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Abstract

We study regression with subsets as covariates. The response is an unknown function of the
input subset, and observations consist of noisy evaluations at uniformly sampled subsets, each
containing exactly k items from a ground set of size d. This problem arises in combination
screening, bundle preference modeling, and other settings in which outcomes depend on
collections of prescribed size. The fixed-cardinality constraint couples the membership coordi-
nates, so standard product-domain notions of interaction and smoothness cannot be imported
unchanged. We use the harmonic decomposition of the Johnson graph to define an intrinsic
Johnson–Sobolev scale and determine the exact dimensions of low-order interaction spaces.
We derive finite-sample risk bounds for harmonic projection and establish a nonasymptotic
minimax characterization when the Johnson–Sobolev energy budget is controlled relative to
the noise variance. We also show that stable least squares removes the signal-dependent fluctu-
ation of empirical projection when the empirical Gram matrix is sufficiently well conditioned.
For arbitrary signal-to-noise ratios, a rank-deficiency analysis quantifies the components left
unidentified by the random design. Together, the rank-deficiency analysis and a centered com-
pletion estimator yield minimax bounds that match up to constants whenever min(k, d − k)
and the smoothness order are fixed. Numerical experiments reported in the Supplementary
Material illustrate estimation under different interaction profiles and distinguish the effects of
observation noise, random-design fluctuation, and incomplete coverage.
Keywords. Combinatorial regression; fixed-cardinality subsets; harmonic analysis; Johnson
graph; minimax estimation; random design; Sobolev ellipsoid.

1 Introduction

Suppose that a pharmacologist wants to estimate the expected efficacy of every three-compound
combination drawn from a library of twenty candidates. The unknown response function maps
each combination to its expected efficacy. Since there are (20

3 ) = 1140 possible combinations, an
experiment typically provides noisy evaluations for only a fraction of them. The statistical goal is
to learn the response function over the entire collection of combinations, including those that
were not observed. This is a regression problem in which the input is a set rather than a vector of
unconstrained covariates.

Regression problems of this kind arise in biological combination screens, preference studies
for bundles, portfolio evaluation, configuration testing, and experimental designs involving
selected groups of items. In each case, the response may depend not only on the individual
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items but also on their interactions within the observed set. In this paper, every input is a
subset containing exactly k items selected from a ground set of d available items. The covariate
domain is therefore the collection of all such k-subsets, and the statistical objective is to estimate
the response associated with each of them. We assume that the observed subsets are sampled
uniformly at random, which provides a symmetric benchmark when no subset is favored in
advance. Nonuniform and adaptive sampling designs are beyond the scope of the present work.

Let d ⩾ 2 and 1 ⩽ k ⩽ d − 1, and define

Sd,k = {S ⊆ [d] : |S| = k}, [d] = {1, . . . , d}, N = |Sd,k| =
(

d
k

)
.

We observe independent pairs (Sj, Yj) satisfying

Sj ∼ νd,k, Yj = f ⋆(Sj) + ε j, j = 1, . . . , n,

where νd,k is the uniform distribution on Sd,k. The noise variables are i.i.d., centered, independent
of the design, and sub-Gaussian with variance proxy σ2 > 0. We evaluate an estimator f̂ using
the global squared L2(νd,k)-loss

∥ f̂ − f ⋆∥2
2 =

1
N ∑

S∈Sd,k

{ f̂ (S)− f ⋆(S)}2,

and define its risk as the expectation of this loss with respect to both the random design and the
noise. Because sampling is performed with replacement, many subsets may remain unobserved,
even when n is comparable to N. Thus, without a structural assumption linking the response
values across subsets, the function cannot be recovered on unobserved inputs.

Johnson geometry and interaction structure. To make such a structural assumption useful, we
first need to specify when two subsets should be regarded as close. Let S ∈ Sd,k denote a generic
input and represent it by its membership indicators

Xi(S) = 1{i∈S}, i = 1, . . . , d.

These coordinates satisfy ∑d
i=1 Xi(S) = k and are therefore dependent under the uniform distri-

bution on Sd,k. More precisely, for i ̸= i′,

Cov{Xi(S), Xi′(S)} = − k(d − k)
d2(d − 1)

.

Thus, the covariate domain is not a product space, and the usual coordinatewise perturbations
of the Boolean cube do not remain admissible: flipping a single membership indicator adds or
removes an item and produces a subset whose cardinality is no longer k.

The smallest modification that remains inside Sd,k consists in replacing one selected item by
one unselected item. The natural mathematical object for recording these cardinality-preserving
moves is the Johnson graph J(d, k) (Brouwer et al., 1989). Its vertices are the subsets in Sd,k, and
two vertices are connected when one can be obtained from the other by a single exchange. The
corresponding graph distance is

distJ(S, S′) = k − |S ∩ S′|, S, S′ ∈ Sd,k,

2



the number of exchanges needed to transform S into S′. The graph therefore provides both
a notion of neighboring inputs and the analytical tools used below to describe regularity and
interactions on the fixed-cardinality domain.

The Johnson graph is used here to analyze the response function, not as an object to be estimated.
Its associated random walk moves from one k-subset to another by choosing a selected item
and exchanging it with an unselected one. The spectral decomposition of this walk induces an
orthogonal decomposition of every function on Sd,k into components of increasing interaction
order (Delsarte, 1973; Bannai and Ito, 1984; Filmus, 2016). We refer to these components as the
Johnson harmonic levels. Level zero contains the constant functions; level one contains centered
additive item effects; level two, when present, contains pairwise effects that cannot be represented
by constant or additive terms; and higher levels describe genuinely higher-order interactions.

As developed formally in Section 3, the decomposition has levels 0, . . . , m, where

m = min(k, d − k).

The upper limit m reflects complementation: describing a k-subset through its selected items is
equivalent to describing it through the d − k items that are excluded. Our analysis concerns the
nonconstant part of the response. We therefore separate the intercept and work with functions
centered under the uniform design, i.e., ES∼νd,k [ f (S)] = 0. This is a normalization rather than a
substantive restriction, since an unknown constant component can be estimated separately at the
parametric rate. Accordingly, for a cutoff D ∈ {0, . . . , m}, the space containing all nonconstant
interaction levels up to order D has

pD =

(
d
D

)
− 1

independent degrees of freedom. The subtraction of one accounts for the removed one-
dimensional space of constant functions. Hence, pD is the number of coefficients to be estimated
when interactions up to order D are included, with p0 = 0.

The same random walk defines a normalized Johnson Laplacian, which measures how strongly a
function varies across neighboring subsets. On harmonic level r ∈ {0, . . . , m}, this operator acts
by multiplication by

γr,d =
r(d − r + 1)

d
.

Here, γ0,d = 0 corresponds to the constant functions, while the positive eigenvalues γ1,d, . . . , γm,d
increase with the interaction order. The zero eigenvalue means that the Johnson Laplacian does
not distinguish functions that differ only by a constant. This is why the smoothness constraint is
imposed on the centered response. Section 4 uses the positive weights γ s

r,d to define a centered
fractional Johnson–Sobolev class of smoothness order s > 0 and energy budget B > 0. This class
is the parameter space for our minimax analysis.

Minimax risk and random-design uncertainty. Truncating the harmonic decomposition at level
D creates a familiar statistical tradeoff. Increasing D reduces the approximation error by retaining
more interactions, but it also increases the dimension pD of the fitted model. For 0 ⩽ D < m, the
squared error contributed by the discarded levels is bounded by

bD(s, B) =
B

γ s
D+1,d

,

3



because D + 1 is the first omitted level. At the full cutoff D = m, no level is omitted, and
we set bm(s, B) = 0. Estimating the pD retained coefficients from n observations has the usual
noise-dependent cost σ2 pD/n, where σ2 is the sub-Gaussian variance proxy. Our first main
result shows that this approximation–estimation tradeoff determines the minimax risk over the
Johnson–Sobolev class when the ratio B/σ2 is uniformly bounded. More precisely, for every fixed
Csnr > 0, uniformly over all admissible d, k, n, s, B, σ2 satisfying

B
σ2 ⩽ Csnr,

the minimax risk is comparable, up to constants depending only on Csnr, to

min
0⩽D⩽m

{
σ2 pD

n
+ bD(s, B)

}
.

Thus, the optimal cutoff balances the noise incurred by estimating the retained interaction levels
against the approximation error created by omitting the remaining ones. An equivalent max–min
formulation, used to establish the minimax lower bound, is given in Section 4.

The condition B/σ2 ⩽ Csnr deserves further explanation. It is not imposed by the definition of the
Johnson–Sobolev class, nor is it required for the minimax lower bound. It enters through the risk
analysis of empirical projection. This estimator replaces each population projection coefficient
by an average over the sampled subsets and is therefore affected by two sources of randomness.
Observation noise perturbs the recorded responses, while the random design perturbs the
empirical averages themselves. Thus, even when the responses are observed without noise, the
estimated coefficients continue to fluctuate with the sampled subsets. The resulting variance
depends on the size of the response function and produces the additional signal-dependent term
BpD/n. The condition B/σ2 ⩽ Csnr ensures that this term is bounded by a constant multiple of
the ordinary noise contribution σ2 pD/n.

Least squares can remove the part of this signal-dependent fluctuation generated by the compo-
nent already contained in the fitted space. Let WD denote the space containing the nonconstant
interaction levels up to order D. If the true response belongs to WD, noiseless least squares
recovers it exactly whenever its values at the sampled subsets uniquely determine a function in
WD, or equivalently whenever the empirical Gram matrix is invertible. With observation noise,
invertibility still guarantees a unique least-squares solution, but it does not control its accuracy:
small eigenvalues of the empirical Gram matrix can strongly amplify the noise. Stable estimation
therefore requires this matrix to be well conditioned. The leverage score at S measures the largest
possible value of g(S)2 among functions g ∈ WD with ∥g∥2 = 1. We prove that it equals pD at
every subset S. This uniform bound controls the contribution of each sampled subset to the
empirical Gram matrix, and matrix concentration then shows that this matrix is well conditioned
with high probability once n is of order pD log(2pD). In this regime, the leading variance is
σ2 pD/n, and the signal-dependent projection variance disappears.

This stability result also has a limitation. Constant leverage controls the contribution of each
individual observation to the empirical Gram matrix, but it does not guarantee that the realized
evaluation matrix has full rank. This distinction becomes important as D increases and the fitted
space approaches the full function space. Because sampling is performed with replacement, some
subsets may remain unobserved, making the empirical Gram matrix rank-deficient and leaving
some components of the response unidentified even without noise. We quantify this information
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loss by the normalized expected rank deficiency

ρD,n =
1

pD
E[pD − rank(XD)] ,

where XD is the evaluation matrix on WD. Thus, ρD,n is the expected proportion of the pD
dimensions of WD that remain unidentified in the noiseless experiment.

At the full level, this description of the unidentified components suggests replacing Gram
inversion by direct completion of the response table. Repeated observations are averaged at each
sampled subset, and the unobserved responses are assigned a common value chosen to enforce
the zero-mean constraint. The resulting centered completion estimator controls the error caused
by incomplete coverage while also averaging the observation noise. Combining its risk bound
with that of harmonic projection yields lower and upper minimax bounds without any restriction
on B/σ2. These bounds match up to a factor proportional to γ s

m,d. Since γm,d ⩽ m, this factor
remains constant when the maximal interaction order m = min(k, d − k) and the smoothness
order s are fixed. In particular, when k is fixed, the minimax risk is characterized up to constants
depending only on k and s, uniformly over d, n, B, and σ2. When m is allowed to grow, the
remaining factor identifies the gap between our lower and upper bounds.

Contributions and scope. Taken together, our results turn classical Johnson harmonic analysis
into a nonparametric framework for regression with subsets as covariates. The framework
links smoothness under local exchanges to interaction spaces of explicit dimension and yields
risk bounds that separate harmonic approximation, observation noise, and incomplete design
coverage. As a constructive complement, Section B.2 of the Supplementary Material derives an
explicit unit-norm tight frame at each harmonic level. This representation is not needed for the
statistical guarantees, which depend only on the harmonic subspaces.

To the best of our knowledge, this is the first nonasymptotic minimax analysis of random-
design regression on fixed-cardinality subsets under a smoothness condition controlling variation
between subsets that differ by a single exchange. We are not aware of prior work that combines
the exact interaction dimensions of this domain, a fractional Sobolev scale generated by the
Johnson Laplacian, noisy random sampling, and risk bounds that account explicitly for incomplete
coverage.

The remainder of the paper proceeds from the harmonic structure to the statistical results.
Section 2 reviews the closest literature. Section 3 formalizes the statistical model and the Johnson
harmonic decomposition. Section 4 introduces the smoothness classes and develops projection
estimation and the first minimax bounds. Section 5 then studies stable least squares, Gram
concentration, rank deficiency, and the coverage-sensitive minimax characterization. Section 6

concludes. The Supplementary Material reports the numerical experiments and contains the
canonical frame construction and all proofs.

2 Related work

Learning functions on subsets. The closest learning-theoretic literature studies functions
defined on the full power set 2[d], whose standard harmonic representation is the Fourier–Walsh
expansion (O’Donnell, 2014). Under sparsity assumptions on this representation, Stobbe and
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Krause (2012) establish recovery guarantees from randomly sampled function values. Other work
analyzes the learnability of valuation classes from values or pairwise comparisons, or imposes
submodularity through explicit or neural parameterizations (Balcan et al., 2012, 2016; Dolhansky
and Bilmes, 2016; De and Chakrabarti, 2022). These approaches differ from the present setting
in both assumptions and objective. We observe only one fixed-cardinality layer, impose neither
sparsity nor a shape constraint such as monotonicity or submodularity, and study global L2-risk
over a smoothness class rather than sparse identification or multiplicative approximation.

Permutation-invariant neural architectures provide general representations for functions of sets
(Zaheer et al., 2017; Wagstaff et al., 2019). They can be applied here after encoding the identities
of the items, but their principal results concern representation and approximation rather than
smoothness-based statistical guarantees under noisy random sampling. Likewise, Gaussian-
process models for choice functions learn the possibly set-valued choice made from a presented
collection (Benavoli et al., 2023); this differs from estimating a scalar response attached to every
subset.

Regression and signal recovery on graphs. Laplacian regularity is widely used to estimate
functions observed on graph vertices. Kirichenko and van Zanten (2017) develop Bayesian
Laplacian regularization on growing graphs, and Kirichenko and van Zanten (2018) establish
corresponding minimax lower bounds. For neighborhood graphs approximating an underlying
Euclidean domain, Laplacian-based estimators can recover continuum Sobolev rates (Green et al.,
2021; Shi et al., 2024). The Johnson graph plays a different role here: its vertex set is exactly the
finite covariate domain, and both its spectral weights and their multiplicities vary explicitly with
(d, k).

Graph signal processing also considers the recovery of bandlimited signals from randomly
sampled vertices. Puy et al. (2018) derive stable-sampling conditions governed by the dimension
of the bandlimited space and an appropriate graph-coherence parameter; under sampling adapted
to the local graph coherence, the resulting scale is of order p log p for a p-dimensional space.
Our target functions need not be bandlimited. Johnson–Sobolev regularity instead controls the
L2-mass outside each low-order approximation space, and our risk analysis accounts jointly for
approximation error, observation noise, and directions left unresolved by the random design.

Random least squares. The stability of least-squares approximation from random function
evaluations is governed by the supremum of the diagonal of the projection kernel, often called
the Christoffel or leverage function (Cohen et al., 2013); see also the correction (Cohen et al.,
2019). Matrix Chernoff inequalities provide the corresponding concentration tool (Tropp, 2012).
We specialize this general mechanism to the Johnson interaction spaces. Permutation invariance
of these spaces, together with transitivity of the action on the Johnson domain, forces the
projection-kernel diagonal to be constant and equal to the dimension, so uniform sampling is
already leverage-optimal. We then incorporate this stability property into a smoothness-based
risk analysis and separate observation noise from variation caused by the random design.

Noisy combinatorial optimization. Noisy evaluations of subsets also arise in subset selection,
Bayesian optimization, and combinatorial bandits (Qian et al., 2017; Oh et al., 2019; Liang et al.,
2024; Tajdini et al., 2024). These methods use sequentially chosen evaluations to locate or ap-
proximate an optimal subset. Their performance is consequently measured through optimization
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accuracy, regret, or query complexity. Our design is instead i.i.d. and nonadaptive, and the objec-
tive is to reconstruct the response function over the entire fixed-cardinality domain. Optimization
guarantees therefore do not directly control the global prediction risk considered here.

Harmonic analysis of subset data. The Johnson association scheme, its eigenspaces, and its
zonal functions are classical (Delsarte, 1973; Bannai and Ito, 1984). Statistical spectral analysis
based on representations of the symmetric group was developed by Diaconis (1988, 1989),
including the analysis of data indexed by combinatorial objects, while Diaconis and Rockmore
(1993) study the computation of the associated isotypic projections. More recently, Filmus (2016)
constructed an explicit orthogonal basis for functions on a fixed-cardinality slice, and Iglesias
and Natale (2022) developed a fast full-table Fourier transform on the Johnson graph.

These results provide the harmonic foundation used throughout the paper. Section B.2 of the
Supplementary Material gives an explicit unit-norm normalization of the canonical zonal frame
and the resulting permutation-equivariant representation of the harmonic projections.

3 Model and Johnson harmonic geometry

3.1 Statistical experiment and risk

Throughout the paper, d ⩾ 2, 1 ⩽ k ⩽ d − 1, and n ⩾ 2. Set

[d] = {1, . . . , d}, Sd,k = {S ⊆ [d] : |S| = k}, N = |Sd,k| =
(

d
k

)
.

The excluded cases k = 0 and k = d are degenerate: the domain then contains a single subset,
and no cardinality-preserving exchange is possible. We equip Sd,k with the uniform probability
measure νd,k. For real-valued functions f , g on Sd,k, write

⟨ f , g⟩ = ES∼νd,k [ f (S)g(S)], ∥ f ∥2
2 = ⟨ f , f ⟩ .

Thus,

∥ f − g∥2
2 =

1
N ∑

S∈Sd,k

{ f (S)− g(S)}2.

The design variables S1, . . . , Sn are i.i.d. with law νd,k, and the responses satisfy

Yj = f ⋆(Sj) + ε j, j = 1, . . . , n.

The noise variables are i.i.d. with a common law P and are independent of the design. For σ2 > 0,
let Pσ2 denote the class of probability laws P on R such that, for ε ∼ P, EP[ε] = 0 and

EP[exp(tε)] ⩽ exp
(

σ2t2

2

)
, t ∈ R.

In particular, every P ∈ Pσ2 satisfies EP[ε
2] ⩽ σ2.

For a function f : Sd,k → R, regarded as a possible value of the unknown response f ⋆, and
a noise law P ∈ Pσ2 , denote by P f ,P the joint law of (Sj, Yj)

n
j=1 and by E f ,P the corresponding
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expectation. Expectations involving only a uniform subset of Sd,k are written explicitly as ES∼νd,k .
For a parameter class A, define the minimax risk

R⋆
n(A) = inf

f̂
sup
f∈A

sup
P∈P

σ2

E f ,P

[∥∥∥ f̂ − f
∥∥∥2

2

]
,

where the infimum ranges over all measurable estimators, based on (Sj, Yj)
n
j=1, taking values in

the space of real-valued functions on Sd,k. Upper bounds will hold uniformly over Pσ2 , whereas
lower bounds may be established by restricting to the Gaussian submodel N(0, σ2). All results
below are nonasymptotic and uniform in d, k, and n. They therefore also apply to sequences of
experiments in which d = dn and k = kn vary with the sample size.

3.2 Inclusion filtration and harmonic levels

For T ⊆ [d], define the inclusion indicator

hT(S) = 1{T⊆S}, S ∈ Sd,k.

Thus, hT(S) records whether all items in T are present in the input subset S. Set m = min(k, d− k),
and, for 0 ⩽ r ⩽ m, define

Ur = span{hT : T ⊆ [d], |T| = r}.

The space Ur therefore contains the functions representable by inclusion effects of order r, together
with all lower-order effects. To see the latter point, let 1 ⩽ r ⩽ m and |T| = r − 1. For every
S ∈ Sd,k,

hT(S) =
1

k − r + 1 ∑
i∈[d]\T

hT∪{i}(S).

Indeed, if T ̸⊆ S, both sides vanish. If T ⊆ S, exactly k − r + 1 elements i ∈ S \ T make T ∪ {i} a
subset of S. Consequently,

U0 ⊆ U1 ⊆ · · · ⊆ Um.

The dimensions of these spaces follow from the rank of the inclusion matrix. Let Mr,k be the
matrix whose rows are indexed by the r-subsets T, whose columns are indexed by the k-subsets
S, and whose entries are

(Mr,k)T,S = hT(S) = 1{T⊆S}.

Each row is the vector of values of hT over the whole domain Sd,k. Hence, the row space of Mr,k
is naturally identified with Ur, and

dim(Ur) = rank(Mr,k).

Gottlieb’s rank theorem states that Mr,k has full row rank whenever r ⩽ k and r + k ⩽ d (Gottlieb,
1966). Both conditions hold for 0 ⩽ r ⩽ m, and therefore

dim(Ur) =

(
d
r

)
, 0 ⩽ r ⩽ m.

At the final level,

dim(Um) =

(
d
m

)
=

(
d
k

)
= N,
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where the second equality follows from m ∈ {k, d − k}. Since a function on Sd,k is determined by
its N values, the full space L2(Sd,k, νd,k) also has dimension N. Hence,

Um = L2(Sd,k, νd,k).

To isolate the new component appearing at each order, set U−1 = {0} and define

Vr = Ur ∩ U⊥
r−1, 0 ⩽ r ⩽ m.

Because the inclusion spaces are nested,

Ur = Ur−1 ⊕⊥ Vr.

Iterating this identity and using Um = L2(Sd,k, νd,k) gives

L2(Sd,k, νd,k) = V0 ⊕⊥ · · · ⊕⊥ Vm, dim(Vr) =

(
d
r

)
−
(

d
r − 1

)
, (1)

with the convention ( d
−1) = 0. Let Pr denote the orthogonal projector onto Vr. Since Vr = Ur ∩U⊥

r−1,
the function Pr f is the part of f that lies in Ur and is orthogonal to all lower-order inclusion
effects. We call Pr f the order-r harmonic component of f . As an orthogonal projection, it is
uniquely determined by f and does not depend on any choice of coefficients in a representation
using the indicators hT.

We next connect this decomposition with the one-exchange geometry of the Johnson graph. For
S ∈ Sd,k, a ∈ S, and b /∈ S, write

Sa→b = (S \ {a}) ∪ {b}.

Let S0 denote the current subset. Conditional on S0 = S, choose A uniformly from the k elements
of S and, independently, choose B uniformly from the d − k elements of [d] \ S. Set S1 = SA→B.
The Markov operator of this one-exchange walk is therefore

K f (S) := E[ f (S1) | S0 = S] =
1

k(d − k) ∑
a∈S

∑
b/∈S

f (Sa→b).

Equivalently, K is the normalized adjacency operator of the Johnson graph J(d, k) (Brouwer et al.,
1989).

For S, S′ ∈ Sd,k, let

q(S, S′) = P(S1 = S′ | S0 = S) =
1

k(d − k)
1{|S∩S′|=k−1}.

Thus, q(S, S′) is 1/{k(d − k)} when S′ is obtained from S by one exchange and is zero otherwise.
The Markov operator can equivalently be written as

K f (S) = ∑
S′∈Sd,k

q(S, S′) f (S′).

The uniform measure νd,k is reversible for this walk. Indeed, every exchange S → S′ has the
equally likely reverse exchange S′ → S, so q(S, S′) = q(S′, S). Since νd,k is uniform, it follows that

νd,k(S)q(S, S′) = νd,k(S′)q(S′, S), S, S′ ∈ Sd,k.
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This detailed-balance identity is precisely the reversibility condition. It implies that K is self-
adjoint with respect to ⟨·, ·⟩:

⟨ f , Kg⟩ = ⟨K f , g⟩ , f , g ∈ L2(Sd,k, νd,k).

The classical spectrum of the Johnson graph shows that the harmonic spaces in (1) diagonalize this
operator (Delsarte, 1973; Bannai and Ito, 1984; Brouwer et al., 1989). The precise correspondence,
together with the associated Dirichlet form identity, is recorded in the following proposition.

Proposition 3.1 (Johnson spectrum). For 0 ⩽ r ⩽ m and f ∈ Vr,

K f = θr,d,k f , θr,d,k = 1 − r(d − r + 1)
k(d − k)

. (2)

Moreover, every f ∈ L2(Sd,k, νd,k) satisfies

⟨ f , (I − K) f ⟩ = 1
2k(d − k)

ES∼νd,k

[
∑
a∈S

∑
b/∈S

{ f (S)− f (Sa→b)}2

]
. (3)

Since r 7→ r(d − r + 1) is strictly increasing on {0, . . . , m}, the eigenvalues θr,d,k of K are strictly
decreasing with r, whereas the eigenvalues

1 − θr,d,k =
r(d − r + 1)

k(d − k)

of I − K are strictly increasing. Together with the complete decomposition (1), the proposition
therefore shows that Vr is precisely the eigenspace of K associated with θr,d,k. Equation (3) gives
this spectral ordering a local interpretation: the quadratic form ⟨ f , (I − K) f ⟩ is one half of the
mean squared change in f under a uniformly chosen exchange. Among functions of unit L2-norm,
higher harmonic levels correspond to larger eigenvalues of I − K and hence to greater mean
squared variation across neighboring subsets.

The harmonic projections also admit a canonical subset-indexed tight frame that respects per-
mutations of the ground set. This basis-free, permutation-equivariant representation may be of
independent interest. Since it is not needed for the statistical risk analysis, its explicit construction
and proof are deferred to Section B.2 of the Supplementary Material.

4 Smoothness, projection, and minimax risk

4.1 The intrinsic Johnson–Sobolev scale

Proposition 3.1 shows that the quadratic form associated with I − K measures the variation of
a function under a single admissible exchange. Thus, I − K is the normalized random-walk
Laplacian of the Johnson graph. We rescale it by defining

LJ =
k(d − k)

d
(I − K). (4)

The normalization is chosen so that the smallest nonzero eigenvalue of LJ is equal to one.
The scaling factor k(d − k)/d is unchanged when k is replaced by d − k, consistently with the
symmetry between a subset and its complement.
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By Proposition 3.1, LJ acts on Vr as multiplication by

γr,d =
r(d − r + 1)

d
, 0 ⩽ r ⩽ m.

In particular,
γ0,d = 0, γ1,d = 1.

Moreover,

γr+1,d − γr,d =
d − 2r

d
> 0, 0 ⩽ r < m,

because m ⩽ d/2. Hence, the eigenvalues increase strictly with the harmonic order.

Since LJ acts on Vr by multiplication by γr,d, the harmonic decomposition of f gives

LJ f =
m

∑
r=0

γr,dPr f =
m

∑
r=1

γr,dPr f ,

where the second equality uses γ0,d = 0. More generally, the spectral functional calculus defines,
for s > 0,

Ls
J f =

m

∑
r=1

γ s
r,dPr f .

Equivalently, Ls
J vanishes on V0 and acts by multiplication by γ s

r,d on Vr, for 1 ⩽ r ⩽ m.

Definition 4.1 (Johnson–Sobolev energy). For s > 0 and f ∈ L2(Sd,k, νd,k), define

I(2,s)
J,d,k ( f ) :=

〈
f , Ls

J f
〉

. (5)

Equivalently,

I(2,s)
J,d,k ( f ) =

m

∑
r=1

γ s
r,d ∥Pr f ∥2

2 .

The superscript 2 indicates that the energy is quadratic in the L2(νd,k) norm, while s is the spectral
smoothness order. Since γ1,d = 1, the first nonconstant harmonic level has unit weight for every
s > 0. At s = 1, the energy has the local exchange representation

I(2,1)
J,d,k ( f ) =

1
2d

ES∼νd,k

[
∑
a∈S

∑
b/∈S

{ f (S)− f (Sa→b)}2

]
.

Indeed, this identity follows by combining (4) with the Dirichlet representation in Proposition 3.1.
Thus, at smoothness order s = 1, the Johnson–Sobolev energy measures the aggregate squared
variation of f across admissible exchanges, averaged over the initial subset and normalized by
1/(2d).

The entire scale is invariant under complementation. More precisely, if

f c(A) = f ([d] \ A), A ∈ Sd,d−k,

then complementation is a measure-preserving bijection between Sd,k and Sd,d−k that maps
admissible exchanges bijectively and hence intertwines the two Johnson walks. Since the scaling
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factor k(d − k)/d is unchanged, the same relation holds for the corresponding operators LJ and
their spectral powers. Thus,

I(2,s)
J,d,d−k( f c) = I(2,s)

J,d,k ( f ).

Because the constant component P0 f does not appear in (5), the energy is a squared seminorm
rather than a squared norm. Its square root is unchanged when a constant is added to f , and it
vanishes exactly when f is constant.

Finally, for 0 ⩽ D < m, the monotonicity of the spectral weights gives

I(2,s)
J,d,k ( f ) ⩾ ∑

r>D
γ s

r,d ∥Pr f ∥2
2

⩾ γ s
D+1,d ∑

r>D
∥Pr f ∥2

2 .

Therefore,

∑
r>D

∥Pr f ∥2
2 ⩽

I(2,s)
J,d,k ( f )

γ s
D+1,d

. (6)

This is the approximation inequality used in the statistical analysis below.

4.2 Projection estimation

For s, B > 0, consider the centered ellipsoid

E s
d,k(B) =

{
f ∈ L2(Sd,k, νd,k) : P0 f = 0, I(2,s)

J,d,k ( f ) ⩽ B
}

. (7)

Because γr,d ⩾ 1 for r ⩾ 1,
∥ f ∥2

2 ⩽ B, f ∈ E s
d,k(B). (8)

Since V0 = span{1}, the constant component of any function f is

P0 f = ES∼νd,k [ f (S)] 1.

Centering therefore isolates the nonconstant component controlled by the energy. More precisely,
suppose that the response can be written as

f = c + g, c = ES∼νd,k [ f (S)], g ∈ E s
d,k(B).

Since g and the noise are centered, Y = n−1 ∑n
j=1 Yj is unbiased for c, and

E f ,P[(Y − c)2] =
∥g∥2

2 + VarP(ε)

n
⩽

B + σ2

n
.

Thus an unknown intercept can be handled at the parametric rate, for example on an independent
sample split. No intercept is included in the minimax class (7).

For 0 ⩽ D ⩽ m, let

WD = V1 ⊕⊥ · · · ⊕⊥ VD, P◦
⩽D = P1 + · · ·+ PD,

12



with W0 = {0} and P◦
⩽0 = 0. The constant level V0 is omitted because the response class E s

d,k(B)
is centered. The dimension of WD is

pD := dim(WD) =
D

∑
r=1

dim(Vr) =

(
d
D

)
− 1,

including p0 = 0.

Choose any orthonormal basis e1, . . . , epD of WD. The coefficient of the population projection
P◦
⩽D f in direction eℓ is

θℓ = ⟨ f , eℓ⟩ = ES∼νd,k [ f (S)eℓ(S)].

Since the noise is centered and independent of the design,

E f ,P[Yjeℓ(Sj)] = θℓ.

The sample average

θ̂ℓ =
1
n

n

∑
j=1

Yjeℓ(Sj)

is therefore an unbiased estimator of the population projection coefficient θℓ. This leads to the
empirical projection estimator

f̂ proj
D =

pD

∑
ℓ=1

θ̂ℓeℓ. (9)

When D = 0, the sum in (9) is empty, and hence f̂ proj
0 = 0. Although this definition uses

an orthonormal basis, the resulting estimator depends only on WD. Indeed, substituting the
definition of θ̂ℓ gives

f̂ proj
D (S) =

pD

∑
ℓ=1

{
1
n

n

∑
j=1

Yjeℓ(Sj)

}
eℓ(S)

=
1
n

n

∑
j=1

YjK◦
D(Sj, S),

where

K◦
D(S, S′) =

pD

∑
ℓ=1

eℓ(S)eℓ(S′)

is the orthogonal projection kernel of WD. This kernel is basis-independent. More precisely, if
ẽ1, . . . , ẽpD is another orthonormal basis, then the two bases are related by an orthogonal matrix
O. Writing

e(S) =
(
e1(S), . . . , epD(S)

)⊤,

we have ẽ(S) = Oe(S), and hence

ẽ(S)⊤ ẽ(S′) = e(S)⊤O⊤Oe(S′) = e(S)⊤e(S′).

Thus both the kernel and the estimator are determined by the space WD, rather than by the basis
used to represent it.
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Remark 4.2. Section B.2 of the Supplementary Material gives an alternative permutation-
equivariant representation of the same estimator in terms of a canonical tight frame indexed by
subsets.

The full-table Johnson transform of Iglesias and Natale (2022) computes harmonic projections
from an N-dimensional array indexed by all vertices of Sd,k. The empirical coefficients can
be obtained by applying this transform to the N-vector whose entry at S is N

n ∑j:Sj=S Yj, with
value zero when S is unobserved. Applying the full-table transform to this vector still requires
computation on the entire domain and therefore scales with N = (d

k), not with the sample size
n or the retained dimension pD. Developing a sample-based low-order transform is a separate
computational question.

Define the worst-case approximation bound

bD(s, B) =


B

γ s
D+1,d

, 0 ⩽ D < m,

0, D = m.

Proposition 4.3 (Projection risk). For every s, B > 0 and 0 ⩽ D ⩽ m,

sup
f∈E s

d,k(B)
sup

P∈P
σ2

E f ,P

[∥∥∥ f̂ proj
D − f

∥∥∥2

2

]
⩽
(
σ2 + B

) pD

n
+ bD(s, B). (10)

The two terms on the right-hand side of (10) bound distinct contributions: (σ2 + B)pD/n bounds
the coefficient-estimation term, whereas bD(s, B) bounds the approximation term contributed by
the omitted harmonic levels. The key fact in the variance calculation is that the projection kernel
has constant diagonal:

K◦
D(S, S) = pD, S ∈ Sd,k. (11)

This identity follows from the permutation symmetry of WD; its proof is given together with that
of Proposition 4.3. It yields

E f ,P

[∥∥∥ f̂ proj
D − P◦

⩽D f
∥∥∥2

2

]
⩽ (σ2 + B)

pD

n
.

The estimation component f̂ proj
D − P◦

⩽D f belongs to WD, whereas the approximation component
f − P◦

⩽D f belongs to W⊥
D . Their squared norms therefore add exactly, and (6) bounds the latter

by bD(s, B).

The contribution BpD/n is not observation noise. It arises because the population projection
coefficients are estimated by averages over randomly sampled subsets, which fluctuate with the
design even when the responses are noiseless.

4.3 Nonasymptotic minimax risk

For 1 ⩽ D ⩽ m, define

aD(s, B) =
B

γ s
D,d

, vD(n, σ2) =
σ2 pD

n
.
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The quantity aD(s, B) is the squared radius of an L2-ball centered at zero in WD and contained in
E s

d,k(B). Indeed, for every g ∈ WD,

I(2,s)
J,d,k (g) =

D

∑
r=1

γ s
r,d ∥Prg∥2

2

⩽ γ s
D,d

D

∑
r=1

∥Prg∥2
2 = γ s

D,d ∥g∥2
2 .

Consequently,
{g ∈ WD : ∥g∥2

2 ⩽ aD(s, B)} ⊆ E s
d,k(B).

The second quantity, vD(n, σ2), is the usual parametric risk scale for estimating pD coefficients
from n observations under Gaussian noise with variance σ2. A standard finite-dimensional testing
argument compares the squared radius aD(s, B) with the pD-dimensional noise cost vD(n, σ2)
and leads to the scale

min{aD(s, B), vD(n, σ2)}.

We therefore define the spectral minimax scale by

Rn,d,k(s, B, σ2) = max
1⩽D⩽m

min
{

aD(s, B), vD(n, σ2)
}

. (12)

With the convention v0 = 0, a deterministic crossing argument, given in the proof of Theorem 4.4,
yields

Rn,d,k(s, B, σ2) ⩽ min
0⩽D⩽m

{
vD(n, σ2) + bD(s, B)

}
⩽ min

0⩽D⩽m

{
(σ2 + B)

pD

n
+ bD(s, B)

}
⩽ 2

(
1 +

B
σ2

)
Rn,d,k(s, B, σ2).

The first minimum is the ideal approximation–observation-noise tradeoff, whereas the second
is the optimized right-hand side of the empirical-projection bound. Thus empirical projection
matches the spectral scale with constants uniform in the parameters whenever B/σ2 is bounded.

Theorem 4.4 (Uniform nonasymptotic minimax bounds). There exists a universal constant c > 0
such that, for every d ⩾ 2, 1 ⩽ k ⩽ d − 1, n ⩾ 2, and s, B, σ2 > 0,

cRn,d,k(s, B, σ2) ⩽ R⋆
n(E s

d,k(B)) ⩽ 2
(

1 +
B
σ2

)
Rn,d,k(s, B, σ2). (13)

Consequently, for every fixed Csnr > 0, the condition

B
σ2 ⩽ Csnr

implies
cRn,d,k(s, B, σ2) ⩽ R⋆

n(E s
d,k(B)) ⩽ 2(1 + Csnr)Rn,d,k(s, B, σ2).

This comparison is nonasymptotic and holds uniformly over all d, k, n, s, B, σ2 satisfying the displayed
condition.
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For the lower bound, we restrict the experiment to the pD-dimensional ball in WD described above
and apply a finite-dimensional testing argument in the Gaussian noise submodel. Maximizing
the resulting bound over D gives the spectral scale Rn,d,k(s, B, σ2).

For the upper bound, Proposition 4.3 yields a bias–variance sum indexed by the cutoff D. A
deterministic crossing argument compares its minimum with the max–min expression in (12).
The upper bound is an oracle minimax statement. For each fixed D, the estimator f̂ proj

D itself does
not depend on s, B, or σ2. However, the cutoff used to obtain the bound may, for example, be
chosen as

Dor ∈ arg min
0⩽D⩽m

{
σ2 pD

n
+ bD(s, B)

}
,

and therefore depends on the parameters defining the response and noise classes. As usual in the
definition of minimax risk, these class parameters are treated as known. Data-driven adaptation
to unknown s, B, or σ2 is not addressed here.

The condition B/σ2 ⩽ Csnr is not needed for either inequality in (13). It is used only to make the
upper and lower bounds comparable with constants that are uniform over the stated parameter
range. The next section examines the random-design effects that become relevant when the signal
scale is large relative to the observation-noise variance.

It is worth emphasizing that the nonasymptotic formulation permits d and k themselves to
vary with n. There is therefore no single rate as a function of n alone without specifying their
joint growth. Along any such sequence, Proposition 4.3 shows that, for fixed s, B, and σ2, the
worst-case risk of f̂ proj

Dn
over E s

d,k(B) and Pσ2 tends to zero if one can choose cutoffs 0 ⩽ Dn ⩽ m
such that pDn

n
−→ 0 and bDn(s, B) −→ 0.

The first condition requires the sample size to dominate the dimension of the retained interaction
space, while the second requires its omitted harmonic tail to vanish.

5 Random-design uncertainty and stable least squares

The preceding section revealed that random sampling affects estimation through more than
observation noise. We now study this design uncertainty directly. We first establish conditions
under which the empirical Gram matrix is well conditioned and least squares is stable. We then
quantify the information lost when sampled evaluations leave part of the fitted space unidentified,
construct a centered completion estimator, and combine these results in rank-aware minimax
bounds.

5.1 Constant leverage and Gram concentration

To remove the signal-dependent fluctuation of empirical projection, least squares must be stable
over the whole fitted space WD. We therefore study whether the empirical squared norm induced
by the design is uniformly comparable to the population L2(νd,k)-norm on WD.

Fix 1 ⩽ D ⩽ m, and let e1, . . . , epD be an orthonormal basis of WD. For S ∈ Sd,k, define

xD(S) = (e1(S), . . . , epD(S))
⊤,
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and define the empirical Gram matrix by

ĜD =
1
n

n

∑
j=1

xD(Sj)xD(Sj)
⊤.

Orthonormality gives
ES∼νd,k [xD(S)xD(S)⊤] = IpD ,

so the population Gram matrix is the identity.

In general, the leverage score
ℓD(S) := ∥xD(S)∥2

2

may vary substantially with S, and concentration of the empirical Gram matrix is governed by its
largest value

LD := max
S∈Sd,k

ℓD(S).

In the present Johnson setting, however, permutation invariance of WD and transitivity of the
permutation action on Sd,k imply, as established in (11), that the leverage score is constant:

ℓD(S) = pD, S ∈ Sd,k.

Consequently, LD = pD. This is the smallest possible value of the maximum leverage for a
pD-dimensional subspace of L2(Sd,k, νd,k). Indeed, if h1, . . . , hpD is any orthonormal basis of such
a subspace, then its leverage function

ℓ(S) =
pD

∑
ℓ=1

hℓ(S)2

satisfies

ES∼νd,k [ℓ(S)] =
pD

∑
ℓ=1

∥hℓ∥2
2 = pD.

Hence,
max
S∈Sd,k

ℓ(S) ⩾ ES∼νd,k [ℓ(S)] = pD.

Thus, in the present Johnson setting, the leverage is perfectly balanced over the fixed-cardinality
domain. For a square matrix M, let ∥M∥op denote its Euclidean operator norm. Moreover, for
every S ∈ Sd,k,

∥xD(S)xD(S)⊤∥op = ∥xD(S)∥2
2 = ℓD(S) = pD.

This uniform bound on the rank-one matrices entering ĜD is the key input to the matrix
concentration argument below.

Define

AD =

{
∥ĜD − IpD∥op ⩽

1
2

}
.

Proposition 5.1 (Johnson Gram concentration). With

c0 =
3
2

log
(

3
2

)
− 1

2
> 0,

one has
Pν⊗n

d,k
(Ac

D) ⩽ 2pD exp
(
−c0

n
pD

)
. (14)
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To interpret AD, write

g =
pD

∑
ℓ=1

uℓeℓ for some u ∈ RpD .

Then

g(S) = u⊤xD(S), ∥g∥2
2 = ∥u∥2

2,
1
n

n

∑
j=1

g(Sj)
2 = u⊤ĜDu.

Since ĜD is symmetric, the definition of AD implies

max
1⩽ℓ⩽pD

|λℓ(ĜD)− 1| ⩽ 1
2

.

Hence every eigenvalue of ĜD lies in [1/2, 3/2], and the Rayleigh quotient gives, for every
g ∈ WD,

1
2
∥g∥2

2 ⩽
1
n

n

∑
j=1

g(Sj)
2 ⩽

3
2
∥g∥2

2. (15)

In particular, λmin(ĜD) ⩾ 1/2 > 0, so ĜD is invertible and

∥Ĝ−1
D ∥op =

1
λmin(ĜD)

⩽ 2.

It follows from (14) that, for every 0 < δ < 1,

n ⩾
pD

c0
log
(

2pD

δ

)
is sufficient for (15) to hold with probability at least 1 − δ. By contrast, n ⩾ pD is only a necessary
algebraic condition for invertibility: if n < pD, then ĜD, being a sum of n rank-one matrices, has
rank at most n < pD. The event AD provides the stronger quantitative control needed for the
least-squares analysis that follows.

5.2 Stable least squares

Throughout this subsection, fix a deterministic cutoff 1 ⩽ D ⩽ m. This cutoff determines both
the fitted space WD and the stability event AD; no data-driven selection of D is considered
here. On AD, the empirical and population norms are uniformly comparable over WD, and the
empirical Gram matrix is well conditioned. Least squares can therefore be applied without the
error amplification caused by a nearly singular Gram matrix. Define the stable least-squares
estimator by

f̂ LS
D =


arg min

g∈WD

1
n

n

∑
j=1

{Yj − g(Sj)}2, on AD,

0, on Ac
D.

On AD, the minimizer is unique because λmin(ĜD) ⩾ 1/2. Since AD depends only on the
observed design points, this fallback rule is data-driven and prevents an ill-conditioned Gram
matrix from producing an arbitrarily large estimate.
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In the orthonormal basis e1, . . . , epD , the coefficient vector of the estimator on AD is

θ̂ LS
D = Ĝ−1

D
1
n

n

∑
j=1

YjxD(Sj). (16)

Although this formula uses a basis, the resulting function is basis-independent: on AD, it is the
unique minimizer of a criterion defined intrinsically over the space WD.

For a general response f , write

gD = P◦
⩽D f , hD = f − gD,

and let θD ∈ RpD be the coefficient vector of gD, so that

gD(S) = xD(S)⊤θD.

Since hD ⊥ WD,
ES∼νd,k [xD(S)hD(S)] = 0.

Thus, the random vectors xD(Sj)hD(Sj) are centered; this fact controls the contribution of the
omitted component in the risk calculation. Substituting Yj = gD(Sj) + hD(Sj) + ε j into (16) gives,
on AD,

θ̂ LS
D − θD = Ĝ−1

D

{
1
n

n

∑
j=1

xD(Sj)hD(Sj) +
1
n

n

∑
j=1

xD(Sj)ε j

}
. (17)

Thus the component gD already contained in the fitted space cancels exactly from the normal
equations. The coefficient error is generated only by observation noise and by the empirical
correlation between the omitted component hD and WD.

Theorem 5.2 (Stable least-squares risk). For every s, B > 0 and 1 ⩽ D ⩽ m,

sup
f∈E s

d,k(B)
sup

P∈P
σ2

E f ,P

[
∥ f̂ LS

D − f ∥2
2

]
⩽
(

1 + 4
pD

n

)
bD(s, B) + 4σ2 pD

n
+ B min

{
1, 2pD exp

(
−c0

n
pD

)}
. (18)

The bound holds for every deterministic cutoff D; optimizing its right-hand side over D would
again constitute an oracle choice.

The three terms in (18) have distinct origins. The quantity bD(s, B) bounds the approximation
error ∥hD∥2

2, while the additional factor 4pD/n accounts for the empirical correlation of hD with
the fitted space. The term 4σ2 pD/n is the variance caused by observation noise. Finally, on Ac

D
the estimator is zero, so its loss is bounded by ∥ f ∥2

2 ⩽ B; Gram concentration produces the last
term of the bound.

Equation (17) shows that, on AD, the estimation error does not involve the fitted component
gD: only the omitted component hD and the observation noise remain. Thus, unlike empirical
projection, least squares pays no random-design variance for the component already contained in
WD. In particular, if hD = 0 and the observations are noiseless, then f̂ LS

D = f on AD.

To make the resulting bound explicit, suppose that n ⩾ pD and, for some a > 0,

n ⩾
a + 1

c0
pD log(2pD).
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Then
1 + 4

pD

n
⩽ 5

and

2pD exp
(
−c0

n
pD

)
⩽ p−a

D .

Consequently, (18) becomes

sup
f∈E s

d,k(B)
sup

P∈P
σ2

E f ,P

[
∥ f̂ LS

D − f ∥2
2

]
⩽ 5bD(s, B) + 4σ2 pD

n
+ Bp−a

D .

Thus, in the stable window, the signal-dependent variance BpD/n appearing in the empirical-
projection bound is absent. The signal contributes only through approximation error and the
Gram-instability term.

The preceding least-squares guarantee is useful only when AD has high probability. When the
fitted space is too large relative to the sampled design, the empirical Gram matrix may even
lose rank. Distinct functions in WD can then agree at every sampled subset, so part of the fitted
response is not identifiable from the observations. We now quantify this intrinsic information
loss. At the full level, rank deficiency admits a concrete interpretation in terms of unobserved
subsets, which will motivate the centered completion estimator.

5.3 Unidentified directions and incomplete coverage

Proposition 5.1 ensures that, on AD, the sampled evaluation map is injective and well conditioned
on WD. We now study the complementary situation in which the sampled evaluations do not
uniquely identify functions in WD, and quantify the part of this space that remains invisible to
the design. This loss of information persists even in the absence of observation noise.

Let XD be the n × pD matrix whose j-th row is xD(Sj)
⊤. If

g =
pD

∑
ℓ=1

uℓeℓ ∈ WD,

then the vector of its sampled values is(
g(S1), . . . , g(Sn)

)⊤
= XDu.

The sampled values depend on the coefficient vector u only through XDu. Consequently, two
coefficient vectors that differ by an element of ker(XD) produce exactly the same noiseless
observations. Thus, rank(XD) is the number of linearly independent measurements of the
coefficient vector supplied by the design, whereas

pD − rank(XD) = dim ker(XD)

is the dimension of the subspace of coefficient perturbations that remain invisible. We measure
the expected proportion of such unidentified directions by

ρD,n =
1

pD
Eν⊗n

d,k
[pD − rank(XD)] , 1 ⩽ D ⩽ m. (19)

This quantity does not depend on the chosen orthonormal basis: a change of basis multiplies XD
on the right by an invertible orthogonal matrix and therefore leaves its rank unchanged.
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Proposition 5.3 (Rank-deficiency lower bound). For every s, B, σ2 > 0,

R⋆
n(E s

d,k(B)) ⩾ max
1⩽D⩽m

B
γ s

D,d
ρD,n. (20)

Moreover, for every 1 ⩽ D ⩽ m,

ρD,n ⩾
(

1 − n
pD

)
+

. (21)

At the full level D = m, let
On = {S1, . . . , Sn} ⊆ Sd,k

denote the set of distinct observed subsets, and let Mn = N − |On| be the number of unobserved subsets.
Then

ρm,n =
Eν⊗n

d,k
[(Mn − 1)+]

N − 1
. (22)

Equivalently,

ρm,n =
N(1 − 1/N)n − 1 + Pν⊗n

d,k
(Mn = 0)

N − 1
. (23)

Here,

Pν⊗n
d,k
(Mn = 0) =

N

∑
j=0

(−1)j
(

N
j

)(
1 − j

N

)n

by inclusion–exclusion; in particular, this probability is zero when n < N.

The mechanism behind the lower bound can be seen by restricting the noise law to the degenerate
distribution δ0, under which ε = 0 almost surely. This noiseless law belongs to Pσ2 for every
σ2 > 0. For a fixed D, consider a response drawn uniformly from the sphere{

g ∈ WD : ∥g∥2
2 =

B
γ s

D,d

}
.

This sphere is contained in the Johnson–Sobolev ellipsoid. Recall that

RpD = row(XD)⊕⊥ ker(XD).

Conditional on the sampled subsets, the noiseless observations determine the component of
the response’s coefficient vector lying in the row space of XD, but they do not determine its
component in ker(XD). Rotational symmetry of the spherical prior makes the conditional mean
of this unidentified component equal to zero. Averaged over the spherical prior, its expected
squared norm, conditional on the design, is

B
γ s

D,d

pD − rank(XD)

pD
.

Averaging over the design gives the term BρD,n/γ s
D,d in (20).

At the full level D = m, this loss of information has the concrete coverage interpretation in
(22). If Mn subsets are unobserved, then the centered functions supported on those subsets and
vanishing at every observed input form a space of dimension (Mn − 1)+. The subtraction of
one comes from centering: once the response is known at all but one subset, its value at the last
subset is determined by the zero-sum constraint. Hence the full-level rank deficiency measures
the dimension of the entire unresolved part of the response, rather than the probability of a single
incomplete-coverage event.
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5.4 Centered completion

At the full level, the rank-deficiency obstruction suggests a natural estimator. Repeated observa-
tions of the same subset are first averaged, and the values at unobserved subsets are then chosen
to satisfy the centering constraint.

For S ∈ Sd,k, let

Cn(S) =
n

∑
j=1

1{Sj=S}.

Equivalently, the set of observed subsets introduced above satisfies

On = {S ∈ Sd,k : Cn(S) > 0}.

For every S ∈ On, define the corresponding cell mean by

Y(S) =
1

Cn(S)
∑

j:Sj=S
Yj.

Recall that
Mn = N − |On| = # {S ∈ Sd,k : Cn(S) = 0}

is the number of subsets that are not observed.

If Mn ⩾ 1, define

f̂ comp(S) =


Y(S), S ∈ On,

− 1
Mn

∑
T∈On

Y(T), S /∈ On.
(24)

Thus, all unobserved subsets receive the same value, chosen so that

∑
S∈Sd,k

f̂ comp(S) = 0.

Among all centered functions agreeing with the observed cell means, this choice has the smallest
L2(νd,k)-norm: subject to a fixed sum, the sum of the squared values assigned to the unobserved
subsets is minimized when those values are equal.

If Mn = 0, every subset is observed, so there are no missing values that can be chosen to enforce
centering. We instead subtract the average of the complete table of cell means:

f̂ comp(S) = Y(S)− 1
N ∑

T∈Sd,k

Y(T).

The resulting function is centered because its values sum to zero over Sd,k. It is obtained from
S 7→ Y(S) by subtracting its uniform average and is therefore the closest centered function to
S 7→ Y(S) in L2(νd,k).

For every fixed S ∈ Sd,k, the count Cn(S) has distribution Bin(n, 1/N). Let C ∼ Bin(n, 1/N), and
set

ηn,N =
n

∑
c=1

1
c

P(C = c). (25)
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Proposition 5.4 (Risk of centered completion). For every s, B > 0,

sup
f∈E s

d,k(B)
sup

P∈P
σ2

E f ,P

[∥∥∥ f̂ comp − f
∥∥∥2

2

]
⩽ Bρm,n + 2σ2ηn,N , (26)

where ηn,N is defined in (25) and satisfies

ηn,N ⩽ min
{

1,
2N

n + 1

}
. (27)

To isolate the error caused by incomplete coverage, consider the noiseless version of the estimator.
Let f̂ comp,0 denote the estimator obtained by applying the same completion rule to the exact
observed values f (S). If Mn ⩾ 1, then

f̂ comp,0(S) =


f (S), S ∈ On,

1
Mn

∑
T∈Un

f (T), S ∈ Un,
Un = Sd,k \ On.

Indeed, since f is centered,

− 1
Mn

∑
T∈On

f (T) =
1

Mn
∑

T∈Un

f (T).

If Mn = 0, every subset is observed and f̂ comp,0 = f .

Let
Hn = {h ∈ Wm : h(S) = 0 for every S ∈ On} .

Equivalently,

Hn =

{
h : Sd,k → R : h(S) = 0 for S ∈ On, ∑

S∈Un

h(S) = 0

}
.

This is the space of centered functions supported on the unobserved subsets. From the preceding
formula,

(
f − f̂ comp,0)(S) =


0, S ∈ On,

f (S)− 1
Mn

∑
T∈Un

f (T), S ∈ Un,

when Mn ⩾ 1. When Mn = 0, the difference is identically zero. Its values on Un sum to zero, so

f − f̂ comp,0 ∈ Hn.

Suppose first that Mn ⩾ 1. For every h ∈ Hn,〈
f̂ comp,0, h

〉
=

1
N ∑

S∈Un

f̂ comp,0(S)h(S)

=
1
N

{
1

Mn
∑

T∈Un

f (T)

}
∑

S∈Un

h(S) = 0.
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When Mn = 0, one has Hn = {0}, so the same orthogonality conclusion is immediate. Thus,
f̂ comp,0 ∈ H⊥

n , and the orthogonal decomposition

f = f̂ comp,0 +
(

f − f̂ comp,0)
shows that

f − f̂ comp,0 = PHn f .

The space Hn has dimension (Mn − 1)+: when Mn ⩾ 1, its values on the Mn unobserved subsets
are subject to one linear constraint, and when Mn = 0 it reduces to {0}. The proof shows that

Eν⊗n
d,k

[
∥PHn f ∥2

2
]
= ρm,n∥ f ∥2

2 ⩽ Bρm,n,

which gives the first term in (26).

We now return to the original model with observation noise. The second term in (26) controls
the variance of the observed cell means and of the centering correction. The factor ηn,N is the
expected reciprocal count for a fixed cell, with an empty cell contributing zero. By (27), the
second term is bounded by 4σ2N/(n + 1), and hence by 4σ2N/n, for every n ⩾ 1.

5.5 A rank-aware minimax characterization

Define the design-deficiency scale

Dn,d,k(s, B) = max
1⩽D⩽m

B
γ s

D,d
ρD,n.

This scale complements the noise-driven spectral scale Rn,d,k(s, B, σ2) defined in (12). The spectral
scale measures the noise-driven cost of estimation over the harmonic approximation spaces. The
design-deficiency scale measures the loss caused by directions that the sampled evaluations do
not identify, a phenomenon that is already present in the noiseless submodel.

Theorem 5.5 (Rank-aware minimax bounds). There exist universal constants c, C > 0 such that, for
every d ⩾ 2, 1 ⩽ k ⩽ d − 1, n ⩾ 2, and s, B, σ2 > 0,

c
{
Rn,d,k(s, B, σ2) +Dn,d,k(s, B)

}
⩽ R⋆

n(E s
d,k(B))

⩽ Cγ s
m,d
{
Rn,d,k(s, B, σ2) +Dn,d,k(s, B)

}
. (28)

The lower bound follows by combining the two separate lower bounds: Theorem 4.4 gives the
spectral term, while Proposition 5.3 gives the design-deficiency term.

For the upper bound, we use the better of empirical projection and centered completion. The
relevant comparison is between the smallest squared L2-semi-axis of the Johnson–Sobolev ellipsoid

am(s, B) =
B

γ s
m,d

and the noise variance σ2. If am(s, B) ⩽ σ2, then B/σ2 ⩽ γ s
m,d, and the empirical projection bound

gives the required result. If am(s, B) > σ2, centered completion is more appropriate. Its signal
term satisfies

Bρm,n ⩽ γ s
m,dDn,d,k(s, B),
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while its noise term is controlled by the full-dimensional contribution to Rn,d,k(s, B, σ2). The proof
gives the precise comparison in the two regimes.

Finally,

γm,d =
m(d − m + 1)

d
⩽ m.

Consequently, for fixed m and s, there exist a universal constant c > 0 and a constant Cm,s < ∞,
depending only on m and s, such that

c
{
Rn,d,k(s, B, σ2) +Dn,d,k(s, B)

}
⩽ R⋆

n(E s
d,k(B))

⩽ Cm,s
{
Rn,d,k(s, B, σ2) +Dn,d,k(s, B)

}
.

For every fixed m and s, these inequalities hold uniformly over all d, k, n, B, and σ2 such that
min(k, d − k) = m, without any restriction on B/σ2. In particular, they apply to sequences with
fixed k and d → ∞, since m = k for all sufficiently large d.

A concrete rate can be obtained in this regime. Fix k, s, B, and σ2, let d = dn → ∞, and write
Nn = (dn

k ). Suppose that n/Nn → ∞. The lower inequality in Theorem 4.4, applied to the
D = m = k term in the definition (12), gives

R⋆
n(E s

dn,k(B)) ⩾ c min

{
B

γ s
k,dn

,
σ2(Nn − 1)

n

}
.

Since γk,dn → k, the first term in the minimum stays bounded away from zero, whereas the
second tends to zero; the minimum is therefore eventually of order σ2Nn/n. Conversely, (22), the
inequality (Mn − 1)+ ⩽ Mn, and E[Mn] = Nn(1 − 1/Nn)n give

ρm,n ⩽
E[Mn]

Nn − 1
=

Nn

Nn − 1

(
1 − 1

Nn

)n

⩽ 2 exp
(
− n

Nn

)
,

where we used Nn ⩾ 2 and 1 − x ⩽ e−x. Together with ηn,Nn ⩽ 2Nn/(n + 1), Proposition 5.4
gives

R⋆
n(E s

dn,k(B)) ⩽ 2B exp
(
− n

Nn

)
+ 4σ2 Nn

n + 1
.

Under the assumption n/Nn → ∞,

exp
(
− n

Nn

)
= o

(
Nn

n

)
.

Combining the preceding lower and upper bounds therefore shows that the minimax risk is of
order

σ2 Nn

n
= σ2 (

dn
k )

n
,

or, equivalently, of order σ2dk
n/n when k is fixed. For example, if dn = k + ⌈log n⌉, the resulting

rate is of order σ2(log n)k/n. Conversely, if n/Nn does not tend to infinity, the displayed spectral
lower bound remains bounded away from zero along a subsequence. Hence n/Nn → ∞ is
necessary and sufficient for minimax consistency in the fixed-k regime.
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When m is allowed to grow, the factor γ s
m,d leaves room for improvement. Removing it would

require an estimator that exploits the Sobolev geometry when controlling unresolved components,
whereas (24) uses only the centering constraint.

Numerical experiments reported in Section A of the Supplementary Material complement these
theoretical results. They compare prediction under different interaction profiles and illustrate the
signal-dependent fluctuation of empirical projection, Gram stability, and the loss of information
caused by incomplete coverage.

6 Discussion

We have studied the problem of learning an unknown response function from noisy observations
whose inputs are subsets of a fixed ground set. Each observed subset contains exactly k items
among d, and the statistical objective is to estimate the response not only at the sampled subsets,
but over the entire fixed-cardinality domain. This setting arises whenever the outcome of interest
depends on a combination of prescribed size and interactions among the selected items may
matter.

The fixed-cardinality constraint prevents the usual product-domain coordinatewise methods
from being applied unchanged, because adding or removing a single item leaves the domain.
We instead used the Johnson graph, whose edges correspond to replacing one selected item by
one unselected item. Its harmonic decomposition organizes response functions into successive
interaction levels. The dimensions of these levels determine how many coefficients must be
estimated, while the Johnson eigenvalues measure variation under local exchanges and provide a
natural notion of smoothness. This leads to explicit approximation spaces, a Johnson–Sobolev
class, and projection estimators with finite-sample risk bounds.

The resulting spectral scale characterizes the minimax risk up to constants depending only on a
fixed upper bound for the ratio B/σ2 of the Johnson–Sobolev energy budget to the noise variance.
This conclusion holds uniformly in d, k, and n, including when the sample size is smaller than,
comparable to, or larger than the number of possible subsets. To cover arbitrary values of
B/σ2, we also incorporated the information lost when the sampled subsets fail to identify every
component of the response. The resulting rank-aware bounds are sharp up to the explicit factor
γ s

m,d, and hence up to constants when m = min(k, d − k) and s are fixed.

An important conclusion is that random sampling creates a difficulty distinct from observation
noise. The empirical projection coefficients fluctuate with the sampled subsets even when the
responses are noiseless. For a fixed cutoff D, least squares eliminates the signal-dependent design
fluctuation of the component P◦

⩽D f already contained in WD, on the event that the corresponding
empirical Gram matrix is stable. The constant leverage of the Johnson approximation spaces
gives a simple sufficient condition for this stability. When the design does not identify the fitted
space, however, no estimator can recover the corresponding components uniformly over the
response class, even without noise. At the full interaction level, the unidentified subspace has
dimension (Mn − 1)+, where Mn is the number of subsets that have not been observed; the
subtraction of one reflects the centering constraint. The centered completion estimator shows how
repeated observations and unobserved subsets can be handled jointly. Thus, the statistical error
is governed by three distinct mechanisms: approximation of the response, observation noise, and
incomplete coverage of the subset domain.
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Our results concern statistical rather than computational optimality. Once the feature vectors
xD(Sj) are available, empirical projection requires O(npD) arithmetic operations to compute its
coefficients. On AD, which necessarily implies n ⩾ pD, a standard QR implementation of stable
least squares requires O(np2

D) operations. Centered completion can be constructed in a single
pass through the n observations. It can then be stored implicitly using the observed cell means
together with the common value assigned to all unobserved subsets. These operation counts
exclude the cost of constructing the harmonic feature vectors.

Several questions remain open. When m grows, removing the factor γ s
m,d would require an

estimator that exploits the smoothness geometry when controlling unresolved components, rather
than treating all of them uniformly. A related problem is to obtain more explicit expressions for the
intermediate rank deficiencies ρD,n. Nonuniform sampling presents another challenge, because
the leverage score need no longer be constant and the analysis must account for the sampling
distribution. Finally, practical applications on large domains require sample-based harmonic
algorithms that exploit low-order interactions without enumerating all (d

k) subsets. The same
general approach may extend to regression on other constrained combinatorial objects, provided
that one can identify the admissible local changes, the associated harmonic decomposition, and
the information retained by the sampling design.
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Supplementary Material

This supplementary material contains the numerical experiments, the canonical frame construc-
tion, and proofs of all results stated in the main article.

A Numerical experiments

We use (d, k) = (12, 4), for which N = 495, and independent Gaussian noise with standard
deviation 0.5. Prediction error is measured by the squared L2(ν12,4)-distance and is evaluated
exactly over all 495 subsets.

For each spectral profile, we generate 120 independent centered target functions f (1), . . . , f (120)

directly from the Johnson decomposition and normalize them so that ∥ f (q)∥2 = 1. Computa-
tionally, an L2(ν12,4)-orthonormal basis of each Vr is obtained by projecting the order-r inclusion
indicators onto U⊥

r−1 and applying a QR orthonormalization. Within each level, the coefficient
vector is drawn from a standard Gaussian distribution and normalized to unit Euclidean norm
before being rescaled to the prescribed squared L2-mass. The resulting direction is uniform on
the unit sphere of Vr, so its distribution does not depend on the particular orthonormal basis
produced by the QR decomposition.

The pairwise profile allocates 20% of the squared L2-norm to V1 and 80% to V2. The diffuse profile
allocates 50%, 30%, 15%, and 5% to V1, V2, V3,, and V4, respectively.

Each target f (q) is evaluated at every sample size n ∈ {40, 80, 160, 320, 640}. For each pair ( f (q), n),
we independently draw a new design and a new noise sample. Thus, the target functions are
shared across sample sizes, whereas the design and noise are always resampled. At each fixed
sample size, the reported Monte Carlo mean is computed from 120 losses, each corresponding to
a different target and an independently generated design and noise sample.

The numerical study has two parts. We first compare predictive performance under the pairwise
and diffuse target profiles. We then use separate diagnostics to examine the random-design
phenomena identified by the theory: the signal-dependent variation of empirical projection, the
stability of least squares, and the loss of information caused by incomplete coverage.

The prediction comparison involves five procedures. The first is empirical harmonic projection,
implemented as Y + f̂ proj

D : the sample mean estimates the constant component, while f̂ proj
D

estimates the nonconstant levels through D. Although the simulated targets are centered, the
constant component is included to reflect the practical case of an unknown intercept. The second
is Johnson spectral shrinkage, which leaves the constant level unchanged and multiplies the
empirical component in Vr, r ⩾ 1, by

(1 + λγr,d)
−1.

The third is a Nadaraya–Watson estimator based on the Johnson distance, which we call the
Johnson kernel estimator. Its weights are proportional to

exp
{
−distJ(S, S′)/h

}
.

The remaining two procedures are additive least squares over V0 ⊕⊥ V1 = U1 and the sample
mean, which serve as low-dimensional baselines.
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The cutoff D, shrinkage parameter λ, and kernel bandwidth h are selected using the same
randomly chosen validation quarter within each repetition. The candidate sets are

D ∈ {0, . . . , 4}, λ ∈
{

10−2.5+4.5j/15 : j = 0, . . . , 15
}

,

and
h ∈ {0.20, 0.35, 0.55, 0.85, 1.30, 2.00}.

After selection, the corresponding estimator is refitted on the full sample. Final performance is
evaluated against the known target function, using the exact L2(ν12,4)-error over the complete
domain rather than the validation loss. Additive least squares and the sample mean have no
tuning parameter and are computed directly from the full sample. This validation scheme is
used only for the numerical comparison and is not analyzed theoretically in the article. Stable
least squares is not included in this first comparison because the Gram-stability event need not
hold at these sample sizes; it is studied separately in the third panel in a regime where the
empirical Gram matrix is stable. Centered completion is likewise not used as a general prediction
competitor: it is a full-level estimator designed specifically to address incomplete coverage, whose
extent is displayed in the final panel.

Figure 1 summarizes the two prediction experiments and the three random-design diagnostics
described below.

The pairwise experiment shows when the larger interaction space becomes estimable. At n = 320,
harmonic projection has mean error 0.258, compared with 0.340 for the Johnson kernel, 0.554 for
spectral shrinkage, 0.840 for additive least squares, and 1.004 for the sample mean. At n = 640,
the corresponding errors are 0.126, 0.218, 0.410, 0.821, and 1.001. Since p2 = 65, fitting the
second harmonic level is costly at the smallest sample sizes. The validation-selected projection
estimator is then highly variable and occasionally selects an excessively large cutoff. At n = 320
and n = 640, however, the validation rule selects D = 2 in every repetition, and estimating the
pairwise component becomes beneficial.

The diffuse profile favors gradual regularization. The Johnson kernel has the smallest mean error
throughout the displayed range, reaching 0.220 at n = 640, compared with 0.333 for validation-
selected hard projection. This is consistent with the allocation of squared L2-norm across several
harmonic levels. Hard projection must select a single cutoff: it retains all components below that
cutoff without shrinkage and discards all components above it. By contrast, the Johnson kernel
averages observations across nearby subsets without imposing a hard interaction cutoff. The
comparison is therefore mechanistic, not a claim that one estimator dominates uniformly.

The third panel compares the centered empirical projection f̂ proj
2 and stable least squares over

W2 as the signal strength increases relative to the observation noise. Unlike in the preceding
prediction experiments, we fix once and for all one of the pairwise targets described above,
denoted by f0 ∈ W2, and consider ft = t f0, t ∈ {0.5, 1, 2, 4, 8}. Since ∥ f0∥2 = 1, the parameter t
is the L2-amplitude of the signal. For any fixed s > 0, the smallest Johnson–Sobolev budget for
which ft ∈ E s

d,k(B) is

Bt = I(2,s)
J,d,k ( ft) = t2 I(2,s)

J,d,k ( f0).

Thus, with the noise variance held fixed, increasing t increases the ratio Bt/σ2.

We take D = 2 and n = 2600 = 40p2. Since ft ∈ W2, no harmonic component is omitted and
neither estimator incurs approximation error. For each value of t, we generate 200 independent
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Figure 1: Prediction and random-design mechanisms on S12,4. The first two panels show
squared L2(ν12,4)-error for the pairwise and diffuse profiles. Points are Monte Carlo means
over 120 joint target-and-data realizations. Where visible, error bars are normal-approximation
95% confidence intervals for these means, computed as the mean plus or minus 1.96 Monte
Carlo standard errors. The third panel compares centered empirical projection and stable least
squares at D = 2 and n = 2600 as a fixed signal is rescaled; the dashed line is σ2 p2/n, and
results are based on 200 independent repetitions at each amplitude. The fourth panel reports
the frequency of ∥ĜD − IpD∥op ⩽ 1/2 for D = 1, 2, 3, based on 300 independent Gram matrices
at each configuration; bars are 95% Wilson confidence intervals for the corresponding stability
probabilities. The fifth panel plots the exact normalized full-level rank deficiency ρm,n from (23)
as a function of n/N.

design and noise samples; the target direction f0 itself remains unchanged. Each design produces
a new empirical Gram matrix Ĝ2, and we check whether

A2 =

{
∥Ĝ2 − Ip2∥op ⩽

1
2

}
occurs. This stability event occurs in all 200 repetitions at every displayed value of t. Consequently,
stable least squares coincides with ordinary least squares over W2 in every repetition. On this
event, empirical and population squared norms are comparable throughout W2, so the least-
squares fit is well conditioned.

As t increases from 0.5 to 8, the least-squares risk remains between 0.00617 and 0.00644, close to
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the observation-noise benchmark
σ2 p2

n
= 0.00625.

By contrast, the projection risk increases from 0.0126 to 1.582. This illustrates the distinction
established in Theorem 5.2: once the Gram matrix is stable, least squares removes the random-
design fluctuation of the component already contained in W2, whereas empirical projection
continues to incur a variance that increases with the squared amplitude of the signal.

The fourth panel examines the stability event itself. For each D ∈ {1, 2, 3} and each displayed
value of n/pD, we generate 300 independent designs and estimate

Pν⊗n
d,k
(AD), AD =

{
∥ĜD − IpD∥op ⩽

1
2

}
.

At n/pD = 16, the empirical frequencies are 0.873, 0.147, and 0 for D = 1, 2, 3, respectively. At
n/pD = 32, they are 1, 1, and 0.80. The transition therefore depends not only on the number
of observations per fitted coefficient but also on the dimension pD. This is consistent with
Proposition 5.1, whose sufficient stability condition is of order pD log pD.

The final panel illustrates the incomplete-coverage mechanism using the exact expression (23).
The normalized full-level rank deficiency decreases from 0.366 at n = N to 0.133 at n = 2N,
0.0163 at n = 4N, and 2.56 × 10−5 at n = 8N. These values quantify the normalized expected
dimension of the entire unresolved centered subspace.

All experiments concern the same fixed-cardinality domain S12,4. The prediction experiments use
Gaussian noise and targets generated from the harmonic decomposition underlying the theory,
whereas the Gram experiment and the exact rank-deficiency illustration concern the random
design alone. These experiments illustrate the mechanisms identified by the theory rather than
establish broad empirical superiority.

B Johnson harmonic analysis and the canonical frame

B.1 Proof of Proposition 3.1

At level r = 0, the space V0 consists of the constant functions. Hence, K1 = 1, which proves (2)
because θ0,d,k = 1.

Fix 1 ⩽ r ⩽ m, let T ⊆ [d] have cardinality r, and recall that

hT(S) = 1{T⊆S}.

We first compute (KhT)(S) by counting the k(d − k) possible ordered swaps from a fixed S ∈ Sd,k.

If T ⊆ S, the inclusion remains valid after the swap exactly when the outgoing item lies in S \ T.
There are k − r possible outgoing items and d − k possible incoming items, giving (k − r)(d − k)
successful swaps. If |T \ S| = 1, the incoming item must be the unique missing element of T,
while the outgoing item can be any of the k − r + 1 elements of S \ T. If at least two elements of
T are missing, one exchange cannot produce a subset containing T. Dividing these counts by
k(d − k) gives

(KhT)(S) =
(

1 − r
k

)
hT(S) +

k − r + 1
k(d − k)

1{|T\S|=1}. (29)
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The remaining indicator satisfies

1{|T\S|=1} = ∑
R⊂T

|R|=r−1

hR(S)− rhT(S). (30)

Indeed, the sum counts the (r − 1)-subsets of T that are contained in S. If T ⊆ S, all r such subsets
are counted. If exactly one element of T is missing from S, only the subset obtained by removing
that element is counted. If at least two elements are missing, deleting a single element from T
cannot produce a subset contained in S. The sum is therefore equal to r, 1, or 0, respectively, and
subtracting rhT(S) proves (30).

Substituting (30) into (29) gives the functional identity

(K − θr,d,k I)hT =
k − r + 1
k(d − k) ∑

R⊂T
|R|=r−1

hR ∈ Ur−1,

because

1 − r
k
− r(k − r + 1)

k(d − k)
= 1 − r(d − r + 1)

k(d − k)
= θr,d,k.

Since the functions hT, with |T| = r, span Ur, it follows that

(K − θr,d,k I)Ur ⊆ Ur−1. (31)

We also need the invariance of Ur−1 under K. If r ⩾ 2, applying the preceding calculation at order
r − 1 gives

(K − θr−1,d,k I)hC ∈ Ur−2 for every C ⊆ [d] with |C| = r − 1.

Since hC ∈ Ur−1 and Ur−2 ⊆ Ur−1, this implies KhC ∈ Ur−1. These indicators span Ur−1, so K
preserves Ur−1. When r = 1, the same conclusion follows from U0 = span{1} and K1 = 1.

Because K is self-adjoint, the invariance of Ur−1 implies that U⊥
r−1 is also invariant. Indeed, if

f ⊥ Ur−1 and g ∈ Ur−1, then
⟨K f , g⟩ = ⟨ f , Kg⟩ = 0,

because Kg ∈ Ur−1.

Now let f ∈ Vr = Ur ∩ U⊥
r−1. Relation (31) gives

(K − θr,d,k I) f ∈ Ur−1.

On the other hand, both K f and f belong to U⊥
r−1, so the same difference belongs to U⊥

r−1. Since
Ur−1 ∩ U⊥

r−1 = {0}, we conclude that

(K − θr,d,k I) f = 0,

which proves (2).

It remains to verify the Dirichlet identity. Suppose that S0 ∼ νd,k and, conditionally on S0 = S, let
S1 have transition probabilities q(S, ·). We first check that S1 is also uniform on Sd,k. For every
S′ ∈ Sd,k, detailed balance gives

P(S1 = S′) = ∑
S∈Sd,k

νd,k(S)q(S, S′)

= ∑
S∈Sd,k

νd,k(S′)q(S′, S)

= νd,k(S′),
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because ∑S∈Sd,k
q(S′, S) = 1. Thus, νd,k is stationary for the one-exchange walk.

For a fixed S ∈ Sd,k, the conditional distribution of S1 gives

E
[

f (S1)
2 | S0 = S

]
=

1
k(d − k) ∑

a∈S
∑
b/∈S

f (Sa→b)2.

Averaging this identity with respect to S0 ∼ νd,k, and using S1 ∼ νd,k, gives

1
k(d − k)

ES∼νd,k

[
∑
a∈S

∑
b/∈S

f (Sa→b)2

]
= ES∼νd,k [ f (S)2] = ∥ f ∥2

2 . (32)

Similarly, conditioning on S0 gives

1
k(d − k)

ES∼νd,k

[
∑
a∈S

∑
b/∈S

f (S) f (Sa→b)

]
= ES∼νd,k [ f (S)E[ f (S1) | S0 = S]]

= ES∼νd,k [ f (S)K f (S)] = ⟨ f , K f ⟩ .

Expanding the squared differences, using (32) for the second quadratic term and the preceding
identity for the cross term, yields

1
2k(d − k)

ES∼νd,k

[
∑
a∈S

∑
b/∈S

{ f (S)− f (Sa→b)}2

]
= ES∼νd,k [ f (S)2]− ES∼νd,k [ f (S)K f (S)]

= ⟨ f , (I − K) f ⟩ ,

which proves (3).

B.2 A canonical equivariant frame

The decomposition into the spaces Vr is canonical, whereas an orthonormal basis within a given
level is not. Recall that, in a finite-dimensional Hilbert space H, a frame is a finite spanning
family {ψa : a ∈ I}. Its frame operator is

Fg = ∑
a∈I

⟨g, ψa⟩ψa, g ∈ H.

The frame is tight if there exists C > 0 such that F = CIH. In that case,

g = C−1 ∑
a∈I

⟨g, ψa⟩ψa.

Taking the inner product of the reconstruction identity with g gives

∥g∥2
H = C−1 ∑

a∈I
⟨g, ψa⟩2

H,

and therefore
∑
a∈I

⟨g, ψa⟩2
H = C∥g∥2

H.
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Thus, a tight frame may be redundant while retaining reconstruction and energy identities
analogous to those of an orthonormal basis. We now construct such a frame in a way that respects
the permutation symmetry of the fixed-cardinality domain.

Fix 1 ⩽ r ⩽ m and T ⊆ [d] with |T| = r. For S ∈ Sd,k, let

LT(S) = |S ∩ T|

be the number of items shared by S and T. If S ∼ νd,k, then LT(S) has the hypergeometric
distribution

PS∼νd,k{LT(S) = ℓ} = wr,d,k(ℓ) :=
(r
ℓ)(

d−r
k−ℓ)

(d
k)

, 0 ⩽ ℓ ⩽ r. (33)

Indeed, among the (d
k) possible k-subsets, those having overlap ℓ with T are obtained by choosing

ℓ items from T and k − ℓ items from its complement. Moreover, r ⩽ m = min(k, d − k) ensures
that every overlap ℓ ∈ {0, . . . , r} is attainable. Hence,

wr,d,k(ℓ) > 0, 0 ⩽ ℓ ⩽ r.

Our aim is to transform the overlap LT(S) = |S ∩ T| into a normalized function that isolates
the pure harmonic level Vr. The natural construction uses orthogonal polynomials for the
hypergeometric distribution of LT(S).

Let Pr be the space of polynomials of degree at most r. On this space, define

⟨p, q⟩w =
r

∑
ℓ=0

wr,d,k(ℓ)p(ℓ)q(ℓ), p, q ∈ Pr.

This is an inner product because all the weights are positive and no nonzero polynomial in Pr can
vanish at all r + 1 distinct points 0, . . . , r. Within the (r + 1)-dimensional space Pr, the subspace
Pr−1 has dimension r and hence codimension one. Its orthogonal complement is therefore
one-dimensional. Every nonzero element of this complement has degree exactly r, and any two
such elements are proportional.

Subsection B.3 constructs an explicit nonzero generator of this one-dimensional space from the
coefficients of the r-th finite-difference operator. It also shows that the value of this generator at r
is nonzero. After normalizing with respect to ⟨·, ·⟩w and choosing its sign, we obtain the unique
polynomial Hr,d,k characterized by

⟨Hr,d,k, p⟩w = 0 for every p ∈ Pr−1, ⟨Hr,d,k, Hr,d,k⟩w = 1, Hr,d,k(r) > 0.

We then lift this polynomial from the overlap variable to the full domain by defining

ϕr,T(S) = Hr,d,k(|S ∩ T|), S ∈ Sd,k. (34)

At level r = 0, set ϕ0,∅ ≡ 1.

The proof of Theorem B.1, given in Subsection B.4, also establishes that

ϕr,T =
PrhT

∥PrhT∥2
.

Thus, ϕr,T is precisely the normalized order-r harmonic component of the inclusion indicator hT.
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Theorem B.1 (Canonical tight frame). For every 0 ⩽ r ⩽ m, the family

{ϕr,T : T ⊆ [d], |T| = r}

consists of unit-norm functions in Vr and spans Vr. With

Ar,d,k =
dim(Vr)

(d
r)

= 1 − r
d − r + 1

, (35)

the frame satisfies, for every f ∈ L2(Sd,k, νd,k),

Pr f = Ar,d,k ∑
T⊆[d]
|T|=r

⟨ f , ϕr,T⟩ ϕr,T, (36)

∥Pr f ∥2
2 = Ar,d,k ∑

T⊆[d]
|T|=r

⟨ f , ϕr,T⟩2 . (37)

The construction is permutation-equivariant: for every permutation π of [d],

ϕr,π(T)(π(S)) = ϕr,T(S), S ∈ Sd,k.

The frame uses (d
r) vectors to represent the space Vr, whose dimension is (d

r)− ( d
r−1), with the

convention ( d
−1) = 0. Its exact redundancy, defined as the number of frame vectors divided by

the dimension of their span, is therefore A−1
r,d,k. This representation will be used to write the

projection estimator in an explicit form that is invariant under relabeling of the ground set. The
statistical risk bounds depend only on the harmonic spaces Vr, not on a particular frame or
orthonormal basis.

B.3 Overlap polynomial

The case r = 0, for which ϕ0,∅ ≡ 1, is immediate and does not require an overlap polynomial. We
therefore fix 1 ⩽ r ⩽ m. All the hypergeometric weights wr,d,k(ℓ), 0 ⩽ ℓ ⩽ r, are strictly positive:
the inequalities r ⩽ k and r ⩽ d − k ensure that every overlap ℓ ∈ {0, . . . , r} is attainable.

We first recall the finite-difference identity underlying the construction. For a function p on the
integers, define its forward difference by

(∆p)(x) = p(x + 1)− p(x).

Iterating this operator r times gives

(∆r p)(0) =
r

∑
ℓ=0

(−1)r−ℓ

(
r
ℓ

)
p(ℓ). (38)

If p is a polynomial of degree at most r − 1, then each application of ∆ lowers its degree by one,
and hence

∆r p ≡ 0.
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The coefficients used below are the normalized coefficients in (38). Define

λr,ℓ =
(−1)r−ℓ

ℓ!(r − ℓ)!
=

1
r!
(−1)r−ℓ

(
r
ℓ

)
, Zr,d,k =

r

∑
ℓ=0

λ2
r,ℓ

wr,d,k(ℓ)
. (39)

Since all the weights are positive, 0 < Zr,d,k < ∞.

We now prescribe the values

Hr,d,k(ℓ) :=
λr,ℓ

wr,d,k(ℓ)
√

Zr,d,k
, ℓ = 0, . . . , r. (40)

Because the interpolation nodes 0, . . . , r are distinct, the Lagrange interpolation theorem yields a
unique polynomial of degree at most r taking the values in (40). We use the notation Hr,d,k both
for this polynomial and for its restriction to the interpolation grid.

Lemma B.2 (Top hypergeometric polynomial). For every 1 ⩽ r ⩽ m, the interpolating polynomial
Hr,d,k has degree exactly r and satisfies

r

∑
ℓ=0

wr,d,k(ℓ)Hr,d,k(ℓ)p(ℓ) = 0

for every polynomial p of degree at most r − 1. Moreover,

r

∑
ℓ=0

wr,d,k(ℓ)Hr,d,k(ℓ)
2 = 1, Hr,d,k(r) > 0.

Proof. Fix 1 ⩽ r ⩽ m, and let p be a polynomial of degree at most r − 1. By (38),

r

∑
ℓ=0

λr,ℓp(ℓ) =
1
r!
(∆r p)(0) = 0.

Using (40), we obtain

r

∑
ℓ=0

wr,d,k(ℓ)Hr,d,k(ℓ)p(ℓ) =
1√

Zr,d,k

r

∑
ℓ=0

λr,ℓp(ℓ) = 0,

which proves the orthogonality assertion. By (39),

r

∑
ℓ=0

wr,d,k(ℓ)Hr,d,k(ℓ)
2 =

1
Zr,d,k

r

∑
ℓ=0

λ2
r,ℓ

wr,d,k(ℓ)
= 1.

If Hr,d,k had degree at most r − 1, the orthogonality assertion could be applied with p = Hr,d,k,
giving

r

∑
ℓ=0

wr,d,k(ℓ)Hr,d,k(ℓ)
2 = 0,

in contradiction with its unit norm. Hence, deg(Hr,d,k) = r. Finally, λr,r = 1/r! > 0, while
wr,d,k(r) > 0 and Zr,d,k > 0. Formula (40) therefore gives Hr,d,k(r) > 0.
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The lemma shows that the interpolating polynomial constructed here coincides with the poly-
nomial Hr,d,k introduced in Subsection B.2. Indeed, within the (r + 1)-dimensional space of
polynomials of degree at most r, the orthogonal complement of the polynomials of degree at most
r − 1 is one-dimensional. Unit normalization and positivity at r select a unique representative of
this one-dimensional space.

We now lift this overlap polynomial to functions on Sd,k and verify that the resulting functions
belong to Vr.

Lemma B.3. For every 1 ⩽ r ⩽ m and every T ⊆ [d] with |T| = r, the function ϕr,T defined in (34)
belongs to Vr, has unit norm, and satisfies

ϕr,π(T)(π(S)) = ϕr,T(S), S ∈ Sd,k,

for every permutation π of [d].

Proof. The equivariance property follows from

|π(S) ∩ π(T)| = |π(S ∩ T)| = |S ∩ T|.

Indeed,
ϕr,π(T)(π(S)) = Hr,d,k(|π(S) ∩ π(T)|) = Hr,d,k(|S ∩ T|) = ϕr,T(S).

The norm of ϕr,T is determined by the distribution of the overlap LT(S) = |S ∩ T|. Using (33) and
Lemma B.2, we obtain

∥ϕr,T∥2
2 = ES∼νd,k

[
Hr,d,k(LT(S))2]

=
r

∑
ℓ=0

wr,d,k(ℓ)Hr,d,k(ℓ)
2 = 1.

It remains to verify the two conditions defining Vr = Ur ∩ U⊥
r−1. We first prove that ϕr,T ∈ Ur. For

0 ⩽ j ⩽ r, (
|S ∩ T|

j

)
= ∑

R⊆T
|R|=j

hR(S). (41)

Both sides count the j-subsets of S ∩ T. Moreover, the polynomials

ℓ 7−→
(
ℓ

j

)
, j = 0, . . . , r,

form a basis of the space of polynomials of degree at most r: the j-th polynomial has degree j
and leading coefficient 1/j!. Since Hr,d,k has degree r, there exist coefficients c0, . . . , cr such that

Hr,d,k(ℓ) =
r

∑
j=0

cj

(
ℓ

j

)
.

Evaluating this identity at ℓ = |S ∩ T| and applying (41) gives

ϕr,T(S) =
r

∑
j=0

cj

(
|S ∩ T|

j

)
=

r

∑
j=0

cj ∑
R⊆T
|R|=j

hR(S).
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Each function hR in the last display belongs to Uj, and Uj ⊆ Ur by nesting. Therefore, ϕr,T ∈ Ur.

We next show that ϕr,T ⊥ Ur−1. By nesting, Ur−1 is spanned by the inclusion indicators hR with
|R| ⩽ r − 1. Fix such a set R, and write

a = |R ∩ T|, b = |R \ T|, a + b = |R|.

All probabilities and conditional expectations below are taken under S ∼ νd,k. Conditional
on LT(S) = ℓ, the set S ∩ T is uniformly distributed among the ℓ-subsets of T, while S \ T is
uniformly distributed among the (k − ℓ)-subsets of [d] \ T. Hence, the conditional probability
that R ∩ T is contained in S ∩ T is, with the convention that (u

v) = 0 whenever v < 0 or v > u,

(r−a
ℓ−a)

(r
ℓ)

=
(ℓa)

(r
a)

,

and the conditional probability that R \ T is contained in S \ T is

(d−r−b
k−ℓ−b)

(d−r
k−ℓ)

=
(k−ℓ

b )

(d−r
b )

.

The two selections are conditionally independent, and therefore

E [hR(S) | LT(S) = ℓ] =
(ℓa)

(r
a)

(k−ℓ
b )

(d−r
b )

.

As a function of ℓ, the right-hand side is a polynomial of degree at most a + b = |R| ⩽ r − 1.
Indeed, (ℓa) and (k−ℓ

b ) are polynomials in ℓ of degrees a and b, respectively. The orthogonality
property of Hr,d,k established in Lemma B.2 now gives

⟨ϕr,T, hR⟩ = ES∼νd,k [Hr,d,k(LT(S))hR(S)]

= ES∼νd,k [Hr,d,k(LT(S))E [hR(S) | LT(S)]]

= 0.

Thus, ϕr,T ⊥ Ur−1. Together with ϕr,T ∈ Ur, this proves that ϕr,T ∈ Vr.

B.4 Proof of Theorem B.1

The assertion for r = 0 follows from ϕ0,∅ ≡ 1, V0 = span{1}, and A0,d,k = 1. Fix 1 ⩽ r ⩽ m. By
Lemma B.3, all the functions ϕr,T, with T ⊆ [d] and |T| = r, belong to Vr and have unit norm.

For g ∈ Vr, define the frame operator

Frg = ∑
T⊆[d]
|T|=r

⟨g, ϕr,T⟩ ϕr,T.

A finite family is a tight frame for Vr precisely when its frame operator is a positive scalar multiple
of the identity on Vr. We now prove that this is the case and determine the scalar.
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The kernel of Fr, relative to the uniform inner product, is

Qr(S, S′) = ∑
T⊆[d]
|T|=r

ϕr,T(S)ϕr,T(S′),

in the sense that
(Frg)(S) =

1
N ∑

S′∈Sd,k

Qr(S, S′)g(S′).

The permutation equivariance established in Lemma B.3 gives

ϕr,T(π(S)) = ϕr,π−1(T)(S).

Reindexing the sum defining Qr therefore yields

Qr(π(S), π(S′)) = Qr(S, S′)

for every permutation π of [d].

All the sets considered below belong to Sd,k and therefore have the same cardinality k. For two
pairs (S, S′) and (R, R′), there exists a permutation π of [d] satisfying

π(S) = R and π(S′) = R′

if and only if
|S ∩ S′| = |R ∩ R′|.

Indeed, because all four sets have cardinality k, equality of the intersection sizes implies equality
of the cardinalities of the four corresponding parts: the intersection, the two set differences, and
the complement of the union. Bijections between these four pairs of parts combine to form the
required permutation of [d]. Consequently, Qr(S, S′) depends only on distJ(S, S′). Thus, there
exist constants qr,0, . . . , qr,m such that

Qr(S, S′) =
m

∑
ℓ=0

qr,ℓ1{distJ(S,S′)=ℓ}.

For 0 ⩽ ℓ ⩽ m, let Aℓ denote the Johnson distance matrix indexed by Sd,k, with entries

(Aℓ)S,S′ = 1{distJ(S,S′)=ℓ}.

We regard Aℓ as an operator on functions g : Sd,k → R, acting by

(Aℓg)(S) = ∑
S′∈Sd,k

(Aℓ)S,S′g(S′)

= ∑
S′∈Sd,k

distJ(S,S′)=ℓ

g(S′).

Thus, Aℓg sums the values of g over all subsets at Johnson distance ℓ from S. Using the preceding
expression for Qr, we obtain, for every g ∈ Vr,

(Frg)(S) =
1
N ∑

S′∈Sd,k

m

∑
ℓ=0

qr,ℓ(Aℓ)S,S′g(S′)

=
1
N

m

∑
ℓ=0

qr,ℓ(Aℓg)(S).
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Equivalently, as an operator on Vr,

Fr =
1
N

m

∑
ℓ=0

qr,ℓAℓ

∣∣∣∣∣
Vr

.

The Johnson graph is distance-regular, so each distance matrix Aℓ is a polynomial in its adjacency
matrix A1 (Brouwer et al., 1989). Since A1 = k(d − k)K, Proposition 3.1 then implies that Aℓ acts
as multiplication by a scalar on every harmonic space Vj. Since Fr is a linear combination of
these matrices, its restriction to Vr also acts as multiplication by a scalar. Thus, there exists cr ∈ R

such that
Frg = crg, g ∈ Vr.

We determine cr by taking the trace on Vr. The rank-one operator

g 7−→ ⟨g, ϕr,T⟩ ϕr,T

has trace ∥ϕr,T∥2
2 = 1. Since there are (d

r) subsets T ⊆ [d] of cardinality r,

cr dim(Vr) = tr(Fr)

= ∑
T⊆[d]
|T|=r

∥ϕr,T∥2
2 =

(
d
r

)
.

Hence,

cr =
(d

r)

dim(Vr)
= A−1

r,d,k > 0.

The second equality uses (35). It follows that

Fr = A−1
r,d,k IVr ,

which proves tightness.

The positivity of the scalar also implies that the frame functions span Vr. For every v ∈ Vr,

v = Fr(Ar,d,kv).

By definition, every value of Fr is a linear combination of the functions ϕr,T. Hence, Vr is
contained in their span. The reverse inclusion follows from Lemma B.3, since every ϕr,T belongs
to Vr. Therefore, the frame functions span Vr.

For an arbitrary f ∈ L2(Sd,k, νd,k), the fact that ϕr,T ∈ Vr gives

⟨ f , ϕr,T⟩ = ⟨Pr f , ϕr,T⟩ .

Applying
Ar,d,kFr = IVr

to Pr f proves (36). Taking the inner product of (36) with Pr f , and using again ⟨Pr f , ϕr,T⟩ =
⟨ f , ϕr,T⟩, gives (37).
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It remains to establish the projection identity

ϕr,T =
PrhT

∥PrhT∥2
,

announced in Subsection B.2. Let GT be the group of permutations of [d] that preserve T setwise,
and define

(Uπ f )(S) = f (π−1(S)).

The action of a permutation on an inclusion indicator simply relabels its indexing subset. Indeed,
for every R ⊆ [d],

(UπhR)(S) = hR(π
−1(S))

= 1{R⊆π−1(S)} = 1{π(R)⊆S} = hπ(R)(S).

Since π maps the collection of j-subsets of [d] bijectively onto itself, the action Uπ permutes the
generators

{hR : R ⊆ [d], |R| = j}

of Uj. Consequently,
Uπ(Uj) = Uj, 0 ⩽ j ⩽ m.

Now let π ∈ GT. By definition of GT, the permutation π preserves T setwise, that is, π(T) = T.
Applying the preceding identity with R = T gives

UπhT = hπ(T) = hT.

Thus, hT is invariant under every permutation in GT.

The action also preserves the uniform inner product. Indeed, the map S 7→ π−1(S) is a bijection
of Sd,k, and therefore

⟨Uπ f ,Uπg⟩ = 1
N ∑

S∈Sd,k

f (π−1(S))g(π−1(S))

=
1
N ∑

R∈Sd,k

f (R)g(R) = ⟨ f , g⟩ .

The isometry Uπ also preserves U⊥
r−1. Indeed, if f ∈ U⊥

r−1 and u ∈ Ur−1, then

⟨Uπ f , u⟩ = ⟨ f ,Uπ−1 u⟩ = 0,

because Uπ−1 u ∈ Ur−1. Since Uπ also preserves Ur, it preserves

Vr = Ur ∩ U⊥
r−1.

We next show that Pr commutes with this action. Since Pr f ∈ Vr and Vr is invariant under Uπ,

UπPr f ∈ Vr.

Moreover, for every v ∈ Vr,

⟨Uπ( f − Pr f ), v⟩ = ⟨ f − Pr f ,Uπ−1 v⟩ = 0,
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because Uπ−1 v ∈ Vr, whereas f − Pr f ⊥ Vr. Thus,

Uπ f = UπPr f + Uπ( f − Pr f )

is the orthogonal decomposition of Uπ f into a component in Vr and a component in V⊥
r . Therefore,

Pr(Uπ f ) = Uπ(Pr f ),

or equivalently,
PrUπ = UπPr.

Applying this identity to hT gives, for every π ∈ GT,

Uπ(PrhT) = Pr(UπhT) = PrhT.

Hence, PrhT is invariant under GT.

The GT-orbits in Sd,k are the level sets of LT(S) = |S ∩ T|. Consequently, if g ∈ Vr is GT-invariant,
there exist values y0, . . . , yr such that g(S) = yℓ whenever LT(S) = ℓ.

Because r ⩽ m, all overlap values 0, . . . , r are attainable. Lagrange interpolation therefore gives a
unique polynomial q of degree at most r satisfying q(ℓ) = yℓ for 0 ⩽ ℓ ⩽ r. Hence,

g(S) = q(LT(S)).

For 0 ⩽ j ⩽ r − 1, (41) gives

S 7−→
(

LT(S)
j

)
∈ Uj ⊆ Ur−1.

Since the polynomials ℓ 7→ (ℓj), 0 ⩽ j ⩽ r − 1, form a basis of the polynomials of degree at most
r − 1, it follows that

S 7−→ p(LT(S)) ∈ Ur−1

for every polynomial p of degree at most r − 1. Since g ∈ Vr ⊆ U⊥
r−1, every such polynomial p

satisfies

0 = ⟨g, p ◦ LT⟩ =
r

∑
ℓ=0

wr,d,k(ℓ)q(ℓ)p(ℓ).

Thus q belongs to the orthogonal complement of the polynomials of degree at most r − 1 within
the polynomials of degree at most r. This orthogonal complement is one-dimensional, and
Lemma B.2 shows that it is spanned by Hr,d,k. Therefore q is a scalar multiple of Hr,d,k. It follows
that every GT-invariant vector in Vr is a scalar multiple of ϕr,T. Conversely, Lemma B.3 shows
that ϕr,T is a GT-invariant unit vector in Vr. Hence the GT-invariant subspace of Vr is exactly
span{ϕr,T}. Since PrhT is GT-invariant, there exists βr,T ∈ R such that

PrhT = βr,Tϕr,T.

It remains to determine the proportionality constant and its sign. Using self-adjointness of Pr,
together with Prϕr,T = ϕr,T, we obtain

βr,T = ⟨PrhT, ϕr,T⟩ = ⟨hT, Prϕr,T⟩ = ⟨hT, ϕr,T⟩
= PS∼νd,k(T ⊆ S)Hr,d,k(r) > 0.
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Because ∥ϕr,T∥2 = 1, it follows that
∥PrhT∥2 = βr,T.

Dividing the proportionality identity by this norm gives

ϕr,T =
PrhT

∥PrhT∥2
,

as claimed.

B.5 Frame representation of the projection estimator

Applying the reconstruction identity in Theorem B.1 separately on the harmonic levels V1, . . . , VD
gives the alternative representation

f̂ proj
D =

D

∑
r=1

Ar,d,k ∑
T⊆[d]
|T|=r

β̂r,Tϕr,T, β̂r,T =
1
n

n

∑
j=1

Yjϕr,T(Sj).

This formula is explicit and equivariant under relabeling of the ground set, but it uses the
redundant canonical frame and is not intended as a computationally optimal implementation.

C Projection and minimax proofs

C.1 Proof of Proposition 4.3

When D = 0, one has W0 = {0}, f̂ proj
0 = 0, and p0 = 0. Since γ1,d = 1,

E f ,P

[∥∥∥ f̂ proj
0 − f

∥∥∥2

2

]
= ∥ f ∥2

2 ⩽ B = b0(s, B).

Thus, the result holds for D = 0. We henceforth fix 1 ⩽ D ⩽ m, f ∈ E s
d,k(B), and P ∈ Pσ2 .

Let (S, Y) denote a generic observation having the same distribution as each pair (Sj, Yj). Thus,

S ∼ νd,k, Y = f (S) + ε, ε ∼ P,

where ε is independent of S.

Let e1, . . . , epD be an orthonormal basis of WD, and write

θℓ = ⟨ f , eℓ⟩ , 1 ⩽ ℓ ⩽ pD.

Since the noise is centered and independent of the design,

E f ,P[θ̂ℓ] = E f ,P[Yeℓ(S)] = ES∼νd,k [ f (S)eℓ(S)] = θℓ.

Hence,

P◦
⩽D f =

pD

∑
ℓ=1

θℓeℓ
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is the expectation of the empirical projection estimator.

We next establish the constant-diagonal identity (11). For a permutation π of [d], recall the action

(Uπg)(S) = g(π−1(S)).

As shown in Subsection B.4, Uπ preserves every harmonic space Vr and is an isometry for the
uniform inner product. It therefore preserves WD = V1 ⊕⊥ · · · ⊕⊥ VD. Thus, if e1, . . . , epD is an
orthonormal basis of WD, then so is

Uπ−1 e1, . . . ,Uπ−1 epD .

Since the projection kernel is independent of the orthonormal basis used to represent WD, it
follows that

K◦
D(π(S), π(S′)) =

pD

∑
ℓ=1

eℓ(π(S))eℓ(π(S′))

=
pD

∑
ℓ=1

(Uπ−1 eℓ)(S)(Uπ−1 eℓ)(S′)

= K◦
D(S, S′).

The permutation action on Sd,k is transitive. Indeed, for any S, R ∈ Sd,k, choose a bijection from S
onto R and a bijection from [d] \ S onto [d] \ R. Together, these two bijections define a permutation
π of [d] such that π(S) = R. The preceding invariance identity then gives

K◦
D(R, R) = K◦

D(S, S).

Thus, the diagonal S 7→ K◦
D(S, S) is constant over Sd,k.

Its value is determined by averaging under the uniform measure:

ES∼νd,k [K
◦
D(S, S)] =

pD

∑
ℓ=1

ES∼νd,k [eℓ(S)
2]

=
pD

∑
ℓ=1

∥eℓ∥2
2 = pD.

Consequently,

K◦
D(S, S) =

pD

∑
ℓ=1

eℓ(S)2 = pD, S ∈ Sd,k,

which proves (11).

We now bound the coefficient-estimation term. By the definitions of the estimator and of the
population projection,

f̂ proj
D − P◦

⩽D f =
pD

∑
ℓ=1

(θ̂ℓ − θℓ)eℓ.

Since the basis is orthonormal, the squared norm is the sum of the squared coefficient differences.
Using also the unbiasedness of θ̂ℓ, we obtain

E f ,P

[∥∥∥ f̂ proj
D − P◦

⩽D f
∥∥∥2

2

]
=

pD

∑
ℓ=1

E f ,P

[
(θ̂ℓ − θℓ)

2
]

=
pD

∑
ℓ=1

Var f ,P(θ̂ℓ).
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Since the observations are i.i.d.,

Var f ,P(θ̂ℓ) =
1
n

Var f ,P(Yeℓ(S)) ⩽
1
n

E f ,P
[
Y2eℓ(S)2] .

Summing over ℓ and using the constant-diagonal identity gives

E f ,P

[∥∥∥ f̂ proj
D − P◦

⩽D f
∥∥∥2

2

]
⩽

1
n

E f ,P

[
Y2

pD

∑
ℓ=1

eℓ(S)2

]
=

pD

n
E f ,P[Y2].

The last equality is precisely where K◦
D(S, S) = pD is used.

Because Y = f (S) + ε, and because ε is centered and independent of S,

E f ,P[ f (S)ε] = 0.

Therefore,
E f ,P[Y2] = ∥ f ∥2

2 + EP[ε
2] ⩽ B + σ2.

We conclude that

E f ,P

[∥∥∥ f̂ proj
D − P◦

⩽D f
∥∥∥2

2

]
⩽ (σ2 + B)

pD

n
.

Finally, for every realization of the sample,

f̂ proj
D − P◦

⩽D f ∈ WD,

whereas
f − P◦

⩽D f ∈ W⊥
D .

Pythagoras therefore gives∥∥∥ f̂ proj
D − f

∥∥∥2

2
=
∥∥∥ f̂ proj

D − P◦
⩽D f

∥∥∥2

2
+
∥∥ f − P◦

⩽D f
∥∥2

2 .

If D < m, the harmonic tail bound (6) gives∥∥ f − P◦
⩽D f

∥∥2
2 = ∑

r>D
∥Pr f ∥2

2 ⩽ bD(s, B).

If D = m, then Wm = V⊥
0 ; since f is centered, f ∈ Wm and P◦

⩽m f = f . Hence, the approximation
term is zero.

Combining the estimation and approximation bounds, and then taking the supremum over
f ∈ E s

d,k(B) and P ∈ Pσ2 , proves (10).

C.2 Proof of Theorem 4.4

Write
aD = aD(s, B), vD = vD(n, σ2), R = Rn,d,k(s, B, σ2).
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Lower bound. Fix 1 ⩽ D ⩽ m, and put p = pD. For every g ∈ WD, the spectral decomposition of
the Johnson–Sobolev energy and the monotonicity of r 7→ γr,d give

I(2,s)
J,d,k (g) =

D

∑
r=1

γ s
r,d∥Prg∥2

2 ⩽ γ s
D,d∥g∥2

2.

Consequently,
BD :=

{
g ∈ WD : ∥g∥2

2 ⩽ aD
}
⊆ E s

d,k(B).

We restrict the noise distribution to the Gaussian member G = N(0, σ2) of Pσ2 . Since the design
law does not depend on the response function, the chain rule for Kullback–Leibler divergence
gives, for g, g′ ∈ WD,

KL(Pg,G, Pg′,G) =
1

2σ2

n

∑
j=1

ESj∼νd,k

[
{g(Sj)− g′(Sj)}2]

=
n

2σ2 ∥g − g′∥2
2. (42)

Let e1, . . . , ep be an orthonormal basis of WD. For ω, ω′ ∈ {0, 1}p, define their Hamming distance
by

Ham(ω, ω′) =
p

∑
ℓ=1

1{ωℓ ̸=ω′
ℓ}.

Massart’s version of the Varshamov–Gilbert lemma (Massart, 2007, Lemma 4.7), applied with
α = 1/2, provides a set Ω ⊆ {0, 1}p such that

Ham(ω, ω′) >
p
4

for all distinct ω, ω′ ∈ Ω, log |Ω| > p
8

. (43)

Translating Ω by any one of its elements, using coordinatewise addition modulo two, preserves
these properties. We may therefore assume that 0 ∈ Ω.

For ω ∈ Ω, set

gω = δ
p

∑
ℓ=1

ωℓeℓ, δ2 = c1 min
{

aD

p
,

σ2

n

}
,

where c1 ∈ (0, 1] is a sufficiently small universal constant. Orthonormality gives

∥gω∥2
2 ⩽ pδ2 ⩽ aD,

so every gω belongs to BD. Moreover,

∥gω − gω′∥2
2 = δ2 Ham(ω, ω′) >

pδ2

4
, ω ̸= ω′. (44)

Suppose that p ⩾ 8, and let M = |Ω| − 1. Since 0 ∈ Ω, the zero response may be used as the
reference distribution. By (42),

KL(Pgω ,G, P0,G) ⩽
c1 p
2

, ω ∈ Ω \ {0}.
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Moreover, log |Ω| > p/8 and p ⩾ 8 imply |Ω| ⩾ 3, and hence M = |Ω| − 1 ⩾ |Ω|/2. Therefore,

log M ⩾ log |Ω| − log 2 >
p
8
− log 2 ⩾

1 − log 2
8

p.

Thus, by choosing c1 > 0 sufficiently small, the preceding Kullback–Leibler divergences are
bounded by a sufficiently small fixed fraction of log M, as required by Fano’s inequality.

By (44), the signals are separated by more than 2s0 in L2, where

s0 =

√
p δ

4
.

Fano’s inequality in the form stated by Tsybakov (2009, Theorem 2.5) gives a universal constant
cF > 0 such that

inf
f̂

sup
ω∈Ω

Pgω ,G

(
∥ f̂ − gω∥2 ⩾ s0

)
⩾ cF.

Since
Egω ,G

[
∥ f̂ − gω∥2

2

]
⩾ s2

0Pgω ,G

(
∥ f̂ − gω∥2 ⩾ s0

)
,

it follows that

R⋆
n(E s

d,k(B)) ⩾ cFs2
0 =

cF pδ2

16
=

cFc1

16
min

{
aD,

σ2 p
n

}
= c⩾8 min{aD, vD},

where
c⩾8 =

cFc1

16
> 0

is universal. The condition p ⩾ 8 is needed only for this uniform application of Fano’s inequality;
the packing (43) exists for every p ⩾ 1.

It remains to cover the finitely many dimensions 1 ⩽ p < 8. Let e1 be any unit vector in WD and
consider

g+ = δ0e1, g− = −δ0e1, δ2
0 = min

{
aD,

σ2

n

}
.

Both signals belong to BD, and
∥g+ − g−∥2 = 2δ0.

Moreover, (42) gives

KL(Pg+,G, Pg−,G) =
n

2σ2 ∥g+ − g−∥2
2 =

2nδ2
0

σ2 ⩽ 2.

To connect testing and estimation, associate with any estimator f̂ the minimum-distance test

ψ f̂ ∈ arg min
η∈{+,−}

∥ f̂ − gη∥2,

with an arbitrary rule for breaking ties. Since the two signals are separated by 2δ0,

{ψ f̂ ̸= η} ⊆ {∥ f̂ − gη∥2 ⩾ δ0}, η ∈ {+,−}.
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Consequently,
inf

f̂
max

η∈{+,−}
Pgη ,G

(
∥ f̂ − gη∥2 ⩾ δ0

)
⩾ pe,1,

where
pe,1 := inf

ψ
max

η∈{+,−}
Pgη ,G(ψ ̸= η),

the infimum being taken over all measurable tests ψ with values in {+,−}. By the Kullback–
Leibler version of the two-hypothesis bound (Tsybakov, 2009, Theorem 2.2(iii)),

pe,1 ⩾
1
4

exp(−2).

For every estimator f̂ and every η ∈ {+,−},

Egη ,G

[
∥ f̂ − gη∥2

2

]
⩾ δ2

0Pgη ,G

(
∥ f̂ − gη∥2 ⩾ δ0

)
.

Combining this inequality with the preceding reduction from estimation to testing gives

R⋆
n(E s

d,k(B)) ⩾ δ2
0 pe,1 ⩾

δ2
0

4
exp(−2) = c3 min

{
aD,

σ2

n

}
,

where c3 := 1
4 exp(−2) > 0 is universal. Since 1 ⩽ p < 8,

min
{

aD,
σ2

n

}
⩾

1
8

min
{

aD,
σ2 p

n

}
=

1
8

min{aD, vD}.

Consequently, with

c = min
{

c⩾8,
c3

8

}
> 0,

we have proved, for every 1 ⩽ D ⩽ m,

R⋆
n(E s

d,k(B)) ⩾ c min{aD, vD}.

Maximizing over D gives
R⋆

n(E s
d,k(B)) ⩾ cR,

which proves the lower bound.

Upper bound. The sequence (vD)
m
D=1 is increasing because

pD =

(
d
D

)
− 1

is increasing for D ⩽ m ⩽ d/2. Similarly, (aD)
m
D=1 is decreasing because D 7→ γD,d is increasing

on this range. Adopt the conventions

v0 = 0, a0 = +∞,

and let
D⋆ = max {0 ⩽ D ⩽ m : vD ⩽ aD} .

The set in this definition is nonempty because it contains D = 0.
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We first prove the lower comparison asserted after (12). Fix 0 ⩽ D ⩽ m. If D ⩾ 1 and 1 ⩽ q ⩽ D,
then

min{vq, aq} ⩽ vq ⩽ vD.

If D < m and D < q ⩽ m, then

min{vq, aq} ⩽ aq ⩽ aD+1 = bD(s, B).

The endpoint cutoffs are covered as well: when D = 0, only the second comparison is needed,
whereas when D = m, only the first is needed and bm(s, B) = 0. Taking the maximum over q
shows that

R ⩽ vD + bD(s, B).

Since this holds for every cutoff D,

R ⩽ min
0⩽D⩽m

{vD + bD(s, B)}.

We now prove the reverse comparison up to the factor two.

If D⋆ = m, then vm ⩽ am, and hence

min
0⩽D⩽m

{
vD + 1{D<m}aD+1

}
⩽ vm = min{vm, am} ⩽ R.

Suppose now that D⋆ < m. By maximality,

vD⋆+1 > aD⋆+1,

so
R ⩾ min{vD⋆+1, aD⋆+1} = aD⋆+1.

If D⋆ ⩾ 1, then vD⋆ ⩽ aD⋆ , and therefore

R ⩾ min{vD⋆ , aD⋆} = vD⋆ .

Using D = D⋆ in the minimum consequently gives

min
0⩽D⩽m

{
vD + 1{D<m}aD+1

}
⩽ vD⋆ + aD⋆+1 ⩽ 2R.

If D⋆ = 0, maximality gives v1 > a1, and the candidate D = 0 instead yields

v0 + a1 = a1 = min{v1, a1} ⩽ R.

Thus, in every case,
min

0⩽D⩽m

{
vD + 1{D<m}aD+1

}
⩽ 2R. (45)

Finally, set

τ = 1 +
B
σ2 ⩾ 1.

For every 0 ⩽ D ⩽ m,

(σ2 + B)
pD

n
= τvD, bD(s, B) = 1{D<m}aD+1.
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Moreover, since τ ⩾ 1,

vD + bD(s, B) ⩽ τvD + bD(s, B) ⩽ τ{vD + bD(s, B)}.

Taking minima over D, and using the two comparisons proved above together with (45), gives

R ⩽ min
0⩽D⩽m

{vD + bD(s, B)} ⩽ min
0⩽D⩽m

{τvD + bD(s, B)}

⩽ τ min
0⩽D⩽m

{vD + bD(s, B)}

⩽ 2τR.

This is precisely the deterministic comparison stated after (12).

Proposition 4.3, optimized over 0 ⩽ D ⩽ m, now gives

R⋆
n(E s

d,k(B)) ⩽ min
0⩽D⩽m

{τvD + bD(s, B)}

⩽ 2τR

= 2
(

1 +
B
σ2

)
R,

which proves the upper bound in (13).

If B/σ2 ⩽ Csnr, then the two bounds just proved yield

cRn,d,k(s, B, σ2) ⩽ R⋆
n(E s

d,k(B)) ⩽ 2(1 + Csnr)Rn,d,k(s, B, σ2).

The constant c > 0 is universal, and the upper constant depends only on Csnr. The comparison is
therefore uniform over all d, k, n, s, B, σ2 satisfying the assumptions of the theorem and B/σ2 ⩽
Csnr.

D Random-design proofs

D.1 Proof of Proposition 5.1

Fix 1 ⩽ D ⩽ m. By (11), the leverage score is constant, i.e., ∥xD(S)∥2
2 = pD, S ∈ Sd,k. Write

ĜD =
n

∑
j=1

Zj, Zj =
1
n

xD(Sj)xD(Sj)
⊤.

The matrices Z1, . . . , Zn are independent and positive semidefinite. Moreover, orthonormality
gives

ESj∼νd,k [Zj] =
1
n

IpD ,
n

∑
j=1

ESj∼νd,k [Zj] = IpD .

Since a rank-one matrix xx⊤ has unique nonzero eigenvalue ∥x∥2
2, the constant-leverage identity

also gives

λmax(Zj) =
1
n
∥xD(Sj)∥2

2 =
pD

n
almost surely.
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Thus, in the notation of the matrix Chernoff inequalities (Tropp, 2012, Corollary 5.2),

µmin = λmin

(
n

∑
j=1

ESj∼νd,k [Zj]

)
= 1, µmax = λmax

(
n

∑
j=1

ESj∼νd,k [Zj]

)
= 1,

and the uniform eigenvalue bound is R = pD/n.

At relative deviation 1/2, the upper-tail inequality gives

Pν⊗n
d,k

{
λmax(ĜD) >

3
2

}
⩽ pD exp

(
−c0

n
pD

)
,

where

c0 =
3
2

log
(

3
2

)
− 1

2
.

The corresponding lower-tail exponent is

c− =
1
2
+

1
2

log
(

1
2

)
≈ 0.1534,

which is larger than c0 ≈ 0.1082. Therefore

Pν⊗n
d,k

{
λmin(ĜD) <

1
2

}
⩽ pD exp

(
−c0

n
pD

)
.

Since ĜD is symmetric,

∥ĜD − IpD∥op = max
{

λmax(ĜD)− 1, 1 − λmin(ĜD)
}

.

Consequently,

Ac
D =

{
λmax(ĜD) >

3
2

}
∪
{

λmin(ĜD) <
1
2

}
.

A union bound consequently yields

Pν⊗n
d,k
(Ac

D) ⩽ 2pD exp
(
−c0

n
pD

)
,

which is (14).

D.2 Proof of Theorem 5.2

Fix 1 ⩽ D ⩽ m, f ∈ E s
d,k(B), and P ∈ Pσ2 . As in the main text, write

gD = P◦
⩽D f , hD = f − gD,

and let θD be the coefficient vector of gD in the chosen orthonormal basis. Then gD(S) =
xD(S)⊤θD, and population orthogonality gives

ES∼νd,k [xD(S)hD(S)] = 0. (46)
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Set

zh =
1
n

n

∑
j=1

xD(Sj)hD(Sj), zε =
1
n

n

∑
j=1

xD(Sj)ε j.

Then (17) reads, on AD,
θ̂ LS

D − θD = Ĝ−1
D (zh + zε).

Conditional on the design, zh, ĜD, and 1AD are fixed, whereas E f ,P[zε | S1, . . . , Sn] = 0. Con-
sequently, the cross term between Ĝ−1

D zh and Ĝ−1
D zε has conditional expectation zero. Since∥∥∥Ĝ−1

D

∥∥∥
op

⩽ 2 on AD,

E f ,P

[
1AD

∥∥∥θ̂ LS
D − θD

∥∥∥2

2

]
⩽ 4E f ,P[∥zh∥2

2] + 4E f ,P[∥zε∥2
2]. (47)

The summands defining zh are centered by (46). Independence across observations and constant
leverage give

E f ,P[∥zh∥2
2] =

1
n

ES∼νd,k [hD(S)2 ∥xD(S)∥2
2] =

pD

n
∥hD∥2

2 . (48)

Similarly, independence and centering of the noise eliminate all cross-observation terms, and

E f ,P[∥zε∥2
2] =

1
n

EP[ε
2
1]ES∼νd,k [∥xD(S)∥2

2] ⩽ σ2 pD

n
. (49)

On AD, orthonormality of the chosen basis and orthogonality of hD to WD give∥∥∥ f̂ LS
D − f

∥∥∥2

2
=
∥∥∥θ̂ LS

D − θD

∥∥∥2

2
+ ∥hD∥2

2 .

On Ac
D, the estimator is zero and the loss is ∥ f ∥2

2 ⩽ B by (8). Combining this observation with
(47)–(49) gives

E f ,P

[∥∥∥ f̂ LS
D − f

∥∥∥2

2

]
⩽
(

1 + 4
pD

n

)
∥hD∥2

2 + 4σ2 pD

n
+ BPν⊗n

d,k
(Ac

D).

The harmonic tail bound gives ∥hD∥2
2 ⩽ bD(s, B), and Proposition 5.1, together with the trivial

bound Pν⊗n
d,k
(Ac

D) ⩽ 1, gives

Pν⊗n
d,k
(Ac

D) ⩽ min
{

1, 2pD exp
(
−c0

n
pD

)}
.

Taking the stated suprema proves (18).

D.3 Proof of Proposition 5.3

Fix 1 ⩽ D ⩽ m, and abbreviate

aD =
B

γ s
D,d

.
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As in the proof of Theorem 4.4, the Euclidean ball

BD =
{

g ∈ WD : ∥g∥2
2 ⩽ aD

}
is contained in E s

d,k(B). We restrict the noise law to the degenerate distribution δ0, under which
ε = 0 almost surely. This noiseless law belongs to Pσ2 for every σ2 > 0.

Let ΠD be the uniform distribution, with respect to the L2(νd,k) Euclidean structure of WD, on
the sphere of squared radius aD, and let Θ ∼ ΠD. Since this prior is supported on E s

d,k(B), the
minimax risk is at least its Bayes risk in the noiseless submodel:

R⋆
n(E s

d,k(B)) ⩾ inf
f̂

∫
Eg,δ0

[
∥ f̂ − g∥2

2

]
ΠD(dg).

Because the prior is supported on WD, Pythagoras gives, for every g ∈ WD and every function-
valued estimator f̂ ,

∥ f̂ − g∥2
2 = ∥P◦

⩽D f̂ − g∥2
2 + ∥(I − P◦

⩽D) f̂ ∥2
2.

Projecting an estimator onto WD therefore cannot increase its loss under this prior. It is conse-
quently enough to consider estimators taking values in WD.

As in the main text, the chosen orthonormal basis identifies WD isometrically with RpD . Condi-
tional on the design, regard Θ as its coefficient vector under this identification. Write

RpD = row(XD)⊕⊥ ker(XD).

Let
Θrow = Prow(XD)Θ, Θker = Pker(XD)Θ.

Then
Θ = Θrow + Θker.

In the noiseless submodel,
Y = XDΘ = XDΘrow,

because XDΘker = 0. The observations determine Θrow uniquely. Indeed, if u, v ∈ row(XD)
satisfy XDu = XDv, then

u − v ∈ row(XD) ∩ ker(XD) = {0}.

Thus, for a fixed design, the data determine Θrow but leave Θker unobserved. Conditional on the
identified value of Θrow, the spherical prior distributes Θker uniformly on the sphere in ker(XD)
centered at zero and having squared radius

aD − ∥Θrow∥2
2.

Here, Θrow is data-dependent: the design determines row(XD), and Y determines the unique
vector u ∈ row(XD) satisfying XDu = Y. In particular, Θker and −Θker have the same conditional
distribution, so

EΘ [Θker | S1, . . . , Sn, Y] = 0.

Since Θ = Θrow + Θker and Θrow is determined by the data,

EΘ [Θ | S1, . . . , Sn, Y] = Θrow + EΘ [Θker | S1, . . . , Sn, Y]
= Θrow.
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Thus, Θrow is the posterior mean and hence the Bayes estimator under squared-error loss.
Accordingly, for a fixed design and the noiseless observations Y = XDΘ,

Θ̂ B(XD, XDΘ) = Prow(XD)Θ.

Consequently, its Bayes risk conditional on the design is

EΘ

[∥∥∥Θ̂ B(XD, XDΘ)− Θ
∥∥∥2

2

∣∣∣∣ S1, . . . , Sn

]
= EΘ

[
∥Pker(XD)Θ∥2

2

∣∣∣ S1, . . . , Sn

]
.

It remains to compute this expectation. The uniform distribution on the sphere of squared radius
aD in RpD is isotropic: all coordinate directions have the same second moment, and their squared
coordinates sum to aD. Consequently,

EΘ[ΘΘ⊤] =
aD

pD
IpD .

For the orthogonal projector Pker(XD), we have

∥Pker(XD)Θ∥2
2 = Θ⊤Pker(XD)Θ.

Since Θ is independent of the design and the projector is fixed conditionally on S1, . . . , Sn,

EΘ

[
∥Pker(XD)Θ∥2

2

∣∣∣ S1, . . . , Sn

]
= tr

{
Pker(XD)EΘ[ΘΘ⊤]

}
=

aD

pD
tr
{

Pker(XD)

}
= aD

pD − rank(XD)

pD
.

The last equality follows because the trace of an orthogonal projector equals the dimension of its
range, here

dim ker(XD) = pD − rank(XD).

Averaging over the design gives
R⋆

n(E s
d,k(B)) ⩾ aDρD,n.

Since this holds for every 1 ⩽ D ⩽ m, maximizing over D proves (20).

Moreover,
rank(XD) ⩽ min(n, pD),

and hence
pD − rank(XD) ⩾ (pD − n)+.

Dividing by pD and taking expectations proves (21).

We finally verify the full-level identities. Recall that On is the set of observed subsets and that

Mn = N − |On|.

Set q = |On| = N − Mn. Repeated observations merely duplicate rows of Xm, so its rank depends
only on the q distinct observed subsets. Recall also that Wm is the (N − 1)-dimensional space of
all centered functions on Sd,k.
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If q < N, evaluation at the q distinct observed subsets has rank q. Indeed, let T1, . . . , Tq denote
these subsets and prescribe arbitrary values y1, . . . , yq. Choose one unobserved subset T0, assign
it the value −∑

q
j=1 yj, and assign zero to every other unobserved subset. The resulting function is

centered and takes the prescribed values at T1, . . . , Tq. Hence, the evaluation map from Wm onto
Rq is surjective and has rank q.

If q = N, every subset in Sd,k is observed. The complete evaluation map sends f ∈ Wm to its
vector of N values. Since f is centered, this vector satisfies the single linear constraint

∑
S∈Sd,k

f (S) = 0.

Conversely, every vector satisfying this constraint defines a centered function on Sd,k. The image
of the evaluation map is therefore an (N − 1)-dimensional hyperplane, and its rank is N − 1.

Combining the two cases gives, for every realization of the design,

rank(Xm) = min(q, N − 1).

Since pm = N − 1 and Mn = N − q, it follows that

pm − rank(Xm) = (N − 1)− min(q, N − 1)
= (Mn − 1)+.

Taking expectations and dividing by pm = N − 1 in (19) proves (22).

It remains to derive the explicit expression. Each fixed subset is absent from all n independent
draws with probability (1 − 1/N)n. Summing these N absence indicators gives

Eν⊗n
d,k
[Mn] = N

(
1 − 1

N

)n

.

Moreover,
(Mn − 1)+ = Mn − 1 + 1{Mn=0}.

Therefore,

Eν⊗n
d,k
[(Mn − 1)+] = N

(
1 − 1

N

)n

− 1 + Pν⊗n
d,k
(Mn = 0),

which proves (23).

To conclude, we evaluate the coverage probability appearing in this expression. For each S ∈ Sd,k,
let AS be the event that S is absent from the sample. Since

{Mn = 0} =
⋂

S∈Sd,k

Ac
S,

the inclusion–exclusion formula gives

Pν⊗n
d,k
(Mn = 0) = ∑

J⊆Sd,k

(−1)|J |Pν⊗n
d,k

( ⋂
S∈J

AS

)
.
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If |J | = j, avoiding every subset in J in all n draws has probability (1 − j/N)n. Since there are
(N

j ) such collections J , it follows that

Pν⊗n
d,k
(Mn = 0) =

N

∑
j=0

(−1)j
(

N
j

)(
1 − j

N

)n

.

When n < N, this probability is zero because n draws cannot cover N distinct subsets. This
completes the proof.

D.4 Proof of Proposition 5.4

For every deterministic set U ⊆ Sd,k, write

H(U ) = {g ∈ Wm : g(S) = 0 for every S /∈ U} .

Recall that
Un = Sd,k \ On

is the random set of unobserved subsets. Then, consistently with the notation used in the main
text,

Hn = H(Un).

Conditional on the design, Hn is the space of centered functions supported on the fixed set Un. If
Mn ⩾ 1, its values on the Mn unobserved subsets satisfy one linear constraint, so its dimension is
Mn − 1. If Mn = 0, then Hn = {0}. Hence, in both cases,

dim(Hn) = (Mn − 1)+.

Let f̂ comp,0 be the noiseless completion estimator introduced in the main text. It agrees with f on
On and is constant on Un. As shown there,

f − f̂ comp,0 = PHn f .

Equivalently,
f̂ comp,0 − f = −PHn f .

This identity also holds when Mn = 0, since then Hn = {0} and f̂ comp,0 = f .

Let τ : Sd,k → Sd,k be any permutation of the N subsets, and let Rτ be its action on functions:

(Rτg)(S) = g(τ−1(S)).

Because the design points are sampled uniformly from Sd,k, the random set of unobserved subsets
Un has the same distribution as τ(Un). Moreover, relabeling the unobserved subsets relabels the
corresponding subspace:

H(τ(Un)) = RτHn.

Since Rτ preserves the uniform inner product, the associated orthogonal projectors satisfy

PH(τ(Un)) = RτPHn R−1
τ .
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Averaging over the design and using the equality in distribution of Un and τ(Un) gives

RτTnR−1
τ = Tn, Tn := Eν⊗n

d,k
[PHn ].

Thus, Tn is the deterministic operator obtained by averaging the random projector PHn over the
design; in particular,

Tn f = Eν⊗n
d,k
[PHn f ],

and Tn commutes with every permutation of the N subsets.

Fix an arbitrary ordering of the N elements of Sd,k, and identify each function f ∈ L2(Sd,k, νd,k)
with its vector of values

( f (S))S∈Sd,k ∈ RN .

Under this identification, Tn is a linear operator on RN . Let tn(S, T) denote the entry of its matrix
indexed by S, T ∈ Sd,k. The identity RτTnR−1

τ = Tn implies

tn(τ(S), τ(T)) = tn(S, T)

for every permutation τ of Sd,k. For any S, R ∈ Sd,k, there exists a permutation τ such that
τ(S) = R. Likewise, for any S ̸= T and R ̸= U, there exists a permutation τ such that τ(S) = R
and τ(T) = U. Hence all diagonal entries of the matrix are equal, and all off-diagonal entries are
equal. Therefore, for some scalars an and bn,

Tn = (an − bn)IN + bn11⊤.

Equivalently, for every function f and every S ∈ Sd,k,

(Tn f )(S) = (an − bn) f (S) + bn ∑
T∈Sd,k

f (T).

Every space Hn consists of centered functions and is therefore orthogonal to the constant function
1. Consequently,

PHn 1 = 0 and hence Tn1 = 0.

Finally, if f ∈ Wm, then f is centered and 1⊤ f = 0. Therefore,

Tn f = (an − bn) f .

Thus, the restriction of Tn to Wm is a scalar multiple of the identity.

Write cn = an − bn, so that
Tn f = cn f , f ∈ Wm.

Moreover, Tn1 = 0. Since L2(Sd,k, νd,k) is the orthogonal sum of the constant functions and the
(N − 1)-dimensional space Wm, it follows that

tr(Tn) = cn(N − 1).

On the other hand, linearity of the trace and the fact that the trace of an orthogonal projector
equals the dimension of its range give

tr(Tn) = Eν⊗n
d,k

[tr(PHn)] = Eν⊗n
d,k
[dim(Hn)]

= Eν⊗n
d,k
[(Mn − 1)+].
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Therefore,

cn =
Eν⊗n

d,k
[(Mn − 1)+]

N − 1
= ρm,n.

Consequently, for every centered f ,

Eν⊗n
d,k

[
∥PHn f ∥2

2
]
= Eν⊗n

d,k
[⟨ f , PHn f ⟩]

= ⟨ f , Tn f ⟩ = ρm,n∥ f ∥2
2. (50)

Here we used that an orthogonal projector is self-adjoint and idempotent, so ∥PHn f ∥2
2 = ⟨ f , PHn f ⟩.

We next control the contribution of observation noise. Conditional on the design, define

ε(S) =
1

Cn(S)
∑

j:Sj=S
ε j, S ∈ On.

These variables are conditionally independent and centered, and

EP
[
ε(S)2 ∣∣ S1, . . . , Sn

]
⩽

σ2

Cn(S)
.

Since the completion rule is linear in the cell means and the noise is centered, for every S ∈ Sd,k,

E f ,P

[
f̂ comp(S)

∣∣∣ S1, . . . , Sn

]
= f̂ comp,0(S).

If Mn ⩾ 1, the noise component f̂ comp − f̂ comp,0 is equal to ε(S) on On and to

− 1
Mn

∑
T∈On

ε(T)

on Un. The squared L2(νd,k)-norm of this noise component is

1
N

 ∑
S∈On

ε(S)2 +
1

Mn

(
∑

S∈On

ε(S)

)2
 .

Since the cell averages are conditionally independent and centered,

EP

( ∑
S∈On

ε(S)

)2
∣∣∣∣∣∣ S1, . . . , Sn

 = ∑
S∈On

EP
[
ε(S)2 ∣∣ S1, . . . , Sn

]
.

Consequently,

E f ,P

[∥∥∥ f̂ comp − f̂ comp,0
∥∥∥2

2

∣∣∣∣ S1, . . . , Sn

]
⩽

σ2

N

(
1 +

1
Mn

)
∑

S∈On

1
Cn(S)

⩽
2σ2

N ∑
S∈On

1
Cn(S)

. (51)

If Mn = 0, every subset is observed and f̂ comp,0 = f . Moreover,

Y(S) = f (S) + ε(S), S ∈ Sd,k.
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Since f is centered,
1
N ∑

T∈Sd,k

f (T) = 0,

and hence

f̂ comp(S)− f̂ comp,0(S) = Y(S)− 1
N ∑

T∈Sd,k

Y(T)− f (S)

= ε(S)− 1
N ∑

T∈Sd,k

ε(T).

Subtracting the uniform mean cannot increase the average squared norm. Taking conditional
expectation therefore gives

E f ,P

[∥∥∥ f̂ comp − f̂ comp,0
∥∥∥2

2

∣∣∣∣ S1, . . . , Sn

]
⩽

σ2

N ∑
S∈Sd,k

1
Cn(S)

.

Since On = Sd,k when Mn = 0, the preceding bound is smaller than the right-hand side of (51).
Thus, (51) holds in both cases.

The decomposition
f̂ comp − f =

(
f̂ comp,0 − f

)
+
(

f̂ comp − f̂ comp,0)
has conditionally vanishing cross term, because the first component is fixed by the design and
the second has conditional mean zero. Let C ∼ Bin(n, 1/N), and define r(0) = 0 and r(c) = 1/c
for every integer c ⩾ 1. Then

ηn,N = E[r(C)].

For each fixed S ∈ Sd,k, the count Cn(S) has the same distribution as C. Moreover, since r(0) = 0,

∑
S∈On

1
Cn(S)

= ∑
S∈Sd,k

r(Cn(S)).

Therefore,

1
N

Eν⊗n
d,k

[
∑

S∈On

1
Cn(S)

]
=

1
N ∑

S∈Sd,k

Eν⊗n
d,k
[r(Cn(S))]

= E[r(C)] = ηn,N .

Combining this identity with (50) and (51) gives

E f ,P

[
∥ f̂ comp − f ∥2

2

]
⩽ ρm,n∥ f ∥2

2 + 2σ2ηn,N .

Since ∥ f ∥2
2 ⩽ B, taking the stated suprema proves (26).

It remains to bound ηn,N . Since
0 ⩽ r(c) ⩽ 1, c ⩾ 0,

we have ηn,N ⩽ 1. Moreover,

r(c) ⩽
2

c + 1
, c ⩾ 0,
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and therefore

ηn,N ⩽ 2E

[
1

C + 1

]
.

The identity
1

c + 1

(
n
c

)
=

1
n + 1

(
n + 1
c + 1

)
gives

E

[
1

C + 1

]
=

n

∑
c=0

1
c + 1

(
n
c

)(
1
N

)c (
1 − 1

N

)n−c

=
N

n + 1

{
1 −

(
1 − 1

N

)n+1
}

⩽
N

n + 1
.

Combining the two bounds proves (27).

D.5 Proof of Theorem 5.5

For brevity, write

R = Rn,d,k(s, B, σ2), D = Dn,d,k(s, B), a =
B

γ s
m,d

, Γ = γ s
m,d.

Since m ⩾ 1, the monotonicity of the spectral weights and γ1,d = 1 imply Γ ⩾ 1.

Theorem 4.4 and Proposition 5.3 give

R⋆
n(E s

d,k(B)) ⩾ c1R, R⋆
n(E s

d,k(B)) ⩾ D

for a universal constant c1 > 0. Therefore,

R⋆
n(E s

d,k(B)) ⩾ max{c1R,D}

⩾
min(c1, 1)

2
(R+D),

which proves the lower inequality in (28) with a universal constant.

For the upper bound, Theorem 4.4, together with B = Γa, gives

R⋆
n(E s

d,k(B)) ⩽ 2
(

1 +
Γa
σ2

)
R. (52)

On the other hand, Proposition 5.4 gives

R⋆
n(E s

d,k(B)) ⩽ Bρm,n + 2σ2ηn,N .

The term D = m in the definition of D satisfies

D ⩾
B
Γ

ρm,n = aρm,n.
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Consequently,
Bρm,n = Γaρm,n ⩽ ΓD,

and hence
R⋆

n(E s
d,k(B)) ⩽ ΓD+ 2σ2ηn,N . (53)

Put

vm =
σ2(N − 1)

n
.

This is precisely the quantity vD(n, σ2) at D = m, because pm = N − 1. The bounds in (27),
together with N ⩾ 2, imply

σ2ηn,N ⩽ 4 min{σ2, vm}. (54)

Indeed, if n ⩽ N − 1, then vm ⩾ σ2, and ηn,N ⩽ 1 gives

σ2ηn,N ⩽ σ2 = min{σ2, vm}.

If n ⩾ N, then vm < σ2, and

ηn,N ⩽
2N

n + 1
⩽

4(N − 1)
n

,

so
σ2ηn,N ⩽ 4vm = 4 min{σ2, vm}.

We now distinguish two cases. If a ⩽ σ2, then

1 +
Γa
σ2 ⩽ 1 + Γ ⩽ 2Γ.

Equation (52) therefore gives

R⋆
n(E s

d,k(B)) ⩽ 4ΓR ⩽ 4Γ(R+D).

Suppose instead that a > σ2. The term D = m in the maximum defining R gives

R ⩾ min{a, vm}.

Since a > σ2,
min{σ2, vm} ⩽ min{a, vm} ⩽ R.

Combining (53) and (54) yields

R⋆
n(E s

d,k(B)) ⩽ ΓD+ 8R ⩽ 8Γ(R+D),

where the last inequality uses Γ ⩾ 1.

The two cases prove the upper inequality in (28), with the universal constant C = 8.
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