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Physics-informed neural networks (PINNs) are a promising approach
that combines the power of neural networks with the interpretability of phys-
ical modeling. PINNs have shown good practical performance in solving par-
tial differential equations (PDEs) and in hybrid modeling scenarios, where
physical models enhance data-driven approaches. However, it is essential to
establish their theoretical properties in order to fully understand their capa-
bilities and limitations. In this study, we highlight that classical training of
PINNSs can suffer from systematic overfitting. This problem can be addressed
by adding a ridge regularization to the empirical risk, which ensures that the
resulting estimator is risk-consistent for both linear and nonlinear PDE sys-
tems. However, the strong convergence of PINNs to a solution satisfying the
physical constraints requires a more involved analysis using tools from func-
tional analysis and calculus of variations. In particular, for linear PDE sys-
tems, an implementable Sobolev-type regularization allows to reconstruct a
solution that not only achieves statistical accuracy but also maintains consis-
tency with the underlying physics.

1. Introduction.

Physics-informed machine learning. Advances in machine learning and deep learning have
led to significant breakthroughs in almost all areas of science and technology. However, de-
spite remarkable achievements, modern machine learning models are difficult to interpret
and do not necessarily obey the fundamental governing laws of physical systems [Linardatos
et al., 2021]. Moreover, they often fail to extrapolate scenarios beyond those on which they
were trained [Xu et al., 2021]. On the contrary, numerical or pure physical methods strug-
gle to capture nonlinear relationships in complex and high-dimensional systems, while lack-
ing flexibility and being prone to computational problems. This state of affairs has led to a
growing consensus that data-driven machine learning methods need to be coupled with prior
scientific knowledge based on physics. This emerging field, often called physics-informed
machine learning [Raissi et al., 2019], seeks to combine the predictive power of machine
learning techniques with the interpretability and robustness of physical modeling. The liter-
ature in this field has is still disorganized, with a somewhat unstable nomenclature. In par-
ticular, the terms physics-informed, physics-based, physics-guided, and theory-guided are
used interchangeably. For a comprehensive account, we refer to the reviews by Rai and Sahu
[2020], Karniadakis et al. [2021], Cuomo et al. [2022], and Hao et al. [2022], which survey
some of the prevailing trends in embedding physical knowledge in machine learning, present
some of the current challenges, and discuss various applications.

Vocabulary and use cases. Depending on the nature of the interaction between machine
learning and physics, physics-informed machine learning is usually achieved by preprocess-
ing the features [Rai and Sahu, 2020], by designing innovative network architectures that in-
corporate the physics of the problem [Karniadakis et al., 2021], or by forcing physics infusion
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into the loss function [Cuomo et al., 2022]. It is this latter approach, which is most often re-
ferred to as physics regularization [Rai and Sahu, 2020], to which our article is devoted. Note
that other names are possible, including physics consistency penalty [Wang et al., 2020a],
knowledge-based loss term [von Rueden et al., 2023], and physics-guided neural networks
[Cunha et al., 2022]. In the following, we will focus more specifically on neural networks in-
corporating a physical regularization, called PINNs (for physics-informed neural networks,
Raissi et al. 2019). Such models have been successfully applied to (7) model hybrid learning
tasks, where the data-driven loss is regularized to satisfy a physical prior, and (ii) design
efficient solvers of partial differential equations (PDEs). A significant advantage of PINNs
is that they are easy to implement compared to other PDE solvers, and that they rely on the
backpropagation algorithm, resulting in reasonable computational cost. Although (7) and (i7)
are different facets of the same mathematical problem, they differ in their geometry and the
nature of the data on which they are based, as we will see later.

Related work and contributions. Despite a rapidly growing literature highlighting the capa-
bilities of PINNSs in various real-world applications, there are still few theoretical guarantees
regarding the overfitting, consistency, and error analysis of the approach. Most existing theo-
retical work focuses either on intractable modifications of PINNs [Cuomo et al., 2022] or on
negative results, such as in Krishnapriyan et al. [2021] and Wang et al. [2022].

Our goal in the present article is to provide a comprehensive theoretical analysis of the
mathematical forces driving PINNs, in both the hybrid modeling and PDE solver settings,
with the constant concern to provide approaches that can be implemented in practice. Our
results complement those of Shin [2020], Shin et al. [2020], Mishra and Molinaro [2023], De
Ryck and Mishra [2022], Wu et al. [2022], and Qian et al. [2023] for the PDE solver prob-
lem. Shin [2020] and Wu et al. [2022] focus on modifications of PINNs using the Holder
norm of the neural network in the loss function, which is unfortunately intractable in prac-
tice. In the context of linear PDEs, Shin et al. [2020] analyze the expected generalization
error of PINNs using the Rademacher complexity of the image of the neural network class
by a differential operator. However, this Rademacher complexity does not obviously vanish
with increasing sample size. Similarly, Mishra and Molinaro [2023] bound the generalization
error by a quadrature rule depending on the Holder norm of the neural network, which does
not necessarily tend to zero as the number of training points tends to infinity. De Ryck and
Mishra [2022] derive bounds on the expectation of the L? error, provided that the weights
of the neural networks are bounded. In contrast to this series of works, we consider models
and assumptions that can be practically verified or implemented. Moreover, our approach in-
cludes hybrid modeling, for which, as pointed out by Karniadakis et al. [2021], no theoretical
guarantees have been given so far. Preliminary interesting results on the statistical consis-
tency of a regression function penalized by a PDE are reported in Arnone et al. [2022]. The
original point of our approach lies in the use of a mix of statistical and functional analysis
arguments [Evans, 2010] to characterize the PINN problem.

Overview. After correctly defining the PINN problem in Section 2, we show in Section 3
that an additional regularization term is needed in the loss, otherwise PINNs can overfit.
This first important result is consistent with the approach of Shin [2020], which penalizes
PINNs by Holder norms to ensure their convergence, and with the experiments of Nabian
and Meidani [2020], which improve performance by adding an extra-regularization term. In
Section 4, we establish the consistency of ridge PINNs by proving in Theorem 4.6 that a
slowly vanishing ridge penalty is sufficient to prevent overfitting. Finally, in Section 5, we
show that an additional level of regularization is sufficient in order to guarantee the strong
convergence of PINNs (Theorem 5.7). We also prove that an adapted tuning of the hyperpa-
rameters allows to reconstruct the solution in the PDE solver setting (Theorem 5.8), as well
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as to ensure both statistical and physics consistency in the hybrid modeling setting (Theorems
5.13). All proofs are postponed to the appendices. The code of all the numerical experiments
can be found at https://github.com/NathanDoumeche/Convergence_and_
error_analysis_of_ PINNSs.

2. The PINN framework. In its most general formulation, the PINN method can be
described as an empirical risk minimization problem, penalized by a PDE system.

Notation. Throughout this article, the symbol E denotes expectation and || - ||2 (resp., (-, "))
denotes the Euclidean norm (resp., scalar product) in R%, where d may vary depending on
the context. Let 2 C R% be a bounded Lipschitz domain with boundary 9§ and closure
Q, and let (X,Y) € Q x R be a pair of random variables. Recall that Lipschitz domains
are a general category of open sets that includes bounded convex domains (such as ]0, 1[%1)
and usual manifolds with C'! boundaries (see Appendix A). This level of generality with
respect to the domain (2 is necessary to encompass most of the physical problems, such as
those presented in Arzani et al. [2021], which use non-trivial (but Lipschitz) geometries. For
K € N, the space of functions from €2 to R% that are K times continuously differentiable is
denoted by C% (2, R%),

Let C®(Q,R%) = Nk 00K (Q,R%) be the space of infinitely differentiable functions.
The space C¥ (92, R?%) is endowed with the Holder norm || - lcx (), defined for any u by
[ullcx () = max|q < i [|0%U| 00,0 The space C (12, R?%) of smooth functions is defined as
the subspace of continuous functions u : ) — R% satisfying u|q € C°°(£2,R%) and, for all
K €N, |Jul|gx(q) < co. A differential operator .7 : C>(€2,R%) x Q — R is said to be of
order K if it can be expressed as a function over the partial derivatives of order less than or
equal to K. For example, the operator .7 (u, X) = d1u(x)87 yu(x) + u(x) sin(x) has order 2.
A summary of the mathematical notation used in this paper is to be found in Appendix A.

Hybrid modeling. As in classical regression analysis, we are interested in estimating the
unknown regression function v* such that Y = u*(X) + ¢, for some random noise ¢ that
satisfies [E(¢|X) = 0. What makes the problem original is that the function u* is assumed
to satisfy (at least approximately) a collection of M > 1 PDE-type constraints of order at
most K, denoted in a standard form by %y (u*,x) ~ 0 for 1 < k < M. It is therefore as-
sumed that «* can be derived K times. Moreover, there exists some subset £/ C 0f2 and an
initial/boundary condition function h : E — R% such that, for all x € F, u*(x) ~ h(x). We
stress that £ can be strictly included in 2, as shown in Example 2.2 for a spatio-temporal
domain €. The specific case £ = 052 corresponds to Dirichlet boundary conditions.

These constraints model some a priori physical information about u*. However, this
knowledge may be incomplete (e.g., the PDE system may be ill-posed and have no or mul-
tiple solutions) and/or imperfect (i.e., there is some modeling error, that is, . (u*,x) # 0
and u*|g # h). This again emphasizes that «* is not necessarily a solution of the system of
differential equations.

EXAMPLE 2.1 (Maxwell equations). Let x = (z,y,2,t) € R® x R,, and consider
Maxwell equations describing the evolution of an electro-magnetic field u* = (E*, B*) in
vacuum, defined by
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where E* € C1(R*,R3) is the electric field, B* € C'(R*, R?) the magnetic field, and the div
and curl operators are respectively defined for F = (F;, F,,, F,) € C1(R*,R3) by

divF = 0, F, + 0y Fy +0.F, and cwlF = (0yF, —0,F,, 0.F; — 0, F., 0.Fy — 0yFy).
In this case, d; =4, dy = 6, and M = 8. O

EXAMPLE 2.2 (Spatio-temporal condition function). Assume that the domain 2 C R%
is of the form 2 = Q0 x]0, T'[, where ©; C R% 1 is a bounded Lipschitz domain and 7" > 0 is
a finite time horizon. The spatio-temporal PDE system admits (spatial) boundary conditions
specified by a function f: 9Q; — R%, ie.,

Ve e dQy, Vte [0,T], u*(x,t)= f(x),
and a (temporal) initial condition specified by a function g : 9Q; — R%, that is
Ve e, u*(z,0)=g(z).

The set on which the boundary and initial conditions are defined is £ = (1 x {0}) U (0€; x
[0,77), and the associated condition function h : E — R® is

_f flz)ifx=(z,t) € 9 x [0,T]
h(x) = {g(:c) ifx = (z,1) € 1><X{o}.

Notice that E C 0f). O

In order to estimate u*, we assume to have at hand three sets of data:

(1) A collection of i.i.d. random variables (X1,Y7),...,(X,,Y,,) distributed as (X,Y) €
Q) x R%_ the distribution of which is unknown;

(73) A collection of i.i.d. random variables X(le), e ,nge) distributed according to some
known distribution pg on E;

(7i7) A sample of i.i.d. random variables Xgr), e ,Xg) uniformly distributed on ).

The function u* is then estimated by minimizing the empirical risk function
R _ Ad g 2 Ae - (e) (e)\ 12
nan. ., (U9) =~ > llug(Xi) = Vi3 + - > us(XS) = B(X)3
i=1 ¢ j=1

M n,

(1) +i22g]€(u€jxér))2

T
" k=1 ¢=1

over the class NNy (D) := {up,0 € Oy p} of feedforward neural networks with H hidden
layers of common width D (see below for a precise definition), where (A4, Ae) € R\ (0,0)
are hyperparameters that establish a tradeoff between the three terms. In practice, one often
encounters the case where A\, = 0 (data + PDEs). Another situation of interest is when Ay =0
(PDEs + initial/boundary conditions), which corresponds to the special case of a PDE solver.
Setting (1) is more general as it includes all the combinations data + PDEs + initial/boundary
conditions. Since a minimizer of the empirical risk function (1) does not necessarily exist,
we denote by (0(p, ne, ny, D))pen € @?}’D any minimizing sequence, i.e.,
pli{IOlo Rn/”ey"r (ué(p,nﬁ ,ﬂr,D)) = eeiélfI,D Rn7neanr (U@)

In practice, such a sequence is usually obtained by implementing some optimization proce-
dure, the exact description of which is not important for our purpose.
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On the practical side, simulations using hybrid modeling have been successfully applied to
model image denoising [Wang et al., 2020a], turbulence [Wang et al., 2020b], blood streams
[Arzani et al., 2021], wave propagation [Davini et al., 2021], and ocean streams [de Wolff
et al., 2021]. Experiments with real data have been performed to assess the sea tempera-
ture [de Bézenac et al., 2019], subsurface transport [He et al., 2020], fused filament fabrica-
tion [Kapusuzoglu and Mahadevan, 2020], seismic response [Zhang et al., 2020], glacier dy-
namic [Riel et al., 2021], lake temperature [Daw et al., 2022], thermal modeling of buildings
[Gokhale et al., 2022], blasts [Pannell et al., 2022], and heat transfers [Ramezankhani et al.,
2022]. The generality and flexibility of the empirical risk function (1) allows it to encompass
most PINN-like problems. For example, the case M > 2 is considered in de Bézenac et al.
[2019] and Riel et al. [2021], while Zhang et al. [2020] and Wang et al. [2020b] assume that
dy = dg = 3. Importantly, the situation where Ay > 0 and )\, > 0 (data + boundary conditions
+ PDEj5) is also interesting from a physical point of view. This is, for example, the approach
advocated by Arzani et al. [2021], which uses both data and boundary conditions (see also
Cuomo et al., 2022, and Hao et al., 2022).

The PDE solver case. The particular case Ay = 0 deserves a special comment. In this set-
ting, without physical measures (X;, Y;), the function u* is viewed as the unknown solution
of the system of PDEs .%1,...,.%,; with initial/boundary conditions h. The goal is to esti-
mate the solution u* of the PDE problem

Yk, Vx € Q, Zi(u*,x) =0
Vx e F, u*(x) = h(x),

with neural networks from NN (D). In this case, the empirical risk function (1) becomes

M n,

Ro, . (ug) = Zuuex“ W(XS)|3 + szkue, ,

" k=1 ¢=1

where the boundary and initial conditions (X\”, A(X\?)), ..., (X!? n(X{?)) are sampled
on E x R% according to some known distribution s, and (X( ), ..,X,(M)) are uniformly
distributed on €. Note that, for simplicity, we write R,,_, (ug) instead of Ry, ,,_ . (up) be-
cause no X; is involved in this context. Since no confusion is possible, the same convention
is used for all subsequent risk functions throughout the paper. The first term of R,,_ ,, (ug)
measures the gap between the network uy and the condition function & on E, while the sec-
ond term forces ug to obey the PDE in a discretized way. Since both the condition function
h and the distribution p g are known, it is reasonable to think of n. and n, as large (up to
the computational resources). In this scientific computing perspective, PINNs have been suc-
cessfully applied to solve a wide variety of linear and nonlinear problems, including motion,
advection, heat, Euler, high-frequency Helmholtz, Schrodinger, Blasius, Burgers, and Navier-
Stokes equations, covering various fields ranging from classical (mechanics, fluid dynamics,
thermodynamics, and electromagnetism) to quantum physics [e.g., Cuomo et al., 2022, Li
et al., 2023].

The class of neural networks. A fully-connected feedforward neural network with H &
N* hidden layers of sizes (L1,...,Ly) := (D,...,D) € (N*)" and activation tanh, is a
function from R% to R%, defined by

ug = Ap41 0 (tanhoAp)o-- o (tanhoA;),

where the hyperbolic tangent function tanh is applied element-wise. Each Ay, : Ri+-1 — R
is an affine function of the form Ay(x) = Wix + by, with Wy a (Lx_1 X Lj)-matrix,
b € RE+ a vector, Lo = d;, and L H+1 = da. The neural network uy is parameterized by
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6= Wi,bi,..., Wri1,ba41) € On,p, where O p = REZo(Lit1)xLigs Throughout, we
let NNy (D) = {uy, 0 € Oy p}. We emphasize that the tanh function is the most com-
mon activation in PINNs [see, e.g., Cuomo et al., 2022]. It is preferable to the classical
ReLU (z) = max(x,0) activation. In fact, since ReLU neural networks are a subset of piece-
wise linear functions their high derivatives vanish and therefore cannot be captured by the
penalty term - Zk Dy 1Jk(ue,Xg e,

The parameter space NNy (D) must be chosen large enough to approximate both the so-
lutions of the PDEs and their derivatives. This property is encapsulated in Proposition 2.3,
which shows that for any number H > 2 of hidden layers, the set NNz := UpNNg (D) is
dense in the space (C°°(€2,R%), || - ||ox (o) ). This generalizes Theorem 5.1 in De Ryck et al.

[2021] which states that NNy is dense in (C’OO([O, 114, R), || - [lox (qo,1[4)) forall d; > 1 and
K eN.

PROPOSITION 2.3 (Density of neural networks in Holder spaces). Let K € N, H > 2
and Q C R% be a bounded Lipschitz domain. Then NNy := UpNNgy (D) is dense in
(C=(,R%), || - llexq)), i-e., for any function u € C>®(Q,R%), there exists a sequence
(up)pen € NN such that limy, o0 ||t — up|| o () = 0.

In the remainder of the article, the number H of hidden layers is considered to be fixed.
Krishnapriyan et al. [2021] use NN4(50), Xu et al. [2021] take NN5(100), whereas Arzani
et al. [2021] employ NN;4(100). It is worth noting that in this series of papers the width D
is much larger than H, as in Proposition 2.3.

3. PINNs can overfit. Our goal in this section is to show through two examples how
learning with standard PINNs can lead to severe overfitting problems. This weakness has
already been noted in Costabal et al. [2020], Nabian and Meidani [2020], Chandrajit et al.
[2023], and Esfahani [2023], which propose to improve the performance of their models by
resorting to an additional regularization strategy. The pathological cases that we highlight
both rely on neural networks with exploding derivatives.

The theoretical risk function is defined by

2
)\
dZH — Yill3+ AEJu(X ) - hX) 3 + mszkux dx.

Observe that in %n(u) we take expectation with respect to p g (for the initial/boundary con-
dition part) and integrate with respect to the uniform measure on €2 (for the PDE part), but
keep the term Y7, |lug(X;) — Y;||3 intact. This regime corresponds to the limit of the empi-
rical risk function (1), holding n fixed and letting n., n, — co. The rationale is that while the
random samples (X;,Y;) may be limited in number (e.g., because their acquisition is more

delicate and require physical measurements), this is not the case for X or X(-T), which
can be freely sampled (up to computational resources). Note however that in the PDE solver
setting, the first term is not included.

Given any minimizing sequence (6(p, ne, n,, D))pen of the empirical risk, satisfying

p1i>m Rn TesTir (ué(pﬂzman)) - QEiéIIE,D Rnanmnr (u9)7

a natural requirement, called risk-consistency, is that
lim  lim %Z,(u; inf %, (u).

u =
The , T —>00 P—+00 G(p,ne,n,,.,D)) uENNg (D)
We show below that standard PINNs can dramatically fail to be risk-consistent, through two
counterexamples, one in the hybrid modeling context and one in the specific PDE solver
setting.
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1.09 *2 e ® Observations (X;, Y;)
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FIG 1. Example of an inconsistent PINN estimator in hybrid modeling with m =~ =1, € ~ N'(0, 10_2), and
n =10.

The case of dynamics with friction. ~Consider the following ordinary differential constraint,
defined on the domain © =|0, T'[ (with closure Q2 = [0,T) by

(3) Vue CEHQ,R), Vx€Q, F(u,x)=mu"(x)+~yu (x).

This models the dynamics of an object of mass m > 0, subjected to a fluid force of friction
coefficient v > 0. The goal is to reconstruct the real trajectory u* by taking advantage of the
model .# and the noisy observations Y; at the X;. This is an example where the modeling
is perfect, i.e., .# (u*,-) = 0, but the challenge is that the physical model is incomplete be-
cause the boundary conditions are unknown. Following the hybrid modeling framework, the
trajectory u* is estimated by minimizing over the space NNz (D) the empirical risk function

1 n,

- ar (r)\2
n ZJ(U97XZ )

)\ n
Ron, (ug) = 25> " Jup(Xi) = Vil +
i=1 " =1

PROPOSITION 3.1 (Overfitting). Consider the dynamics with friction model (3), and as-

sume that there are two observations such that Y; # Y. Then, whenever D > n — 1, for
any integer n.., for all Xgr), . ,X,(f) , there exists a minimizing sequence (ué(p " D))pGN €

NNy (D)N such that limy_, o Riin, (Wi ) = O but im0 % (g
this PINN estimator is not consistent.

p,nr,D)) = 00. So,

Proposition 3.1 illustrates how fitting a PINN by minimizing the empirical risk alone can
lead to a catastrophic situation, where the empirical risk of the minimizing sequence is (close
to) zero, while its theoretical risk is infinite. This phenomenon is explained by the existence

of piecewise constant functions interpolating the observations Xy, ..., X,,, whose derivatives
are null at the points XY), e ,Xg;), but diverge between these points (see Figure 1). These

functions correspond to neural networks wug such that ||0||2 — co.

PDE solver: The heat propagation case. Consider the heat propagation differential operator
defined on the domain Q =| — 1, 1[x]0, T (with closure 2 = [—1,1] x [0,7]) by

4) Vu € C*(Q,R), Vx € Q, F(u,x) = dyu(x) — 532:7xu(x),
associated with the boundary conditions

VEe[0,T], w(—1,t)=u(1,t) =0,
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FIG 2. Inconsistent PINN (left) compared to the solution u* of the PDE (right) for the heat propagation case.

and the initial condition defined, for all € [—1, 1], by

u(z,0) = tanh® (z + 0.5) — tanh® (2 — 0.5) + tanh°# (0.5) — tanh®# (1.5).
The notation tanh®® stands for the function recursively defined by tanh°! = tanh and
tanh®**1) = tanh o tanh®*. The unique solution u* of the PDE is shown in Figure 2 (right).
It models the time evolution of the temperature of a wire, whose extremities at x = —1 and
x = 1 are maintained at zero temperature. Note that the initial condition corresponds to a

bell-shaped function, which belongs to NN (2). However, the setting can be extended to ar-
bitrary initial conditions that take the form of a neural network function, given the boundary

condition u (9 x [0,7]) = {0}.

To solve the PDE (4), we use n, iid. samples X\ ... X!¥ on E = ([-1,1] x
{0}) U ({—1,1} x [0,T7]), distributed according to pp, together with n, i.i.d. samples
Xgr), . ,XS;), uniformly distributed on €. Let (8(p, ne,ny, D))pen be a sequence of pa-
rameters minimizing the empirical risk function

Ae §- (© @2, LN ()2
Rneyn'r'(ue) :;ez‘ue(x] ) _h(X] )| +n7rzg(u97xg ) )
j=1 (=1
over the space NNy (D). The theoretical counterpart of this empirical risk is
1

F (u,x)%dx.
] Jo 71X

% (1) = AE[u(X ) — h(X)]* +

PROPOSITION 3.2 (PDE solver overfitting). Consider the heat propagation model

(4). Then, whenever D > 4, for any pair (ne,n,), for all Xge),...,Xfi) and for all

X§T)7 e ,X,(f) there exists a minimizing sequence (ué(p - D))PGN € NNy (D)Y such that

iy 00 B, (U py) = O bt iy s 21, 1)) = 00 So, this PINN estima-
tor is not consistent.

Figure 2 (left) shows an example of an inconsistent PINN estimator. Such an estimator
corresponds to a function that equals zero on €2 (and thus satisfies the linear PDE), while
satisfying the initial condition on 0. This function corresponds to a limit of neural networks

ug such that ||6]|2 — oo.
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The proof strategy of Propositions 3.1 and 3.2 does not depend on the geometry of the
points X() and the points X(¢), which could therefore be sampled along a grid, or by any
quasi Monte Carlo method. We emphasize that the two negative examples of Propositions
3.1 and 3.2 are no exceptions. In fact, their proofs can be easily generalized to differential
operators .% such that the following property holds: for all x € €, for all u € C*°(Q, R%), if
Vu vanishes on an open set containing x, then .% (u, x) = 0. This property is satisfied in the
case of motion with friction, advection, heat, wave propagation, Schrédinger, Maxwell and
Navier-Stokes equations, which are so as many cases that will suffer from overfitting.

4. Consistency of regularized PINNSs for linear and nonlinear PDE systems. Train-
ing PINNSs can be tricky because it can lead to the type of pathological situations highlighted
in Section 3. To avoid such an overfitting behavior, a standard approach in machine learning
is to resort to ridge regularization, where the empirical risk to be minimized is penalized by
the L? norm of the parameters 6. This technique has been shown to improve not only the
optimization convergence during the training phase, but also the generalization ability of the
resulting predictor [Krogh and Hertz, 1991, Guo et al., 2017]. Ridge regularization is avail-
able in most deep learning libraries (e.g., pytorch or keras), where it is implemented
using the so-called weight decay [Loshchilov and Hutter, 2019]. Interestingly, the ridge re-
gularization of a slight modification of PINNs, using adaptive activation functions, has been
studied in Jagtap et al. [2020], which shows that gradient descent algorithms manage to gen-
erate an effective minimizing sequence of the penalized empirical risk. In this section, we
formalize ridge PINNs and study their risk-consistency.

DEFINITION 4.1 (Ridge PINNs). The ridge risk function is defined by

5) R (u0) = Run, i, (u0) + Msiaae) 1013,
where A(;iqge) > 0 is the ridge hyperparameter. We denote by (ég;iigei D))pGN a minimizing

sequence of this risk, i.e.,

: (ridge) . _ (ridge)
phﬁnolo Rn,nﬁ,nr (U’@E;‘ige)n D)) - gllgl(g Rn,ne,nr (UG)

Our next Proposition 4.2 states that the L2 norm of the parameters # bounds the Holder
norm of the neural network wug. This result is interesting in itself because it establishes a
connection between the L? norm of a fully connected neural network and its regularity. In
the present paper it plays a key role in the risk-consistency analysis.

PROPOSITION 4.2 (Bounding the norm of a neural network by the norm of its parameter).
Consider the class NNy (D) = {ug,0 € ©g p}. Let K € N. Then there exists a constant
Ck i > 0, depending only on K and H, such that, for all 6 € © p,

lugll o eany < Crerr (D + 1)FFFL 4 116]]2) 71162

Moreover, this bound is tight with respect to ||0]|2, in the sense that, for all H, D > 1 and all
K €N, there exists a sequence (0,)peny € NNy (D) and a constant C i > 0 such that (i)

limy o0 (162 = 00 and (i) ug, ||ox ) > Creallfplly .

In order to study the generalization capabilities of regularized PINNs, we need to restrict
the PDEs to a class of smooth differential operators, which we call polynomial operators
(Definition 4.4 below). This class includes the most common PDE systems, as shown in the
following example with the Navier-Stokes equations.
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EXAMPLE 4.3 (Navier-Stokes equations). Let Q = Q;x]0,T[, where Q; C R3 is a
bounded Lipschitz domain and 7" > 0 is a finite time horizon. The incompressible Navier-
Stokes system of equations is defined for all u = (uz, uy, u.,p) € C*(Q,R?) by

J’l(u X) = Qg — Uy Oply — 7781 LUz + p_ 1o.p
Fa(u,X) = Oy — UyOyuy — N Uy + p Loyp

( u, ):atuz_uza Uy — 87 Uy + 8zp+g( )
(u,x) = Optiz + Oyuy + Oz us,

Vx = (x,y,2,t) € Q,

7

where 1,p > 0 and g € C°(Q,R). Observe that .%1,.%,.%3, and .%, are polynomi-
als in u and its derivatives, with coefficients in C°°(£2,R). For example, #3(u,x) =
P3(u, 0.u, Oyu, 07 u., d.p)(x), where the polynomial Py € C*°(Q,R)[Z1, Z2, Z3, Z4] is
defined by Pg(Zl, Zo, 43, Z4) =3 — Z1Zo—nZy+ p_1Z5 +g. O

The above example can be generalized with the following definition.

DEFINITION 4.4 (Polynomial operator). An operator .% : CX(Q,R%) x Q — R is a
polynomial operator of order K € N if there exists an integer s € N and multi-indexes
(i j)1<icds 1<j<s € (N™)*® such that

Vu = (ul, .. ,udQ) c CK(Q,Rd2), c97(71, ) = P((aai’jui)lgigd%lgjgs),

where P € C*(Q,R)[Z11,...,Z4,.5) is a polynomial with smooth coefficients.

In other words, .7 is a polynomial operator if it is of the form

N(P)

Z P X HH 0% ru;(x)) R

i=1j5=1

where N(P) € N*, ¢ € C‘X’(Q,R) and I(i j,k) € N. The associated polynomial is
P(Zia,..., 24, 5)= ZkN:(f) o X H HJ 1 Z (.3:k) (recall that 0%u; = u; when o = 0).

DEFINITION 4.5 (Degree). The degree of the polynomial operator .% is

d = (1
cg(7 1<lr<;g&}\)/<(P ;; + |evi ) 1(3, 3, k).

As an illustration, in Example 4.3, one has deg(.#3) = 3, and this degree is reached in both
the terms 9. u. and &2 ,u.. Note that deg(Ps) = 2 but deg(.#3) = 3. To compute deg(-Z3),
we first count the number of terms in each monomial (u.0,u. has two terms while 83’2112
5_11(4,j,k) for the kth monomial, and add the number
of derivatives involved in the product (u,0,u. contains a single 0, operator while 83’2112

has one term), which is 572,

contains two derivatives in d), which corresponds to Zfil i1 laij|1(i, 4, k) for the kth

monomial. Thus, for each monomial %, the total sum is Z?il S (U Jei i) IG5, k).
We emphasize that this class includes a large number of PDEs, such as linear PDEs (e.g.,
advection, heat, and Maxwell equations), as well as some nonlinear PDEs (e.g., Blasius,
Burger’s, and Navier-Stokes equations). Proposition 4.2 is a key ingredient to uniformly
bound the risk of PINNs involving polynomial PDE operators (see Appendix F). This in
turn can be used to establish the risk-consistency of these PINNs when n, and n,. tend to oo,

as follows.
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THEOREM 4.6 (Risk-consistency of ridge PINNs). Consider the ridge PINN problem
(5), over the class NNy (D) = {ug,0 € @H’D}, where H > 2. Assume that the condition
function h is Lipschitz and that %1, . .., %y are polynomial operators. Assume, in addition,
that the ridge parameter is of the form

1

12+4H(1+ (2 + H) maxy deg(:F))

: —K
)‘(ridge) = Il’lll’l(’rle, nr) ,  Wwhere k=

Then, almost surely,

lim lim %, (Uia.. = inf %, (u).
Toe Prr—00 P—y00 n( o( dg«)(p,ne,n,.,D)) weNN (D) n( )

Thus, minimizing the ridge empirical risk (5) over ©  p amounts to minimizing the the-
oretical risk (2) over © p in the asymptotic regime n,n, — oo. This fundamental result
is complemented by the following one, which resorts to another asymptotics in the width D.
This ensures that the choice of the neural architecture NNy C C*°(Q,R%) does not intro-
duce any asymptotic bias.

THEOREM 4.7 (The ridge PINN is asymptotically unbiased). Under the same assump-
tions as in Theorem 4.6, one has, almost surely,

lim lim lim %, (ujs., = inf A (u).
D—00 N, Ny —00 P—+00 n( e“’dge)(pvnevan)) u€C> (,R4%2) n( )

In other words, minimizing the ridge empirical risk over © 7 p and letting D, n.,n, — 0o
amounts to minimizing the theoretical risk (2) over the entire class C*°(2, R%). We em-
phasize that these two theorems hold independently of the values of the hyperparameters
Ads Ae = 0. Therefore, our results cover the general hybrid modeling framework (1), which
includes the PDE solver. To the best of our knowledge, these are the first results that provide
theoretical guarantees for PINNs regularized with a standard penalty. They complement the
state-of-the-art approaches of Shin [2020], Shin et al. [2020], Mishra and Molinaro [2023],
and Wu et al. [2022], which consider regularization strategies that are unfortunately not fea-
sible in practice.

It is worth noting that Theorem 4.7 still holds by choosing D as a function of n,. and n,. In
fact, an easy modification of the proofs reveals that one can take D(n.,n,) = min(ne, n,)S,
where ¢ is a constant £ depending only on H and maxy, deg(.% ). Thus, in this setting,

lim  lm Zp(Us0mae = inf D (1).
T 00 Py n( 0(ridge) (pne,n,,D(ne,n,.) weC™ (O, R"2) n( )

REMARK 4.8 (Dirichlet boundary conditions). Theorems 4.6 and 4.7 can be easily
adapted to PINNs with Von Neumann conditions instead of Dirichlet boundary conditions.

This is achieved by substituting the term ;" 37 [|ug(X\”) — A(X)||3 in the PINN def-

inition (1) by no ' 370 ”8ﬁUQ(X§e)) 13, where 77 is the normal to .

Practical considerations. The decay rate of \(;jqge) = min(ne,n,-) " does not depend on
the dimension d; of €). This is consistent with the results of Karniadakis et al. [2021] and
De Ryck and Mishra [2022], which suggest that PINNs can overcome the curse of dimensio-
nality, opening up interesting perspectives for efficient solvers of high-dimensional PDEs.
We also emphasize that A(;;qg) depends only on the degree of the polynomial PDE operator,
the depth H, and the sample sizes n. and n,. All these quantities are known, which makes
this hyperparameter immediately useful for practical applications. For example, in Navier-
Stokes equations of Example 4.3, one has maxy, deg(.%)) = 3. Thus, for a neural network
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of depth, say H = 2, the ridge hyperparameter A (yjqge) = min(ne, nr)_l/ 16 i sufficient to
ensure consistency. It is also interesting to note that the bound on A(yiqge) in the theorems
deteriorates with increasing depth H. This confirms the preferential use of shallow neural
networks in the experimental works of Arzani et al. [2021], Karniadakis et al. [2021], and
Xu et al. [2021]. The bound also deteriorates as maxy, deg .%;, increases. This is in line with
the empirical results of Davini et al. [2021], which was able to improve the performance of
PINNSs by reformulating their polynomial differential equation of degree 3 as a system of two
polynomial differential equations of degree 2.

It is also interesting to note that Theorems 4.6 and 4.7 hold for any ridge hyperparameter
A(ridge) = Min(ne,ny) ~" such that limy, 5, —o0 A(ridge) = 0. However, if n. and n, are fixed,
choosing too large a A(jqge) Will lead to a bias toward parameters of ©y p with a low L?
norm. Therefore, there is a trade-off between taking A(;iqge) as small as possible to reduce this
bias, but large enough to avoid overfitting, as illustrated in Section 3. Moreover, our choice of
A(ridge) May be suboptimal, since these results rely on inequalities involving a general class of
polynomial operators. When studying a particular PDE, the consistency results of Theorems
4.6 and 4.7 should eventually hold with a smaller A(;jqge). To tune A(;jqge) in practice, one
could, for example, monitor the overfitting gap OGy, . n, = |Rnn..n. — %n| for a ridge
estimator 0(ridge) (p,ne,ny, D), by standard validation strategy (e.g., by sampling 7,- and 72
new points to estimate %, (U iage) (p,nc,nr,D)) at a min(7,., 7. )~'/2-rate given by the central
limit theorem), and then choose the smallest parameter A(;iqge) to introduce as little bias as
possible. More information about the relevance of OGy, ;. n, is given in Appendix C.

S. Strong convergence of PINNSs for linear PDE systems. Beyond risk-consistency
concerns, the ultimate goal of PINNs is to learn a physics-informed regression function «*,
or, in the PDE solver setting, to strongly approximate the unique solution u* of a PDE system.
Thus, what we want is to have guarantees regarding the convergence of w i, (pnesmn,D) ©
u* for an adapted norm. This requirement is called strong convergence in the functional
analysis literature. This is however not guaranteed under the sole convergence of the theore-
tical risk (Zn (U iage) (p7nmnr’D)))pananr’DeN’ as shown in the following two examples.

EXAMPLE 5.1 (Lack of data incorporation in the hybrid modeling setting). Suppose
M=1,d=2,dy=1, Q=]0,1[x]0,T], h(x,0) =1 and h(0,t) =1, and let .Z (u,x) =
0ru(x) 4+ dyu(x). This corresponds to the assumption that the solution should approximately
follow the advection equation and that it should be close to 1. For any 6 > 0, let the sequence
(usp)pen € NNy (2n)N be defined by

usp(,t) —1+Z tanhOH (x—t—ai+1t +5)—tanh°H(x—t—x,—|—t -9)),

where tanh,, := tanh(p-), and X; = (z;,t;). Then, as soon as § < § min;z; |z; —x;+t; —t;],
limy, 00 %n(us,) = 0. However, the limit of u;, in L?($2) as p — oo and § — 0 equals 1,
independently of n and the function u*. g

Consequently, no matter how large the number n of data samples, the PINN solution of
Example 5.1 is always 1 in L2(Q) and thus fails to learn u*. Note that the pathological
sequence (usp)pen satisfies that, for all § > 0, limy o0 || Vuspl| 12() = 00

In the PDE solver setting, one can consider the a priori favorable case where the PDE
system admits a unique (strong) solution u* in C*(Q, R%2) (where K is the maximum order
of the differential operators .%#1, ..., #). Note that v* is the unique minimizer of % over
CK(Q,R%), with Z(u*) = 0 (and % (u) = 0 if and only if u satisfies the initial conditions,
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the boundary conditions, and the system of differential equations). However, we describe
below a situation where a minimizing sequence of % does not converge to the unique strong
solution u* of the PDE in question.

EXAMPLE 5.2 (Divergence in the PDE solver setting). Suppose M =1, di =ds =1,
Q=]-1,1[, A(1) =1, A\c > 0, and let the polynomial operator be .7 (u, x) = xu’(x). Clearly,
u*(x) = 1 is the only strong solution of the PDE xu/(x) = 0 with (1) = 1. Let the sequence
(up)pern € NNg(D)N be defined by u, = tanh, o tanh® =1 According to Appendix C,
limp 0 % (up) = Z(u*) = 0. However, the minimizing sequence (u,),cn does not converge
to u*, SiNCe Uno (%) 1= limy, 00 up(x) = 1x>0 — 1x<o- O

We have therefore exhibited a sequence (u,)pen of neural networks that minimizes %
and such that (u)yen converges pointwise. However, its limit u is not the unique strong
solution of the PDE. In fact, u., is not differentiable at 0, which is incompatible with the
differential operators .% used in % (u«). Interestingly, the Cauchy-Schwarz inequality states
that the pathological sequence (up)pen satisfies limy, o H%H%z(g) = 00, as in Example 5.1.

5.1. Sobolev regularization. The two examples above illustrate how the convergence of
the theoretical risk %, (Ujiaz) (Do, D)) to infuecoo(QRd2) Pn(u) (for any n) is not suffi-
cient to guarantee the strong convergence to a PDE or hybrid modeling solution. To ensure
such a convergence, a different analysis is needed, mobilizing tools from functional analy-
sis. In the sequel, we build upon the regression estimation penalized by PDEs of Azzimonti
et al. [2015], Sangalli [2021], Arnone et al. [2022], and Ferraccioli et al. [2022], and make
use of the calculus of variations [e.g., Evans, 2010, Theorems 1-4, Chapter 8]. In the for-
mer references, the minimizer of %,, does not satisfy the PDE system injected in the PINN
penalty, but another PDE system, known as the Euler-Lagrange equations. Although inter-
esting, the mathematical framework is different from ours. First, the authors do not study the
convergence of neural networks, but rather methods in which the boundary conditions are
hard-coded, such as the finite element method. Second, these frameworks are limited to spe-
cial cases of theoretical risks. Indeed, only second-order PDEs with A\, = co are considered
in Azzimonti et al. [2015], while Evans [2010] deal with first-order PDEs, echoing the case
of \;=0and )\, = .

It is worthwhile mentioning that the results of Azzimonti et al. [2015] rely on an important
property of the theoretical risk function %, called coercivity. This is a common assumption
of the calculus of variations [Evans, 2010]. The operator &%, is said to be coercive if there ex-
ist K € Nand \; > 0 such that, for all u € H¥(Q,R%), %,,(u) > )\t||u|]§[K(Q) (the notation

HE(Q,R%) stands for the usual Sobolev space of order k—see Appendix A. It turns out
that the failures of Examples 5.1 and 5.2 are due to a lack of coercivity, since, in both cases,
limp o0 ||upl| Hi(Q) = 00 butlim P (up) < Xn(u*). There are two ways to correct this
problem: either one can restrict the study to coercive operators only, or one can resort to an
explicit regularization of the risk to enforce its coercivity. We choose the latter, since most
PDEs used in the practice of PINNs are not coercive.

In the following, we restrict ourselves to affine operators, which exactly correspond to
linear PDE systems, including the advection, heat, wave, and Maxwell equations.

DEFINITION 5.3 (Affine operator). The operator .# is affine of order K if there exists
Ay € C®(Q,R%) and B € C°(Q,R) such that, for all x € Q and all u € H* (Q,R%),

F(u,x) = 0 (u,%) + B(x),
where .7 (1) (y, x) = 2 laj<k (Aa(x),0%u(x)) is linear.
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The source term B is important, as it makes it possible to model a large variety of applied
physical problems, as illustrated in Song et al. [2021]. Note also that affine operators of order
K are in fact polynomial operators of degree K + 1 (Definitions 4.4 and 4.5) that are extended
from smooth functions to the whole Sobolev space H (0, R%).

DEFINITION 5.4 (Regularized PINNs). The regularized theoretical risk function is
(6) R (u) = A (u) + My HuHQHm+1(Q)7

where %, is the original theoretical risk as defined in (2), and m € N. The corresponding
regularized empirical risk function is

re: >‘ = fe} T
RE®) | (ug) = Ry, (10) + Nriage) 1013 + ;ZZ ST 0ue(X{) 3
=1 |a|<m+1

It is noteworthy that RT({ %gﬂ),nr can be straightforwardly implemented in the usual PINN
framework and benefit from the computational scalability of the backpropagation algo-
rithm, by encoding the regularization as supplementary PDE-type constraints %, (u,x) =
0%u(x) = 0. Note also that the Sobolev regularization has been shown to avoid overfitting in
machine learning, yet in different contexts [e.g., Fischer and Steinwart, 2020].

The following proposition shows that the unique mimimizer of (6) can be interpreted as the
unique minimizer of an optimization problem involving a weak formulation of the differential
terms included in the risk. Its proof is based on the Lax-Milgram theorem [e.g., Brezis, 2010,
Corollary 5.8].

PROPOSITION 5.5 (Characterization of the unique minimizer of L@flreg) ). Assume that
F1,..., Fy are affine operators of order K. Assume, in addition, that Ay > 0 and m >

max(|d1/2|, K). Then the regularized theoretical risk %58 has a unique minimizer Uy,
over H™HY(Q,R%). This minimizer i, is the unique element of H™'(Q, R%) that satisfies

Vv e Hm+1(QaRd2)a An(ﬂn,v) = Bn(”)?

where
An(i ) = 23701 () (X0), FL(0) (X)) + AE{TL(3)(X), () (X))

=1

. g (lin) / o7 (lin) v X

At o fe]

+|Q|Q<Zm+1/ﬂ<a Un(x), 0% (x))dx,
Bu(w) = 0 SV, T1(0)(X0)) + AE(T(0)(X©), (X))
=1

M
1 in
P /Q Bu(x).#™ (v, x)dx,
k=1

and where I1: H™H(Q,R%) — CO(Q,R%) is the so-called Sobolev embedding, such that
I1(w) is the unique continuous function that coincides with u almost everywhere.
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The Sobolev embedding IT is essential in order to give a precise meaning to the pointwise
evaluation at the points X; of a function u € H™*1(Q,R%) C L2(Q,R%), which is defined
only almost everywhere. The rationale behind Proposition 5.5 is that

B8 (u) = Ay (u,u) — 2B, (u) Z 1Yl + AERX)E + 12 Z/ Pl

Therefore, minimizing %flreg) amounts to minimizing A,, — 213,,. It is also interesting to
note that the weak formulation A, (%, v) = B, (v) can be interpreted as a weak PDE on
H™(Q,R%). In particular, if @, € H2™+1) (€, R%), then one has, almost everywhere,

M
Z(ﬁ,ﬁhn))*%ﬁ(ﬁn#) Y Z (_1)\a|(8a)2an(x) —0.
k=1 lal<m+1

(ZF élin))* is the adjoint operator of .%, lghn) such that, for all u,v € C*(Q,R) with v|gn =0,

/uﬂ(hn)(v,x)dx:/(9’,§Iin))*(u,x)vdx.
Q Q

Thus, even in the regime A\ — 0O (i.e., when the regularization becomes negligible), the solu-
tion of the PINN problem does not satisfy the constraints .%}, (u, x) = 0, but the slightly differ-

ent ones Zﬁil () (hn)) F1.(u,x) = 0. (Notice that, in the PDE solver setting, since u* satis-

fies all the constraints, it satisfies in particular the constraint 3 p._, (.7, ,ghn))*ﬁk(u*, x) =0.)
For instance, the advection equation constraint .% (u,x) = (0, + 0;)u(x) of Example 5.1
becomes . *.F (u,x) = — (0, + 0;)*u(x), and the constraint .% (u, x) = xu'(x) of Example
5.2 becomes .F*.F (u,x) = —2xu’ (x) — x%u" (x).

Proposition 5.5 shows that the regularization in ) is sufficient to make the PINN problem
well-posed, i.e., to ensure that the theoretical risk function (6) admits a unique minimizer.
The next natural requirement is that the regularized PINN estimator obtained by minimizing
the regularized empirical risk function converges to this unique minimizer ,,. Proposition
5.6 and Theorem 5.7 show that this is true for linear PDE systems.

PROPOSITION 5.6 (From risk-consistency to strong convergence). Assume that Ay > 0
and m > max(|d1 /2], K). Let (up)peny € C%°(Q,R%) be a sequence of smooth functions
such that lim,, o 22 (u,)) = infuccmoee) D). Then iy |ty — in | () = 0,

where 1y, is the unique minimizer of%n °8) over H™1(Q,R%),

The next theorem follows from Theorem 4.7 and Proposition 5.6, by simply observing
that the Sobolev regularization is just an ordinary PINN regularization, taking the form of a
polynomial operator of degree (m + 2).

THEOREM 5.7 (Strong convergence of regularized PINNs). Assume that F1,..., %y
are dffine operators of order K. Assume, in addition, that \; >0, m > max(|d1/2], K), and
the condition function h is Lipschitz. Let (é(reg) (p,ne,nr, D))pen be a minimizing sequence
of the regularized empirical risk function

re >\t o r
RU®) . (ug) = Rum. . (19) + Asidgo 10113 + Z ST l0ue(X) 13
f 1 |al<m+1
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over the class NN (D) = {ug,0 € Oy p}, where H > 2. Then, with the choice

1
T 1244H(1+ (2+ H)(m +2))’

A(ridge) = Min(ne,n,)"",  where &

one has, almost surely,

Iim Iim lim ||u; — U meoy =0
D—00 Ne Ny —>00 Pp—>00 H &) (p,ne,nr, D) nHH ) ’

where 1y, is the unique minimizer of AT over H™+1 (Q,R%),

Theorem 5.7 ensures that the sequence Uges) (p.1o D) of PINNs converges to the unique
minimizer 4, of the regularized theoretical risk function (6), provided that the ridge hyperpa-
rameter A(yiqge) vanishes slowly enough. However, it does not provide any information about
the proximity between .., (putresesD) and u*. On the other hand, since the regularized theo-
retical risk function is a small perturbation of the theoretical risk function (2), it is reasonable
to think that its minimizer ,, should in some way converge to u* as Ay — 0. This is encap-
sulated in Theorem 5.8 for the PDE solver setting and in Theorem 5.13 for the more general
hybrid modeling setting.

5.2. The PDE solver case.

THEOREM 5.8 (Strong convergence of linear PDE solvers). Assume that F1,..., %y
are dffine operators of order K. Consider the PDE solver setting (i.e., A\c > 0 and Ay =0)
and assume that the condition function h is Lipschitz. Assume, in addition, that the PDE
system admits a unique solution w* in H™T'(Q,R%) for some m > max(|d, /2], K). Let
(é(reg) (p, e,y D, At))pen be a minimizing sequence of the regularized empirical risk func-
tion

re; )‘ — fe T
Rge,%)rw@):Rne,nxue)+A(ridge)||9u%+niz 3 0% us(X{)13

=1 |a|<m+1
over the class NNy (D) = {ug,0 € Oy p}, where H > 2. Then, with the choice

1
T 12+44H(1+ 2+ H)(m+2))

A(ridge) = Min(ne,n,) "%,  where &

one has, almost surely,

lim lim lim lim ||%s0.e. — || gmiq) = 0.
At 50 D00 Mg My —00 P—300 g ) (pne,nr, D) )

Back to Example 5.2, one has m = 1. Recall that, in this setting, the unique minimizer of
Z over C°([—1,1],R) is u*(x) = 1, satisfying u* € H?(] — 1,1[,R). Therefore, by letting
At — 0, this theorem shows that any sequence minimizing the regularized empirical risk
function converges, with respect to the H2(2) norm, to the unique strong solution u* of the
PDE xu/(x) =0 and u(1) = 1.

REMARK 5.9 (Dimensionless hyperparameters and lower regularity assumptions on u*).
The condition m > |d;/2] in Theorem 5.7 is necessary to make the pointwise evaluations
II(u)(X;) continuous. This condition does have an impact on A(yjqge), Which grows expo-
nentially fast with the dimension d;. However, in the PDE solver setting, it is possible to
get rid of this dimension problem, taking m = maxy deg(.%). To see this, just note that
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there is no X, and so there is no need to resort to the II(u)(X;). Indeed, the proof of The-
orem 5.8 can be adapted by replacing the Sobolev inequalities in the proofs of Theorem
5.7 by the trace theorem for Lipschitz domains [e.g., Grisvard, 2011, Theorem 1.5.1.10].
In this case, it is enough to assume that v* € HX+1(Q,R%), which is less restrictive than
w* e gmax(ld/2],K)+ (€2, R%). However, this comes at the price of assuming that 1.z admits
a density with respect to the hypersurface measure on 0f2 (as it is often the case in practice).

5.3. The hybrid modeling case. To apply Theorem 5.7 to the general hybrid modeling
setting, it is necessary to measure the gap between v* and the model specified by the con-
straints %1, . .., .% s and the condition function h. This is encapsulated in the next definition.

DEFINITION 5.10 (Physics inconsistency). For any u € H™1(Q,R%), the physics in-
consistency of u is defined by

PI(u) = AE||TI(u) (X)) — h(X())|2 + = o] Z/ T (u, x)2dx.

Observe that %, (u) = % S I (u)(X;) — Yi||3 + PI(u). In short, the quantity PT(u)
measures how well the initial/boundary conditions, encoded by h, and the PDE system, en-
coded by the .7}, describe the function u [see also Willard et al., 2023]. In particular, PT(u*)

measures the modeling error—the better the model, the lower PI(u*).

PROPOSITION 5.11 (Strong convergence of hybrid modeling). Assume that the condi-
tions of Theorem 5.7 are satisfied. Then i, = Un(X1,...,Xpn,€1,...,&n) IS a random vari-
able such that EH&TLH%MH(Q) < 00.

Suppose, in addition, that v* € H m“(Q,Rd?), that the noise ¢ is independent from X,
and that € has the same distribution as —e. Then there exists a constant Cq > 0, depending
only on ), such that

1 * *
B [ I =) Bdix < 5 (PTG + Ml P )

+

Cady? /. PI(u*)
nl/2 <2Hu ||Hm+1(Q)+ A\ >

+ LB (1 ot (324 A,%ﬁﬂ))'

In particular, with the choice Ao =1, \; = (logn) ™!, and Ay = n'/? /(logn), one has
. Alog?(n
e
0 n

where A = 24dy*Co(P1(u*) + [[w* || s (0 + Ell<]|2)-

This (nonasymptotic) proposition provides an insight into the scaling of the PINN hy-
perparameters. Indeed, the term /\id(PI(u*) + Atf|u*|| gm+1()) encapsulates the modeling
error, damped by the weight A\;. However, A\; cannot be arbitrarily large because of the

2 2
term %(1 + C’ng/ 2(’)\\—‘1‘1 + /\%i‘ﬁ /2)). So, there is a trade-off between the modeling er-
ror and the random variation in the data. Note also the other trade-off in the regulariza-

tion hyperparameter \;, which should not converge to 0 too quickly because of the term
Cody’? PI(u*
A (207 s ) + 3).
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PROPOSITION 5.12 (Physics consistency of hybrid modeling). Under the conditions of
Proposition 5.11, if lim,,_, o n)‘—)‘\’t =0 and lim,,_sso A\¢ =0, one has

E(PI(in)) < PI(u*) + 0psoo(1).

(Note that the conditions are satisfied with Ao =1, \; = (logn) =1, and A\g = n'/?/(logn).)

(n)

é(mg)(pvnevan)

where the exponent n indicates that the sample size n is kept fixed along the sequence.
: (n) co(() TRd: 7 (0, () _ . (n)

Since Utees) (prmemr.D) C*(Q,R*), one has H(ué("eg>(p,ne,n7-,D)) = Ugten) (p o D) Thus,

by combining Theorem 5.7 with Propositions 5.11 and 5.12, we obtain the following impor-

tant theorem.

(reg)

As usual, we let (u Jpen € NN 1 (D)N be a minimizing sequence of Rynl s

THEOREM 5.13 (Strong convergence of regularized PINNs). Under the same assump-
tions as in Theorem 5.7 and Proposition 5.11, with the choice A\ =1, A\ = (log n)*l, and
g =n'?/(logn), one has

2
m lim i o ot 2dpx < Mos ()
l)lgltl)o np,%rnioophﬁngoE/Q Hué(reg) (p,nmnr,D) U HQd:u’X S n1/2
and

D—00 N, —00 P—+00 0¢e8) (p,ne,n,,D)

The minimax regression rate over any bounded class of functions in C'"+1)(Q,R%) is
known to be n~2(m+1)/(2(m+1)+d1) [Stone, 1982, Theorem 1]. Theorem 5.13 shows that the
regularized PINN estimator achieves the rate log(n)/n'/? over any larger class bounded in
H(m+D) (€2, R%). Thus, the regularized PINN estimator has the optimal rate, up to a log term,
in the regime d; — co and m = |d;/2].

Theorem 5.13 shows that a properly regularized PINN estimator is both statistically and
(n)
fxee) (pvne 7”T7D)

D) )) that is asymptotically no larger

physics consistent, in the sense that the error E [, |u — u*||3dpux converges

. . . (n)
to zero with a physics inconsistency E(PI(u 5se®) (pme

than PI(u*). It is also worth mentioning that in some applications, the physical measures
X1,...,X,, are forced to be sampled in certain subset of €). An important application is
when (2 is spatio-temporal and one wishes to extrapolate/transfer a model from a training
dataset collected on supp(ux ) = Q1 %]0, Tiyrain[ to a test Q1 X]Tirain, Ttest[, using a temporal
evolution PDE system to extrapolate [e.g., Cai et al., 2021]. On the other hand, the physical
restriction on the data measurement can be also strictly spatial. This is for example the case
in some blood modeling problems, where the blood flow measures can only be taken in a
specific region of a blood vessel, as illustrated in Arzani et al. [2021]. Thus, in both these
contexts, the support supp(ux) of the distribution px is strictly contained in 2. Of course,
this is compatible with Theorem 5.13, which shows that the regularized PINN estimator con-
sistently interpolates the function u* on supp(ux ). Furthermore, Theorem 5.13 shows that
the estimator uses the physical model to extrapolate on Q\supp(ux). In summary, the bet-
ter the model, the lower the modeling error PI(u*), and the better the domain adaptation
capabilities. This provides an interesting mathematical insight into the relevance of combin-
ing data-driven statistical models with the interpretability and extrapolation capabilities of
physical modeling.
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FIG 3. Regularized empirical risk (blue) and overfitting gap OG (orange) with respect to the number p of epochs
for n=100. The physics inconsistency P1(n) (green) and the L? error err(n) (red) are also depicted.

Numerical illustration of imperfect modeling. In the following experiments, we illustrate
with a toy example the results of Theorem 5.13 and show how the Sobolev regularization
can be implemented directly in the PINN framework, taking advantage of the automatic dif-
ferentiation and backpropagation. Let 2 =]0, 1[? and assume that Y = u*(X) +N(0,1072),
where u*(x,t) = exp(t — x) 4+ 0.1 cos(2mx). In this hybrid modeling setting, the goal is to re-
construct u*. We consider an advection model of the form .%# (u,x) = 0, u(x) + dyu(x), with
h(z,0) = exp(—x) and h(0,t) = exp(t). The unique solution of this PDE is umodel(2,t) =
exp(t — x) (Figure 5, left). Note that the function upoqe is different from u* (Figure 5,
middle), which casts our problem in the imperfect modeling setting. This PDE prior is rel-
evant because ||umodel — u*H%Q(Q) ~ exp(—>5,3) and PI(u*) ~ exp(—1,6), two quantities
that are negligible with respect to [|u*[|2, @ =~ exp(0.3). We randomly sample n observa-
tions X1, ..., X,, uniformly on the rectangle supp(ux) =]0,0.5[x]0, 1[C € (note that this is
a strict inclusion), and let n vary from nyi, = 10 to nypax = 103 (linearly in a log scale).
The architecture of the neural networks is set to H = 2 hidden layers with width D = 100,
so that the total number of parameters is 10600 > npyax. We fix ne,n, = 10% > npmax and
A(ridge) = min(ne,nr)_l/ 2. Figure 3 shows in blue the evolution of the regularized risk
re; n
R;mgi),nr (ué(r)eg) (p,nr,nc,D)

(for n = 10). For a fixed number n of observations, the number py,,, of epochs to stop

training is determined by monitoring the evolution of the risk R,(f, ?de),m (ug(lig) (oo D))

(blue curve) and the overfitting gap OGy, 1, n, = |R£Lr;g€),nr — ,@Y(Lreg” (orange curve). Both
are required to be stable around a minimal value, so that the minimum of the risk is

approximately reached, i.e., R(reg) u(A”)
pp y R ( 558 (pra s 10.D0)

) with respect to the number p of epochs in the gradient descent

) = inf enn, (D) Rv(zr,(:zge),nr (u) and

20D (™)

A ben)( D)) >~ inf,enn, (D) 28 (u). In this overparameterized regime (D
e pmax ,nr 7n87

is large), one can consider that %,(feg) (u(n)

b et py) = M uc (@) 70 (u) (The-
orem 4.7). Keeping n., n;, and Asgge fixed, the proximity between the PINN and u* is mea-
sured by

0.5 1
err(n) =2 /0 /0 g ) — )l

According to Theorem 5.13, there exists some constant A > 0 such that, approximately,
In(n)

In (E(err(n))) < In(A) 5
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FIG 4. Distance err(n) to u* (left) and physics inconsistency P1 (right) of the regularized PINN estimator with
respect to the number n of observations in log-log scale.
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FIG 5. Functions g (left), w* (middle), and regularized PINN estimator with n = 103 (right).

This bound is validated numerically in Figure 4, attesting a linear rate in log-log scale be-
tween err(n) and n of —0.69 < —0.5. Furthermore, the second statement of Theorem 5.13

suggests that InPI(n) = In PI(u((;r)eg) (Pooseio D)) < InPI(u*) = —1.6, which is also veri-

fied in Figure 4. Interestingly, the regularized PINN estimator quickly becomes more accurate
than the initial model, since err(n) is less than [, |[umodel — u*[|3dpx ~ exp(—5,3) as soon
asn > 17.

The obtained regularized PINN estimator for n = 103 is shown in Figure 5 (right). This
estimator looks globally similar to the model wu,,04e1 (Figure 5, left) while managing to re-
construct the variation typical of the cosine perturbation of u* (Figure 5, middle) at ¢ = 0.
Of course, for ¢ > 0.5, the estimator cannot approximate »* with an infinite precision, since
the measurements X; are only sampled for ¢ < 0.5. However, the regularized PINN estimator
succeeds to follow the advection equation dynamics, as it does not vary much along the lines
x — t = cste— despite some flattening effect of the Sobolev regularization for ¢ > 0.5.
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APPENDIX A: MATHEMATICAL DETAILS

Composition of functions. Given two functions u, v : R — R, we denote by u o v the function
uwov(z) = u(v(x)). Forall k € N, the function u°* is defined by induction as u°° () = 2 and
w1 = 4%k 0 4 = w0 u°*. The composition symbol is placed before the derivative, so that
the kth derivative of u°¥ is denoted by (u°)(*),

Norms. The p-norm |z||, of a vector z = (1,...,24) € R? is defined by |z, =
( Zle |2;|P)!/P. In addition, ||z||c = max;<;<q|2i|. For a function u : Q — RY, we let
ull e (o) = (ﬁ Jo HuHﬁ)l/T’. Similarly, |||ec,0 = Supgeq ||u(2)]|co- For the sake of clarity,
we sometimes write ||| instead of ||u||« -
Multi-indices and partial derivatives. For a multi-index a = (a,...,aq,) € N and a dif-
ferentiable function u : R% — R% the « partial derivative of v is defined by
0% = (01)*...(04,) % u.

The set of multi-indices of sum less than k is defined by

{la| <k}={(a1,...,aq) eN oy + - +ag, <k}

If =0, 0“u = u. Given two multi-indices « and 3, we write o < 8 when «a; < 3; for all
1 < i < d;. The set of multi-indices less than « is denoted by {5 < a}. For a multi-index
o such that |a| < k, both sets {|3| < k} and {8 < «} are contained in {0,...,k}% and are
therefore finite.

Holder norm. For K € N, the Holder norm of order K of a function u € C¥ (Q,R%), is
defined by [|ul|cx (o) = max|q <k |0 x,- This norm allows to bound a function as well
as its derivatives. The space C* (€2, R?) endowed with the Holder norm || - || ox () is a Banach

space. The space C> ({2, R%) is defined as the subspace of continuous functions u :  — R%
satisfying u|g € C°°(€,R%) and, for all K € N, [ullcx () < oo

Lipschitz function. Given a normed space (V|| - ||), the Lipschitz norm of a function wu :
V — R®% is defined by
[u(z) — u(y)ll2
fulip = sup 141 = 0z,
z,yeV ||.I‘ - Z/”

A function u is Lipschitz if ||u||rip < co. The mean value theorem implies that for all u €
CHV.R), llulluip < lluller(v)-

Lipschitz surface and domain. A surface I' C R% is said to be Lipschitz if locally, in a
neighborhood U (z) of any point « € I", an appropriate rotation r,, of the coordinate system
transforms I' into the graph of a Lipschitz function ¢,, i.e.,

re(TNU,) ={(x1,...,24-1,0(x1,...,24-1)),Y(z1,...,2q4) Er-(T NU,)}.

A domain  C R% is said to be Lipschitz if its has Lipschitz boundary and lies on one side
of it, i.e., ¢, < 0 or ¢, > 0 on all intersections £ N U,.. All manifolds with C'' boundary and
all convex domains are Lipschitz domains [e.g., Agranovich, 2015].
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Sobolev spaces. Let @ C R% be an open set. A function v € L2(Q,R%) is said to
be the ath weak derivative of u € LQ(Q R9) if, for any ¢ € C*(Q,R%) with com-
pact support in €2, one has [,,(v,¢) = (—1)l°l [, (u,0%¢). This is denoted by v = 0%u.
For m € N, the Sobolev space H m(Q Rdz) is the space of all functions u € L?(2,R%)
such that 0%u exists for all || < This space is naturally endowed with the norm
[l zm () = (3 o 19U~ 1|]8°‘u\|L2 Q))l/z. For example, the function u :] — 1, 1[— R such
that u(x ) || is not derivable on | — 1, 1[, but it admits u/(z) = 1,50 — 1,<0 as weak deriva-
tive. Since u’ € L?([—1,1],R), u belongs to the Sobolev space H!(] — 1, 1[,R). However, u’
has no weak derivative, and so u ¢ H?(] — 1,1[,R). Of course, if a function u belongs to the
Holder space CK (€, R%), then it belongs to the Sobolev space H (0, R?%), and its weak
derivatives are the usual derivatives. For more on Sobolev spaces, we refer the reader to Evans
[2010, Chapter 5].

APPENDIX B: SOME RESULTS OF FUNCTIONAL ANALYSIS ON LIPSCHITZ
DOMAINS

Extension theorems. Let Q C R% be an open set and let K € N be an order of dif-
ferentiation. It is not straightforward to extend a function u € H*(Q,R%) to a function
o € HX(R%,R?%) such that

tlo=ulo and ||| gx@a) < Collullgx ),

for some constant Cp independent of u. This result is known as the extension theorem in
Evans [2010, Chapter 5.4] when (2 is a manifold with C'! boundary. However, the simplest
domains in PDEs take the form ]0, L[>x]0, T'[, the boundary of which is not C'!. Fortunately,
Stein [1970, Theorem 5 Chapter VI.3.3] provides an extension theorem for bounded Lipschitz
domains. We refer the reader to Shvartzman [2010] for a survey on extension theorems.

Example of a non-extendable domain. Let the domain © =] — 1,1[?\ ({0} x [0, 1]) be the
square | — 1, 1[? from which the segment {0} x [0, 1[ has been removed. Then the function

B 0 ifr<Oorify<0
u(z,y) = exp(—%) ifx,y>0,

belongs to C'°°(£2, R) but cannot be extended to R?, since it cannot be continuously extended
to the segment {0} x [0, 1[. Notice that 2 is not a Lipschitz domain because it lies on both
sides of the segment {0} x [0, 1], which belongs to its boundary Jf2.

THEOREM B.1 (Sobolev inequalities). Let 2 C Rd1~be a bounded Lipschitz domain and
let m € N. If m > dy/2, then there exists an operator 11 : H™ (€, R%) — C°(Q, R%) such
that, for any uw € H m(Q R9z), (u) = u almost everywhere. Moreover, there exists a con-
(u)]|oc.0 < Collull g @

PROOF. Since €2 is a bounded Lipschitz domain, there exists a radius r > 0 such that
Q2 C B(0,r). According to the extension theorem [Stein, 1970, Theorem 5, Chapter V1.3.3],
there exists a constant Cq > 0, depending only on 2, such that any u € H™(Q,R%)
can be extended to @ € H™(B(0,7),R%), with ||i] gm(p0r) < Callullgm(q). Since
m > di/2, the Sobolev inequalities [e.g., Evans, 2010, Chapter 5.6, Theorem 6] state
that there exists a constant Cp > 0, depending only on 2, gnd a linear embedding II :
Hm(B(O,r),Rdz) — CO(B(O,T),RdQ) such that ||I1(@) || oo < CQH'EL”Hm(B(Om)) and I1(a) =
@in H™(B(0,r),R%). Therefore, I(u) = I1(@)|q and [|TI(w)||oc0 < CaCollul|lgm(). O



CONVERGENCE AND ERROR ANALYSIS OF PINNS 25

DEFINITION B.2 (Weak convergence in L%((2)). A sequence (uy)pen € L? ()N weakly
converges (o uos € L?(Q) if, for any ¢ € L*(Q), limp_o [ dup = [, dUoo. This conver-
gence is denoted by u, — .

The Cauchy-Schwarz inequality shows that the convergence with respect to the L?(2)
norm implies the weak convergence. However, the converse is not true. For example, the
sequence of functions u,(z) = cos(pz) weakly converges to 0 in L?([—m,]), whereas

HUPHLQ([—Tr,ﬂ']) - 1/2

DEFINITION B.3 (Weak convergence in H™(f2)). A sequence (up)pen € H™(Q)N
weakly converges to us, € H™(Q2) in H™(Q) if, for all || < m, 0%up — 0%Uee.

THEOREM B.4 (Rellich-Kondrachov). Let Q C R% be a bounded Lipschitz domain and
let m € N. Let (up)pen € H™H(Q,R%) be a sequence such that (||| grm+1(0))pen is
bounded. There exists a function us, € H™1(Q,R%) and a subsequence of (up)pen that
converges 1o s, both weakly in H™+(Q,R%) and with respect to the H™ () norm.

PROOF. Let r > 0 be such that 2 C B(0,r). According to the extension theorem of Stein
[1970, Theorem 5, Chapter V1.3.3], there exists a constant C;. > 0 such that each u,, can be
extended to @, € H™ " (B(0,r),R%), with ||i || grm+1(5(0,r)) < Crl|upl| grme1 (). Observing
that, for all || < m, %7, belongs to H'(B(0,7),R%), the Rellich-Kondrachov compact-
ness theorem [Evans, 2010, Theorem 1, Chapter 5.7] ensures that there exists a subsequence
of (@y)pen that converges to an extension of u, with respect to the H™(B(0,r)) norm.
Since the subsequence is also bounded, upon passing to another subsequence, it also weakly
converges in H™+1(B(0,7),R%) to us, € H™(B(0,r),R%) [e.g., Evans, 2010, Chapter
D.4]. Therefore, by considering the restrictions of all the previous functions to €2, we deduce
that there exists a subsequence of (u,)yen that converges to U, both weakly in H™ ()
and with respect to the H™(2) norm. O

APPENDIX C: SOME USEFUL LEMMAS

The nth Bell number B,, [Hardy, 2006] corresponds to the number of partitions of the set
{1,...,n}. Bell numbers satisfy the relationship By = 1 and

©) Bus1= <Z> By.
k=0

For K >1 and u € CK(R% R®%), the Kth derivative of u is denoted by u(*).

LEMMA C.1 (Bounding the partial derivatives of a composition of functions). Let
di,d2 =1, K >0, f € CK(R®,R), and g € CK(R,R%). Then

g o fllow@n) < Brllgllox (L + || fllox @)™

PROOF. Let K < K and let II( K1) be the set of all partitions of {1,..., K;}. According
to Hardy [2006, Proposition 1], one has, for all h € C¥ (]RK 1tdy R),

0%, rgom) = g onx T [(T]05)n].

PeTI(K)) Sep~ jes
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Let a = (a1,...,aq,) be a multi-index such that || = K. Setting g =0, yj = T, 45 +
(Tay gty + Taygota,—1), and letting h(z1, ..., 25, +4,) = f(Yy1,. .., Ya, ), We are
led to
) *(gof)= >, g"ofx]]o®

Pell(K,) SepP

where a(S) = ({be S, ar+- -+ a1 <b<ar+ -+ ag}|)i<r<d,- Moreover, by
definition of the Bell number, |II(K;)| = Bg,, and, by definition of a partition,
So,

o <B
16%(g 0 f)lloo < KlHchmaRdl)Z.ﬁ%ﬁﬂa;g%:mHleHcJ Rt

< Br llgllem gy (L+ [ fllom a)) -
Since this inequality is true for all K1 < K and for all || = K7, the lemma is proved. O
LEMMA C.2 (Bounding the partial derivatives of a changing of coordinates f). Let

di,de > 1, K >0, f € CE(R,R), and g € CK(R% R%). Let v € CK(R% ,R%) be defined

by v(x) = (f(z1),..., f(wa,)). Then
lg o vllox@ay < Br X |gllox @ay x (L+ || fllox )"

PROOF. Let a = (ay,...,aq,) be a multi-index such that |a| = K. For x = (x1,...,24,)

and a fixed i € {1,...,d1}, we let h(t) = g(f(z1),..., f(@i1),t, f(@iz1),. .., f(zq,)).
Clearly, (h o f)(@)(x;) = (8;)* (g o v)(x). Thus, according to Lemma C.1,

(hof)(ai) — Z BUP) of x H f(lsi‘)‘
P;ell(oy) SieP;
Therefore,

(ai)ai(gou)(x): Z ( |P'gov Hf\5|

Pell(a;) S €P;

Letting ¢ = 1 and observing that 0; f (181D (1) = 0 for j # 1, we see that
P gon)e)= > [ TT 50n] x @)% @u ) (@) "lg o v]x).

Piell(an) Si€P:
Repeating the same procedure for (9;)/Ftlgow, ... (9)1F1l ... (8y,)Fulg o v, we obtain

0% (gowv)(x Z [wal $1}><"'

P1€H al) 516P1

xS T S]] x @01 @a) P lg o v(x).

Pa, €(oa,)  Say €FPay
Since ) g p |Si| = a; and Z?;l a; = K, we conclude that

10°(g 0 v)lloo < Bay % -++ % Bay, % [10%lloo(1+ || fllex @)™

Using the injective map M : II(a;) X -+ x I(ayg,) — H(K) such that M(Py,...,Py) =
U;fl;lPi, we have B,, X -+ X Boéd1 < Bpg. This concludes the proof. ]
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LEMMA C.3 (Bounding hyperbolic tangent and its derivatives). For all K € N, one has
|| tanh ) || o0 <2571 (K +2)!

PROOF. The tanh function is a solution of the equation 3/ = 1 — »2. An elementary in-
duction shows that there exists a sequence of polynomials (Px)xen such that tanh) =
Pk (tanh), with Py(X) = X and Px41(X) = (1 — X?) x Pj(X). Clearly, Pk is a real
polynomial of degree K + 1, of the form P (X) = a(()K) + agK)X +o 4 ag(_ngKH. One
EKH) =(i+ l)agfl) —(i— l)agi(l), with a(ﬁ) = a%ﬂb = 0. The largest co-
efficient M (Pr) = maxo<i<k+1 |a§K)\ of Py satisfies M (Pgy1) <2(K + 1) x M(Pg).
Thus, since M (P;) =1, we see that M (P ) < 2K—1K!  Recalling that 0 < tanh < 1, we
conclude that

|| tanh®) || o, = || Pr (tanh)|| oo < (K 4 2)M (P) < 251K +2)!

verifies that a

O]

In the sequel, for all § € R, we write tanhg(x) = tanh(fz). We define the sign function
such that sgn(z) = 1,50 — 1,<0.

LEMMA C.4 (Characterizing the limit of hyperbolic tangent in Holder norm). Let K € N
and H € N*. Then, for all ¢ > 0, limg_,, || tanh§ —sgn||cx (r\|—e,e[) = 0.

PROOF. Fix € > (0. We prove the stronger statement that, for all m € N, one has

. oH —
Jim 0™ tanhg™ —sgn||cx (gy)—c o) = 0.
We start with the case H = 1 and then prove the result by induction on H. Observe first,
since tanhg” —sgn is an odd function, that
| tanhg™ —sgnl|ox m\)—c.ep = | tanhg™ —sgn|lcr (e oop -
The case H =1. Assume, to start with, that K = 0. For all x > ¢, one has
20m 20™

6™| tanhg(x) — 1| 1+ exp(—260z) 1+ exp(—26¢)

Therefore, for all m € N,

20™ 0
HmH tanhg —SgnHoo,R\]—s,s[ - emH tanhyg —SgnHoo,[g,oo[ S 1+ exp(—29€) -0

Next, to prove that the result if true for all K > 1, it is enough to show that, for all
m, 9m||tanhéK) [l oo, R\] e b=, According to the proof of Lemma C.3, there ex-

ists a sequence of polynomials (P )xen such that tanh®) = Pg-(tanh) and Pr1(X) =
(1 — X?2) x Pj(X). Since tanhy(z) = tanh(fx), one has
tanh((,K) (z) = 0% tanh ™) (0
= 0% (1 — tanh?(Az)) x Pj_,(tanh(fz))

= 0% (1 — tanh(Az))(1 + tanh(0x)) x Pk _,(tanh(fx)).
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Fix z > . Then, letting My = || P _; ||oc,[—1,1], We are led to

(1) K o

tanh < 2Mg0™ (1 —tanh(0z)) <AMpg X ————

o[ (0)] < 22050" (1~ tah(0)) < 4y X 1o
9K

<AMpg x —2

KX9 exp(20¢)

This shows that 6™ | tanh( lloo,[e,00] < 4M ¢ % %. One proves with similar argu-
ments that the same result holds for all x < —e. Thus,

9K+m
1+ exp(26¢)

6—00

emHtanh Hoo R\]—e.e[ X <4Mpk x 0,

and the lemma is proved for H = 1.

Induction. Assume that that, for all K and all m,

o 6
) 0] tanth —sgn||cx (R\]—e.e[) “=2%0.
Our objective is to prove that, for all Ky and all mao,

. o(H _>9
9m2||tanh0( ) =580l cre (R\]—e,e]) == 0.
If Ky =0, since, for all (z,y) € R?, |tanhg(z) — tanhg(y)| < Olz — y| x ||tanh’|| <
0|z — y|. We deduce that

mo o(H Mo [e)
6™ || tanhy " — tanhg (sgn)[|oo gy e < 07| tanh? —sgn|l o gy

Therefore, according to (9), limy_,~, 6| tanh;(HH) — tanhg(sgn) oo r\]—c,c[ = 0. Since

tanhy(sgn) — sgn = (tanh(f) — 1)1,50 — (tanh(f) — 1)1,-0, we see that, for all mao,
limg o, 0™ || tanhg(sgn) — sgn||se r\]—c,c[ = 0. Using the triangle inequality, we conclude
as desired that, for all mso,

(10) 0™ || tanhy " —sgn|| o py_c.of 2220,

Assume now that K9 > 1. Since tanha(HH) = tanh°? (tanh), the Faa di Bruno formula
[e.g., Comtet, 1974, Chapter 3.4] states that

Ko!
tanho(HH) (K2) —
( 0 ) Z Hszl my;! x ilmi

my+2ma+-+Komp,=K>
K,
x (tanh§f)(mitFmic) (tanhy) x H (tanhy ])

Notice that if || < arctanh(1/+/2), | tanh(z)| 7' because by calling f(z) = tanh(x) — 3,
f(0) =0 and f'(z) = (1 — tanh(z)?) — § > 0. Therefore, if |z| > ¢, |tanh(6z)| >
mln(f, 5€)=>¢eiff>2ande > %.This1swhyf0r9>2and5< 1,

Z
Z

| (tanhg) ot 75) (bantg) g e of < [l (Bang )|

Therefore, from the triangular inequality on || - [|oo r\]—c <[>

H4Dr (K K5!
I (banbg Y gL < > e
M +2m e Komic, =Ko [Ty mil xatms

K,
% || (tanhg ) mttmi) || o T I banh? (17
7j=1

oo,R\]—¢,e["



CONVERGENCE AND ERROR ANALYSIS OF PINNS 29

According to the induction hypothesis (9), one has, for all K > 1 and all m € N,

Jim QmH(tanhOH)(K oo R\ —e.c[ = 0.
We deduce from the above that for all Ko > 1 and all mo,
Mo o 60— 00
(11) 0™ |(tanhg D) || o o S22 0,

Combining (10) and (11), it comes that limg_,, 6™2|| tanh;( +1) —sgn||gres (r\]—ee) = 0.
]

COROLLARY C.5 (Bounding hyperbolic tangent compositions and their derivatives). Let
K € Nand H € N*. Then, for or all § € R, ||(tanhg™)(5) ||, < oc.

PROOF. An induction as the one of Lemma C.4 shows that ||(tanh$? )() lloo,R\J—e.c] <
oo. In addition, since tanh$ € C>(R,R), ||(tanh§H)(K)||oo7[_5,5] < 00. O

When d; = dy = 1, the observations (X1,Y1),...,(X,,Y;,) € R? can be reordered as
(X1 Y1), - -5 (X(n), Y(n)) according to increasing values of the X;, that is, Xy <+ <

X (n)- Moreover, we let G(n,n,) ={(X;,Y;),1 <i<n}U {X;r), 1 < j < n,}, and denote
by 6(n,n,) the minimum distance between two distinct points in G(n,n,.), i.e.,
(12) d(n,my) = min |z — 29|

21,22€G(n,n;)

Z1722

LEMMA C.6 (Exact estimation with hyperbolic tangent). Assume that d; = dy = 1, and
let H > 1. Let the neural network ug € NN (n — 1) be defined by

n—1
)+ Z YHl {tanhOH ( - X4 — 5(nénr)> + 1] .

Then, forall1 <1< n,
lim up(X;) =Y;.

60— 00

Moreover, for all order K € N* of differentiation and all 1 < j < n,,

lim uy(X{7) =0.

6—00

PROOF. Applying Lemma C.4 with ¢ = 6(n.n-)/4 and letting
1 3
G=R\U ] X + 15(%”7‘), X+ 15(%7%)[,

one has, for all K, limg_, o ||ug — tool|cx (@) = 0, where

n—1

oo () = Y00y + D [V = Yo X Ty g atepn-
=1

Clearly, for all 1 <4 < n, ux(X;) =Y;. Since ul_(x) = 0 for all z € G, and since Xy) e
for all 1 < 5 < n,, we deduce that ug ) (Xg.r)) = 0. This concludes the proof. J
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DEFINITION C.7 (Overfitting gap). For any n,n.,n, € N* and A(jqge) = 0, the overfit-
ting gap operator OGy, ,,. ,, is defined, for all u € O (€, R%), by

OGnn, n, (u) = |R(ridge) (u) = Rn(u)|.

T,Me,Mr

LEMMA C.8 (Monitoring the overfitting gap). Let € > 0, A(rigge) = 0, H > 2, and
D e N*. Let n,ne,n, € N*. Let 0 € O©n,p be a parameter such that (i) R,(f,igz)r(ué) <
inf,enng, (D) S‘Sgi) (u) + € and (ii) OGpn, n, (uy) <. Then

Zo(uy) < inf R, 2% + 01 n—oo(1).
(up) vttt ) (u) +2¢ + 0n,. n,—o0(1)

PROOF. On the one hand, since %), < R,(iiﬁiifq)r +OGy, n. n,, assumptions (7) and (4¢) im-

ply that %, (1) < infuenn (p) RumEsn, (w)+2¢. On the other hand, RYnE) —OGi . . <
Py, The proof of Theorem 4.6 reveals that there exists a sequence (6(ne,ny))n, n,eN €

Ol p such that limy, ;00 OGppn, i, (Ug(n, n,)) = 0 and limy, o, 0o Zn(Ugn, n,)) =

inf,enn,, (p) Zn(u). Thus, inf,enn, (D) Rr(lngg%) (u) < infyn, (D) Zn(U) + 0n, n,—00(1).
We deduce that %, (uy) < infyenn,, (D) Zn(u) + 26 + 0n, 0, —o0(1). O

LEMMA C.9 (Minimizing sequence of the theoretical risk.). Let H, D € N*. Define the
sequence (vy)pen € NN (D)N of neural networks by v,(x) = tanh, o tanh®? =1 (x). Then,
for any Ao > 0,

lim Ao(1—v,(1))2 + /1 x2(u])2 (x)dx = 0.

pP—00 2

PROOF. tanh® ¥ =Y is an increasing C*° function such that tanh®# =1 (0) = 0. There-
fore, Lemma C.4 shows that lim,, o0 v,(1) = 1, so that lim,,_,oo Ae(1 — v,(1))? = 0. This
shows the convergence of the left-hand term of the lemma.

To bound the right-hand term, we have, according to the chain rule,

0,()| < pll tanh® 1) | 1 | tank(p tanh® =D ()

with || tanh°(1—1) |1 (r) < 00 by Corollary C.5. Thus,

1 1
/ 1x2(u;)2(x)dx< | tanh® =D |2, ) / 1 p*x2(tanh’ (p tanh°? —1 (x)))2dx.

Notice that x(tanh’(ptanh®~Y (x)))? is an even function, so that

1 1
/1 X2(U1/))2(X)dx < 2| tanh° =1 ||201(R)/0 p*x? (tanh’ (p tanh° =1 (x)))2dx.

Remark that (tanh’)?(x) = (1 — tanh(x))?(1 + tanh(x))? < 16 exp(—2x), so that

1 1
/ XQ(U;)Q(X)dX < 32| tanh° 1) H%I(R) / p*x? exp(—2p tanh® ¥~ (x))dx.
-1 0

If H = 1, then the change of variable X = px states that fol p?x? exp(—2px)dx <
pt [T X exp(—2%)dx P72 0 and the lemma is proved.
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If H > 2, notice that tanh(x) > x1x<1/2+1x>1/2 forall x > 0, so that tanh®(H—1) (x) >
x1yxcon-1/28 + 1, 59u-1 /25 Therefore, using the change of variable X = px,

1 1
/ p*x? exp(—2p tanh°(7—1) (x))dx < / p*x2 exp(—2H "1px)dx
0 0

[e.9]
gp_l/ %2 exp(—2771x)dx.
0

Since this upper bound vanishes as p — oo, this concludes the proof when H > 2.
O

DEFINITION C.10 (Weak lower semi-continuity). A fonction [ : H™(§2) — R is weakly
lower semi-continuous on H™(§2) if, for any sequence (uyp)yen € H™(2)N that weakly con-
verges to us, € H™(§2) in H™(2), one has I (uo) < liminfy o0 I(up).

The following technical lemma will be useful for the proof of Proposition 5.6.

LEMMA C.11 (Weak lower semi-continuity with convex Lagrangians). Let the La-
dq+m

grangian L € COO(R( W R x R% R) be such that, for any 2™ 2O and

z, the function z("t1) — L(x(m+1), 20 z) is convex and nonnegative. Then the func-

tion I:uw [ L((azlil’imﬂu(x))lgil,,,.7im+1<d1, ooy u(x),x)dx is lower-semi continuous

for the weak topology on H™1(Q, R%),

PROOF. This results generalizes Evans [2010, Theorem 1, Chapter 8.2], which treats the
case m = 0. Let (up)pen € H™TH(Q,R%)N be a sequence that weakly converges to s, €
H™L(Q,R%) in H™T1(Q,R%). Our goal is to prove that I(us) < liminf, e I(up).
Upon passing to a subsequence, we can suppose that lim,,_,o I (up,) = liminf,_, I(uy).

As a first step, we strengthen the convergence of (u,)pen by showing that for any € > 0,
there exists a subset £, of €2 such that |2\ E.| < € (the notation | - | stands for the Lebesgue
measure), and such that there exists a subsequence that uniformly converges on E., as well
as its derivatives. Recalling that a weakly convergent sequence is bounded [e.g., Evans, 2010,
Chapter D.4], one has sup,,cy ||up || gm+1(0) < oc. Theorem B.4 ensures that a subsequence
of (up)pen converges to, say, us € H™H1(Q,R%) with respect to the H™(£2) norm. Upon
passing again to another subsequence, we conclude that for all |a| < m and for almost ev-
ery  in €2, lim,_o 0%up(x) = 0%uss(x) [see, e.g. Brezis, 2010, Theorem 4.9]. Finally, by
Egorov’s theorem [Evans, 2010, Chapter E.2], for any € > 0, there exists a measurable set F.
such that [\ E¢| < ¢ and such that, for all [a| < m, limy, o0 [|0%up — 0%Uoo|| 1 (£.) = 0.

Our next goal is to bound the function L. Let Fy = {x € 0,37, <11 [0%uos(2)] <
71} and G. = E. N F.. Observe that lim. .o |Q\G<| = 0. Since, for all |a| < m + 1,
[0%Uoo|0o,c. < 00, and since limy, o0 [[0%Uup — O%Uoo| (i) = O, then, for all p large
enough, ([|0%upl|r=(q.))pen is bounded. For now, for the ease of notation, we write
(D™ u(z),...,u(z),2) instead of ((OZLH- U(2))1<iy,yimsr<ds» - - - U(2), 2). There-

yerybm41
fore, since the Lagrangian L is smooth and Q is bounded, for all p large enough,

(IL(D™ (-, . .., Dup(+), up(-), ) L= (G.))pen is bounded as well.
To conclude the proof, we take advantage of the convexity of the Lagrangian L. Let J;,,41
be the Jacobian matrix of L along the vector 2("+1). The convexity of L implies

L(D™ uy(2), ... up(2), 2)
> L(D™ Mo (2), D™up(2) ... up(2), 2)

+ T 1 (D™ Moo (2), D™ up(2) . . .y up(2), 2) X (D™ gy (2) — D™ g (2)).
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Using the fact that L > 0 and that I(up) > [, L(D™tup(2),. .., up(2), 2)dz, we obtain

I(up)>/G L(D™ g (2), D™up(2), . . ., up(2), 2)

€

+ T 1 (D" e (2), DM up(2), . . yup(2), 2) x (D™, (2) — D™ ug(2))dz.

Since (| L(D™  uy(-), ..., Duy(-),up(-), )| = (c.) )pen is bounded for p large enough, and
since, for all o] < m, limy, 00 |0%up — 0%Uccl| (@) = 0, the dominated convergence the-
orem ensures that

lim [ L(D™ M (2), D™ up(2), . .., up(2),2)dz = / L(D™ e (2),. .. uso(2), 2)dz.
p—0o0 Ga Ga
Using the fact that (7) L is smooth (and therefore Lipschitz on bounded domains), (i) for
all p large enough, (||0%up|| 1~ (q.))pen is bounded, and (ii7) for all [a| < m, limy, [|0%w;, —

U || L (i) = 0, we deduce that limy, o0 || T 1 (D™ s (-), D™ up(-), . .. up(-),-) —
1 (D™ use(4), .. oo (), )| L= (c.) = 0. Therefore, since D™+, — D™y,

li_>m 1 (D™ g (2), D™uy(2), . . . up(2), 2) X (D™, (2) = D™ g (2))dz = 0.
b—0o0 G.

Hence, limy, o0 I (up) = [, L(D™ ' use(2),. . ., uso(2), 2)dz. Finally, applying the mono-
tone convergence theorem with € — 0 shows that lim;,_, (1) > I(us), which is the de-
sired result. O

LEMMA C.12 (Measurability of d,,). ~Let iy, = argmin, e gm+1(q,rdz) 78 (u), where,
for all v € H™T1(Q,R%),

re )\ €
8)( dZHH = Yil[3 + AEJ|TI(w) (X)) = (X)|3

|Q‘ ZHJk ||L2(Q)+/\tHU||Hm+1(Q)
Then 1, is a random variable.

PROOF. Recall that
reg) _ 7d - 2 e
ALD0) = Anl) = 28000+ TSIV + ABIHX) ’|2+\Q!Z/B“” dx.

1=
Throughout we use the notation A ) (u, u) instead of Ay, (u,u), to make the dependence of
A,, in the random variables x = (Xy,...,X,,) and e = (£1,...,&,) more explicit. We do the
same with B,,. For a given a normed space (F, || - ||), we let Z(F), || -||) be the Borel o-algebra
on F induced by the norm || - ||.
Our goal is to prove that the function

i (xR, B <R, ||-[l2)) = (H™ (2, R%), BH™H(Q,R®), ||| grmss ()

(x,e) = argmin = A ) (u,u) — 2B(x ) (u)
ue Hm+1(Q,Rd2)

is measurable. Recall that H™*!(Q, R%) is a Banach space separable with respect to its
norm || - || grme1(q). Let (vg)gen € H™ (0, R%)N be a sequence dense in H™ (€2, R%).
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Note that, for any x € Q" and any e € R"", one has minge gmi1(Qriz) A(x,e) (U u) —
2B(xe) (u) = infgen A(x,e) (Vg; Vg) — 2B(xe)(vq). This identity is a consequence of the fact
that the function u — A ) (4, u) — 2B(x ¢)(u) is continuous for the H™*!(Q) norm, as
shown in the proof of Proposition 5.5). Moreover, according to this proof, each function
Fy(x,e) = A e)(ug, ug) — 2B(x,¢)(uq) is a composition of continuous functions, and is
therefore measurable. Thus, the function

G(x,e):= UEHmygli(raRdQ)A(XE) (u,u) — 2By ¢)(u) = ;relf Ax,e) (Ugs tg) — 2Bx ) (Uq)
is measurable.

Next, since 2, R, and HmH(Q ]RdZ) are separable, we know that the o-algebras
B X R 5 HPH(Q,RE), |- ) and B(Q7 x R, |- ) @ B(H™H (Q,RE), |
| frm+1 () are identical, where ||(x,e,u)|lo = [|(x,€)ll2 + |[ullgm+1 () [see, e.g. Rogers
and Williams, 2000, Chapter 11.13, E13.11c]. This implies that the coordinate projections
Iy . and I1,—defined for (x,e) € Q" x R"® and u € H™(Q,R%) by Tlx(x,e,u) =
(x,e) and IL,(x,e,u) = u—are || - ||g measurable. It is easy to check that, for any
(x,€) € Q" x R™= and u € H™L(Q,R%), if limy o0 || (Xp, €p, up) — (X, €,1) || = 0, then
limy o0 [| T (p) — T(w)||oo,0 = 0 and, since T(u) € CO(Q,R%), lim,—o0 Ax, e, (tp, up) —
2Bx, e, (up) = Axe(u,u) — 2By (u). This proves that the function I : (" x R x
H™HHQ,R%), B(O" x Rz x HMFLHQ,R%) || - ||g)) — (R, B(R)) defined by

I(x,e,u) = A(x,e) (U, u) — 2B(x ey (1)

is continuous with respect to || - || and therefore measurable. According to the above, the
function

I(x,e,u) = I(x,e,u) — Goll,.(x,e,u)
is also measurable. Observe that, by definition, u, = J o (X1,...,Xy,€1,...,&,), Where
J(x,e) = IL,(I71({0}) N ({(x,e)} x H™(Q,R%))). For any measurable set S of
BH™QLRE || - || gmrr(), JHS) = e e (I7H{0}) N (Q" x R x §)) € B(Q" x
R™?z), (Notice that J~1(S) is the collection of all pairs (x,e) € Q" x R satisfying
Argmin, ¢ prm+1(0 riz) A(x,e) (U ) — 2By ey(u) € S.) To see this, jut note that for any
set S € B(Q" x R || . ||l) @ B(H™(Q,RE), || - | frm+1(,R2))> ONE has I, .(S) €
B x Rz || - ||2) [see, e.g. Rogers and Williams, 2000, Lemma 11.4, Chapter II]. We
conclude that the function J is measurable and so is y,. O

Let B(L, || - || grm+1()) = {u € H™THQR®),  ||u|| grm+1 () < 1} be the ball of radius r
centered at 0. Let N (B(L, || - [[gm+1(2)))s | - | m+1(0),7) be the minimum number of balls
of radius 7 according to the norm |[| - || m+1(q) needed to cover the space B(1, || - || gm+1())-

LEMMA C.13 (Entropy of H™*1(Q,R%)). Let Q C R% be a Lipschitz domain. For
m > 1, one has

log N (B(L | lzrmss 6. - e gy 7) = Op o (r= /4,

PROOF. According to the extension theorem [Stein, 1970, Theorem 5, Chapter VI.3.3],
there exists a constant Cq > 0, depending only on €2, such that any v € H™+1(Q,R%) can
be extended to & € H™*!(R% R%), with il g1 (rary < Callull 1) Let 7> 0 be
such that Q C B(r, || - ||2) and let ¢ € C°°(R%R%) be such that

B(x) = lforxe (2
*)= 0forx € R: |z| >7r
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Then, for any u € H™1(Q,R%), (i) pu € H™ (R R%), (ii) ¢t = u, and (iii) there
exists a constant Cq > 0 such that ||¢t|| gm+1(rar) < Callul| gm+1(q). The lemma follows
from Nickl and Pé6tscher [2007, Corollary 4]. ]

LEMMA C.14 (Empirical process L?). Let X1,...,X,, be i.i.d. random variables, with
common distribution ux on ). Then there exists a constant Cq > 0, depending only on (),
such that

i n_ g2
B( s BIRWEOR -5 Y I B) < £ 22,

||u||Hm+1(Q)<1 i=1

and

E(( sw B —*ZHH \\2)2)<d2§”,

HuHHm-*-l(sz)gl

where Tl is the Sobolev embedding (see Theorem B.1).

PROOF. For any u € H™1(Q,R%), let

Zop o = E||T(u)( HQ—fZHH X)|Z and Z,= sup  Znya.

H“||Hm+1(9)<1

For any u,v € H™(Q,R%) such that [|u| grm+1(0) < 1 and ||v]| gm+1(q) < 1, we have
1, = ~ 1, = ~
‘;(HH(U)(XJH% = EJTI(w) (X3)[13) — —(IT(0) (X4)[3 — E[T(0) (X4)]13)
2 =~ -
< (I (u = o) (X5) |2 + ElTI(w — v)(Xi)ll2)

4C, ;
< nQ \/@Hu . U||Hm+1(ﬂ) (by applying Theorem B.1).

Therefore, applying Hoeffding’s, Azuma’s and Dudley’s theorem similarly as in the proof of
Theorem F.2 shows that

E(Z,) < 24Cqdy/*n”! /0 log N(B(L | llz1(0)s | - 10, )] 2dr

Lemma C.13 shows that there exists a constant C¢,, depending only on €2, such that E(Z,,) <
C4 dl/ Zp-1/2, Applying McDiarmid’s inequality as in the proof of Theorem F.2 shows that
Var( ) < 16C3don~". Finally, since E(Z2) < Var(Z,,) + E(Z,)?, we deduce that

do

E(Z2) < ((CQ) +16C3).

O]

LEMMA C.15 (Empirical process). Let Xi,...,X,,€1,...,En be independent random
variables, such that X; is distributed along ux and ¢; is distributed along ., such that
E(e) = 0. Then there exists a constant Cq, > 0, depending only on €, such that

(O *Z - E(fwX).5)") < 2l g,

[ul gy +1(n)<1

where T1 is the Sobolev embedding.
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PROOF. Firstnote, since H™ 1 (€2, R%) is separable and since, for all u € H™1(Q, R%),
the function (x1,...,Xp,€1,...,€,) - = > =1 (I(u)(x5) — E(I(u) (X)), e;) is continuous,
that the quantity Z = supyjy|| ..., , <1 1 Z;-‘:l<f[(u)(Xj) — E(T(u)(X)),e;) is a random
variable. Moreover, |Z| < 2Cqav/d23 7 ||gjl2/n, where Cq is the constant of Theorem

B.1. Thus, E(Z?) < .
Define, for any u € H™1(Q, R%),
RN -
T ==Y (M(u)(X;) - E((u)(X)),e;) and Z,= sup  Znu.

’ n

j=1 ||U||HM+1(sz)<1

For any u,v € H™+1(Q,R%), we have

|41 () (Ke) — E(TT()(X)), 1) — - {TT(0) (X) ~ B(T()(X)), 1)

= %| (f[(u —v)(X;) —E(II(u —v)(X)), &)

2C, ;
< nQ \/d:Hu _ v||Hm+1(Q) llesll2 (by applying Theorem B.1).

Using that € is independent of X, so that the conditional expectation of Z,, is indeed a real
expectation with ¢1, ..., g, fixed, we can apply Hoeffding’s, Azuma’s and Dudley’s theorem
similarly as in the proof of Theorem F.2 to show that

" /
245”@(2\@@)1 2

E(Zu &1, 2n) <

o
X /0 log N(B(L, || - llgmsr(0)s Il - HHm+1(Q),7“)]1/2dr.
Hence, according to Lemma C.13, there exists a constant Cf, > 0, depending only on €2, such

1/2
that E(Z,, | e1,...,en) < Chyn~'v/da (Z;;l H@-Hg) . We deduce that

(Elle]|3)*/
E(Z,) < CHv/do n1/22 ,
and
2 72 EH&H%
Var(E(Z, | e1,...,en)) SEE(Z, | e1,...,en)°) < (Cq) da——=.

Applying McDiarmid’s inequality as in the proof of Theorem F.2 shows that

1 n
Var(Zy, | e1,...,en) < 160522d2ﬁ Z; lleill3.
1=
The law of the total variance ensures that
Var(Z,) = Var(E(Z,, | e1,...,en)) + E(Var(Z, | e1,...,en))

_ dalel
n
Since E(Z2) < Var(Z,) + E(Z,)?, we deduce that
dE e[
n

((CH)* +16C3).

E(Z2%) < (2(Cq)? +16C3).
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APPENDIX D: PROOFS OF PROPOSITION 2.3

De Ryck et al. [2021, Theorem 5.1] ensures that NNy is dense in (C°°([0,1]%,R), || -
|cx(jo,141)) for all di > 1 and K € N. Note that the authors state the result for Holder

spaces (WHTL20(10,1]%), || - [y .= 0,141)) [see Evans, 2010, for a definition]. Clearly,
C>([0,1]%) € WEFL>([0,1]%) and the norms | - ||cx and || - |[jyx.~ coincide on
C>([0,1)%).

Our proof generalizes this result to any bounded Lipschitz domain {2, to any number H > 2
of layers, and to any output dimension dy. We stress that for any U C R%, the set NNy C
C>®(R%,R%) can of course be seen as a subset of C> (U, R%).

Generalization to any bounded Lipschitz domain ). In this and the next paragraph, dy = 1.
Our objective is to prove that NNy is dense in (C*°(€2,R), [ - ||ox(q))- Let f € C°(Q,R).
Since (2 is bounded, there exists an affine transformation 7 : z — A;x +b;, with A; € R* and
b, € R%, such that 7(2) C [0,1]%. Set f = f(77!). According to the extension theorem for
Lipschitz domains of Stein [1970, Theorem 5 Chapter VI.3.3], the function f can be extended
to a function f € W °°([0,1]%) such that flr) = flr(@)- Fix € > 0. According to De Ryck
et al. [2021, Theorem 5.1], there exists ug € NNy such that |jug — f”WK,oo([O’l]d) < e. Since
f is an extension of f, f|T(Q) € C*°(Q) and one also has |lug — f”CK(T(Q)) <e

Now, let m € N and let o be a multi-index such that Zf;l a; = m. Then, clearly,
9«(f (1)) = A7 x 0“f (7). Therefore, |[ug(7) — f(7)||cx (o) < € x max(1, AK), that is

ug(T) = fllow ) < € x max(1, AF).
But, since T is affine, ug(7) belongs to NNy. This is the desires result.

Generalization to any number H > 2 of layers. We show in this paragraph that NNy is
dense in (C*°(,R), || - [[cx(q)) for all H > 2. The case H = 2 has been treated above and
it is therefore assumed that H > 3.

Let f € C*°(£, R). Introduce the function v defined by

v(x1,. .. 2q,) = (banh® @ =2 (1), ... tanh® =2 (z,.)),

where tanh®”=2) stands for the tanh function composed (H — 2) times with itself. For
all ug € NNa, ug(v) € NNp is a neural network such that the first weights matrices
(Wi)1<e<H—2 are identity matrices and the first offsets (b;)1<¢<m—2 are equal to zero.
Since tanh is an increasing C'*° function, v is a C* diffeomorphism. Therefore, v(£2) is
a bounded Lipschitz domain and f(v~!) € C°°(v(2),R). Lemma C.2 shows that f(v—!) €
C*(v(2),R), where ©(12) is the closure of v(2). According to the previous paragraph, there
exists a sequence (0, )men of parameters such that up,, € NNy and

. -1
Tim[fug,, = F(0™ ) lox ey =0-

Thus, ug, approximates f(v~!), and we would like uy_(v) to approximate f. From Lemma
C.2,

|[ug,, (v) — fllox @) < Bi X |[ug,, — fov™ oxmy x (1+ | tanh®? 2 || cwe ) ¥,

while Corollary C.5 asserts that || tanh®—2 lcx @) < oo. Therefore, we deduce that
limy, 0 [lug,, (v) — fllox ) =0 with ug, (v) € NNy, which proves the lemma for H > 2.
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Generalization to all output dimension dy. We have shown so far that for all H > 2,
NNy is dense in (C°(2,R), | - [|cx(q)). It remains to establish that NN is dense in

(C®(,R%E), || - | () for any output dimension ds.

Let f = (fi,...,fs) € C=(Q,R%). For all 1 <i < do, let (65))men € (NNg)N
be a sequence of neural networks such that lim, . [[uy0 — fillox @) = 0. Denote by
up, = <“9§,1)7 -+, U ) the stacking of these sequences. For all m € N, up,, € NNy and

limy, o0 [|ug,, — fllcx (@) = 0. Therefore, NNy is dense in (C™(,R), || - [l q))-

APPENDIX E: PROOFS OF SECTION 3

E.1. Proof of Proposition 3.1. Consider Up € NNy (D), the neural network de-

fined by

p,n.,D)

n—1
Yi 1 7YZ o (5 n, Ny
Ui(pn,,0)(X) = Y1) + > % [tanth (X =X — ( 2 )> + 1] 7
i=1

where d(n,n,) is defined in (12) and where the observations have been reordered ac-
cording to increasing values of the X(;. According to Lemma C.6, one has, for all
1 <i<n,limp o Yo D) (X;) =Y;. Moreover, for all order K > 1 of differentiation

and all 1 < j < ny, limyyoo e X(-r)) = 0. Recalling that % (u,x) = mu”(x) +

9(p7n77D)( J
yu'(x), we have ||.7(u,x)|l2 < mlu”(x)|2 + v||v/(x)|2. We therefore conclude that
limy, 00 Ry .. (ué(p " D)) = 0, which is the first statement of the proposition.

Next, using the Cauchy-Schwarz inequality, we have that, for any function f € C?(R) and
any € > 0,

2

2 [ s 22 ([ mrtear) = () - F-e) 20 - S-))”

—€ —€
Thus,
Pn(U4p,1,,1))
1
Z = F(uy ,x)2dx
T Jio.1y 0(p,ns,D)

1 n X(,;)+(5(n7n,‘)/2+6 )
> — / 9(%(“”“[)),){) dx

T = Jx)+5(nn,) /2—<

1~ 1
> 7 Zl % [m(ué(p’an) (X +0(n,ne)/2+¢€) - ué(pmmD)(X(i) +d(n,n.)/2 —¢))

2
+ (W, 0y Koy +0(0,10) /24 €) = ug, . py (X +0(n,m,) /2 = €))] .

Observe that, as soon as 6(n,n,)/4 > ¢, one has, forall 1 <i<n—1,

lim g, (X +0(n,n.)/2+¢€) — Yo D) (X @Gy +6(n,n)/2 =€) =Yir1) — Yy

p—0o0
and, forall 1 <i<n—1,

plLrgo ué(p,an)(X(i) +d(n,n.)/2+¢€) — ui@(p,nr,D) (X)) +6(n,n;)/2 —¢)=0.
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Hence, for any 0 < ¢ < §(n,n,)/4,

n

1
Z 278 [m(ué(p,n,‘,D) (X(z) + 5(”7 nT)/2 - 5) - ué(p,an) (X(z) + 5(”7 nr)/2 - 5))

=1
2
+ (U, 0y (Ki) +0(0,10) /2 =€) =g, 5y (X +0(n,1) /2 — €))]

o x S (Vi) — Yipy)?
p—00 2¢ '

We have just proved that, for any 0 < € < §(n,n,)/4, there exists P € N such that, for all
p=P,

2?511(3/(141) —Y)?
2eT '

Since we suppose that there exists two observations Y(;) # Y(;), we conclude as desired that
limy, 00 R (ué(p,m,D)) =0

R”(ué(p,nT,D)) > e

E.2. Proof of Proposition 3.2.  Let u;, , € NNy (4) be the neural network de-

fined by

e7n7‘7D)

UG (pne.nn. D) (z,t) =tanh®H (z 4 0.5 + pt) — tanh®? (z — 0.5 + pt)

+ tanh®# (0.5 + pt) — tanh®# (1.5 + pt).

Clearly, for any p € N, U(p ., D) satisfies the initial condition
Ui D) (,0) = tanh®H (2 + 0.5) — tanh®? (z — 0.5) + tanh®? (0.5) — tanh°? (1.5).

We are going to prove in the next paragraphs that the derivatives of U(p o e, D) vanishe as
p — 00, starting with the temporal derivative and continuing with the spatial ones. According
to Lemma C.4, for all € > 0 and all z € [—1,1], lim,_, ||ué(p,nman) (z,)le2 () = 0.

Therefore, for any Xge) € {-1,1} x [0, T], limpsoc U0y . . 1) (Xge)) |2 = 0 and, for any
XE‘T) € ), limy o0 ||8tué(pynman) (Xgﬂ")) |l2 = 0 (since Xgﬁ") ¢ 00N).

Moreover, letting v(z,t) = tanh®? (z 4 0.5 + pt) — tanh® (z — 0.5 4 pt), it comes that
6§,zué(pn noD) = p 287 ,v. Thus, invoking again Lemma C.4, for all € > 0, and all = €

[—1,1],

: —21192 1 2 _
pli{gop Hat,tv(xv ')Hoo,[e,T] = pllglo ||am,wué(p7n87an) (.T, ')Hoo,[e,T] =0.

Therefore, for any X;r)

€ 2, one has lim;,_, ||8§7wu(;(p nens.D) (Xg-r))‘b =0 and, in turn,
one has lim, s ||3‘\(ué(p7n87nhD),XY))HQ = 0. We conclude that, for all n.,n, > 0,

limy, 00 Ry, i, (ué(p’n“an)) =0.
) _

Next, observe that Z(u;i, . . 1)) Z Ji-111x10.71O%p n, m,.0) = O.0ipn, m,.0)"
By the Cauchy-Schwarz inequality, for any ¢ > 0,

Oruy — 9% u; 2
/[—171]X[0,T]( O@nenr.D) @(pin, n,,0))

1 P )
= 51 /__1 < - atué(p,ne,nr,p) (Ji,t) — Qgﬂﬁué(p’nman) (x,t)) dx
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d

1 2
—1 2
>0 / B (apme im0 (@50) = Uy 1y (3 0) = /t_o8x7xué(p’nman)(x,t)dt) da.

Invoking again Lemma C.4, we know that limy, ., Hué(p,ne,n“D)(-,5)]][_1,1]700 = 0. More-
pite D) (x,t) = 0. Besides, by Corol-
lary C.5, ||(9§7xué(p ne,me,D) lloo,(0,11x[=1,1] < 2]l tanh® llc2r) < co. Thus, by the dominated
convergence theorem, for any § > 0 and all p large enough,

1 [t 9
AUy, n,,0) Z 35 / (“(pn. 0y (%,0)) " da.

r=—1

over, forallt > 0 and all -1 <z <1, lim, 8§,mué(

Noticing that Ug( x,0) corresponds to the initial condition, that does not depends

pvnean'r'vD)(
on p, we conclude that lim,_,, %(ué(p . D)) = 00.

APPENDIX F: PROOFS OF SECTION 4

F.1. Proof of Proposition 4.2. Recall that each neural network ug € NN (D) is writ-
ten as ug = Az 41 o (tanhoAp) o --- o (tanhoA;), where each Ay, : RF*-1 — RI* is an
affine function of the form Ay (z) = Wy + by, with Wy a (Ly_; x Ly)-matrix, by, € R

avector, Lo =dy, L1=---=Lg=2D, LH+1 =d9, and 0 = (Wl,bl,. . ~7WH+1abH+1) S
REZo(Lit1)*Li | For each i € {1,...,d1}, we let m; be the projection operator on the ith co-
ordinate, defined by 7;(x1, ..., x4, ) = x;. Similarly, for a matrix W = (W; ;)1<i<ds,1<j<d»

we let 7Tz‘7j(W) = Wi,j and ||VV||C>O = MaX]1<i<d,, 1< <dy ‘Wi7j|. Note that HWkXHoo <
Li-a[Willo [ Clearly, masxi < s1 ([ Welloos [Billoc) < 18]loc < [10]2. Finally, we
recursively define the constants Cx p for all K >0 and all H > 1by Co g =1, Cg1 =
2K=1 x (K +2)!, and

(13) CK,H+1 = BKQK_I(K + 2)' ] maXEN H C&H,
11yeeeyd
il+2i12+~-~fKiK=K 1<K

where By is the Kth Bell number, defined in (7).
We prove the proposition by induction on H, starting with the case H = 1. Clearly, for
H =1, one has

(14)  Jluglloo < [[Wa x tanh oAy [loo + [[b2]|cc < [[Walloo D + [|b2]|00 < (D + 1)[6]]2-
Next, for any multi-index o = (a1, . .., g, ) such that |a| > 1,

T (W)@ X - x g, (W) x tanh(1eD (7 (A} (x)))
(15)  9%up(x) = Wy :
T1d, (W)@ X - X g, g, (W) x tanh(1oD (g (A} (x)))

Upon noting that |7y 4, (W7)| < [|0]|oc, We see that

(16)  [|0%uplloo < D||Wal|oo||0]15 ]| tanh oD ||, < DJjo]l5 ™! tannleD | .

Therefore, combining (14) and (16), we deduce that, for any K > 1, [Jug|loxma) < (D +

1) maxy< g || tanh® || (1 + [|0]]2)*||0]|2. Applying Lemma C.3, we conclude that, for all
u € NNy (D) and for all K >0,

lugllow ey < Crea (D +1)(L+ [16]12)*[16]2.
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Induction. Assume that for a given H > 1, one has, for any neural network ug € NNy (D)
and any K > 0,
(17) [ugl| e rary < Crerr (D + 1) 5 (1 4116]]2) 7162
Our objective is to show that for any ug € NNy (D) and any K > 0,
ugllex @) < Crman (D + 1)HEEED (149 2) KHFD 6] .

For such a ug, we have, by definition, ug = Ap 2 o tanh ovg, where vy € NNy (D) (by a
slight abuse of notation, the parameter of vy is in fact ' = (Wq,bq,..., Wy1,by1) while
0= (Wi,b1,...,Wpyio,bri2), 50 [|0/]|2 < [|0]]2 and ||0']|c0 < ||€]/c0). Consequently,

(18) [uelloo < Wt2lloo D + [[brr12]lc0 < (D +1)16]2.

In addition, for any multi-index oo = (avq, ..., g, ) such that || > 1,

0% (tanh om 0 vg(x))

O%ug(x) = Wi y2 :
0%(tanh omp o vy(x))

Thus, [[0%ugl|oc < D||Wh 2|l max;<p || tanh om; o vg|| o (a1 ). Invoking identity (8), one
has
H tanho7rj o ’UHCK(Rdl) < BKH tanh ||CK(R) i1+2i2+r~r~l-z—ii-)§<iK:K 1<1;<[K Hﬂ'j ¢} UGH%@(R@).

Observing that 7; o vy belongs to NNz (D), Lemma C.3 and inequality (17) show that
Itanh om; 0 vglle(rary < Copra (D + D)L+ [16]12) 0]

Therefore, ||0%ug||oo < Ok pr+1(D + 1) FEH(1 4 10]]2)KH+1)|10]|2, which concludes the
induction.
To complete the proof, it remains to show that the exponent of ||f||2 is optimal. To this

aim, we let dj =ds =1, D = 1. For each H > 1, we consider the sequence (97(nH))m€N

defined by 047 = (W™ 6™ Wi b5 ), with W = m and b = 0. Then, for all
0= (Wi,b1,...,Wr41,br41) € ©p 1, the associated neural network’s derivatives satisfy

H
k o
oo = I (tanb™) 5 o[ W 1| TT (W3l <.
=1

Next, since ||97(nH) |2 =mvH + 1, we have

leagem e ey > ultsd o > || (bane™)EO |+ > G, )0 |55,

o

where C(H, K) = (H + 1)~ (+HE)/2||(tanh°7 ) (K) || .. Since limp,_so0 |05 |2 = 00, we
conclude that the bound of inequality (17) is tight.

F.2. Lipschitz dependence of the Holder norm in the NN parameters.

PROPOSITION F.1 (Lipschitz dependence of the Holder norm in the NN parameters).
Consider the class NNy (D) = {ug,0 € ©g p}. Let K € N. Then there exists a constant

C*KH > 0, depending only on K and H, such that, for all 6,0 € OH,D,
lug — g | o0y < Cre,ar(1+ diM () (D + 1) (1 4 [|]2) T o — ¢,
where M (Q) = supycq ||X||oo-
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PROOF. We recursively define the constants C kg forall K > 0andall H > 1by C K1=
(K +2)22K-1(K +2)!(K + 3)!, and
Crpv1=Craii[l+ (K +1)Bg2* YK +3)(K +2)!Ck 1)

Recall that 7; is the projection operator on the ith coordinate, defined by 7;(z1,...,z4,) =
x;. Before embarking on the proof, observe that by identity (8), we have, for all uy,us €
CE(Q,RP), forall 1 <i< D,

0“(tanh omr; o uy — tanhom; o ug) = Z [tanh(|P|) o 0 U] H aa(5>(m ouy)

Pell(K) Sep
— [tanh ("D om; 0 ug] T 07 (mi 0 ug).
SepP
In addition, for two sequences (a;)1<i<n and (b;)1<i<n,
(19)
Hal Hb - Z b ( H ) (Hb ) <n max {la; — bif) [T max(|ail, bs]).
Jj=i+1 =1
Observe that for any 1 < i < dp and P € II(K), [tanh"D om; 0 u1] [T p 0% (m; 0 1) —

[tanh(| Dor; 0 u2] [Igep 80‘( )(m o ug) is the difference of two products of |P| + 1 terms to
which we can apply (19). So,

H [tanhq”‘) oTr; 0 U] H o(5) (miouy) — [tanh(‘ﬂl) oTr; 0 Ug] H 9*(5) (7 0 ug) H
SepP Sem

< (1P| + ) (|l tanh P || ip lur = wzllos,0 + llur — uallon o))

00,2

(20) x || tanh (D ]| o H max(H@o‘(S)ulHoo,Q, H(‘)O‘(S)UQHOO,Q).
Sep

Notice finally that || tanh(FD || = || tanh 1P+ ||

With the preliminary results out of the way, we are now equipped to prove the statement of
the proposition, by induction on H. Assume first that H = 1. We start by examining the case
K =0 and then generalize to all K > 1. Let ug = A o tanho.4; and uy = A} o tanhoA].
Notice that

AT = Allloc.0 < [1b1 = Uhloo + di M(Q) W1 = Willoo < (|6 — 6']|2(1 + d1 M (),

where M () = maxxeq ||X[|so. Since | tanh|r;p = 1, we deduce that |tanhoA; —
tanh oA] [|oo < [|0 — 0'[|2(1 + d1 M (©2)). Similarly, || A2 — ./4,2”00’3(1’”.”00) <6 —€2(1+
D). Next,

|ug — g || so.0 < [|(A2 — A5) o tanh oA | oo, + || A5 0 tanh o4y — Aj o tanh 0 A}) | 00,0
< A2 = A lloo, B, 1|y + PIIWallso |l tanh oAy — tanh 0 A1 || 0
<||0 = 0'[l2(14 D+ D||0]|2(1 + d1 M (Q)))

< Coa(1+diM(2))(D + 1)(1 + max(||6]|2, [¢']]2))16 —¢']l2.

This shows the result for H = 1 and K = 0. Assume now that &K > 1, and let o be a multi-
index such that |o| = K. Observe that

10% (g — o) oo < [[(Wa — W5)0% (tanh 0.A1) [loc 0
1) + |[W30% (tanh 0 Ay — tanh oA} )|so 0.
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By Lemma C.3 and an argument similar to the inequality (15), we have
|(W2 — W3)8% (tanh 0.Ay)||os,0 < (D + 1)[16 — 6'[|2]|6]5 || tanh || ox g
(22) <25THE + 21D+ 1)]10 — ¢ [l2[16]15-

In order to bound the second term on the right-hand side of (21), we use inequality (20)
with u; = A; and ug = Aj]. In this case, the only non-zero term on the right-hand side of
(20) corresponds to the partition m = {{1},{2},...,{K}}. Recall that || A; — A]|lcc0 <
160 — 0'||2(1 4+ d1 M (£2)), and note that whenever |a| =1, ||0%(A; — A})[|c.0 < |10 — 0']]2.
Therefore, ||A1 — Al [|ox ) = [ A1 — Al llcr) <110 —0'[]2(1+d1 M(€2)). Observe, in addi-

tion, that [T e (1y.(2).... oy max(10°B) Al oo 2, 1055 A oo ) < max([|0]]2, 1612
Thus, putting all the pieces together, we are led to

|0%(tanh oAy — tanho.A])|oc 0
< (K + 1) tanh™FV [ o [16 = 0/ [[2(1 4 di M (2)) || tanh ) [| oo max (6], [16]]2) "
Now, by Lemma C.3, || tanh) || o <25 -1(K + 2)! So,
|0%(tanh o A; — tanh oA} )|

(23) < (K 4122571 (K +2)I(K +3)![10 — 0'||2(1 4 d1 M (Q)) max(||]|2, [|6']|2) X
Combining inequalities (21), (22), and (23), we conclude that

10% (ug — ug)|loo,0 < Cre1 (1 + di M (2))(D + 1) (1 + max([|6]|2, 16']]2)) 16 — ¢/,
ox(9) < Cra(1+di M (2))(D+1) (1 +max(|[0]2, 16/[]2) 1 —¢2.
Induction. Fix H > 1, and assume that for all ug, ug € NNy (D) and all K >0,

so that [|ug — ugs

|luo — uorl| o (o)
24) < Crua(L+dMQ))(D+ DT (1 max((|0]]a, [|6]|2) 0 — 0/

Let ug, ug € NNg41(D). Observe that ug = Ag42 o tanh ovy and ug = A’H+2 o tanh ovy,
where vg,vg: € NNy (D). Moreover,

10% (1o — ug)|loo,0
SN (Whge — Wi 9)0% (tanh ovg)|| oo, + |Wh 100 (tanh ovg — tanh ovy)

(25)
<D(]|0 — 0|2 x |0%(tanh ovg)||so,0 + 10']|2 x ||0%(tanh ovg — tanh ovy:)

00,02

oo,Q)-

Since tanh ovy € NNy 41(D), we have, by Proposition 4.2,
(26)  [[9*(tanh ovg) o, < Crc,ra (D + 1) FFIFD (1 4 [16]]2) KV j6) 5.
Moreover, using (20), Lemma C.3, and the definition of C'x 741 in (13), we have
||0“(tanh ovg — tanh ovy ) ||0e 0
< B (K + 1)| tanh ) || o |lvg — vgr || o o || tanh ) [| o
x O, pr4+1(D + 1) (1 + max(|0]]2, [16']]2)) "

< 22K K 4+ 3)/(K +2)! B (K + 1)||vg — ver || ox ()

27 % Crrr1(D + 1) 57 (14 max([|6]]2,1]6"12) .
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The term [jvg — vg:[|cx () in (27) can be upper bounded using the induction assumption
(24). Thus, combining (25), (26), and (27), we conclude as desired that for all ug,uy €
NNg4+1(D) and all K € N,

lug = ug | o0y < Crrpr (14 diM(Q))(D + 1) D HEEHTL?
x (14 max([[0]]2, [|6]|2)) FHIHEEED g — /).
O
F.3. Uniform approximation of integrals. Throughout this section, the parameters
H,D € N* are held fixed, as well as the neural architecture NN (D) parameterized by

©n,p. We let d be a metric in © g p, and denote by B(r, d) the closed ball in ©y, p centered
at 0 and of radius 7 according to the metric d, thatis, B(r,d) = {0 € Oy p, d(0,0) <r}.

THEOREM F.2 (Uniform approximation of integrals). Let Q C R% be a bounded Lips-
chitz domain, let ay > 0, and let X1, ...,X,, be a sequence of i.i.d. random variables in Q,
with distribution px. Let f: C>®(Q,R%) x Q — R®% be an operator, and assume that the
following two requirements are satisfied:

(i) there exist Ch > 0and 1 € [0,1/2[ such that, foralln > 1 and all 0,0" € B(n*,||.||2),
(28) [ £ (uo,) = f(ur, Moo < Crn™ 10 = ¢'l]2;

(13) there exist Co > 0 and o € [0,1/2] satisfying B2 > a1 + 1 such that, for all n > 1
and all € B(n®*, ||.||2),

(29) 1 (0, )| oo, < Com™.
Then, almost surely, there exists N € N* such that, for alln > N,
i H*Zf ug, X /_f(ue,-)duxH < log2(n)nf =12,
geB(n,|.[2) Q 2
(Notice that the rank N is random.)

PROOF. Let us start the proof by considering the case d2 = 1. For a given § € B(n, || -
l|l2), we let

Zn,9 = %Zf(ueaxl) - [if(u9>)dﬂX
=1

We are interested in bounding the random variable

Ln = sup |Zn,9’ = sup Zn,9~
0 B(ne1,[|-2) 0eB(ne1,[|-2)
Note that there is no need of absolute value in the rightmost term since, for any 6 =
(Wl,bl,...,WH+1,bH+1) S B(nal,H : ”2), it is clear that ' = (Wl,bl,...,WH,bH,
—Whi1,—bry1) € B(n®,| - ||2) and ug = —ug Let M () = max,g ||z[]2. Using in-
equality (28), we have, for any 6,6 € B(n“,| - ||2)

‘—( fug, X /fue, d,ux)—f ug, /fue, Ydux ‘ 20]_7’?/61_1"0—9/”2.

Thus, accordmg to Hoeffdlng s theorem [van Handel 2016, Lemma 3.6] the random variable

nL(f(ug, X fQ (ug,)dpx) — n=Y( flup, X fQ (up,-)dpx) is subgaussian with
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parameter 4CZn?%1=2||0 — ¢'||3. Invoking Azuma’s theorem [van Handel, 2016, Lemma 3.7],
we deduce that Z,, g — Z,, ¢, is also subgaussian, with parameter 4C?n2%1=1||0 — ¢'||3. Since
E(Zy,6) = 0, we conclude that for all n > 1, (Z,, 9)seB(n1,|.||;) 1S @ Subgaussian process on
B(n®, || - ||2) for the metric d(6,6') = 201751 ~1/2||0 — ¢'||2. Moreover, since 0 + Z,, ¢ is
continuous for the topology induced by the metric d, (Z, ¢)ge B(ne1,||-||,) 18 separable [van
Handel, 2016, Remark 5.23]. Thus, by Dudley’s theorem [van Handel, 2016, Corollary 5.25]

B(Z,) <12 [ [ogN(B(:*, |- |2).d,r)
0

where N (B(n*,| - ||2),d,r) is the minimum number of balls of radius r according to
the metric d needed to cover the space B(n,|| - ||2). Clearly, N(B(n“,| - |l2), d, ) =
N(B(n®, |- ll2), || - [l2, n'/*~P1r/(2C1)). Thus,

E(Zn) < 2401”511/2/ log N(B(n®, || - [l2), || - ll2,7)]"/dr
0
and, in turn,
E(Zy) < 2401na1+611/2/ log N(B(L, | - l2), || - l|2,7)]"/*dr.
0
Upon noting that N (B(1, || - ||2), || - ||l2,7) =1 for r > 1, we are led to
E(Z,) < 2401n°‘1+61_1/2/ log N(B(L, | - [l2), || - l2,7)]"/*dr.
0
Since O p = R(GFDDHH-)DDH)+D+1)d2 - according to van Handel [2016, Lemma
5.13], one has
log N(B(1, |- ll2), I - ll2,7) < [(di +1)D + (H —1)D(D + 1) + (D + 1)dz] log(3/r).
Notice that fol log(3/r)"/2dr < 3/2. Therefore,
(30)  E(Z,) <36C1[(dy+1)D+ (H —1)D(D +1) 4 (D + 1)dg] /2 TH-1/2,
Next, observe that, by definition of Z,, = Z,,(X1,...,X,),
sup Zn(X1, ..o, Xio1, %4, Xig1, -, X)) = inf Zp (X, Xo1, %, Xig, -0+, Xi)

x;ER%N x;ER%N

<ot sup (X0 — [ )
0eB(n1,]-|2) Q2 2

<dn™t sup || f(ugs ) loo-
geB(n1,||-]2)

Using inequality (29), McDiarmid’s inequality [van Handel, 2016, Theorem 3.11] en-
sures that Z, is subgaussian with parameter 402271252_1. In particular, for all ¢, >
0, P(|Z, — IE( W = tn) < 2exp(—n!T2%242 /(8C32)), which is summable with ¢, =
anﬁ2 1/21og?(n), where Cs is any positive constant. Thus, recalling that By > oy + f1,
the Borel-Cantelli lemma and (30) ensure that, almost surely, for all n large enough,
0< Z,, < 2C3n2~1/210g?(n). Taking C3 = 1/2 yields the desired result.

The generalization to the case da > 2 is easy. Just note, letting f = (f1,..., fa,), that

Zf (w0 X) = [ F(u )

9€B n“l il )H

g\/cTz max H*Zf] (ug, X /f] ug, ) dMXH

ISisdz eeB s 4ll2)
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Taking C'3 = d, 1/2 /2 as above leads to the result. O

PROPOSITION E.3 (Condition function). Let €2 be a bounded Lipschitz domain, let E be
a closed subset of 99, and let h € Lip(E,R%). Then the operator 7 (u,x) = 1xeg|u(x) —
h(x)||? satisfies inequalities (28) and (29) with a; < (3 + H)™1/2, 1 = (1 + H)ay, and
1/2> By > (34 H)au.

PROOF. First note, since Lip(E,R%) C C°(E,R%), that ||h||s < cc. Observe also that
for any v,w € R, [[[0]3 — lw]3] = [(v + w,0 — w)] < v+ w]av - w]z < daflo+
Wl|oo||v — w0, Where (-,-) denotes the canonical scalar product. Thus, we obtain, for all
6,0' € B(n®,]| - ||2) and all x € E,

A (ug, x) — A (ug, x)| < ([[ug(x)l2 + [[ug (x)[|2 4 2[| 2 (x)[|2) [ ug (%) — ugr (x)]]2
S da([Juglloe,q + [uer lo,0 + 2[R0 ) lue — o[l oo,0
d2(2(D + 1)n™" + 2[|h|[o)[|ug — ugr[| o0 (by inequality (18))
< 2d2((D + 1)n™ + ||hl|oo) Co,ar (1 + d1 M (Q2))
x (D+1)2(1+n*)H||g —¢'|| (by Proposition F.1)
<Cin1 10— 0|2,

N

where 81 = (1+ H)ay and Cy =28+ dy(D + 1+ ||Al|oo) Co.u (1 + di M (Q))(D + 1)1
Next, using (18) once again, for all 6 € B(n®,|.[[2), |77 (us; )| s < d2(luglloo 0 +

1h]loo)? < d2((D + 1)n™ + ||h||lso)? < Con?@. Recall that for inequality (29), B2 must

satisfy a1 + 81 < 2 < 1/2. This is true for 53 = (3+ H )ay, which completes the proof. [J

PROPOSITION F.4 (Polynomial operator). Let Q) be a bounded Lipschitz domain, and
let # € Pop. Then the operator 1ycq.F (ug,x)? satisfies inequalities (28) and (29) with
a1 <24+ H(1+ 2+ H)deg(F))]1/2, 1 =H(1+ (2+ H)deg(F))a, and 1/2 > 2 >
2+ H(1+ (2+ H)deg(.%))]a1.

PROOF. Let # € Z,,. By definition, there exist a degree s > 1, a polynomial P €
C>®(R%, R) [Z11;- -, Za,,s)> and a sequence (v j)1<i<d,,1<j<s Of multi-indexes such that,
for any u € C®(Q,R%), Z(u,-) = P((0*u;)1<i<ds,1<j<s)- In other words, there ex-
ists N(P) € N*, exponents I(i j,k) €N, and functions b1, Onep) € C(€,R), such
that P(Z11,...,24,5) = Zk 1 qb;c X Hd21HJ 1 ’J’k) . Recall, by Definition 4.5, that
deg(F) = maxy, 552, 525y (1+ i) 1(i, j, ).

Now, according to Proposition 4.2, there exists a positive constant Cyeg(7), i such that

17 (w0, )| oo 2

{Z oula LT 107 ol k]

1=17=1

2 _ 2 2H deg(Z) 2H deg(F)
SVAP)[ (9l 0] Cleggry (D + DL 4 92450,

Thus, for any 6 € B(n®, || - ||2), ||-Z (ug, -)? oo, < CynP2, where

s _ 92H deg(7 )NQ(P)[ max H¢kHooQ] "3

D1 2H deg(.%)
1<k<N(P) deg(#),H ( + ) )
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and for any o > 2H deg( %)
Next, observe that, any « and v,

—|v|*| = |(u+v)(u—v)| < |u+v||u—v|. Therefore,
L?(ue,x)? _ ﬁ(ueljx)2| < (|f(ue,x)| + \ﬁ(ugf,x)|)|ff(ug,x) — F(ug,x)|

<205 *pH des(F)on| F (yy x) — F (ugr,x)|.

Using inequality (19) (remark that the product H?il IT5-: ZiI g” *) has less than deg(.7)
terms different from 1), it is easy to see that

ﬂ y —y ’y <N P 5| d ﬁ — / deg(F
1 (ug.30) = (g 30| S N(P)[|_max 65| ] dem( )] — g s o

)[Gdk)

X  max Hmax [ugll oy, lue

1<k<N(P) & Cll (@)

From Proposition 4.2, we deduce that

1(i,5,k)
1<1£13\)7((p Hmax (l|lug|l 1oy @) || uer Hcmi,j‘(ﬂ))
< Ceg(7),1 (D + 1T IED) (14 max(]|6]], |6']|2)) " 9507).
Combining the last two inequalities with Proposition F.1 gives that

|7 (ug, x) = F (ug, x|

SN[, _max | 6x]c0] Ae8(F) oy (1 + i M(@)]0

X Caog(7),11 (D + 1) ITIHD AN (1 max([|6]]2, [[¢/]o)) 70+ dealZ)),
Hence, for all §,0" € B(n®, || - ||2), |- Z (ug,x)? — F (ug,x)%| < C1nP||6 — #'||2, where

Cl:2021/2N(P)[1<]I€Ig}\}](13)||¢k’||ooQHdeg( 7)Ceg(7),1 (1 + di M (1))

X Cdeg(y,),H(D +1) H(1+(1+H) deg(7)) 9 H (1+(1+H) deg(F))

and 51 =H(1+ (24 H)deg(:F))ou
Recall that for inequality (29), B2 must satisfy o + 51 < f2 < 1/2. This is true for 5y =
2+ H(1+ (24 H)deg(F))]a1 and aq < [2+ H(1+ (2 + H) deg(F))]71/2. O

F.4. Proof of Theorem 4.6. Let uy =0 & NNy(D) be the neural network with parame-
ter 6 = (0,...,0). Obviously, Rﬁflﬁgz{( 0) = R n.n, (uo). Also,

M n,

>\d r
R . (t10) ZHYHerMIhHooJr*ZZHJk (0, X713,

" k=1¢=1
Since each .% is a polynomlal operator (see Definition 4.4), it takes the form

ds sy
Z o [ [TT@ ui(x)) ™70
1=17=1
Therefore,
)\d M N(Py)
R in, (u ZHYHzH hllos +D D okl
k=1 f=1

€1V =1,
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where I does not depend on Aigge), 7, and n;-.

Let (Ai92°)(p, n,,n,, D))pen be any minimizing sequence of the empirical risk of
the ridge PINN, i.c., ity o0 RS (Ugessuor . . py) = 10f0c0,, 5 Boino, (tg). In the
rest of the proof, we let n, . = min(n,,n.). We will make use of the following three
sets: E1(npe) = {0 € Ormp, 1012 = nti b, Exlnne) = 10 € Ormp, nilt < 0]l < nt,),

and &(nye) ={0 € O p, ||0]2 < nf/f}. Clearly, Oy p = & U & U Es. The proof re-
lies on the argument that almost surely, given any n, and n., for all p large enough,
g (ridge) (p,ne,ny, D) € E2 U E3. Moreover, on E; U &3, the empirical risk function Rgfﬁ‘ﬁr is
close to the theoretical risk %,,, when n,. . is large enough. For clarity, the proof is divided

into four steps.

Step 1. We start by observing that, for any 6 € £;(n,..), Rglffge}?(ﬂ) > Aridge) 10113 = nii...
Therefore, according to (31), once n, . > (1 + 1)1/ k.

inf - RIE) () 1 < RIS (o) +1<  inf RIS (yy).

06£3(”7‘,E) T,Ne, T, e, My 0651 (nr’e) T,Ne, My

This shows that, for all n,. . large enough and for all p large enough, 0(dge) (p n, n,, D) ¢
E1(npe).
Step 2. Applying Proposition F.3 and Proposition F.4 with a1 = x and 2 = (2 + H(1 +

(2+ H) maxy, deg(#1))) a1, and then Theorem F.2, we know that, almost surely, there exists
N € N* such that, for all n, . > N,

1 - € € e e
sup — 3 [lua(XS) = AXS) 3 = Elug(X) — A(X )3
BEEQ(nr,C)U&(nr,c) Ne -:1
(32) < log?(ny e )nfz 1/
and, foreach 1 <k < M,
(33)
1

sup

729‘1@@ X(T) Q /ﬁk ug, %) dx| <log?(nre)niz 2.
GegZ(nr,e)Ug3(nTa5) | |

M=
Thus, almost surely, for all n, . large enough and for all 6 € E(n;.¢),

R{ME) (ug) > R (ug) + Aridge) 10113 — (M + 1) log? (e )n2 /2,

T, The , T

But, for all § € E3(nyc), Apridge)ll013 = nes’?. Upon noting that —#/2 > B3 — 1/2, we con-

clude that, almost surely, for all n, . large enough and for all 6 € E3(n;.¢), Rgfg%(ue) >

Rn(ug).

Step 3. Clearly, for all § € E3(nye), Apidge)ll0ll3 < ne, 52 Using inequalities (32) and
(33), we deduce that, almost surely, for all n,. large enough and for all 6 € E3(n,.),

IR (ug) — R (ug)| < (M + 2)log? (ny.e)nrs!?

Step 4. Fix € > 0. Let (6),),cn be any minimizing sequence of the theoretical risk function
Pn, that is, limy_so Zn(up,) = infoco,, , #n(ug). Thus, by definition, there exists some
P. € N such that [%,,(ug,,, ) — infoco,, , Zn(ug)| <.

For fixed n,. ., according to Step 1, we have, for all p large enough, g(ridge) (pyne,ny, D) €
Ea(nye) U E3(nye). So, according to Step 2 and Step 3,

%n(uémdgc) (p,ne7n7,7D)) < Rg;ig% (um ide) (p, ne,nmp)) (M +2) 10g (Nre)nye R/2-
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Now, by definition of the minimizing sequence ((ridge) (p, e, ny, D))pen, for all p large
enough, Rgfcg;)r (Ugriage (e D)) < infgeo,, , Rgfii)r (ug) + €. Also, according to Step
3,

inf RUdge) 0y < ipf plridee) (o
0E€Es (1m0 )UEs (ne) mnen, )\9653(nm) noneny (46)

< inf o Bp(ug) + (M +2)log?(nye)n, /2.
0e&s(nye)

Observe that, for all n,.. large enough, Op, € E3(n; ). Therefore, infyee, (p, ) Zn(ug) <
%n(uQPE ). Combining the previous inequalities, we conclude that, almost surely, for all n, .
large enough and for all p large enough,

%n(ué(ridgc) (p,ne7an)) < 9611'115 . % (u9> + 3e.

Since € is arbitrary, then, almost surely, lim,, 5 —oco limpﬁoo,%n(ué(rmge) (b D)) =
infﬁé@H,D %n (’LL@)

F.5. Proof of Theorem 4.7. The result is a direct consequence of Theorem 4.6, Propo-
sition 2.3 and of the continuity of ,, with respect to the C* (£2) norm.

APPENDIX G: PROOFS OF SECTION 5

G.1. Proof of Proposition 5.5. Since the functions in H™*!(Q, R%) are only defined
almost everywhere, we first have to give a meaning to the pointwise evaluations u(X;)
when u € H™(Q,R%). Since () is a bounded Lipschitz domain and (m + 1) > dy /2,
we can use the Sobolev embedding of Theorem B.1. Clearly, II is linear and ||TI(u) || <
Cal|u|| grm+1(q)- The natural choice to evaluate u € H™(Q,R%) at the point X; is there-
fore to evaluate its unique continuous modification f[(u) at Xj;.

By assumption, % (u, ") = fi,ghn) (u,-) + By, where fi]ghn) (1) = Pk (Ak,ar 0%u)
and Ay, € C(Q, R%). Next, consider the symmetric bilinear form, defined for all u,v €
H™1(Q,R%) by

n

Ad

An,) = S0 (%), 1(0) (X)) + M) (X)), () (X))
i=1
+1§:/ff(hn)(u )f(hn)(v X) dx—|—— Z / (0%u( (x))dx
Q= Jo ’ ’ \a|<m+1 ’

along with the linear form defined for all v € H™*1(Q, R%) by

*dz (Vi 1) (X)) + AE (L) (X ), (X))

“iql Z/ 9<hn (v, x)dx.

Observe that

A 0) — 2B () = L) Z||Y||2 A 3 - m,Z [ Butotax
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In addition, A, (u,u) > )‘t”uH%{erl(Q)’ where A\; > 0, so that A,, is coercive on the normed
space (H™H(Q), || - || grm+1())- Since (m + 1) > max(d; /2, K), one has that

[An(u,0) S (Ma+2)CE+ Y (Y [Akalloon)® + Al s @ 0]l s (@),
1<E<M |a|<K

and

Bu(u)] < Co (2 Z||Y||2+A |rh|\oo+z 1Belloc.o

@) lull o o).
la|<K

This shows that the operators A,, and B,, are continuous. Therefore, by the Lax-Milgram
theorem [e.g., Brezis, 2010, Corollary 5.8], there exists a unique & € H m+1(Q,Rd2) such
that A, (1, 4) — 2By, (1) = min,e gm+1(Qrez) An(u, u) — 2By, (u). This directly implies that

4 is the unique minimizer of %,(feg) over H™+1(Q,R%). Furthermore, the Lax-Milgram
theorem also states that 4 is the unique element of H™*1(Q,R?%) such that, for all v €
H™(Q,R%), A,(i,v) = B,,(v). This concludes the proof of the proposition.

G.2. Proof of Proposition 5.6. Let i, be the unique minimizer of the regularized theo-
retical risk 2°® over H™+1(Q,R%) given by Proposition 5.5. Notice that
inf 2e2) (1) = inf 2 () = B ().
L S (u) L. (u) = Rn(tin)

The first equality is a consequence of the density of C™°(Q,R%) in H™+1(Q, R%), together

with the continuity of the function 2% : H™+1(Q, R%) — R with respect to the H™+1()
norm (see the proof of Proposition 5.5). The density argument follows from the extension
theorem of Stein [1970, Chapter VI.3.3, Theorem 5] and from Evans [2010, Chapter 5.3,
Theorem 3].

Our goal is to show that the regularized theoretical risk satisfies some form of continuity,
so that we can connect %) (u,) and %28 (4,). Recall that, by assumption, F(u,-) =

Zi (u,) + By, where Z™ (u,) = )y < (Akal-), 07u()) and Ay o € C(Q,RD),
Observe that

(34) %) (u) = F(u )+@I< u),

where

)\
d ZHH — Y; |13+ AE[|TI(u)(X@) — h(X(©))|3,

I(u)= / LA™ ()1 i u(x), %),
Q

and where the function L satisfies
M m—+1

L™, 2@, 2 =3 (Bye) + Y (dealz).20))’ man 12

=1 la|<K

o

. di+i—1
(The term z9) € Rz corresponds to the to the concatenation of all the partial deriva-

tives of order j, ie., to the term (&} ; u(x))i<i,,..i,<d,) Clearly, L > 0 and, since
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(m+ 1) > K, the Lagrangian L is convex in 2(m+1)  Therefore, according to Lemma C.11,
the function I is weakly lower-semi continuous on H™+1(€, R%).

Now, let us proceed by contradiction and assume that there is a sequence (u,)pen Of
functions such that (i) u, € C>(Q,R%), (i) lim, e 28 (up) = %Sreg)(an), and (#4i)
(up)pen does not converge to i, with respect to the H™ (€2) norm. Therefore, upon passing
to a subsequence, there exists € > 0 such that, for all p > 0, ||u, — @y || Hm(Q) = €

Since 25 (u,) > Atllupll prmsa()s Ae > 0, and (up)pen is a minimizing sequence,
(up)pen is bounded in H™*1(€2, R92). Therefore, Theorem B.4 states that passing to a subse-
quence, (up ) converges to a limit, say ., both weakly in H™+1(Q, R%) and with respect
to the H™ () norm. Then, since I is weakly lower-semi continuous on H™+1(Q, R%), we
deduce that

i > .
(35) plL%O I(up) > I(uso)
Recalling the definition of I in Theorem B.1, we know that there exists a constant C > 0
such that [Ju, — (%o )||oo,0 = [[TI(Up — Uoo)||oo,0 < Callup — uoo||Hm(Q). We deduce
that lim,,_, F'(up) = F(ux). Therefore, combining this result with (34) and (35), we de-
duce that lim,_, oo 258 (u,) > 2% (us0). However, recalling that limy o0 25 (1) =

%8 (11,,) and that @, is the unique minimizer of 2% over H™*+1(Q, R%), we conclude
that uso = Up,.

We just proved that there exists a subsequence of (up)peny Which converges to 4, with
respect to the H™(€2) norm. This contradicts the assumption |lu, — @y || gm () = € for all
p = 0.

G.3. Proof of Theorem 5.7. The result is an immediate consequence of Theorem 4.7,
Propositions 5.5, and Proposition 5.6.

G.4. Proof of Theorem 5.8. Throughout the proof, since no data are involved, we de-
note the regularized theoretical risk by Z("8) instead of %ﬁfeg). Also, to make the depen-
dence in the hyperparameter )\; transparent, we denote by u(\;) the unique minimizer of
Z°8) instead of i,.

We proceed by contradiction and assume that limy, o ||u(A¢) — u*|| gm(q) # 0. If this is
true, then, upon passing to a subsequence (A j)pen such that limy, ,o, A, = 0, there exists
e > 0 such that, for all p > 0, |lu(A¢p) — u*[|gmQ) = €.

Notice that [[u(Ap) | gm+1(q) < R (u*) [N p = [|w*|| gm+1(q2)- Theorem B.4 proves
that upon passing to a subsequence, (u(\;p))pen converges with respect to the H™((2)
norm to a function u., € H™F1(Q,R%). Since m > K, the theoretical risk Z is contin-
uous with respect to the H"(€2) norm and we have that % (us) = lim,_00 Z(u(Arp)).
Moreover, by definition of u(\;,) and since Z(u*) = 0, we have that Z(u()\p)) +
A plluep) | mr () < Aepllw*|| e (). Therefore, Z(us) = 0 and uo, = u*. This con-
tradicts the assumption that for all p > 0, ||u(A¢p) — u*[|gm(Q) = €.

G.5. Proof of Proposition 5.11. We prove the proposition in several steps. In the se-

quel, given a measure p on  and a function v € H™H1(Q,R%), we let HUH%Q(M) =

Jo |ITT(w) (x)||3du(x), where, as usual, IT(u) is the unique continuous function such that
I1(u) = u almost everywhere.
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Step 1: Decomposing the problem into two simpler ones. Following the framework of
Arnone et al. [2022], the core idea is to decompose the problem into two simpler ones thanks
to the linearity in 4, and in Y; of the identity

Yo e H"HH(Q,R%®), Ay (tin,v) = Bn(v)
of Proposition 5.5. Thus, recalling that Y; = u*(X;) + &;, we let

By (o) = 2 Z )(X0)) + AE(TI(0) (X ), h(X )

Tl Z/ F X

and
(noise) Ad S 2
BIs(v) =22 ) (e I1(0)(Xa).
i=1
Clearly, B, = B} + B(nOise) Using Proposition 5.5 with Y; instead of &;, and setting
Ae = 0, we see that there exists a unique u%nmse) € H™1(Q,R%) such that, for all v €

H™ L Q,RE), A, (a5 ) = BP") (1), Furthermore, 4" is the unique minimizer
over H™+1(Q,R%) of

R (y AdZHH X;) = €ill3 + AEu(X )3 Tl Z/ FI) (4, %)2dx

+ AdllullFmis -

Similarly, Proposition 5.5 shows that there exists a unique @ € H™*!(Q,R%) such that,
for all v € H™TL(Q,R%), A, (5, v) = B:(v), and 4 is the unique minimizer over
H™H(Q,R%) of

* )‘ 1 e e
2 dZHH (u — ) (Xq) |5 + AE[TI(u) (X)) — (X))

ol Z/ Pl ) [l

By the bilinearity of A,,, one has, for all v € H™+1(Q,R%), A, (i + A(nmse), v) = By (v).

However, according to Proposition 5.5, 1, is the unique element of H™+1 (), R%2) satisfying
(n01se)

this property. Therefore, @, = @), + 4

Step 2: Some properties of the minimizers. According to Lemma C.12, 4,, @), and
") are random variables. Our goal in this paragraph is to prove that E||dy| Hom ()

El|a}]3.. +1(g)> and El|dn (noise) 12 (o are finite, so that we can safely use conditional
expectations on i, 4%, and 4" Recall that, since At ||tin |3 ) S \ree) (i) <

n>°

Z°9(0), and since ﬁ,ghn) (0,-)=0,

X A\
At |31 0y < ;ZHYz‘H% +AEA(X)3 + 7 0] Z/ By () dx.

i=1
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Hence,

B gy <7 (MBIl (%) + £l + MBI + 127 Z / Bi(x)’dx).

Similarly,

Bl Frmes ) <A (AE " ()13 + AEI|R(X) H2+‘Q|Z | Buixax).

and E[[a ) |2,,.,. q) < A AEllel3

Step 3: Bias-variance decomposition. In this paragraph, we use the notation Ay ) (u,u) in-
stead of A, (u, u), to make the dependence of A,, in the random variables x = (X1,...,X,,)

and e = (e1,...,&,) more explicit. We do the same with 5,, and @ A(nmse) . Observe that, for

any (x,e) € Q” x R and for any u € H™+1(Q,R%), one has

Ay () = 2BE () = Ay o (1, —u) — 2BE) (—w).

(x,e) (x,—e)
Therefore, gnoise) _ g (noise)
(x.€) (x,—€)
Since, by assumption, € has the same law as —e, this implies E(ty, noise) | Xq,...,X,) =
0, and so E(@ (nome)) = 0. Moreover, since 4 is a measurable function of Xy, ..., X, we

have E(u) | X1,...,X,) = u}. Recalling (Step 1) that @, = 4} + @ 415 we deduce the
following bias-variance decomposmon

(36) Elliin — u* |2 = B = [ 72() + EIET N Z2(-

Step 4: Bounding the bias. Recall that @, minimizes %}, over H™!(Q,R%), so that
I (u*) = 5 (4y,). Therefore, P1(u )+/\tIIU*||Hm+1 (@) = 5 S0y (A, —ut) (Xa) 3. We
deduce that

1
1 (P + 2 )

i i >
> n H( _ Un* U ><X2)
143, — u*[ grms1 (@) 2

> |y, — u* (122 ()

iy = iy sup (BT HQ——ZHH X)[3)

||“HHm+1(Q)<1

N 2
2 [ty — w72 un)

23y + 0 3 y)  sup (BN ||2——Z||H X)[3).

HuHH7”+1(Q)<1

Moreover, PI(u*) + A\¢||u* ||§{m+1(9) > el H%{mﬂ(g)- Taking expectations, we conclude by
Lemma C.14 that there exists a constant C,, depending only on €2, such that

2 2 CQd1/2 2
Ellay, — {725 < )\*(PI( )+ Nl [ Fms ) + T( [ () +

Pliz:*) )
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Step 5: Bounding the variance. Since ﬁ%mise) minimizes f%”,(@miso) over H™1(Q,R%), we
have t@r’(lnoise)( ) %(nome)( (nome)) So

)‘d . >‘d & 7/ (noise
23 eal3 = 21 ST @) (Xy) — <l
i=1 i=1

Observing that |[TT(a°)(X) — &[|2 = |[T(@r ) (X)[|3 — 2([T(a)(X,), &) +
|&:]13, we deduce that

2 — = ~ (noise 1 - (7 (noise
2 S G (X)) > - D ) (%) 3
i=1 =1
and
- 2 2 . -
(noise) “ . “ ~ (noise) N (noise)
</QH( )dux,nizls,>+nizl<n(un )(X:) /QH( )dux,a,>
1 - (.7 (noise
> ) (X0) 3
=1
Therefore,
- . 2 &
(noise) ~ (noise) “ .
805y < f TGS i 3 )
~ (noise 1 - 7
Ay N @) sup =Y (T(w)(Xy) — E(T(u) (X)), £5)

||u||Hm+1(Q) <1 n j=1

~ (noise 3 1 & 1
A gy s (BTG (X - - S () (X 3)
i=1

||u||Hm+1(Q)<1

=A+B+C.
According to the Cauchy-Schwarz inequality,
EH H2>1/2  2(E[le]3)2
9 nl/2 ?

and so, by Jensen’s inequality,

2\1/2
)1 2B

E(A) < (EH@T(anise)H%Q(/‘ nl/2

(noise) (0) > %énoise) (ﬂl?(lnoise))

The inequality Zr, also implies that

)‘d )‘d g 1/~ (noi ~ (nois
= S el > S0 IR (X,) = il + Al s .
i=1 i=1
Therefore,

n
7)6\!2 H n01se ) 5i> > H@ noise) HHW’+1(Q)
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and

Ad 1 e noise
~  sup *Z(H(U)(Xy‘)afﬁ 14825 | s () -

At gm0y <17

~ 1/2
By Theorem B.1, if [[u yrm+1 (o) < 1. then (E(TI(w)(X)), L 20 &) < 2L | 00 o
Thus,

15 s

1/2 n n_oo _
< (R I et s LS () (Xy) ~ E(T()(X),<5)).

lull grm1 0y <1 55
Using Lemma C.15 together with the fact that, for all x,y € R, (x +y)? < 2(x? +y?),
4A3
nA?
Similarly, observing that for all random variables X,Y € R, E(XY)? < E(X?)E(Y?),

A\,
E(B) < 7CndzEH€H§.

B[ [[Fm () < — 5 Ch2Elle]3.

Moreover, by Lemma C.14 and the inequality E(XY Z)2 < E(X?)E(Y?)E(Z?),

A2
3/2)\2

E(C) < C3dy*E||e][3.

Therefore, we conclude that there exists a constant Cy > 0, depending only on €2, such that

(noise ~ (noise 1 QQ(EHEH2)1/2
BN 3 i) < I Fg0) T
LA

n\

3/2
402 dE|e||3 + C3d5/*E||e]]3.

3/2/\2

Hence, using elementary algebra,

)1/2\W<2+2C d3/4<A1/2+ “ ))

(Bllage=) |2,

px) 1/2 )\t/ \nl/4

and

(101 SE||||3 3/2 /A A2

(noise) |12 2 / d d
El|ty, HL2(MX) < n (1 + Cad, <)\ + )\%nl/Q))'
Step 6: Putting everything together. Combining Steps 3, 4, and 5, we conclude that
1 chdy? PI(u*)
~ * (|2 * *||2 Q2 * (|2

Elldn — w7245 < Yd(PI(U )+ Aellw | Fmsr @) + W(QHU i) + T)

+ S (1 o (+ /\?2%/2))'
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G.6. Proof of Proposition 5.12. By definition, @, minimizes Z"°® over H™+1(Q, R¢%).
So, 2% (u*) > % (11,,). Moreover, since
(@) (X3) = Y313 = 1L —u*)(X) 13 — 2(T(a@n — u™)(Xs), ) + [leill3,

one has

*ZIIH ~Yi3

i — ey} sup — S (T()(X;) — B(@)(X)), 25)

||UHH'"L+1(Q)<1 n j=1

—2</Qﬁ(u —u)dpx, — Z >+izn:||5z||2

=1
Thus,
*ZHH —Yil3
. 1 - _
> <2([[tnll i) + lut o) sup = ([I(w)(X;) — EII(u)(X)),€5)

lall 1oy <1 ™ 52

(37

_2</QH(U — ) dpix, - Z ei) + Zuaug

=1

Recall from Steps 4 and 5 of the proof of Theorem 5.11 that
Elin |21y < 2B N5 | 2 gy + 2B 2101

PL(u) .y 8A2
2(=5, I ) + 55 CadaBlllB

N

Therefore, Lemma C.15 and the inequality E(XY)? <E(X)2E(Y)? show that

A r )\d
E (|l e - E(IL() (X)),;) ) = Onsoo (5 )-
By Theorem 5.11,
S EN * 1 - * ~ 1/2EH5H2 )\d 1/2
E’</ﬂn(un_u )dux,ﬁz@ < (Bl = nll2a() S g :Onw(—HQAt) .

Combining these three results with (37), we conclude that

5(., ZHH -vil3) >Eue|2+ow(7j;t).

Therefore, since lim,,_, 7;\—/{ — 0 and since 228 () = 22 370 || (0,)(X;) — Vil +
Pl(an) + )‘tHﬂnH%{mﬂ(Q),

E (%) (1)) = AaEll|3 + E(PL(@n)) + 0nso0(1)-
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Similarly, almost everywhere,

*ZIIH i) Yil3 =~ Z||Ez||2-
Hence,
E (28 (u*)) = AElll5 + PT(w*) + Aelu 7m0

Since E(Zp, (reg) (Un)) < E(%éreg)( *)) and since A\; — 0, we are led to
E(PI(ty)) < PI(u*) + 0p—oo(1),

which is the desired result.
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