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1. Proof of Lemma 2.1

We only focus on the first statement since the proof of the second one is similar. Let G,G’ €
Lipg ([0, 1],R?). Observe that by the triangle inequality and the primal definition of the 1-Wasserstein
distance, we have

|W1(GﬂU7/JVl) - WI(G&U»ﬂn)l g Wl(GﬂU,GaU)

< / e = ylldy (x. y).
R‘lXRd

where y is the pushforward distribution of U by the pair (G,G’), with marginals Gy; and G],iU' Thus,

Vi (G ) = Wi Gt < [ 160 =G @l

<NG = G'[los

where || - ||co denotes the supremum norm of functions, i.e., for f: [0, 1] = R%, || flleo = sup{|| f (x)]| :
x € [0,1]}. Hence the map Lipg ([0,1],RY) 5 G W1(Gyy, pn) is continuous with respect to the
uniform norm.

Now let GO = X be a constant function on [0, 1]. Then, clearly, W; (Ggu,yn) < 00. Next, let G be

any function in Lipg ([0, 1], R¥) such that

1G oo > Wi(Glyopn) + K+ max [IX]l.

.....

Then, upon observing that there exists uq € [0, 1] such that |G (ug)|| = ||G ||~ and using the fact that G
is K-Lipschitz continuous on [0, 1], we deduce that for all u € [0, 1] and any i € {1,...,n}, one has

.....

Hence, ||G(u) — X;|| > Wl(GgU,/,tn), which implies that Wi (Gyy, un) > Wl(GgU,un). Therefore,
letting

O

M ={G € Lipg ([0,11,R?) : [|Gllw < W1(GYy.ptn) + K + max [ X;]I},

.....
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we see that

inf W G s = inf W G s .
GeLipg (10.1].04) 1(Gyu» kn) ot 1(Gyus fin)

Endowed with the uniform norm, .#% is closed and relatively compact by the Arzela-Ascoli theorem.
It is thus a compact subset of Lipg ([0, 1],R¢). Consequently, by continuity and the above equality,

Lipg ([0,1],RY) 3G — W, (Gyu» pn) attains its minimum on % . Therefore, ¥k is not empty.

2. Proof of Theorem 2.2

Proof of 1(7)

Since u is of order 1, one has limy,—c Wi (u, un) =0 a.s. according to Villani (2008, Theorem 6.8).
Hence, by the triangle inequality and because Gk € ¥k, we only need to prove that

lim inf Wi(Gyyy, =0a.s.
n—o0 GeLipg ([0,1],R) 1(Gyu pn)

If K > Ko, then Lipg, ([0,1],R) € Lipg ([0, 1], R). Therefore,

Wi(Gyy ptn) < Wi(Gyy» n) < Wi(Fyyys pin)s

< inf inf
GeLipg ([0,1],R) GeLipg, ([0,1],R)

since, by assumption, F~! € Lipg, ([0,1],R). But F ~1(U) has distribution g, and thus one has
limy, 0 Wi (Fﬂ’l},,un) = 0. This proves the result.

Proof of (2)

The result is proved by contradiction. Fix K > 0 and assume that on an event of strictly positive proba-
bility
liminf Wi (G gy, ) =0.

n—oo

Since limy, o W1 (u, ;) =0 a.s. and GK € 5;;(, we see that

inf Wi(Gygr, 1) =0.
GeLipg ([0,1].) 1(Gyu 1)

Now, by Lemma 2.1, there exists Gk € Lipg ([0, 1],R) such that

Wi (G L) = inf Wi(Gyy, ).
1( K{U ©) GeLip,?(l[o,l],R) 1( tU H)

So, Wi (G KHU> ) =0 and therefore, since F -1 (U) has distribution u, we have

Gr(U) L F(U). (1)

Next, by continuity of G, there exists a compact set C C R such that P(Gg (U) € C) = 1. But, since
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Proof of 1(ii)

We show the result by contradiction, assuming as in the proof of statement (2) that for K < 1/K|, on
an event of strictly positive probability,

liminf Wy (G gyp» 1) = 0.
n—oo

Arguing as in the previous proof, we have that G (U) Z -1 (U). Then, it is a classical exercise to

deduce from (1), since F~!(u) > —co for all u € (0,1) and F is continuous, that F o Gg (U) Z U.
Iterating this relation leads to

(FoGr) () ZU, vexo. )
Moreover, both assumptions F' € Lipg, (R, [0,1]) and Gk € Lipg ([0, 1],R) imply
|FoGg(u)—FoGg(v)| <KKi|lu—-v|<KKi, Y(uv)el0,1]>.

Repeating this inequality entails, for all £ > 0,

[(FoGr) ()~ (FoGg) () < (KK1',  V¥(u,v) €[0,1]%

But, for all u € [0, 1], the sequence ((F o GK)f(u))g>1 is bounded by 1. In addition, KK; < 1 by
assumption. Thus, there exist a € [0, 1] and a subsequence (£4),>1 such that, for all u € [0, 1],

lim (F o Gg)% (u) = a.
q—)oo

Hence, as ¢ — oo, (F o Gg )% (U) almost surely converges to a, which contradicts (2).

3. Proof of Theorem 2.3

Looking for a contradiction, we start as in the proof of Theorem 2.2, cases (1ii) and (2), by assuming
that on an event of strictly positive probability,

liminf W1 (G gpy, 1) = 0.
n—oo

As we have seen, this implies W (Ggyy,p) = 0 and, in turn, since the support of Ggyy is in-
cluded in Gk ([0,1]), S(u) € Gk ([0, 1]). By our assumption on S(u), we therefore conclude that
14(Gk ([0,1])) > 0. Moreover, since Gk € Lipg ([0, 1],R?), we have that 0 < 14(Gg([0,1])) =
Hy (G ([0,1])) < K4Hy ([0, 1]), where H, is the d-dimensional Hausdorff measure (see, e.g., Evans
and Gariepy, 2015, Theorem 2.8). But this is impossible since H,;([0,1]) =0 as soon as d > 1.

4. Proof of Proposition 3.1

To lighten the notation, it is assumed throughout the proof that the X;’s are ordered by increasing val-
; X < . . oo § .
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distance between two probability measures mr; and > on the real line, with respective generalized
inverses F' N land Fz_ ! is such that

1
W1(7T1,7T2)=/0 |F; () = Fy ' (w)]du.

Since 6;; is monotone and continuous, the generalized inverse of 5;{ b is 6;‘( On the other hand, de-

noting by Fl;n] the generalized inverse of u,,, we have F,Jn] (u)=3", X;1{u € ((i — 1)/n,i/n]}. There-
fore,

1
Wi (Gl ) = /0 G () - F2 ()| du

du

oy opin i X - X
= . (2 2L T ANy oy
_Z/ Aot ‘Xl K= (5 k)X

Xip1 =X

n-l o aifn+ Sl
+

i=1

Xiv1 — X

; i
% L+ K(u- ;) — X1 |du

n-1 o yA2 o yA2
=Z%K((Xz+1 X;) +(Xl+l Xz))

- 4K> 4K2

as desired.

5. Proof of Theorem 3.2

As in the proof of Proposition 3.1, it is assumed without loss of generality that the X;’s are ordered by
increasing values, i.e., X| < Xp <--- < Xj;. Let G : [0, 1] — R be an arbitrary K-Lipschitz continuous

function in ¥g, with K >n  max (X;+ — X;). According to Proposition 3.1, the first statement will
i=1,...,n—1

be proven if we show that for such a function G,

Wi(Gyyrtn) > | <

-1
(Xiv1 — X;)?
; 4 '
i=1

Let I1(y, ) be the set of couplings between two probability measures 71 and 7. According to Am-
brosio and Gigli (2013, Lemma 2.12), for any 7 € II(Gyy, 4n), there exists a coupling y € IT(4y, un)
such that 7 = (G, 1d)#,, where A1 stands for the Lebesgue measure on the interval [0, 1] and Id is the
identity function. Therefore,

Wi (Gyy, = inf / x — yldr(x,
Gurpr= ot [ = yldn(e )

> inf / |G (u) — y|dy(u,y).
YE(A1,un) J[0,1]1xR )~ oldylwy
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Since the function (u, y) — |G (u) — y| is continuous, then, according to Pratelli (2007, Theorem B),
we have

1

[ 1600~ laytey) =inf |16 - Tl
yell(A1.un) J[0,11xR T Jo

where the infimum is taken over all measurable functions 7' : [0, 1] — {X{,..., X;;} such that TtiU = Un.

Any such transport map T takes the form 7'(u) = 3.7, X;1{u € C;}, where Cy, ..., C,, are Borel subsets

of [0, 1] such that 2;(C;) = % We conclude that

Wi(Ggoopi) > _ inf Z / G (u) - Xildu, 3)

.....

where the infimum is taken over all disjoint Borel sets Cy,...,C, C [0,1] such that 2;(C;) = % To

prove the first statement of the theorem, it is therefore sufficient to lower bound the infimum above.
The case n =1 is clear since the function G(u) = X satisfies Wi (Gyy, 1) = 0. Thus, in the se-

quel, it is assumed that n > 2. We let a = [mf] G,b= [soulp] G, and £; < £ so that Xy, = ;n;na X; and

Xp, = max X;. Note that we can safely assume that £; and ¢, are well-defined, since for G(u) =

2
U

G(w)1{G(u) € [ X1, Xa]} + X1 1{G (1) < X1} + X, 1{G (u) > X,,}, we have

We also suppose that n > £, > €1 + 1 > 1 and leave the other cases as straightforward adaptations. Since

G is continuous, for each i € {¢},...,{, — 1}, there exists u; € [0, 1] such that G (u;) = Xﬁf‘” . We let
n

A7 =[u; - %,ui], AY = [ug,u; + %], and write T (u) = '21 X;1{u € C;}. With this notation,
j:

‘/Ai IG(u)—T(u)lduzjz;Ai(G(u)—Xi+X,~—Xj)]l{u€Cj}du

+Z/ (Xis1 = G () + Xj — Xi1)1{u € C; }du

Jj=i+l

=2 [/A_(G(M)—Xi)]l{uecj}du +21(C; mA;)(x,-_XJ.)]
Jj=1 i

n
Y [/ (Xin1 = G@)L{u € CYdu+ 11 (C; N A (X = Xer)) |- )
j=irl YA
Exploiting the fact that the function G is K-Lipschitz continuous and G (u;) = %
ueA; UAT, X+X”‘ —Klu; —u| <G(u) < X+X’“ + K|u; — u|. Thus,

, we have that for

Z/ (G(u) - X)]l{ueC}du+Z/ (Xis1 — G(u)1{u € C;}du

J= i+1




i
Xi+X;
> /7 (ITHI—K(Mi—M)—Xi)]l{MECj}dM
J=1 Y4
C Xi + Xis
+ Z (XH] —(—+K(u,~—u)))]1{u€Cj}du
: AT 2
Jj=i+l i
n
Xis1 — X
= Z/ (L - K(u; — u))]l{u €Cj}du
— Ja- 2
j—l i
Xis1 — Xi
=/ (L - K(u; - u))du
A7 2
_ K = X)? 1 (Xew - Xi)®
4K 2 4K
_ Xy - X;)? )
8K '
Combining this inequality with (4) yields
(Xis1 — Xi)?
Gu)-T(u)|du > ————
[ 1600 - Tl > S
i-1 n
# Y A(CNAD X = X))+ D A(Ci AKX = Xi).
j=1 j=itl
Employing the same technique for A}, we obtain
(Xiv1 — X)?
G(u)-T(u)|du > ————
[ 16 =T S
i—1 n
+Z/11(Cj N A:—)(Xl - Xj) + Z /11(Cj N A:—)(XJ —X[+1).
=1 j=itl
So, letting A; = A7V A;r and using the fact that Xy > Xy forall £ <n — 1, we are led to
/ |G (u) = T(u)|du > M
A - 4K
i—1 n
£ M(CNA)Xjs1 = X))+ >0 (G NAN (X = Xm1). (6)
=1 j=i+2
Now, letu, _1 € [0, 1] be such that G (uz, 1) = a+§€‘ . With a slight abuse of notation, define Agl =
_Xy-a L Xqa
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easily shows that, for Ag, .1 =A, | U A;l_l,

X, —a)?
[ 16w -l Ko —a)”
Agy-1 4K
f]—l n
+ /ll(CjﬂAgl_l)(a—Xj)+ Z ﬂ](CjﬂAgl_l)(Xj—Xg]).
j=1 j=t+1
b
In a similar fashion, for u, € [0, 1] such that G(ue,) = X€22+ and, with a slight abuse of notation,
. b=X¢y41 b=Xe, 41 .
letting Ag, = [ug, — —5g~—,ue, + —5— |, we obtain
b-Xg)?
[ 16w =T b~ Xn)”
P 4K
2
fz—l n
+ /ll(Cj ﬁAgz)(ng—Xj)+ Z /ll(CjﬂAgz)(Xj—b).
j=1 Jj=t0+1

Accordingly,

(Xe, —a)*  (b-Xp)?
|G (1) = T (u)|du > +
‘/A‘[)I_IUAKZ 4K 4K
02
+ ) A(CiNAy_1) (X — X))
=
+A1(Co—1 N Ag 1) (a—Xg,-1)

n
+ L A€ N Ay ) (X Xj)
j=f1+1

6H—-1
+ ) (€N Ag) (X1 = X))
j=1

+21(Cpe1 N Agy)(Xpy41 — D)

n
+ Z /ll(CjﬁA(fz)(Xj—Xj_l). (7
Jj=6+2

Let B= Ufi -1 A;, and observe that the target integral can be decomposed in the following way:

1
/ |G(u)—T(u)|du=/|G(u)—T(u)|du+/ |G (1) — T (u)|du. €))
0 B B¢
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Inequalities (6) and (7) provide a lower bound on the first term on the right-hand side of (8). Let us
now work out the second term. To this aim, observe that

b -1

[ 16w -l ),
B¢ J=1

+ Z /B(T|G(u)—XJ-|]l{u€Cj}du

j:{;2+1

/ |G(u) = Xj|1{ucCj}du
BC

£-2

EZ/ (Xgl_l—Xj)]l{MECj}du
j:l B(,'
+‘/B_(a_X51—l)]l{“ECf1—l}d”
+/B_(sz+1 —b)1{u € Cg,41}du

+ i /C(Xj—ng+])]l{u€Cj}du.

J=0+2

Exploiting 11 (C;) = % for j € {1,...,n}, we see that

a2 . &
/W|G(u)—T(u)|du> (—— Z /ll(ciji))(XjH_Xj)
B¢ j=1 n i=t)-1
-
+(;— Z A1(Cy, -1 nAi))(a_Xfl—l)
i=f -1
-
+ (; - Z A1(Cep1 ﬂAi))(szﬂ —b)
i=f -1
n 1 &
+ Z (—— Z /ll(CjﬂAt))(Xj—Xj—l)- ©)

ot L
Thus, using identity (8) together with inequalities (6), (7), and (9), we are led to

(Xfl - a)Z + (b - sz)z

1
/ 1G () = T(uw)du >
0

4K 4K
{12 1 0 0
2 (- _;lﬂl(cjnAm_[Z]Al(cjnAi))(Xm - X))
J= =t~ i=l1—

0 &)
+(;_ Z ﬂl(cfl_lmAi)fZ ﬂl(Cf.—lﬁAi))(a—Xfl—l)

1
I—1&

e p
=t1—1 =t
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6H—1

(Xiv1 - Xi)?
+ R
i=;
1 %) &)
+ (; - Z A (Co1 NAY) + . Z A (Ce41 N Ai))(X€2+l -b)
l:€|—1 l:ﬁ—l
n 1 1% 1%
+'Z (;—Z /ll(ijAi)"'.Z /l](CjﬂAi))(Xj—Xj_l).
_]:€2+2 l:fl*l l:flfl

So,

(X¢, —a)? +[22_] (Xi+1 — Xi)? N (b—Xg,)?

1
-T >
/0 G () =T () ldu 4K 4K 4K

i=f,
Xjr1 = X;
n

+

1
+(a=X¢-1)
je{l,..., 6 -2}U{6+1, ..., n—1}

1
+—(X¢,41 = b).
n

. Xi1—X; Xi-X;)?
Since K >n 1max 1(X,-+1 - X;), we have ./+1n IS ( j+1K J) , and thus
i=1,..., n—

(Xe, —a)® 1 1
14K + ;(a -Xp-1) 2 R((Xfl —a)? +4(a—Xg-1)(Xe, — Xg,-1))
= R((Xfl —a)* +4(a - X¢-1)(Xe, - a)

+4(a - Xg] ,1)2)

(Xe, — Xg,-1)?
> i S

4K (19

Similarly,

(Xe, -b)?* 1 (X1 — Xe,)?
R A — — P -
x  tn (Xepe1 —b) > e .

Using once again the assumption on K, we conclude that
1 n-1 2
Xin — X
[ 1600 - Tl S0
i=1

To complete the proof, it remains to show that 6;'( and 6’;{ o § are the only minimizers of (1) (Main

Document). Returning to inequality (10), we see that if the function G does not visit each data points,
then

1 n-1 2
(Xi+1 — Xi)
A |G (u) = T(u)|du > ; TR
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Also, according to (5), for the function G to be optimal it needs to go at speed K between each obser-
vation. Finally, with equation (3), we have that an optimal G must be such that

. 1
Ai({u € [0.1]:1G(w) - Xi| < IGw) = X;|. j=1.....n}) =~
a property satisfied by é}‘( and (’?\’;( o S according to (4) (Main Document). We conclude that é}‘( and

6’;( o S are the unique minimizers of Problem (1) (Main Document) as they are the only functions
satisfying these three conditions.

6. Proof of Proposition 3.3

The first statement is a straightforward consequence of Deheuvels (1984, Theorem 2). Regarding the
second statement, we know from Theorem 3.2 that, for all K > K|,

n—1

—~ 1 2
Wi(G iy Hn) = Wi(Gyy, pn) = K ;(X(nl) - X))

inf
GeLipg ([0,1],R)

Therefore,

S Xy — X(i))?

Wi(G% 0o i) <
K& P pmaxizr,pe1 (Xen) — X))

1n—l
< ;Z;(X(m) - X))
p=
1
ZZ(X(n) - X))
B-A

< .
n

Recalling that W (u, i) = @(n~'/?) in probability (Fournier and Guillin, 2015, Theorem 1), the con-
clusion follows from the triangle inequality.

7. Proof of Proposition 4.1
The result is a consequence of the following lemma:

Lemma 7.1. For each G € Lipg ([0, 1],R9), there exists a sequence of functions (Gpm)men in
Lipg ([0, 11,R?) such that each G gy is nonatomic and Wi (G 17, n) — Wi(Gyy, pn) as m — oo

Proof. Let G € Lipg ([0, 1],R?) and m € N. We define G, by slightly modifying G on each interval
where it is constant. More precisely, let 7 be the set of all non degenerated connected components of
G '({y eR?:2;(G~!(y)) > 0}). This set is at most countable and, since G is continuous, it contains
only disjoint closed intervals, i.e.,

I ={lag,bel:te L}
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where £ c Nand 0 < ap < by < 1. Let K, =min(K, 1/m), e; = (1,0,...,0) e R?, and

by —ap |ag +by
2 2
G(u) otherwise.

G(ag) +Km( u|)e1 ifu € [ag,be] for some £ € L

Gm(u) =

It is easy to see that G, € Lipg ([0, 1],R%). Moreover, G,, is not constant over any non degenerated
interval. Thus, the distribution G, is nonatomic. In addition, ||G; — Gl — 0 as m — oo. In
particular, for any continuous bounded function f : R¢ = R, || f(G) — f(G)]leo — 0, so that Gy —
Gyy weakly, as m tends to infinity. As the G,,4r;’s have supports included in the same compact set,
we conclude by Villani (2008, Theorem 6.9) that lim;,—. W (GmﬁU’ Gﬂu) = 0. But, by the triangle
inequality,

(W1(G g tn) = Wi (G tin)| < Wi (G g Gpy)-
from which limy, o0 W1 (G g, n) = W1 (Gyy, n) follows, as desired. O

8. Proof of Proposition 4.2

*
T*(x)

T*(x)=X;,i€{1,...,n}. Let ¢ : R? — R be the 1-Lipschitz map defined by

Assuming that such a transport map T* € 7 W* exists, we write w instead of w;* whenever

(@) = [l = T* @) = Whe -

Since T*(X;) = X; for all i € {1,...,n}, we have in particular that ¢(x) — o(T*(x)) = ||x — T*(x)]|.
Then, denoting by

0= {(x,y) e R xR ¢(x) = o(y) = lx = yll}
the superdifferential of ¢ (Villani, 2008, Definition 5.7), the graph of 7™ is included in d¢. Therefore,

/ e = T ()l dv (x) = / (0(x) = o(T*()))dv(x)
R4 xRd R4 xRd

_ / () dv(x) - / () ditn(y)
R R4

< Wl(V, /’ln)'

We conclude that 7* is an optimal transport map.

9. Proof of Proposition 5.1
Let us first show that, foralli e {1,...,n+k -1} and j ¢ {o(i),0c(i+ 1)},
[Vi + ¢(0(0)), Vi ] N G X' (Vor(j)°) = 0.

Suppose on the contrary that there exists f € (0, 1) such that ¥; := Xy +# (X (i+1) — X (i)) € Vor(j)°.
Then

X'EBO(Z‘ X ;.;_Z. )DBO(Z‘ X (i+1 = A
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where B°(x, €) stands for the open ball centered at x of radius &. Observe that for r < 1/2,

Xo iy + Xo(iv1) 1 Xoir1) = Xo i) ||)

B (Ve Xy = Yil) € B° (=225 >

whereas fort > 1/2,

Xo iy + Xo(iv1) 1 Xoir1) = Xo i) ||)

B (Vi X rar) — Yill) € B° (=225 -

Consequently,

Xo@i) * Xo(irt) 1Xo(ix1) = Xo (i) ||)
2 ’ 2 '
We deduce that (X ;) — Xj, X (i+1) — Xj) <0 (notation -, -) means the scalar product), and so

X;e B

X (is1) = Xer (i) 17> 1Xeriy = X511 + 1 Xer iy = X117
However, such an inequality is impossible by definition of o-. We conclude that, for all ¢ € [0, 1/2],
Xo (i) *1(Xo(iv1) = Xo (i) € Vor(o (i)

and, forallr € [1/2,1],
Xo‘(i) + t(XO'(i+1) - Xo—(i)) (S VOI‘(O'(i + 1))

Let us now turn to the computation of W (CA};{ﬂU,un). First, by definition of ¢(i), fori € {1,...,n},
we have
Xo (1) — Xi
Z /l]([Vj,Vj+90(i)+ “ o(j+1) l||])
2K
jeo(i)
. 1 Xo(j-1) — Xill .
1 ([Vjmr + (o (= 1)+ =T Vi + (o (= D) + X o) = Xll])
o Xy = Xill X -1y — Xill

- Z , ("0(’)+ 2K * 2K )

jeo1(i)
T

This shows that A (6’;(‘1 (Vor(i))) =1,ie{1,...,n}—or, said differently, that the function @;( spends

n b
a total time 1/n in each Voronoi cell. Now, introduce T™* : RY — {X1,...,X,} defined G Kk y-almost
everywhere by T* (x) = X; if x € Vor(i). Then, clearly, T* € 7, where we recall that

0 = {T:Rd —{X,..., X} : VxeVor(i),T(x) = X;

0
andVxe ) T(x) €{Xj,....X;,}}.

Arguing as in the proof of Lemma 7.1, one shows that there exists a sequence of functions (G},)men C
Lipg ([0, 1],R?) such that each G*,  is nonatomic, Wi (G* .. . u,) — Wi(G*, . u,) as m — oo,
& miU miU Ki{U
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and, for all m large enough, 11 (G% ! (Vor(i))) = %, i €{1,...,n}. According to Proposition 4.2, we
have

1
We(Ggotn) = [ 165,00 =T (G (w) .
. . ~ 1~ = .
By dominated convergence, we obtain W, (G;qw, HUn) = fo IG% (u) =T*(G% (u))||du, so that T* is an
optimal transport map from G% to u,. Finally,
— 1 — —
Wi(Gigotn) = [ 1630 =T* Gl
IXo(j+1) X ()l
2K

ntk=l o Vitp(o(j))+——L T4 _
> X — G ()

J=1 /

Xe(j+D) =X ()l
2K

i 1Xor(j41) = G () du
J

IXo(j+1) X0 (pl
2K

ntk=l A Virp(o(j))+
/ K(u—(Vi+¢(o()))))du
j=1 Vj+90(0‘(j))

I1x K(Vj+90(0-(j))+||xo'(j+l) _XO'(j)” _u)du

‘/'Vj+90(0_(j))+||X(r(j+l) ~Xojll
+

G+ Xl
Vv S 2K o

i+ (o (j))+

n+k—1

1
= Z 8_K||X0'(j+1) _X(r(j)||2+8_K”X0'(j+l) - Xepl?
=1

n+k—1

1
1Xo(j+1) = Xo () II%-
j=1

T 4K

10. Proof of Proposition 5.4

First note, since o is a path with points that may be visited several times, that

n
1
K2 D 5UXeqon = Xill + 11X ()~ Xill)
i=l jeo~1(i)

n—1

> inf Y [1Xe(j) = Xegan (11)
J=1

TeP,

where &7, stands for the set of permutations of {1,...,n}. But, according to Steele (1988), under the
conditions of the theorem, there exists a constant C > 0 satisfying

n—1

lim n~"*1/4 inf Z 1X2(j) = Xe(j+)ll = C as.
j=1

n—oo €Sy
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This shows the first statement of the proposition.
We start the proof of the second statement by recalling that, according to Fournier and Guillin (2015,
Theorem 1), one has, in probability,

ﬁ(l‘:/gﬁ") ford =2

O(n=14) for d > 3.

Wl (,Ll, :un) = {

Therefore, by the triangle inequality, it is enough to show that, for d > 2, in probability,
Wi (G ) = 6 (™19,

According to Theorem 5.3, we only need to show that, in probability,

1 n+k—1

D X (o) = Xo(pIP = 0@,
j=1

4K

whenever K > K,. But, by the very definition (12) (Main Document) of the pair (k,0), we have

3

n+k-1 -1
Z 1Xo(j41) = Xor (1> < Z X2 (js1) = Xe(jy I,
j=1 =1

.

where T € &7, is a permutation that minimizes the length among the whole set of paths that visit only
once each data, i.e.,

n-1 n-1
DU Xe(et) = Xe( Il D WXt (at) = Xer (gl Forall 7/ € 22,
7= j=1

Therefore, since K > K,, we have by inequality (11) ,

_ -1 2
L X gy — Ko P < 2 Vet =X

o(j+ o(j X _ :
K o I X a1y = Xe ()l

Now, under the additional condition on the density of u, we know by Yukich (2000, Theorem 1.3) that,
for each 0 < € < d, there exists C(£) > 0 such that

n—1

lim n " 9N X 41y = Xy I = C(0) as.

n—oo
J=1

By the above, we conclude that

1 n+k—1
1% 2 Xeien = XeplP =0 as.
j=1
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