proof of Proposition A.1 with g = 2.

LEMMA A.1. Forp>1,q € [N]and EE?] € (N)1, we have the following duality formula
between integral operators

[[q] N _
anq}(xp—l’ d(ap-1,xp) )My ((@p-1,%p), d(aE;q_]1 ) x}[)q]))
lq] ~[ 1 ~[¢/]l e[q] [[)q]
:Q;q)(xp_l’d( 1’ q ))M i (xp—lvd(ap—lvxp)),
and

[q] ~[q]
N (dxo)s g[q](dx[q])—no (dFNMT " (dxy).

x()

PROOF. Step O is clear. For p > 1, it suffices to check that the nonidentical parts are
equal, namely

Gy 1N(Xf, D)
1N mxp-1)(Gp- 1N)

g(q)1( Xp— 1) Z

[q]

XM ((@p-1.xp).d(a Eyq]p ~[q]))

= QY (o1, (@, 95 1 (dxt )5 (da )
el p 19 p 19 [‘1] P &;"Z_J] p—l .
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Fixing Z[q] € (N)? andxp_1 € Ep |» consider a function F € B,([N]? x [N]? x Eq X E;f,)
Moreover, let a4l = (a1, .. , ag) and xll = (xy, .. ., Xq) denote generic variables belongmg
respectively to [N]? and E ;1,. Then, we may write

N o G,in&E ) ® g
p—LNWU, y
m(xp-1)(Gp—1,n)? Sk (da
/ P ,;Nm(x,,_n(prl,N) (day=)
®q 4?] e ~[q] ) G G g
XM, (p 1vdxp )8 e[‘”(d'x s glql (da p— I)F(ap—l’ap—l’xp LX)
1’ p 1
_/ (IND)®? (da') G2, (x Z[q]l)M®q (x4, dxl)F (a4, 9], 141, cla))
:/m([N])®q(a'a[q])Q(fqu(x?)lz]l,dx[q])F(a[Q],a[q],x[q],x[q])
414! lq] lq]
®q (=191 \ ® ¢ ¢
= / (IN1)®? (da, )QpﬁN(x; 1‘,dx4)5i1[;,](dx; )3&;@](@;_1)
[] E[q] E[q] ~
XF( pq 1° pp_lvxpp axl[;q])
lg] lal lal

~[q] ¢ ~[q] ~
_/Q(q) Xp-1,d(a pq X [q]))5 H(dxp )5 [41 (dapp—l)F(apq—]’app—]’xpp ’qu])-
This ends the proof of the duality formula. [J

Let us recall (16) and (19):

n—1 [2]
¢ balrit 2 o a2
(23) An = Z { l_[ AP(APP ’657])} = Z A )‘n I(An—l’ gn—l)’
ey tr=0 CRIEUE

2]
with the convention A,” = 1. In fact, this gives another representation of the approximation

of the coalescent tree-based measures:

n—1

[2] [2]
N 2 AT Ch(F o).

2e(ny2

P y(feg=r"?

Recall that
N :=0(Xp,...,Xn_1,A0, ..., Ap_2).

The upcoming result is useful in the proof of Lemma 4.1.

PROPOSITION A.l1. Under Al, for any E,[f] € (N)2, any coalescence indicator b, and
any test functions f and g in By(Ey), we have, for all n > 1, that

N2 N
E[Vn (1) W Cbn(f®g) ‘9 }

1
= mrs—w 07N Ch, (f ®8).
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PROOF. By applying (23), we obtain

Nl 2l 2l
VnN(l)ZWAﬁn Ch, (f ® )(X3")
N1 ¢ 21 2]
N 2 n—149b Ly 2 Yo
=V, (1) =1t S A (AL GG (f R (X).
2 evy?

) 2 . .
Since An”_‘l1 18 Sf_l—measurable, it is sufficient to show that for each Egzll € (N )2, we have

[2] [2]
E[mXn_1)(Gu1.0)2_ (A% e e, (Fo (XY 16N ]
1 2]

24) ‘
= b O3 Co, (f ® (X)),

Before starting our reasoning, for the sake of simplification, we remark that

[2] 2]
M (A e )Gy, (fF® ) (X

n—1°"n—1
can be seen as a bounded measurable function of (A,_1, Xy), rather than a measurable func-

2] 2]
tion of (Xﬁ" , Af;”_ 1)- With this in mind, for any test function

FGBb([N]N X oe X [N]NXE(])V X +oe X E,]lv_l),

(n—1) times

we have, by definition of Qg,z) (xp—1,d(ap-1,xp)),

[2] 21
E[mXn_1)(Gno1.n)222_ (A7 62 ) Oy (f © 2)(X5) F(Agn—2, Xom-1)]

2] [2]
(25) = f QP (Xn—1, d(@n—1, X)) hn_1(a",, €2 )Ch, (f @ @) (x)

x F(ag:n—2, X0:n—1) n—1(dag:n-2, dxo:n-1),

where ©,_1 denotes the measure corresponding to the underlying joint distribution of the IPS
from step O to step n — 1 with genealogy. Taking into account that

2l 2 - . .
MY (@1, %), d(@2,, 71?)) =5 3 (da?!)s 2 (dxl?)
a

n—1°"n
n—1 n

is a Markov kernel, we can introduce it in the right-hand side of (25) to obtain

[2] 2]
E[m(Xa_1)(Gno1.8)22_ (A 02 ) C, (f © ) (X0 ) F(@0:n-2 X0:n-1)]

[2] ~ ~
= / QE,Z) (xn—l, d(ap—1, x,,))Mﬁ" ((an—l, Xn), d(a,[f_]l ) x,[lz]))

a2 ¢
X An—t1(a," 1, €,~1)Cp,(f @ ©)(x," ) F (@0:n-2, X0:n—1) n—1(d@p:n—2, dX0:n—1)-
] ) M2
The construction of many-body Feynman-Kac models allows replacing (a,” |, x," ) with

(Zz,[lz_]1 , i,[f]) in the observation functions, as they are equal by definition. Hence, one has the
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following equality:
/fo)(xn-l,d(an-bxn)) 7 (@ner, xn). d(@? | 7121))

IS 2
% k”_l(a"—l’zn—l)cbn(f®8)(x ! )F(aO:n—ZvxO:n—l)Mn—l(daO:n—Z,dxo:n—l)
= [ QP (a1, A1, 2 ML (@t 5, d @2 E2)

X a1 (@, €2 )Gy, (f ® &) (R F(@0:n-2 X0:n—1)in—1(d@0:n—2, dXo:n—1)-

Now, the duality formula given in Lemma A.1 yields
fQﬁ,z)(xn—lvd(an—lvxn)) ((an 1, Xn), d( n— 1, [2]))

X An—1(a ,[42]1’@,2 1)Cbn(f®g)( 2N F (ap:n—2, X0:n—1) tin—1(d@:n—2, dX0:n—1)

(2) [2] [2] al ol B
_/@ xn 1, ( 1 X ))M (xn—lsd(an—lvxn))

2 ~
X A1 @2 €2 )G (f ® ) () F(a0:n-2, X0:n-1) in—1 (d@0:n—2, dX0:n-1)-
In addition, since

~[2]1 ELZ] 112]
M," (xn—l» d(ay—1, xn))

is a Markov kernel for any choice of (Zl,[lz_]l, KLZJ, )E,[lz]), we deduce that

®) ~[2] a,l,.a0 5
/ QP (xp1. d(@?,, 52))m (¥n—1, d(@n—1, Xn))

X hn—1(@ ,[12]1’52]1)@ (f ® &)(E) F (@0:n-2, X0:n—1) ttn—1(d@0:n -2, dXo:n—1)
_f@(Z) Xn—1, d( n— 17 )))‘nfl(&r[zz_]l»gf['zzll)cbn(f®g)(i7[12])

x F(ao:n—2, X0:n—1) bn—1(dag:n—2, dxo:n-1).

Next, let us recall that
QP (e, (@, F2) = m(IN) 2 (4l ) 023 (67 a2

and

[2] 21 y._
An—1(@, 1, ) : Ly =1al =22 =00z P, —0al =00z =2 )

whence we get the equality concerning the operator Cj, . More precisely, if b,_1 =0, we
have

/Q(Z)(xn 1.d(a r[z2]1’ ) -1 (@ r[lzll’gi['l]l)chn(f®g)(ir[12])

(26) x F(ap:n—2, X0:n—1) tn—1(dag:n—2, dxo:n-1)

[2]
—/N2Q® Ch, (f ® 8)(x,")') F (@0:n—2. X0:n—1) thn—1(d@0:n—2, dX0:n—1).
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e(l-]) el 1

. . . . Z _ L,
Otherwise, if b, 1 = 1, we get, with the convention x, " 1‘ =(x," 11 x," 11),

[ @ (e (@l FE Y @ 62 o, (f @ ) G

(27) x F(ap:n—2, X0:n—1) n—1(dao:n—-2, dxo:n-1)
(D
_/N2 023 Ch, (f ® 8)(x," ) F (@0:n-2. X0:n—1) fhn—1 (d@o:n—2., dXo:n—1).-

Combining (26) and (27), we safely deduce that
[ @2 (et @l S @2 62 Co, (f @ ) )

X F(ao:n—2, X0:n—1) n—1(dao:n—2, dxo:n—-1)
a2
—/NZCb,, 0% NCb (f ® &)(x," ) F(@0:n—2, X0:n—1) in—1(d@0:n—2, dX0:n—1)

[2]

1
= E[ Cb,, 1 Q Ch,, (f ® g) (Xnn:ll )F(Aﬂ:n—Zv XO:n—l)]-

In conclusion, we have established that

[2] 21
E[mXn_1)(Guo1.3)2_ (A7 e ) Oy (f © ) (X5 ) F (A2, Xom-1)]
lZJ

1
= E|:N2 Cbn 1 Qn Ncbn (f ® g)( II)F(AOZH—Zv XOZI‘I—I)i|’

which terminates the verification of (24) and the proof of Proposition A.1. [

A.2. Some intuition. In general, the coupled particle block does not necessarily have
the parents-children relations. Let us see a representation of the duality formula given in
Lemma A.1 recursively applied in a mini IPS from level O to level 5 to some randomly

chosen indices Z% (see Figure 5).

original

coupled-.

o o e ‘e ‘o ‘e

step 0 step 1 step 2 step 3 step 4 step 5

FI1G. 5. Anillustration of the duality formula recursively applied to a mini IPS of n+ 1 = 6 levels with 5 particles
at each level. Every straight black or dotted arrow within the original IPS represents a Markov transition M
and the black twisted ones pointing to the particles in the coupled particle block represent the Feynman—Kac
transition kernels Q , . The red dotted bending arrows are identities. The indices of the original particles in the

coupled particle block are ¢ = (4,5), 612 = 2, 4), €1 = 2,3), (7 = 3,5), el = (1,5) and €21 = (1, 2).
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OnD

FI1G. 6. The coupled particle block tracked by the event defined by (28).

However, we can get any ancestral relations or coalescent tree-based form by manipulating
the genealogical information encoded in the coupled genealogy. This is the essential idea we
used by introducing many-body Feynman—Kac models. To make it clearer, we consider an
event defined by
(28) (P, =AD g (=A) =42 #02  AP= A
On this event, we are able to track the coalescent tree-based form as in Figure 6. The coupled
particle block and its genealogy are defined as the copies of certain particles and parents
indices in the associated original IPS. On one hand, we select certain events such that the
desired structure is trapped in the coupled particle block. On the other hand, we define the
estimator based on the information reflected in the original IPS as no additional randomness
are added by introducing the coupled particle block. Since their distributions are connected
by the duality formula, we can use the information coded in the original IPS to estimate the
measures corresponding to these coalescent tree-based particle blocks (see Figure 7).

The duality formula provides a way to touch the adaptive versions of the coalescent tree-
based measures FZ, that is, all the Feynman-Kac transition kernels O, in the definition are
replaced with the adaptive version Q, y. This is the idea underlying the construction of the
estimators Ff; N

A.3. Connection with SMC. To conclude, let us say a few words about the behavior
of F,ll” ~- One remark is that, in general, this estimator is not unbiased in the ASMC frame-
work. This is a consequence of the adaptive parametrization, as witnessed by Lemma 4.2. On
the opposite, in a nonadaptive case (SMC), the estimation is unbiased, exactly as ynN is an
unbiased estimation of y,, (see, e.g., [11], Section 3.5.1). It turns out that the classical SMC

original
g <

coupled."

step 0 step 1 step 2 step 3 step 4 step 5

F1G. 7. Anillustration of the duality formula recursively applied to a mini IPS of n+ 1 = 6 levels with 5 particles
at each level. Every straight black or dotted arrow within the original IPS represents a Markov transition M, y
and the black ones within the coupled particle block represent the Feynman—Kac transition kernels Q, . The
red dotted bending arrows are identities. The indices of the original particles in the coupled particle block are

=35 d1=09, =05, =02, dd =5 mi =3
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framework corresponds to the case where the function 4, in A2 is equal to zero, meaning
that O, y = O, for all n. Thus, Lemma 4.1 and (15) give the following proposition.

PROPOSITION A.2. Assume A1-A2 and suppose that h, = 0 for all n > 0. Then, for all
test functions f, g € Bp(Ey),

E[l} v(f®9)]=Ti(f®g).

In particular, we also have
E[y, (D*V,Y (H] = Varly,' ()]-

In fact, the essential technical results in Section 4.4 and Section 4.5 only require Al. In
other words, .A2 can be studied separately in order to adapt to applications not covered in this
article.

Another remark is about the difference between Fﬁ, ~ and up, as defined in Section 3.2.
of [16] in the nonadaptive context. However, since it is not straightforward to compare these
estimators that are extremely notation-heavy, we would just like to briefly and heuristically
mention that the main difference comes from the step where there is a coalescence, namely
b, = 1. If we consider Figure 3 in Section 3.1, our estimator is not the most “precise” that
one could propose. Let us look at the case where

0 =1((5,3), 4,3),(2,5), (2,4), 2,5, (1,3), (2, 4)).

For the terminal point X%, the conditional distribution of Ag is simply the categorical distri-
bution since X § is a terminal point. Roughly speaking, once all the genealogy of the terminal
points is calculated, one can deduce ;. Hence, the take-home message is simple: if one is
interested in estimating Fi’ numerically, then the estimator u; proposed in [16] is expected
to be more accurate, meaning that the variance should be smaller in general.

Nevertheless, as a theoretical tool, our estimator is easier to deal with in the adaptive frame-
work. Indeed, induction is highly involved in our proof of consistency, so estimators that are
stepwise easy to manipulate are required. Another difference is that we do not use instru-
mental random variables such as K!' and K? in the definition of ;. This also simplifies the
analysis in an adaptive context where there is already more randomness than in a nonadaptive
context.

APPENDIX B: NUMERICAL EXPERIMENT

We provide in this section a numerical experiment based on the same toy example as the
one presented in Section 4.1 of [4]. In particular, this ensures that assumptions A1-A2 are
satisfied. Namely, consider a sequence of centered Gaussian target distributions (n,; 0 <n <
50) on R!? given by

M (X) o eXp<—%(x, Enlx)).

Denote by Id the identity matrix on R'? and J the lower triangular matrix such that J; =1
for 1 < j <i —1 <9. The covariance matrices are defined by

n 1 n 1n
¥, =L,LT withL, = (10(1 - —) ——>Id _—
no W 99) T 1099/ T 299

Thus, the initial distribution 7 consists in 10 centered and independent Gaussian compo-
nents with variance 10. As n grows, the covariance structure becomes more complicated. We
consider an implementation of SMC with (nonadaptive) potential functions

1
Gu(x):= exp(—i(x, (=, - En_])x)>,



1058 Q. DU AND A. GUYADER

and some random walk Metropolis kernels M,, such that, at each step, M,, is reversible with
respect to 1. In this scenario, a popular choice for M,, is based on the Gaussian proposal with
covariance matrix X,. This is the “limiting” (nonadaptive) scenario that we will consider
in the sequel. When one does not know the covariance matrices ¥, a natural choice is to
use the estimated covariance matrix E,iv . Our goal is to compare the respective behaviors
of adaptive SMC and nonadaptive SMC. In particular, we want to show that the Lee and
Whiteley variance estimator, in an adaptive context, goes to the asymptotic variance of the
“limiting” (nonadaptive) SMC when N grows.

For this, we consider the test function f : RO> (xD, x@, ...,x(lo)) > x(D eR. Keep-
ing the notation of the previous sections, we illustrate the asymptotic variance estimators
N VnN (f — n,llv (f)), which estimate the asymptotic variances of 77,],\’ (f) respectively for the
adaptive and nonadaptive SMC algorithms; see Figure 8. On the latter, the so-called reference
value is the estimation of the theoretical asymptotic variance a,%n (f — nn(f)). This value is
estimated via crude Monte Carlo through 2 x 10? independent runs of nonadaptive SMC with
N =5 x 103 (notice that, stricto sensu, it does of course not depend on N). At each iteration

220

210

200

190

180

170

Estimation of asymptotic variance

— Reference value
160 T Limiting SMC with 95% CI
¢ Adaptive SMC with 95% CI

1005001000 2000 5000 10000 20000
Number of particles

(a) Variance estimation of 72 (f) with n = 10.

70

65

60

55

50

Estimation of asymptotic variance

—— Reference value
45 ¥ Limiting SMC with 95% CI
¢ Adaptive SMC with 95% ClI

1005001000 2000 5000 10000 20000
Number of particles

(b) Variance estimation of 7 (f) with n = 50.

F1G. 8. Variance estimators for adaptive and nonadaptive “limiting” SMC for n = 10 and n = 50 with N vary-
ing from 100 to 2 x 10%. We trace the variance estimators and its 95% confidential intervals based on 500 inde-
pendent runs of each algorithm. The reference values rr,%n (f —nn(f)) are obtained through 2 x 103 independent

runs of nonadaptive “limiting” SMC with N =5 x 103.
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of the algorithm, the random walk Metropolis kernel is applied 4 times in order to ensure a
certain level of acceptance.

It is clear that when N is relatively small, the variance estimations are biased. However,
as the number N of particles grows, we see that the behaviors of the adaptive and nonadap-
tive algorithms are similar in terms of asymptotic variance estimations. More precisely, the
overlaps of the 95% confidential intervals indicate that the adaptive SMC algorithm is indeed
very “close” to its nonadaptive “limiting” counterpart. As expected, both variance estimators
converge to the reference value o,%n (f —na(f)) as N grows.

APPENDIX C: TRUNCATED VARIANCE ESTIMATORS

As mentioned in [16], their variance estimators degenerate when n is very large compared
to the number N of particles. Typically, no disjoint ancestral lines exist in such a particle
system. In this case, we recommend to use the same kind of fixed-lag variance estimators as
the ones proposed in [18]. More precisely, we only use part of the genealogy of the particle
system (e.g., truncated at time n — H for a relatively small lag H € N*) to construct the
variance estimators. Hereafter, we provide a heuristic in order to justify the relevance of such
estimators in practice.

In general, the application of SMC sampling on a large time scale requires some “forget-
ting” (mixing) properties of the underlying model. For example, in the toy example presented
in Appendix B, if the Metropolis kernel is implemented a large amount of times at each itera-
tion, the particles will somehow “forget” the dependence caused by the genealogy. Basically,

in terms of coalescent tree-based measures, I_“,(,p ) would be very “close” to the disjoint ances-

2

tral lines based measure '\2’. More concretely, if we look at the asymptotic variance o, ,

have

we

n—H-1 n
o (N=" 2 (EPUP) -T2 + 3 [P %) -T2 ().

p=0 p=n—H

small by the “forgetting” properties of the model

Accordingly, a natural idea is to estimate only the second part of the right hand side in order
to approximate the asymptotic variance. A truncated term by term estimator can therefore be
defined as

n
() (@2 (@) (r®2
Z (Fn,N(f ) - Iﬂn,N(f ))
p=n—H
Unfortunately, this estimator is not always numerically stable, as it requires that disjoint an-
cestral lines exist in the particle system from time O to time n — H. Following the same
mechanism as in the proofs of Proposition 3.1 and Proposition 4.2, we can show that

n
Ny (=T ()~ Y (O (%) = T3 (F9%),
p=n—H
where, if EZ(H ) denotes the index of the ancestor of X jl atstepn — H,

H-1
@ H) ey ._ N - -
Loy (f%%) = (N — i+ ) - S F(XR).
El(H)#E; (H)
The estimator N (17,11\' (f )2 — f‘flg,H)( f ®2)) is more or less the one proposed in [18] and is

indeed a truncated version of N VnN (f) proposed in [16]. We refer the interested reader to
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[18] for theoretical results as well as numerical illustrations. When H is properly chosen, the
fixed-lag variance estimator is expected to be able to balance the memory and the degeneracy
of the genealogy of the particle system. However, finding a suitable H in a specific application
is highly nontrivial. As explained in [18], it is then natural to consider adaptive mechanisms
to determine H. Nevertheless, to the best of our knowledge, this is still an open problem,
which is beyond the scope of the present paper.
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