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Abstract

We consider fixed-point equations for probability measures charging measured compact metric
spaces that naturally yield continuum random trees. On the one hand, we study the existence, the
uniqueness of the fixed-points and the convergence of the corresponding iterative schemes. On the
other hand, we study the geometric properties of the random measured real trees that are fixed-points,
in particular their fractal properties. We obtain bounds on the Minkowski and Hausdorff dimension,
that are proved tight in a number of applications, including the very classical continuum random tree,
but also for the dual trees of random recursive triangulations of the disk introduced by Curien and Le
Gall [Ann Probab, vol. 39, 2011]. The method happens to be especially powerful to treat cases where
the natural mass measure on the real tree only provides weak estimates on the Hausdorff dimension.

1 Introduction

Since the pioneering work of Aldous [4, 6] who introduced the Brownian continuum random tree as
a scaling limit for uniformly random labelled trees, similar objects have been shown to play a crucial
role in a number of limits of combinatorial problems that relate to computer science, physics or biology.
These objects are real trees, or tree-like compact metric spaces (see Section 3 for a formal definition),
and they are usually equipped with a probability measure that yields a notion of “mass”. They quite
naturally appear when studying asymptotic properties of discrete combinatorial or probabilistic objects
that are intrinsically “branching” or recursive such as branching processes and fragmentation processes.
More surprisingly, further prominent examples are that of random maps [21, 40, 44, 51] and of Liouville
quantum gravity [27] that would a priori not be expected to relate to tree structures.

In a number of cases, these continuous objects, or more precisely their distributions, happen to sat-
isfy a stochastic fixed-point equation; such fixed-point equations are often formulated in terms of the
distribution of functions (later referred to as height functions) that encode the trees. One may think in
particular of the Brownian continuum random tree [7], of trees that are dual to recursive triangulations
of the disk [23], but also of the genealogies of self-similar fragmentations [36]. We will be more precise
about the equations we consider shortly, but it is nonetheless informative to fix ideas: informally, a dis-
tributional fixed-point equation for random variable X taking values in some Polish space S of “objects”
is an equation of the form

X
d
= T ((Xi)i≥1,Ξ), (1)

where (Xi)i≥1 is a family of independent and identically distributed copies of X , T is a suitable map,
and Ξ incorporates additional external randomness. (A precise formulation of such an equation for
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random metric spaces is more involved. See display (4) below.) The fact that natural limit objects satisfy
equations such as the one in (1) raises many questions about the properties of such equations, and of their
possible fixed-points:

(i) Under which conditions does there exist a fixed-point ?

(ii) Under which conditions is this fixed-point unique ?

(iii) Can the fixed-point be obtained by some iterative procedure ?

The answers to these questions of course depend on the space S that is considered, and some special care
is needed in specifying this space.

Although there is a strong bond between the study of random real trees and that of random functions,
the “random function” approach may sometimes appear as less intrinsic and somewhat artificial. Still,
the construction of such encoding functions is always an important question since it “flattens” the metric
space by giving a representation in terms of a continuous height function of a single real parameter.
In particular, the “functional” point of view usually provides a nice point of entry because of the large
collection of tools that are available in function spaces, but also because of the increased control on
measurable maps in such spaces.

On the other hand, one of the striking features of random real trees that appear ubiquitous is their
fractal nature, that one may quantify via various fractal dimensions giving an idea of the “amount of
matter” within small balls in the intrinsic metric. Aside from the lack of embedding in a Euclidean space,
this is similar to classical problems in stochastic geometry such as random Cantor sets and Koch curves
([33, Chapter 15]), the fractal percolation process [19] and various quantities related to Brownian motion
and other Lévy processes. Among the most classical real trees one may cite the Lévy trees (including
the Brownian continuum random trees and the stable trees), which are the scaling limits of rescaled
Galton–Watson processes, and whose fractal properties have been investigated by Duquesne and Le Gall
[29, 30] and Picard [48]. Another important example is that of the fragmentation trees, encoding certain
self-similar fragmentation processes whose fractal properties have been studied by Haas and Miermont
[36] and more recently by Stephenson [52]. In view of the recursive self-similarity of Equation (1), this
raises an additional question about the geometry of the fixed-points:

(iv) Can one quantify the fractal dimensions of the fixed-points ?

Finally, observe that, for instance, the Brownian continuum random tree is binary, in the sense that
the removal of any point disconnects the space into 1, 2 or 3 connected components with probability one
(the number of connected components is called the degree of the point removed). This is to compare
with the classical decomposition of the Brownian CRT into three pieces [3, 7]. Another example we
have already mentioned, dual trees of recursive triangulations of the disk happen to have maximal degree
three, while the natural fixed-point equation they satisfy only uses two pieces. These considerations raise
yet another question about the geometry of solutions to equations such as (1):

(v) Can one fully characterize the degrees of points in fixed-points from the equation ?

Our aim in this paper is to provide answers to questions (i)–(v) in a general framework in which
the limit objects are some classes of measured real trees. This framework allows for instance to deal
with certain recalcitrant cases where the natural height function for the tree is not a “good” encoding, in
the sense that its optimal Hölder exponent does not yield the fractal dimension of the metric space (we
will be more precise shortly). At this point, let us mention that questions (i), (ii) and (iii) have recently
been studied by Albenque and Goldschmidt [3] for the specific example where the fixed-point equation
is the one described by Aldous in [7] and that is satisfied by the Brownian CRT. In passing, our results
answer a question in [3] regarding point (iii) and the convergence to the (non-unique, but natural) fixed-
point. Other applications of our results concern trees arising as scaling limits in the problem of recursive
triangulations of the disk (see [23] and [17]), and but also other natural generalizations.
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Organization of the paper. The paper is organized as follows: In Section 2, we first give the relevant
background on the objects, metrics and spaces, and geometric properties we use in the document; we then
introduce the precise setting for the recursive equations we consider, and the corresponding functional
point of view. Section 3 is devoted to the statements of our main results; it also contains a sample of
applications and an overview of the techniques we use. Section 4 contains the proofs of the results
about existence and uniqueness of solutions to our recursive equations, as well the behaviour of iterative
schemes. Section 5 contains the proofs of the geometric properties of the fixed-points. Finally, Section 6
is devoted to applications.

2 Settings and preliminaries

2.1 Spaces, metrics and convergence

Throughout the paper, we always assume that metric spaces are compact. General references on the
topics that we are about to discuss include [18, 34, 35].

THE GROMOV–HAUSDORFF–PROKHOROV TOPOLOGY. For two compact metric spaces (X, d) and
(X ′, d′), the Gromov–Hausdorff distance dGH(X,X ′) is defined as

dGH((X, d), (X ′, d′)) = inf
Z,φ,φ′

dZ
H(φ(X), φ′(X ′)), (2)

where the infimum is taken over all compact metric spaces (Z, dZ), and isometries φ : X → Z and
φ′ : X ′ → Z. Here, dZ

H denotes the Hausdorff distance in Z, that is

dZ
H(A,B) = inf{ε > 0 : A ⊆ Bε andB ⊆ Aε},

withAε = {x ∈ Z : dZ(x,A) < ε}. If (X, d) and (X ′, d′) are isometric, then dGH((X, d), (X ′, d′)) = 0.
The semi-metric dGH induces a metric on the set KGH of isometry classes of compact metric spaces and
turns this set into a Polish space, see, e.g. [39, Theorem 2.1].

A compact rooted (or pointed) measured metric space (X, d, µ, ρ) is a compact metric space (X, d)
endowed with a probability measure µ and one distinguished point ρ. For two compact rooted measured
metric spaces X = (X, d, µ, ρ) and X′ = (X ′, d′, µ′, ρ′) we define the Gromov–Hausdorff–Prokhorov
distance by

dGHP(X,X′) = inf
Z,φ,φ′

{
dZ(φ(ρ), φ′(ρ′)) + dZ

H(φ(X), φ′(X ′)) + dZ
P (φ∗(µ), φ′∗(µ

′))
}
.

Here, the infimum is to be understood as in (2), φ∗(µ) is the push-forward of µ, and dZ
P denotes the

Prokhorov metric on the set of probability measures on Z, that is

dZ
P (µ, ν) = inf{ε > 0 : µ(A) ≤ ν(Aε) + ε and ν(A) ≤ µ(Aε) + ε for all measurable sets A}.

We call X and X′ GHP-isometric if there exist an isometry φ between X and X ′ that maps ρ to ρ′ and
such that φ∗(µ) = µ′. Clearly, if X and X′ are GHP-isometric, then dGHP(X,X′) = 0. The distance dGHP

induces a metric on the set KGHP of GHP-isometry classes of compact rooted measured metric spaces that
turns it into a Polish space [1].

THE GROMOV–PROKHOROV TOPOLOGY. Analogously to the Gromov–Hausdorff–Prokhorov distance,
for two compact rooted measured metric spaces X = (X, d, µ, ρ) and X′ = (X ′, d′, µ′, ρ′), we define

dGP(X,X′) = inf
Z,φ,φ′

{
dZ(φ(ρ), φ′(ρ′)) + dZ

P (φ∗(µ), φ′∗(µ
′))
}
.

We call X,X′ GP-isometric if dGP(X,X′) = 0 which happens to be the case if and only if there ex-
ists an isometry from supp(µ) to supp(µ′) that maps ρ to ρ′. Endowed with dGP, the set KGP of GP-
isometry classes of compact rooted measured metric spaces becomes a Polish space [34]. In general,
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GP-equivalence classes in KGP contain spaces that are not GHP-isometric. But when both µ and µ′ have
full support, then X and X′ are GP-isometric if and only if they are GHP-isometric. Thus, if we denote by
KGHP

f the set of GHP-isometry classes of compact rooted measured metric spaces satisfying

C1. supp(µ) = X ,

then, there exists a natural bijection ι between the spaces KGHP
f and KGP. Note that, for any δ > 0, the

quantity
κδ(X) = inf{µ({y ∈ X : d(x, y) ≤ δ}) : x ∈ X},

only depends on the GHP-equivalence class of X. Moreover,

KGHP
f = {X ∈ KGHP : κδ(X) > 0 ∀ δ > 0}.

A straightforward application of the Portemanteau lemma shows that κδ is upper semi-continuous with
respect to dGHP. Hence, it follows easily that KGHP

f is a measurable set.
Clearly, the topology generated by dGP is coarser than the one generated by dGHP even if we restrict

our attention to measures with full support: indeed, the map ι−1 is not continuous and the space KGHP
f

(considered as subspace of KGHP) is not complete. However, it is important to note that, by [12, Corollary
5.6], KGHP

f endowed with the relative topology generated by dGHP is Polish. It follows from the Lusin–
Souslin theorem, see e.g. [38, Theorem 15.1] that ι−1 is measurable. Hence, we can and will consider
any random variable with values in KGHP

f also as random variable in KGP. (We thank Stephan Gufler for
pointing out the short argument showing the measurability of ι−1.)

We conclude the section by two short comments. First, with respect to some concepts treated in this
paper, the assumption on compactness of metric spaces can be relaxed to local compactness, see, e.g. [1].
Second, in the context of technical results concerning the framework introduced, we use results from the
works [26, 34, 35] which only treat the case of un-rooted compact measured metric spaces. Incorporating
a root vertex only generates marginal modifications which we do not discuss in detail.

2.2 Real trees, continuum trees and recursive decompositions

In this paper, we are interested in a certain class of metric spaces that are tree-like.

REAL TREES. A metric space (T , d) is a called real tree if it has the following properties:

i) for every x, y ∈ T there exists a unique isometry ϕx,y : [0, d(x, y)] → T with ϕx,y(0) = x and
ϕx,y(d(x, y)) = y, (we write Jx, yK := ϕx,y([0, d(x, y)]) for the segment between x and y in T ),

ii) if q : [0, 1] → T is a continuous and injective map with q(0) = x, q(1) = y, then q([0, 1]) =
Jx, yK.

We denote by TGH the closed subset of KGH consisting of isometry classes of compact real trees. For
a compact real tree (T , d) and x ∈ T , we denote by deg(x) the number of connected components
of T \ {x}. (By compactness, this number is at most countably infinite.) We call x ∈ T a leaf if
deg(x) = 1, and abbreviate L for the set of leaves. Note that L is totally disconnected. We call x ∈ T
a branch point if deg(x) ≥ 3 and note that, again by compactness, the set of branch points B is at most
countable. Finally, we let S = T \L be the skeleton of T . Then, S is dense in T and, unless we are
in the trivial case for which T = {ρ}, S is uncountable.

MEASURED AND CONTINUUM REAL TREES. A compact rooted measured real tree T = (T , d, µ, ρ) is
a compact real tree (T , d) endowed with a probability measure µ and a distinguished point ρ ∈ T called
the root. We call ‖T ‖ := sup{d(x, ρ) : x ∈ T } the height of T. By TGHP ⊆ KGHP we denote the closed
subset of GHP-isometry classes of compact rooted measured real trees. As we have already noted, there
is a special interest in spaces carrying a measure with full support. Thus, we let TGHP

f = KGHP
f ∩ TGHP

and call elements in TGHP
f continuum real trees. Note that both KGHP

f and TGHP
f are non-closed subsets

of KGHP. In the literature on continuum real trees, see, e.g. [3, 6], one often finds the following two
additional conditions:
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C2. µ has no atoms,

C3. µ(L ) = 1,

Note that C2 and C3 imply L to be uncountable, and C1 and C3 imply L to be dense in T . It turns
out that all continuum trees playing a role in this paper satisfy both C2 and C3. However, we emphasize
the fact that we do not impose these conditions beforehand: they can be proved to hold as a non-trivial
consequence of our setting.

REAL TREES ENCODED BY EXCURSIONS. One natural way to define real trees is via an encoding by
continuous excursions (see e.g., [32, 39]). Let C be the space of continuous functions on [0, 1], which we
always endow with the uniform norm ‖f‖ = supt∈[0,1] |f(t)|. Let also Cex denote the set of unit-length
continuous excursions, that is the set of functions f ∈ C such that f(0) = f(1) = 0. For f ∈ Cex, define
the semi-metric

df (x, y) := f(x) + f(y)− 2 inf{f(s) : x ∧ y ≤ s ≤ x ∨ y} .
Let Tf = [0, 1]/∼ where x ∼ y if and only if df (x, y) = 0. Then, the compact metric space (Tf , df )
is a real tree, which we call the real tree encoded by f ; we will also sometimes denote the continuous
excursion f as being a height process for the real tree Tf . We use Lf ,Bf and Sf for the sets of leaves,
of branch points and for the skeleton of Tf , respectively.

As noted in [39] (see also [28, Corollary 1.2]), for every compact real tree (T , d), there exists f ∈ Cex
such that (T , d) and (Tf , df ) are isometric (hence, they represent the same element in KGH.) Two real
trees (Tf , df ) and (Tg, dg), encoded by continuous excursions f and g respectively, are isometric, if, for
instance, f = g ◦ φ for φ : [0, 1] → [0, 1] a continuous and strictly increasing function. In this case, we
call the encoding excursions f and g equivalent. Of course, (Tf , df ) and (Tg, dg) may be isometric even
if f and g are not equivalent.

The real tree (Tf , df ) can be turned into a compact rooted measured real tree Tf = (Tf , df , µf , ρf )
using the push-forward measure µf := Leb ◦π−1

f , where Leb denotes the Lebesgue measure on [0, 1],
and the root ρf := πf (0). Then, µf has full support, and thus Tf satisfies C1. Denote by C∗ex the set of
continuous excursions which are not monotonic on any non-trivial interval. For f ∈ C∗ex, we can make
the following observations,

• Lf \ {ρf} =
{
x ∈ Tf \ {ρf} : #π−1

f (x) = 1
}
,

• the set of local minima of f is dense in [0, 1],

• both Lf and Bf are dense in Tf ,

• µf (x) = 0 for all x ∈ Lf .

Note that there exist functions in C∗ex which have no strict local minima on (0, 1) (see [49] for an explicit
construction). Furthermore, for any ε ∈ (0, 1) and x ∈ [0, 1], one can construct a function f ∈ C∗ex such
that πf (x) ∈ Bf and µf ({πf (x)}) = 1 − ε. By [28, Comment 1.1], for any compact rooted measured
real tree (T , d, µ, ρ) satisfying C1 – C3, there exists f ∈ Cex such that (Tf , df , µf , ρf ) and (T , d, µ, ρ)
are GHP-isometric. Finally, it is well-known that the map τ : (Cex, ‖ · ‖) → (TGHP

f ,dGHP) such that
τ(f) = Tf is continuous (even globally Lipschitz continuous by [1, Proposition 3.3]). Hence, for any
random variable X ∈ Cex, the corresponding (GHP-equivalence class of the) compact rooted measured
real tree TX is a random variable with values in TGHP

f . Similarly, for any random variable T in TGHP
f ,

there exists a random variable X ∈ Cex, such that TX and T are identically distributed. (See Lemma 14.)

2.3 Metric spaces described by recursive decompositions

We now introduce a general framework for random compact rooted measured metric spaces satisfying
recursive distributional decompositions.

5



LetK > 1 and Γ be a rooted plane tree withK vertices. We call Γ the structural tree of the recursive
decomposition, and accordingly, the decomposition of a space (or tree) will involve K subparts. Label
the root of Γ by 1 and the remaining nodes in the depth-first order1. From now on, we will consider Γ
as a tree on the set [K] := {1, 2, . . . ,K}. Furthermore, for i ≥ 2, we denote by $i ∈ {1, 2, . . . , i − 1}
the label of the parent of node i. Next, fix α ∈ (0, 1), and r, s ∈ ΣK := {x = (x1, x2, . . . , xK) ∈
(0, 1)K : x1 + . . . + xK = 1}. We consider the following construction (see Section 1.4 in [3] for a
related construction): given compact rooted measured metric spaces (Xi, di, µi, ρi), i ∈ [K], construct a
compact rooted measured metric space (X, d, µ, ρ) as follows:

i) Independently sample points ηi ∈ Xi, i ∈ [K], according to the probability measures µi;

ii) Let X◦ denote the disjoint union of the Xi, i = 1, . . . ,K; let ∼ be the equivalence relation on X◦

in which ρi ∼ η$i , for i = 2, . . . ,K; define X as the quotient X◦/∼ and write ϕ for the canonical
injection from X◦ into X .

iii) Let d◦ be the maximal semi-metric on X◦ that is not greater than rαi di on Xi, and for which
d◦(x, y) = 0 if x ∼ y; define d as the metric induced on X by d◦;

iv) Let µ◦ be the unique probability measure on X◦ that is compatible with siµi when restricted to
Xi; define µ as the push-forward of µ◦ under ϕ.

v) Finally, let ρ = ϕ(ρ1) be the root.

Note that, because of the need to sample η1, . . . , ηK , the GHP-equivalence class of the resulting space
X = (X, d, µ, ρ) is random. It is crucial to observe that its distribution only depends on the GHP-isometry
classes of X1, . . . ,XK . Hence, denoting byM1(KGHP) the set of probability measures on KGHP, the map
ψ : (KGHP)K×Σ2

K →M1(KGHP) (where Σ2
K incorporates the choice of (r, s)) whose image is described

by the construction above is well-defined. For probability measures τ on Σ2
K and ℵ on KGHP, we define

the annealed measure

Ψ(ℵ, τ)(A) := E [ψ(X1, . . . ,XK ,R,S)(A)] , A ⊆ KGHP measurable, (3)

where L((R,S)) = τ , L(X1) = . . . = L(XK) = ℵ and (R,S),X1, . . . ,XK are independent.
Now given K, Γ, α ∈ (0, 1) and a distribution τ on Σ2

K , we are interested in laws on compact rooted
measured metric spaces ℵ ∈ M1(KGHP) satisfying

ℵ = Ψ(ℵ, τ). (4)

Informally, equation (4) says the following: Starting with K independent copies of (isometry classes) of
spaces distributed according to ℵ, the space obtained by the operation described in points i) – v) based
on an independent vector (R,S) with distribution τ again has distribution ℵ. Therefore, we refer to (4)
as a stochastic fixed-point equation at the level of compact rooted measured metric spaces. Note that,
while we have introduced the map Ψ for distributions on the space of GHP-isometry classes of spaces, in
the same way, Ψ can be defined relying on GP-isometry classes, and we will occasionally use Ψ in this
sense.

Remark. Our aim is to study tree-like structures, but we emphasize the fact that, while the decomposition
leading to (4) is clearly tree-like, it is not true that any distribution ℵ on KGHP that satisfies (4) charges only
tree-like structures. In fact, there are distributions that are fixed-points and whose metric components are
with probability one not real trees (see Proposition 3). It is however true that the support of the mass
measure of such fixed-points is almost surely a real tree (this follows from our main result Theorem 1).

1One can see a rooted plane tree as a subset t of ∪n≥0Nn, such that (a) if a word u ∈ t then all its prefixes also are in t and
(b) if ui ∈ t then also uj ∈ t for j = 1, . . . , i − 1. The depth-first order on t is then order induced on t by the lexicographic
order.
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Figure 1: The construction of X with law ψ(X1,X2,X3,X4,R,S) with the structural tree Γ shown in the
middle. For simplicity, we have not rescaled any of the distances. An excursion point of view is depicted
in Figure 2. (For the sake of representation, we have chosen the spaces to be tree-like)

GivenK, Γ and (R,S), not every α is admissible for (4) to have non-trivial solutions. The parameter
α is chosen as the unique value such that the depth of a point sampled according to µ has finite mean,
see the discussion of (6) below. Here, this condition can be expressed as follows. Let Γi the set of nodes
in the subtree of Γ rooted at i (including i itself). Define α ∈ (0, 1) as the unique solution to

E

[ ∑
1≤i≤K

Rαi 1{J∈Γi}

]
= 1 where P(J = j | S,R) = Sj , 1 ≤ j ≤ K. (5)

Such an α always exists by monotonicity and continuity in α of the expected value and the values for
α ∈ {0, 1}. From now on, unless specified otherwise, we will always assume that α has been chosen to
satisfy (5).

THE HEIGHT OF A RANDOM POINT. In a random compact rooted measured metric space X = (X, d, µ, ρ),
heights of points sampled according to µ play an important role. For 1 ≤ i ≤ K, write Ei for the set of
nodes on the path from 1 to i in Γ (including 1, but excluding i). In our construction, with X (or, rather
its distribution) satisfying (4) and abbreviating Y := d(ρ, ζ) where ζ has distribution µ, we have

Y
d
=

K∑
i=1

1{J=i}

[
Rαi Y (i) +

∑
j∈Ei

Rαj Y (j)

]
d
=

K∑
i=1

βαi Y
(i), where βi = Ri1{J∈Γi} , (6)

and Y (1), . . . , Y (K) are distributed like Y and ξ, (R,S), Y (1), . . . , Y (K) are independent. By Theorem 1
and Theorem 2 in [31], the distribution of d(ρ, ζ) is uniquely determined by (6) in the space of probability
distributions on [0,∞) up to a multiplicative constant. In fact, these theorems further imply that, for
any different choice of α, the random variable d(ρ, ζ) has either infinite mean, or, almost surely, X =
{ρ}. Since

∑K
i=1 E[β2α

i ] < 1, a standard contraction argument (e.g. [50, Theorem 3]) shows that the
distribution of d(ρ, ζ) is also determined by (6) in the space of distributions on R with finite variance,
again up a to multiplicative constant. (In general, there exist further non-integrable solutions to (6),
compare [10, Theorem 2.2].) Finally, we note that, from the last display, one can easily deduce that

P (d(ρ, ζ) > 0) ∈ {0, 1}. (7)

EXAMPLES. 1) The most celebrated example of a measured real tree that satisfies a fixed-point equa-
tion such as (4) is Aldous’ Brownian continuum random tree [4, 6]. Its recursive structure has been
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investigated in [7], where it has been proved that it satisfies a fixed-point equation of the type (4), with
K = 3, Γ is the tree on {1, 2, 3} with 2 and 3 that are children of 1, R = S = (S1,S2,S3) ∼
Dirichlet(1/2, 1/2, 1/2), and in this case, α = 1/2: starting with three independent Brownian contin-
uum random trees T1, T2, and T3, one again obtains a Brownian continuum random tree T if one rescales
the trees into (T1,S1/2

1 d1,S1µ1, ρ1), (T2,S1/2
2 d2,S2µ2, ρ2) and (T3,S1/2

3 d3,S3µ3, ρ3), and then identi-
fies the roots ρ2, ρ3 and a point sampled in T1 with distribution µ1.

2) An instance has also appeared in the context of recursive triangulations of the disk [17, 23]. There,
K = 2 (and thus Γ is the tree on {1, 2} where 2 is a child of 1), S = (S1,S2) ∼ Dirichlet(2, 1),
R = S and α turns out to be given by (

√
17− 3)/2. In other words, starting with two independent trees

TZ1 , TZ2 distributed like TZ , this states that attaching TZ2 rescaled by ∆β
1 at a uniformly random point

of TZ1 rescaled by ∆β
2 leads to tree with distribution TZ .

3) Another tree related to 2) is given by K = 2, S = (S1,S2) ∼ Dirichlet(2, 1),R ∼ Dirichlet(1, 1)
independent of S, and for this case, one finds α = 1/3. The tree has not been considered explicitly, but
it appears in [17, 23] via one of its encoding processes.

2.4 Recursive decompositions: An excursion point of view

It is convenient to express the construction in Section 2.3 in terms of excursions. Let K,Γ, r, s as in
Section 2.3 and assume for now that α ∈ (0, 1) is arbitrary. Each node of Γ will be assigned two
intervals, except the leaves that will be assigned a single one. In the following, we write ∂Γ for the set of
leaves of Γ (the nodes i such that Γi = {i}), and Γo for Γ \ ∂Γ. Next, for i ∈ [K], let vi = i + #{1 ≤
j < i : j 6∈ Ei ∪ ∂Γ} and define Vi = {vi, vi + 2|Γi| − ∂Γi − 1}. Observe that Vi contains a unique
element if i ∈ ∂Γ, and two otherwise; furthermore, (Vi)1≤i≤K forms a partition of {1, 2, . . . , L}, where
L := 2K − |∂Γ|. For u = (ui) ∈ (0, 1)K , there is a unique decomposition of the unit interval into L
half-open2 intervals I1, . . . , IL such that,

• si =
∑

k∈Vi Leb(Ik) for all i ∈ [K],

• ui = Leb(IminVi)/si for all i ∈ Γo.

Now, define
Λi =

⋃
k∈Vi

Ik and ϕi : Λi → [0, 1] (8)

as the unique function which is bijective, monotonically increasing and piecewise linear with constant
slope. We can now define the operator Φ : CKex×Σ2

K×(0, 1)K → Cex, such that g = Φ(f1, . . . , fk, r, s,u)
is the unique excursion satisfying

g(x)− g(y) = rαv` [fv`(ϕv`(x))− fv`(ϕv`(y))] , (9)

for all 1 ≤ ` ≤ L and x, y ∈ I`. In other words, up to the scaling factor rαi in space, the function fi
is first fitted to an interval of length si = Leb(Λi) and then used on the set Λi. For an illustration see
Figure 2 (and compare it with the corresponding version involving trees on Figure 1). By construction,
for f1, . . . , fK ∈ Cex, r, s ∈ ΣK and Ξ uniformly distributed on (0, 1)K , we have

L
(
TΦ(f1,...,fK ,r,s,Ξ)

)
= ψ(Tf1 , . . . ,TfK , r, s).

In particular, the distribution of the random compact rooted measured real tree (TX , dX , µX , ρX) satisfies
(4) if

X
d
= Φ

(
X(1), . . . , X(K),R,S,Ξ

)
, (10)

2We call an interval half-open if it is of the form (a, b] with 0 ≤ a ≤ b ≤ 1 or [0, a] with 0 ≤ a ≤ 1.

8



where X(1), . . . , X(K) are independent copies of X , independent of (R,S,Ξ), Ξ and (R,S) being
independent and Ξ = (ξ1, . . . , ξK) being uniformly distributed on (0, 1)K ; of course, in this case, α
shall be chosen as in (5). The fixed-point equation in (10) can be expressed alternatively as

X(·) d
=

K∑
i=1

1Si(·)
[
Rαi X(i)(ϕi(·)) +

∑
j∈Ei

RαjX(j)(ξj)

]

d
=

K∑
i=1

Rαi

[
1Si(·)X(i)(ϕi(·)) +

∑
j∈Γi\{i}

1Sj (·)X(i)(ξi)

]
.

Let us note that, when asking for tree solutions to (4), the excursion point of view of the recursive
decomposition is technically preferable since it grants access to random excursions (and their corre-
sponding encoded real trees) as well as to nodes sampled independently according to the mass measure
using the external randomness provided by Ξ. Distributional identities are used only in the final step
of the formulation of the fixed-point equation (10) rather than arising intrinsically in the construction in
Section 2.3 leading to a rigorous definition of the map Ψ in (4).

x

f1(x)

1⇠1
x

f2(x)

1⇠2
x

f3(x)

1⇠3
x

f4(x)

1⇠4

x

�(f1, f2, f3, f4, R, S,⌅)(x)

1t1 t2 t3 t4 t5
1

2

3

4

Figure 2: An example of the functional construction of Section 2.4: Here K = 4, L = 6, the
structural tree Γ is the tree shown on the bottom right. The functions f1, f2, f3, f4 are composed into
Φ(f1, f2, f3, f4,R,S,Ξ). In order to keep the focus on the structure of the construction, we have not
used scalings for the distances and the scaling S = (0.35, 0.20, 0.30, 0.15) for time. The corresponding
point of view using trees is depicted in Figure 1.

EXAMPLES. 1) An identity of the kind in (10) holds for the Brownian excursion e, and is of course
intimately related to the corresponding decomposition of the Brownian continuum random tree. By [7,

9



Corollary 3], we have

e( · ) d
=1[0,U1)( · )∆1/2

1 e(1)

( ·
∆1

)
+ 1[U3,1]( · )∆1/2

1 e(1)

( · −∆2 −∆3

∆1

)
+ 1[U1,U2)( · )

[
∆

1/2
2 e(2)

( · − U1

∆2

)
+ ∆

1/2
1 e(1) (ξ)

]
+ 1[U2,U3)( · )

[
∆

1/2
3 e(3)

( · − U2

∆3

)
+ ∆

1/2
1 e(1) (ξ)

]
, (11)

where e(1), e(2), e(3) are distributed like e, (∆1,∆2,∆3) is Dirichlet(1/2, 1/2, 1/2) distributed, U1 =
ξ∆1, U2 = U1 + ∆2, U3 = U2 + ∆3, ξ is uniformly distributed on [0, 1] and (∆1,∆2,∆3), ξ,
e(1), e(2), e(3) are independent.

2) The functional version of the fixed-point equation appearing in Example 2) of Section 2.3 concern
a certain process Z that satisfies the following identity on the space C:

Z ( · ) d
=1[0,U1)( · )∆β

1Z (1)

( ·
∆1

)
+ 1[U2,1]( · )∆β

1Z (1)

( · −∆2

∆1

)
+ 1[U1,U2)( · )

[
∆β

2Z (2)

( · − U1

∆2

)
+ ∆β

1Z (1) (ξ)

]
, (12)

where β = (
√

17−3)/2, (∆1,∆2) is Dirichlet(2, 1) distributed, U1 = ξ∆1, U2 = U1 +∆2, ξ is uniform
on [0, 1], and Z (1),Z (2) are distributed like Z , and (∆1,∆2), ξ,Z (1),Z (2) are independent.

3) Similarly to 2) above, there is a functional version to Example 3) of Section 2.3. The process H
involved satisfies the following modified fixed-point equation in the space C:

H ( · ) d
=1[0,U1)( · )W 1/3H (1)

( ·
∆1

)
+ 1[U2,1]( · )W 1/3H (1)

( · −∆2

∆1

)
+ 1[U1,U2)( · )

[
(1−W )1/3H (2)

( · − U1

∆2

)
+W 1/3H (1) (ξ)

]
. (13)

Here, (∆1,∆2) is Dirichlet(2, 1) distributed, U1 = ξ∆1, U2 = U1 + ∆2, ξ,W are uniformly distributed,
H (1),H (2) are distributed like H . Furthermore, (∆1,∆2), ξ,W,H (1),H (2) in (13).

We note that, in relation to Question (ii) in the introduction, the recursive equations in (11), (12)
and (13) do not define the random processes e, Z or H uniquely (there is at least a free multiplicative
scaling). It turns out that the multiplicative scaling is the only degree of freedom when considering
solutions in the space Cex, see Theorem 1 below.

2.5 Fractal properties of metric spaces

Let (S, d) be a metric space. For δ > 0 and a bounded and non-empty set B let NB(δ) be the smallest
number m such that there exist m balls or radius δ covering B. The Minkowski dimension (also box-
counting dimension) emerges from a power-law behavior of NB(δ) as δ → 0. More precisely, we define
the lower Minkowski dimension dimM(B) and the upper Minkowski dimension dimM(B) as follows,

dimM(B) := lim inf
δ→0

logNB(δ)

− log δ
, dimM(B) := lim sup

δ→0

logNB(δ)

− log δ
.

If both values coincide, we simply call dimM(B) := dimM(B) the Minkowski dimension of B.
The Hausdorff dimension of an arbitrary set A ⊆ S is defined using the family of (outer) Hausdorff

measures (Hs)s>0 given by

Hs(A) := lim
δ→0

{∑
i≥1

|Ui|s : A ⊆
⋃
i≥1

Ui and |Ui| ≤ δ for all i ≥ 1

}
.
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The Hausdorff dimension of A is now defined by

dimH(A) := inf{s ≥ 0 : Hs(A) = 0},

where one should notice that Ht(A) < ∞ implies Hs(A) = 0 for s > t. We will need the following
version of the mass distribution principle (see, e.g. [33, Proposition 4.9]). Let Br(x) := {y ∈ S :
d(x, y) < r} denote the ball of radius r around x. Then, for a Borel-measurable set A ⊆ S, a finite
measure ν on S with ν(A) > 0 and c > 0, we have

lim sup
r→0

ν(Br(x))/rs ≤ c for all x ∈ A ⇒ dimH(A) ≥ s. (14)

Lower and upper Minkowski dimension as well as Hausdorff dimension are invariant under isometries.
Furthermore, for a bounded and non-empty set B, we have

dimH(B) ≤ dimM(B) ≤ dimM(B).

Recall that a function f : [0, 1] → R is α-Hölder continuous with 0 < α ≤ 1 (or Hölder with exponent
α) if there exists a finite constant K > 0 such that, for all 0 ≤ x, y ≤ 1,

|f(x)− f(y)| ≤ K|x− y|α.

For f ∈ Cex, we let αf be the supremum over all Hölder exponents of excursions equivalent to f . Next,
for p > 0, the p-variation [f ]p(t), t ∈ [0, 1], of a function f ∈ C is defined by

[f ]p(t) = sup

{
n−1∑
i=0

|f(ti+1)− f(ti)|p : n ≥ 1 and 0 ≤ t1 ≤ . . . ≤ tn ≤ t
}
.

Note that [f ]p is monotonically increasing and, if [f ]p(1) < ∞, then [f ]p ∈ C. Let ωf be the infimum
over all p > 0 for which [f ]p(1) < ∞. It is easy to see that ωf ≤ α−1

f . Furthermore, if f is no-where
constant, the converse inequality follows from Theorem 3.1 in [20]. Combining this with Theorem 3.1
in Picard [48] shows that, for any f ∈ Cex which is no-where piecewise constant, we have

dimM(Tf ) =
1

αf
. (15)

The last identity is used in Corollary 6. (Theorem 1 below shows that every non-trivial excursion X
satisfying (10) is no-where constant.)

Remark. For a function f ∈ C (or rather its equivalence class defined as for excursions), one defines the
lower and upper divider dimensions dimD(f) and dimD(f) analogously to the Minkowski dimension by
replacing NB(δ) by

Mδ(f) = min

{
M ≥ 1 :

∃0 = t0 ≤ t1 ≤ . . . ≤ tM−1 = 1 such that
|f(ti+1)− f(ti)| ≤ δ for all 0 ≤ i ≤M − 1

}
.

By Theorem 2.3 in [2], we have α−1
f = dimD(f) if f is no-where constant. It is easy to see that

dimD(f) = dimM(Tf ) for f ∈ Cex and the same identity for the lower dimension. This yields an
alternative proof of (15) which does not rely on the variations of paths and the results in [48] and [20].

3 Main results

3.1 Characterizations of solutions to (4) and (10)

Our first theorem clarifies the set of solutions to the fixed-point equations (4) and (10).

11



Theorem 1. Let 0 < c <∞. Then,
i) there exists a unique continuous excursion X (in distribution) that satisfies (10) and E [X(ξ)] = c;

ii) for any random variable X = (X, d, µ, ρ) in KGHP satisfying (4) with E[d(ρ, ζ)] = c, TX and
(supp(µ), d, µ, ρ) have the same distribution.

Furthermore, for all m ≥ 1, we have E [‖X‖m] <∞, and, almost surely,
iii) X(s) > 0 for all s ∈ (0, 1);
iv) X is no-where monotonic.

Some comments are in order. First of all, as motivated by the formulation of point ii), there can
exist further solutions to (4) which are not almost surely continuum trees (even with values outside
TGHP), see Proposition 3 below and the example discussed following Theorem 1.6 in [3]. Next, random
compact rooted measured metric spaces (not only real trees) with values in KGHP or KGP solving (4) with
E[d(ρ, ζ)] =∞ do not exist. Similarly, any solution to (4) with E[d(ρ, ζ)] = 0 must be the trivial space
X = {ρ} almost surely. The analogous statements hold for solutions to (10).

Finally, characterizing the distribution of a random continuous function by a stochastic fixed-point
equation typically requires moment assumptions, see, e.g. [45, Lemma 18]. The uniqueness property in
the theorem follows from the restriction to non-negative excursions and the very special form of the fixed-
point equation (10), where, for any fixed t ∈ (0, 1), almost surely, the variations around t are governed
by a single copy of the process. Let D be the set of functions f : [0, 1]→ R with right-continuous paths
such that limt↑s f(t) exists for all s ∈ (0, 1]. On D, we consider the Skorokhod topology, see e.g. [15]
for details. By Dex we denote the set of non-negative functions f ∈ D with f(0) = f(1) = 0. Our proof
shows that, up to a multiplicative constant, the excursionX is the unique solution to (10) (in distribution)
in the space Dex. Furthermore, X is the unique solution to (10) (in distribution) in the space D (and
hence, also in C) satisfying E [‖X‖m] <∞, where m = 1 + b1/αc; in particular, m ≥ 1/α. Note that,

m = min

{
m ∈ N :

K∑
i=1

E [Rmαi ] < 1

}
. (16)

Albenque and Goldschmidt [3] show that, in the case of the Brownian continuum random tree, the
fixed-point in Example 1) of Section 2.3 is attractive with respect to weak convergence on the space
of probability measures on KGP. They also raise the question whether this was true with respect to the
Gromov–Hausdorff–Prokhorov distance. Our next result confirms this under certain moment conditions.
(Note however that the results in [3] are not directly comparable to ours since the trees there are unrooted.)

In the following, we let φGHP : M1(KGHP) → M1(KGHP) be the map that to ℵ ∈ M1(KGHP)
associates φGHP(ℵ) = Ψ(ℵ, τ), where τ = L(R,S) and Ψ is the map defined in (3). Analogously, we
define φGP based on KGP. For a measure ν on KGP or KGHP, we write Eν for the expectation with respect
to spaces sampled from ν.

Theorem 2. Fix c > 0 and let X be the unique continuous excursion satisfying (10) with E[X(ξ)] = c.
Then, we have the following two statements:

i) if ν is a probability measure on KGP with Eν [d(ρ, ζ)] = c, then the sequence of distributions
(φnGP(ν))n≥1 converges weakly to the law of TX .

ii) if ν is a probability measure on TGHP
f with Eν [d(ρ, ζ)] = c and Eν [‖T ‖m] < ∞, then the sequence

of distributions (φnGHP(ν))n≥1 converges weakly to the law of TX .

Although the moment condition in Theorem 2 ii) is probably not optimal, one certainly needs some
condition as demonstrated by the following proposition.

Proposition 3. Let c > 0. Fix K ≥ 2, Γ and (the distribution of) S . Then, there exists anR such that
i) there exists infinitely many mutually singular fixed-points of (4) on KGHP such that Eν [d(ρ, ζ)] = c

and Eν [‖T ‖1/α] =∞, including some that are a.s. not real trees;
ii) there exists a probability measure ν on TGHP

f such that Eν [d(ρ, ζ)] = c, Eν [‖T ‖1/α] = ∞ and
(φnGHP(ν))n≥1 does not converge weakly to the law of TX .
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3.2 Geometry, fractal dimensions and optimal Hölder exponents

It is informative to first present a heuristic argument that, at the very least, gives an idea of the value of
the Minkowski dimension that one should expect. Consider T = (T , d, µ, ρ) satisfying (4). In a covering
of T by open balls, if one neglects the contribution of the balls that might intersect more than one subtree
in the recursive decomposition, then the fixed-point equation (4) should imply that we approximately
have

NT (δ) ≈
K∑
i=1

NRαi Ti(δ) =

K∑
i=1

NTi(R−αi δ). (17)

In particular, if one roughly has NT (δ) ≈ δ−s for some s > 0, then it should be the case that 1 =∑K
i=1Rαsi , and thus the constant s should be given by s = α−1. We now provide results that justify that

this is indeed the case under some conditions that happen to be satisfied in most examples.
In the following theorem and subsequently, we use the generic random variableRwhich is distributed

likeRI with I uniformly chosen among 1, . . . ,K.

Theorem 4 (Upper bound on dimM). Assume that T = (T , d, µ, ρ) satisfies (4) with values in TGHP
f .

Moreover, assume that R admits a density g on [0, 1] satisfying g(t) ≤ Ctγ−1 for all t ∈ [0, 1] where
KC > γ > 0. Then, almost surely,

dimM(T ) ≤ (KC − γ)/α.

Remark. Note that, if R has density (K − 1)−1t(2−K)/(K−1), then dimM(T ) ≤ α−1 almost surely.
Although it may seem arbitrary, the argument around (17) motivates this choice, and we will see it will
turn out to be an important case later on. Finally, our proof shows that the bound in the theorem remains
valid for any random variable T ∈ TGHP satisfying (4) if ‖T ‖ has finite moments of all orders.

We now turn to the Hausdorff dimension.

Theorem 5 (Lower bound on dimH). Assume T = (T , d, µ, ρ) satisfies (4) with values in TGHP
f , P(‖T ‖ >

0) > 0 and, for some δ > 0, E[R−δ] <∞. Then

dimH(T ) ≥ α−1.

Corollary 6 (Optimal Hölder exponents). Suppose that X satisfies (10), that P (‖X‖ > 0) > 0 and that
the conditions of Theorems 4 are satisfied with C = γ and γ = (K − 1)−1. Then, almost surely:
(a) dimH(TX) = dimM(TX) = dimM(TX) = α−1;
(b) for any γ < α, there exists a process X̃ which is equivalent toX and has γ-Hölder continuous paths.
(c) for any γ > α and X̃ ∈ Cex, on the event {TX̃ = TX}, X̃ has γ-Hölder continuous paths with

probability zero.

Finally, we have the following results about the degrees in TX . Let D(TX) be the (random) set of
degrees of TX . Let also D(Γ) = {1 + #{j : $j = i} : 1 ≤ i ≤ K}; then, by the following proposition,
with probability one, D(Γ) is the set of degrees of the connect points ϕ(ηi), 1 ≤ i ≤ K in T . Observe
that 1 ∈ D(Γ), but that it is possible that 2 is not an element of D(Γ). (D(Γ) is also the set of degrees in
the tree obtained from Γ by connecting an additional node to its root.)

Proposition 7. Let 0 < c < ∞ and X be the unique solution (in distribution) of (4) in Theorem 1 with
E [X(ξ)] = c. Then, with probability one,

i) the root ρX is a leaf;
ii) a point sampled from µX is a leaf;

iii) µX has no atoms;
iv) the set D(TX) of degrees of points in TX is fully determined by D(Γ):

D(TX) =

{
{1, 2, 3} if D(Γ) = {1, 2}
D(Γ) ∪ {2} otherwise .
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3.3 A taste of applications

All applications in this work are discussed in detail in Section 6; they cover in particular generalizations
of the trees dual to laminations of the disk. Here, we only state immediate consequences for the three
trees encoded by the functions Z , H and e that we have used as examples earlier. Observe that, the
structural tree Γ is fixed if K = 2, while for K ≥ 3, in order to describe it, it suffices to specify the
parents $3, . . . , $K .

Corollary 8. Up to a multiplicative constant for the distance function, we have (uniqueness being un-
derstood in distribution):
(a) The Brownian Continuum random tree (Te, de, µe, πe(0)) is the unique random rooted continuum

tree satisfying (4) with K = 3, ϑ3 = 1, α = 1/2, S = R = (∆1,∆2,∆3) with ∆1,∆2,∆3 as in
(11).

(b) The tree (TZ , dZ , µZ , πZ (0)) is the unique random rooted continuum tree satisfying (4) with K =
2, S = R = (∆1,∆2), with ∆1,∆2 as in (12) and α = (

√
17− 3)/2.

(c) The tree (TH , dH , µH , πH (0)) is the unique random rooted continuum tree satisfying (4) with
K = 2, α = 1/3, S = (∆1,∆2),R = (W, (1−W )) with ∆1,∆2,W as in (13).

Furthermore, these uniqueness results also hold in the space KGHP
f of full-support metric measure spaces.

The assertion concerning the Brownian continuum random tree (in the unrooted set-up and using a
slightly different definition of continuum trees) in Corollary 8 is the main result in [3]. Similarly, the
claim for the process Z in Corollary 9 has already been given in [17] in the space C under additional
moment assumptions. In terms of processes, we have the following

Corollary 9. Up to a multiplicative constant, we have (uniqueness being understood in the sense of
distributions):
(a) The Brownian excursion e is the unique continuous excursion satisfying (11).
(b) The process Z is the unique continuous excursion satisfying (12).
(c) The process H is the unique continuous excursion satisfying (13).

We now formulate the implications of results on the fractal dimensions of TZ , TH and Te. Note that
the fractal dimension of the continuum random tree has already been established in [5] (see also [29] for
the more general case of Lévy trees) and the Minkowski dimension of TZ in [17].

Corollary 10. Almost surely, for the processes e, Z and H satisfying (11), (12) and (13),
(a) dimM(Te) = dimH(Te) = 2.
(b) dimM(TZ ) = dimH(TZ ) = β−1, where β = (

√
17− 3)/2,

(c) dimM(TH ) = dimH(TH ) = 3.

3.4 Overview of the main techniques

Most of our proofs rely on an expansion of the fixed-point equation (10). For fixed-point equations de-
scribing real-valued distributions, this idea is classical, compare, e.g. [9, Section 2.3]. For the Brownian
continuum random tree Te, it was used both in [22] as well as, more recently, in [3].

Let Θ =
⋃
n≥0[K]n be the complete infinite K-ary tree and, for each n ≥ 0, denote by Θn = [K]n ⊆ Θ

the set of vertices on level n in Θ. Next, let

{(Rϑ,Sϑ) : ϑ ∈ Θ}, {Ξϑ = (ξϑ1 , . . . , ξ
ϑ
K) : ϑ ∈ Θ},

be two independent sets of independent random variables where each (Rϑ,Sϑ) has the distribution of
(R,S) and each Ξϑ is uniformly distributed on (0, 1)K . The components of Rϑ and Sϑ are assigned to
the edges out of ϑ as follows: for the edge eϑi between ϑ and ϑi, define R(eϑi ) = Rϑi and S(eϑi ) = Sϑi .
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These edge-weights then induce values for the vertices that we define multiplicatively; each node ϑ ∈ Θ
is assigned a length L(ϑ) and a rescaling factor for distances V(ϑ) which are given by

V(ϑ) =
∏
e∈πϑ

R(e) and L(ϑ) =
∏
e∈πϑ

S(e), (18)

where πϑ denotes the set of edges on the path from the root ∅ to ϑ. We can think of Θ as providing the
parameters that are required by the recursive decomposition. In Section 4.2, we will see that, for any
0 < c <∞, one can construct a family of random variables {X ϑ : ϑ ∈ Θ}, such that

X ϑ = Φ
(
X ϑ1, . . . ,X ϑK ,Rϑ,Sϑ,Ξϑ

)
, (19)

where, for all ϑ ∈ Θ, the distribution of X ϑ does not depend on ϑ, X ϑ is measurable with respect to
{Rϑσ,Sϑσ,Ξϑσ : σ ∈ Θ}, and E[X ϑ(ξ)] = c. In particular, the fixed-point corresponding to X ϑ is
endogenous, see, e.g., [9, Definition 7].

It should be clear that, for any ϑ ∈ Θ and n ≥ 1, the unit interval is decomposed in half-open
intervals such that, for σ ∈ Θn, X ϑσ multiplied by (V(ϑσ)/V(ϑ))α governs the behaviour of the process
X ϑ on a set Λϑσ of Lebesgue measure L(ϑσ)/L(ϑ) composed of a subset of these intervals. Let us give
a precise formulation of this decomposition: first, for all ϑ ∈ Θ and 1 ≤ j ≤ K, let the set Λϑj and
the function ϕϑj be defined as Sj and ϕj in (8) using the vector (Sϑ,Ξϑ). Then, given Λϑσ and ϕϑσ for
σ ∈ Θn, n ≥ 1, for 1 ≤ j ≤ K, let

Λϑσj =
(
ϕϑσ
)−1

(Λσj ),

and let ϕϑσj be the unique piece-wise linear bijective and increasing function mapping Λϑσj to [0, 1].
Throughout the paper, we write Λϑ = Λ∅ϑ, ϑ ∈ Θ and X = X ∅ for the quantities at the root of Θ.

Remark. Our construction also leads to a corresponding decomposition of the tree TXϑ into subtrees
GHP-isometric to TXϑσ , σ ∈ Θn for any n ≥ 1. Note that a similar direct construction of almost surely
coupled isometry classes of random compact rooted measured metric spaces (or real trees) using the map
Ψ is not available since Ψ operates only on the set of probability measures.

3.5 Outline of the proofs

The remainder of the paper is organized as follows: In Section 4, we prove Theorems 1 i), ii), 2 and
Proposition 3. Here, Section 4.1 is devoted to showing that, up to a scaling constant, there exists at most
one solution to (4) in KGHP

f (or KGP). In Section 4.2 this solution is constructed together with a unique
continuous excursion satisfying (10). Parts i) and ii) of Theorem 1 are proved at the end of this section.
Section 4.3 contains the proofs of Theorem 2 and Proposition 3.

In Section 5 we present proofs to the remaining statements in Section 3. Here, in Section 5.1, we
start with the verification of Theorem 4. Then, in Section 5.2, we give the proof of the lower bound on
the Hausdorff dimension in Theorem 5. In Section 5.3, we discuss the proofs of Proposition 7 as well
as the remaining parts iii) and iv) of Theorem 1. Corollary 6 is discussed in Section 5.4 where we also
study promising candidates for encoding functions with good path properties.

Finally, Section 6 is dedicated to applications. We discuss the results formulated in Section 3.3 for
the processes e,Z and H in detail in Sections 6.1–6.3. Section 6.4 contains new results concerning a
generalization of the lamination model [17, 23].

4 Proofs of the uniqueness results

4.1 Uniqueness of the encoding function

The proof of Theorem 1 consists of two steps. First, we show that there exists at most one compact
rooted measured metric space with full support satisfying (4) in Proposition 12. Second, as in [17], we
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use a variant of the functional contraction method to construct a solution to (10) that has finite absolute
moments. We indicate how to obtain the statements i) and ii) in Theorem 1 from the next two results
right after proving Proposition 13 below.

For k ∈ N, let Mk = {(mij)0≤i,j≤k : mij = mji ≥ 0} be the set of symmetric (k + 1) by
(k+1) matrices with non-negative entries. We also write MN0 for the set of infinite dimensional matrices
satisfying these properties. For a rooted measured compact space X = (X, d, µ, ρ), let ζ1, ζ2, . . . be
independent realizations of the measure µ on X. Furthermore, set ζ0 = ρ. Observe that the distribution
of the random infinite matrix DX = (d(ζi, ζj))i,j≥0 does not depend on the representative of the Gromov–
Hausdorff–Prokhorov (or Gromov–Prokhorov) isometry class of T. Hence, we can define the distance
matrix νX ∈ M1(MN0) for elements X of KGHP or KGP. The importance of νX is highlighted by the
following well-known proposition. For GP-isometry classes, part i) is typically referred to as Gromov’s
reconstruction theorem, see Gromov [35, Section 3 1/2] or Vershik [54, Theorem 4]. ii) and iii) (again in
the GP case) are Theorem 5 in [26] (see also [41, Corollary 2.8]). For GHP-isometry classes, these results
immediately follow from the bimeasurability of ι discussed at the end of Section 2.1.

Proposition 11. We have the following results:
i) Let X1,X2 ∈ KGHP

f (or KGP). Then, νX1 = νX2 if and only if X1 = X2.
ii) The distribution of a random variable X ∈ KGHP

f (or KGP) is uniquely determined by E[νX], the
intensity measure of (the random measure) νX:

E[νX](A) := E[νX(A)], A ⊆MN0 measurable.

iii) For random variables X,Xn, n ≥ 1 with values in KGP, we have Xn → X in distribution as n→∞
if and only if E[νXn ]→ E[νX] weakly.

Remark. By [34, Corollary 3.1], a sequence of random variables Xn, n ≥ 1 in KGP converges in distri-
bution if and only if E[νXn ] converges weakly and the family of distributions L(Xn), n ≥ 1 is tight. As
discussed in Remark 2.7 in [26] (and repeated here for the reader’s convenience), Proposition 11 iii) says
that the tightness condition is equivalent to the fact that the weak limit of E[νXn ], n ≥ 1 can be obtained
as annealed distance matrix of some random variable X ∈ KGP.

With Proposition 11 at hand, we can now compare the distributions of the distance matrix of two
solutions of the fixed-point equation (4). Here, and subsequently, for X ∈ KGHP (or KGP), we write νXn
for the distribution of the distance matrix with respect to finitely many points ζ0, ζ1, . . . , ζn. (νXn is an
element ofM1(Mn).)

Proposition 12. Let X = (X, d, µ, ρ) and U = (U, d′, µ′, ρ′) be KGHP (or KGP)-valued random variables
satisfying (4) (in distribution) and E[d(ρ, ζ)] = E[d′(ρ′, ζ ′)] where ζ (resp. ζ ′) is chosen on X (resp. U )
according to µ (resp. µ′). Then, E[νT] = E[νU].

Proof. For n ≥ 1, let Dn (resp. D′n) be a random variable on Mn with distribution E[νXn ] (resp. E[νUn ]).
We have already seen that D1 and D′1 are identically distributed in the course of (6). Our aim is to show
that, for all n ≥ 2, Dn satisfies a stochastic fixed-point which is known to admit at most one solution. To
this end, we proceed by induction on n. It then follows immediately that E[νXn ] = E[νUn ] for all n ≥ 1
which proves the assertion. LetA ⊆Mn be a measurable set. Abbreviating τ = L(R,S) and ℵ = L(X),
we deduce from (4) that

P (Dn ∈ A) = E[νψ(X1,...,XK ,R,S)
n (A)]

=

∫
Σ2
K

dτ(r, s)

∫
(KGHP)K

dℵ⊗k(x1, . . . , xk)

∫
KGHP

νxn(A)dψ(x1, . . . , xk, r, s)(x)

=

∫
Σ2
K

dτ(r, s)

∫
(KGHP)K

dℵ⊗k(x1, . . . , xk)E[νX
∗(x1,...,xk,r,s)

n ](A) (20)
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where X∗(x1, . . . , xk, r, s) has distribution ψ(x1, . . . , xk, r, s). Fix r, s, x1, . . . , xK and let x̄1, . . . , x̄K

be arbitrary representatives of x1, . . . , xK . For k ≥ 1, 1 ≤ i ≤ K, write Y (k)
x̄i for a generic random

variable with distribution νx̄ik (which, of course, only depends on xi rather than x̄i).
Furthermore, let (Ji)i≥1 be a sequence of i.i.d. random variables on {1, . . . ,K}, with P (Ji = j) =

sj for all 1 ≤ j ≤ K. For i ≥ 1, sample ζi independently according to the measure µJi on x̄i.
Independently, for 1 ≤ i ≤ K, sample ηi on x̄i according to µi. Write d for the distance on the tree
x̄ constructed with the help of Γ, α, r, s, x̄1, . . . , x̄K , η1, . . . , ηK . (Note that we do not interpret x̄ as a
random variable.) By construction, the matrix Wn = (w(i, j))0≤i,j≤n where w(i, j) = d(ζi, ζj) has
distribution E[ν

X∗(x1,...,xk,r,s)
n ].

The idea now consists in decomposing Wn by looking in which of the subspaces the random points
ζ1, . . . , ζn fall. Recall that the root ρ = ζ0 is the (image of the) root ρ1 of x̄1. We start with a few simple
cases as a warm up:
i) If Jl = 1, for all l = 1, . . . , n, then the distances between points ζ0 = ρ, ζ1, . . . , ζn are all measured
within x̄1 and conditional on this event, Wn is distributed as rα1 Y

(n)
x̄1 .

ii) If there is some i 6= 1 such that #{1 ≤ l ≤ n : Jl = i} = n, then the distances between ζ1, . . . , ζn all
are measured within x̄i. The distance from ζi to ζ0 involves all subspaces on the path π(1, i) between i
and 1 (including 1, but excluding i) in the structural tree Γ. Furthermore, d(ζ0, ζl) can be decomposed as
d(ρi, ζl) plus the sum of the distances d(ρp, ηp), for p ∈ π(1, i). It follows that, conditional on this event
and on i, the matrix Wn is distributed as

rαi Y
(n)
x̄i + F0

( ∑
p∈π(1,i)

rαp Y
(1)
x̄p

)
,

where Y (n)
x̄i , Y

(1)
x̄p , p ∈ π(1, i), are independent and F0 : M2 → Mn+1 is the linear operator that copies

the (only) non-zero entry of the input matrix to all the non-diagonal entries.
iii) The situation is very similar if there exists i ∈ {1, . . . , n} such that Ji = j, while Jl = 1, for
l = 0, 1, . . . , i − 1, i + 1, . . . , n. Then, distances between the ζj , j 6= i, only concern x̄1 while the
distances between ζi and elements of {ζ0, . . . , ζi−1, ζi+1, ζn} all involve x̄p, for p ∈ π(i, 1). Furthermore,
when studying these distances, we might think of η1 as ζ∗j , to replace ζj in x̄1. Let Fj : M2 → Mn+1

denote the operator copying the non-zero entry of the input matrix to all the entries (k, l) for k 6= j + l
mod (n+ 1). Then, the same argument as in ii) yields that, conditional on this event and on i, the matrix
Wn is distributed as

rα1 Y
(n)
x̄1 + Fj

( ∑
p∈π(i,1)

rαp Y
(1)
x̄p

)
,

where Y (n)
x̄1 , Y

(1)
x̄p , p ∈ π(1, i), are independent.

iv) In general, for 1 ≤ i ≤ K, let Li = {1 ≤ j ≤ k : Jj = i} be the collection of test points falling
in x̄i, and write `i = #Li. Let M = max{`i : 1 ≤ i ≤ K}. The cases i) and ii) above have treated
the situations where M = n and M = n − 1, respectively. So we can now assume that M ≤ n − 2.
As we have already observed before, for every i, and any point xi in t̄i and xj ∈ t̄j , j 6= i, the segment
between xi and xj in t̄ exits the (image of) t̄i at either ρi or ηi. In any case, the number of random points
in the subspaces to consider (in addition to the root) never exceeds n− 1 (the ηi plus at most n− 2 of the
original ones). More precisely, let

`∗i =

{
`i + 1 if `j > 0 for some j ∈ Γi \ {i}
`i otherwise .

Conditional on the sets Li, 1 ≤ i ≤ K, in distribution, Wn can be expressed as a deterministic linear
operator involving rescaled independent copies of Y (k)

t̄i
, 1 ≤ i ≤ K for k ∈ {`∗i : 1 ≤ i ≤ K} whose

precise expression has little importance.
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Recall that the distribution of Y (k)
x̄i is equal to νxik . Thus, using the observations in i), ii), iii) and iv),

and performing the integration in (20), we obtain

Dn
d
= AnDn +Bn (21)

for a non-negative random variable An and a linear operator Bn where (An, Bn), Dn are independent,
and Bn is composed of R,S and independent copies of certain D1, . . . , Dn−1. A fixed-point equation
of this kind is called a perpetuity. Note that |An| < 1 almost surely. It follows from classical results
on perpetuities, e.g. from [55, Theorem 1.5], that this fixed-point equation has at most one solution in
distribution. This finishes the proof.

4.2 Construction of a solution

It is here that we construct the process family of processes (X ϑ)ϑ∈Θ mentioned in Section 3.4 and that
plays a central role in a number of proofs later on. The following proposition is essentially a generaliza-
tion of Theorem 6 and Theorem 17 in [17]. We keep the presentation rather compact and refer to [17] for
more details on technical points. LetM1(Cex) be the set of probability measures on Cex. For c > 0, let

Mc =

{
µ ∈M1(Cex) :

∫∫ 1

0
x(t)dtµ(dx) = c and

∫
‖x‖mµ(dx) <∞, for all m ≥ 1

}
.

Fix c > 0, f ∈ Cex with
∫ 1

0 f(t)dt = c and let Qϑ0 = f, ϑ ∈ Θ. Recursively, for n ≥ 1 and ϑ ∈ Θ,
define

Qϑn = Φ(Qϑ1
n−1, . . . , Q

ϑK
n−1,Rϑ,Sϑ,Ξϑ). (22)

Proposition 13. For any ϑ ∈ Θ, almost surely, the sequence Qϑn defined in (22) converges uniformly to
a process X ϑ. For any ϑ ∈ Θ, we have, almost surely,

X ϑ = Φ(X ϑ1, . . . ,X ϑK ,Rϑ,Sϑ,Ξϑ). (23)

Furthermore, L(X ϑ) is the unique solution to (10) in the setMc.

Remark. The family {X ϑ : ϑ ∈ Θ} depends on the function f in a weak way. The proof of the
proposition shows the following: For µ ∈ Mc, let {Yϑ : ϑ ∈ Θ} be a family of random processes with
L(Yϑ) = µ for all ϑ ∈ Θ. Then, the sequence Qϑn initiated with {Yϑ : ϑ ∈ Θ} converges almost surely
uniformly to X ϑ.

Proof of Proposition 13. For n ≥ 0, by definition, almost surely,

Qϑn+1(t)−Qϑn(t) =
K∑
i=1

1Λϑi
(t)

[
(Rϑi )α

[
Qϑin (ϕϑi (t))−Qϑin−1(ϕϑi (t))

]
+
∑
j∈Ei

(Rϑj )α
[
Qϑjn (ξϑj )−Qϑjn−1(ξϑj )

]]
. (24)

Recalling the choice of α in (5), it follows that E[Qϑn(ξ)] = c by induction on n ≥ 0. Next, from
(22), again by induction on n, it follows that the sequences (Qϑn)n≥0, ϑ ∈ Θ, are identically distributed.
Abbreviate ∆Qϑn := Qϑn+1 − Qϑn. From the last display, again by induction on n, one verifies that, for
n ≥ 0 fixed, the random variables ∆Qϑn, ϑ ∈ Θ, are identically distributed. Recall the definition of βi in
(6). From (24), it follows that

E[∆Qϑn(ξ)2] =
K∑
i=1

E[β2α
i ]E[∆Qϑn−1(ξ)2]

+

K∑
i=1

∑
j1 6=j2∈Ei∪{i}

E
[
1Λϑi

(ξ)(Rϑj1)α(Rϑj2)α∆Qϑj1n−1(ξϑj1))∆Qϑj2n−1(ξϑj2))
]
.
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Given ξ ∈ Λϑi and the values of Rϑj1 and Rϑj2 , the random variables ∆Qϑj1n−1(ξϑj1) and ∆Qϑj2n−1(ξϑj2) are
zero-mean independent random variables. Thus, the second term in the last display vanishes. It follows
that

E[∆Qϑn(ξ)2] ≤
K∑
i=1

E[β2α
i ]E[∆Qϑn−1(ξ)2] ≤ C

(
K∑
i=1

E[β2α
i ]

)n
,

for some C > 0 recalling that
∑K

i=1 E[β2α
i ] < 1.

Next, we aim at showing that, for all m ≥ 1, we have E[|∆Qϑn(ξ)|m] ≤ Cmq
n
m for some constants

Cm > 0 and 0 < qm < 1. The last display verifies this claim for m = 1, 2. Assume it is true for all
` ≤ m − 1 and let C∗ = max(C1, . . . , Cm−1), q∗ = max(q1, . . . , qm−1) < 1. Then, again from (24),
we deduce that

E[|∆Qϑn(ξ)|m] ≤
K∑
i=1

E[βmαi ]E[|∆Qϑn−1(ξ)|m] +
K∑
i=1

∑
j1,...,jm

E

[
1Λϑi

(ξ)
m∏
k=1

|∆Qϑjkn−1(ξϑjk)|
]
, (25)

where the sum ranges over all j1, . . . , jm ∈ Ei ∪ {i} which are not all identical. Now, similarly to the
argument above, on the event that ξ ∈ Λϑi , the random variables in the product on the right hand side
of the last display are independent for different values of jk. Thus, using the induction hypothesis, we
deduce

E[|∆Qϑn(ξ)|m] ≤
K∑
i=1

E[βmαi ]E[|∆Qϑn−1(ξ)|m] +
K∑
i=1

∑
j1,...,jm

(C∗q
(n−1)
∗ )#{j1,j2,...,jm}, (26)

with j1, . . . , jm as in the sum in (25). From here, a simple induction over n shows that E[|∆Qϑn(ξ)|m]
decays exponentially in n.

The decay exponential decay at uniform point can then be used to prove uniform exponential decay:
Let m ≥ 1 be enough large such that

∑K
i=1 E[Rmαi ] < 1. Define C∗∗ = max(C1, . . . , Cm) and

q∗∗ = max(q1, . . . , qm). Then, it follows from (24) that

E[‖∆Qϑn‖m] ≤
K∑
i=1

E[Rmαi ]E[‖∆Qϑn−1‖m] +
K∑
i=1

∑
j1,...,jm

E[‖∆Qϑn‖`i ]C`i∗∗q(m−`i)(n−1)
∗∗ ,

with j1, . . . , jm as in the sum in (26) where `i = `i(j1, j2, . . . , jm) denotes the number of indices equal
to i. Using the bound E[‖∆Qϑn‖`] ≤ E[‖∆Qϑn‖m]`/m, another induction on n shows that E[‖∆Qϑn‖m]
decays exponentially since

∑K
i=1 E[Rmαi ] < 1. From there, standard arguments (see, e.g. the proof

Theorem 6 in [17]) imply that, almost surely, Qϑn converges uniformly and, writing X ϑ for its limit, the
identity in (23) holds. Furthermore, the random variable ‖X ϑ‖ has finite polynomial moments of all
orders.

Let µ ∈ Mc and define a family of random processes W ϑ
n analogously to Qϑn in (22) where W ϑ

n

is initiated by a set of independent random variables {W ϑ
0 , ϑ ∈ Θ} having distribution µ. The same

arguments as above show that (W ϑ
n )n≥0 converges uniformly to a solution W ϑ of (10). Furthermore,

as before, one can show that, first, E[(Qϑn(ξ) −W ϑ
n (ξ))2] → 0 exponentially fast and then E[‖Qϑn −

W ϑ
n ‖m] → 0 for all m ≥ 1. Hence, W ϑ = X ϑ almost surely. This implies the uniqueness statement in

the proposition as well as the claim in the remark.

Proof of Theorem 1 i) and ii). ii) is an immediate consequence of Proposition 12 and Proposition 11 ii)
since E

[
νX
]

remains invariant upon replacing X by the support of the measure. The uniqueness claim
for the process X in Theorem 1 i) can be deduced as follows: Let X be the process constructed in
Proposition 13, and assume that Y is a continuous excursion satisfying (10) with E[Y (ξ)] = E[X (ξ)].
Then, by Proposition 12, E[νTXn ] = E[νTYn ] for all n ≥ 1. Let fn : Mn → R be defined by fn(m) =
sup{m0,i : 0 ≤ i ≤ n}, where m = (mi,j)0≤i,j≤n. Clearly, as n→∞, weakly,

fn
(
E[νTXn ]

)
→ L(‖X‖), and fn

(
E[νTYn ]

)
→ L(‖Y ‖).
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Hence, ‖Y ‖ must be distributed as ‖X‖, and in particular, by Proposition 13, ‖Y ‖ must have finite
moments of all orders. The uniqueness under the finite moment condition in Proposition 13 then implies
that L(Y ) = L(X ).

4.3 Attractiveness of the fixed-points of (4)

In this section, we prove Theorem 2 and construct the counter-examples of Proposition 3. We start with
the following lemma that provides a height function representation of random elements in TGHP

f .

Lemma 14. Let T be a random variable on TGHP
f . Then, there exists a random variable X on Cex such

that TX and T are identically distributed.

Proof. Let T ∈ TGHP
f fixed. Then, for any representative t of the equivalence class T, by the construction

using the shuffling order on the branch points of t in [28], there exists a random variable x(t) on Cex such
that Tx(t) = T. The distribution of x(t) does not depend on the choice of t. Hence, there exists a map
σ : TGHP

f → M1(Cex) with τ∗(σ(T)) = δT. It is easy to check that, for random T, a random variable
X with law E [σ(T)] (the annealed version of σ(T)) has the desired property that TX is distributed like
T.

Proof of Theorem 2. ii) This follows easily from the proof of Proposition 13. To see this, let ν∗ be a law
on Cex such that the (isometry class of the) tree encoded by a realization of ν∗ has distribution ν. Then,
φn(ν) is equal to the distribution of the real tree encoded byQ∅n from the proof of Proposition 13 initiated
by independent realizations of ν∗ at level n of Θ. As we have seen in this proof, Qϑn converges almost
surely to a solution of (4) (It is here where we need the moment assumption on ‖T ‖.). This proves the
claim.

i) For m,n ≥ 1, write D̃(m)
n for a generic realization of the annealed distance matrix E[ν

T(m)
n ] where

T(m) has distribution φm(ν). Recall that, for n ≥ 1, the random distance matrixDn = (d(ζi, ζj))0≤i,j≤n
of the unique solution to (10) satisfies the fixed-point equation (21), which we recall here for convenience

Dn
d
= AnDn +Bn. (27)

Here, given the set of random variablesR,S, (Ji)1≤i≤K , in distribution,An is composed ofR,S, (Ji)1≤i≤K ,
and Bn can be expressed as a linear combination of a family of independent copies of D1, . . . , Dn−1

whose coefficients depend only on R,S, (Ji)1≤i≤K . Furthermore, the proof of (21) also shows that,
almost surely, An and all coefficients in Bn take values in [0, 1). Since φm+1 = φ ◦ φm, the arguments
from the proof of Proposition 12 show that

D̃(m+1)
n

d
= AnD̃

(m)
n +B(m)

n ,

where (An, B
m
n ) and D̃(m)

n are independent and (An, B
(m)
n ) can be expressed as in (27) upon replacing

any copy of Di in Bn by D̃(m)
i . (Of course, we maintain the independence betweenR,S, (Ji)1≤i≤K and

the copies of D̃(m)
1 , . . . , D̃

(m)
n−1.)

The remainder of the proof consist in showing that, in distribution (and in mean), for all n ≥ 1, we
have D̃(m)

n → Dn as m → ∞. By Proposition 11 (iii), this implies the assertion. Our proof relies on
a contraction argument. In the following, we identify Mn with R(n+1

2 ). For p ∈ N, p ≥ 1, letM1
1(Rp)

be the set of probability measures on Rp whose Euclidean norm is integrable. Recall the Wasserstein
distance onM1

1(Rp) defined by, for µ1, µ2 ∈M1
1(Rp),

`1(µ1, µ2) = inf{E [‖X − Y ‖] : L(X) = µ1,L(Y ) = µ2}.

We abbreviate `1(X,Y ) := `1(L(X),L(Y )) for random variables X,Y in Rp. We proceed by induction
on n ≥ 1, and assume that, for all 1 ≤ i < n, `1(D̃

(m)
i , Di)→ 0 as m→∞. Clearly, since the random
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coefficients appearing in Bn and B(m)
n are bounded, it follows that `1(B

(m)
n , Bn) → 0 as m → ∞. A

standard contraction argument shows that

`1(D̃(m+1)
n , Dn) ≤ E[An]`1(D̃(m)

n , Dn) + `1(B(m)
n , Bn).

From here, since E[An] < 1 and `1(B
(m)
n , Bn) → 0, it follows easily that `1(D̃

(m)
n , Dn) → 0 as

m → ∞. The assertion now follows by induction on n upon establishing the base case n = 1. Here,
for the sake of convenience, in the rest of the proof, we use the notation D̃(m)

1 , D1 when referring to
the entry (1,2) in the 2 by 2 distance matrix. Distributional convergence D̃(m)

1 → D1 as m → ∞
follows immediately from Theorem 2 b) in [31]. Furthermore, E[D̃

(m)
1 ] = E [D1] for all m ≥ 1. It

is well-known that convergence in `1 for non-negative random variables is equivalent to distributional
convergence together with convergence of the mean, see, e.g. [14, Lemma 8.3]. This concludes the
proof.

Proof of Theorem 3. i) The example we provide generalizes the one by Albenque and Goldschmidt [3]
in the special case of Example 1). Take R = S. Let νc be the unique law solving of (4) in TGHP

f with
E[dc(ρc, ζc)] = c, where ζc is sampled according to µc on Tc and (Tc, dc, µc, ρc) has distribution νc.
Such a solution exists by Theorem 1. The idea is to construct another random compact rooted measured
real tree in TGHP by appending massless hair to a tree sampled from νc.

Choose an integer κ ≥ 1, and fix the distribution of S. Let X ∈ KGHP and choose a representative
(X, d, µ, ρ) of X. Let P be a Poisson point process with intensity measure µ ⊗ x−(1/α+1)dx on X ×
[0,∞). For every point (u, x) ∈ P , take κ disjoint segments of length x, glue all of them at the point
u ∈ X , each by one extremity. Clearly, only finitely many of the appended segments have length more
than ε, for any ε > 0, and the resulting space is almost surely compact. The distribution of the isometry
class of the resulting compact rooted measured space does not depend on the choice of representative.
Hence, this operation defines a map ψ1 : KGHP → M1(KGHP), and a version at the level of measures
Ψ1 :M1(KGHP)→M1(KGHP) that is then defined by

Ψ1(υ)(A) = E[ψ1(Y )(A)], with L(Y ) = υ.

The important observation is that Ψ and Ψ1 commute. In other words, for a probability measure υ on
KGHP, we have

Ψ(Ψ1(υ),L(S,S)) = Ψ1(Ψ(υ,L(S,S))).

It follows immediately, that for any fixed-point ν of (4), the measure Ψ1(ν) also solves (4). In particular,
Ψ1(νc) is such a fixed-point and almost surely concentrated on TGHP \ TGHP

f .
Let T = (T , d, µ, ρ) be a random variable with distribution Ψ1(ρc). The height ‖T ‖ is at least as

large as the length of the longest segment, and so for h > 0 we have

P(‖T ‖ ≥ h) ≥ P(Po(
∫∞
h x−(1/α+1)dx) ≥ 1)

= 1− exp(−αh−1/α),

where Po(λ) denotes a Poisson random variable with parameter λ. Since m ≥ 1/α (see above (16)), and
it follows readily that E[‖T ‖m] =∞.

Furthermore, for different values of κ the corresponding laws are mutually singular. Finally, note that
there is nothing specific to massless segments in the argument. In particular, we can replace the segments
by loops, or equivalently identify the extremities of all the segments together when κ ≥ 2. This proves
that some fixed-points are real trees with probability zero.

ii) The only reason why the above example does not also prove the second claim is that, in the tree
with distribution Ψ1(νc), almost surely, the measure does not have full support. To resolve that, for
any fixed compact measured rooted space, we construct a variant of ψ1 where only the distance and
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the measure change. Here, we restrict ourselves to the subspace KGHP of isometry classes satisfying
E[d(ρ, ζ)] < ∞ when ζ is sampled according to µ on X in the space (X, d, µ, ρ). First, we start with
the same compact rooted space (X, d, µ, ρ) constructed from X◦ = (X◦, d◦, µ◦, ρ◦) with the help of a
Poisson process as above. Subsequently, we focus on the case in which κ = 1. Choose µP on X as
follows. We first set µP(X◦) = 0. Then, for (u, x) ∈ P , we associate a total µP mass min{x, 1}1/α+1;
we distribute this mass along the segment of length x with density α/(1 +α) · s1/α1{0≤s≤x}ds if x ≤ 1,
and with density e−s(1− e−x)−11{0≤s≤x}ds if x > 1. Then,

E[µP(X)] =

∫ ∞
0

min{x, 1}1/α+1x−(1/α+1)dx =

∫ 1

0
dx+

∫ ∞
1

x−(1/α+1)dx = 1 + α <∞ ,

and it follows that µP(X) <∞ almost surely. We let µ∗ be the unique probability measure on X that is
proportional to µ+µP . For a random point ζ∗ sampled according to µ∗, the expected distance E[d(ρ, ζ∗)]
is finite. Indeed,

E[d(ρ, ζ∗)] ≤ E

[∫
d(ρ, u)(µ+ µP)(du)

]
≤ E[d(ρ, ζ)] + E

[∫
d(ρ, u)µP(du)

]
,

and

E

[∫
d(ρ, u)µP(du)

]
≤ ‖X‖+ 1 + sup

x≥1

∫ x

0
e−s(1− e−x)−1ds = ‖X‖+ 2.

Thus, since X ∈ KGHP, we have λ∗ := E[d(ρ, ζ∗)] < ∞, and so we can rescale the metric and define
d∗(·, ·) = d(·, ·) × c/λ∗. The distribution of the GHP-isometry class of X∗ = (X, d∗, µ∗, ρ) satisfying
E[d(ρ, ζ∗)] = c obtained in this way only depends on the GHP-equivalence class of X◦. Thus, we can
define the corresponding maps ψ2 : KGHP →M1(KGHP) and Ψ2 : M1(KGHP) →M1(KGHP) as above.
Note that, as opposed to ψ1 and Ψ1, we now have ψ2(KGHP

f ) ⊆ M1(KGHP
f ) and Ψ2(M1(KGHP

f )) ⊆
M1(KGHP

f ). It remains only to check that, if ν∗ = Ψ2(νc), then (φnGHP(ν∗))n≥1 does not converge to
the law of TX where X solves (4) with E [X(ξ)] = c. For this, we prove that in any potential limit
of (φnGHP(ν∗))n≥1 the measure does not have full support. To see this, it suffices to observe that the
maximum diameter of one of the rescaled copies T∗i , i = 1, . . . ,Kn, of T used to construct φnGHP(ν∗)
does not tend to zero with n, while the maximum mass of one of these does tend to zero with n; The
claim about the mass is plainly obvious. Now, to see the that maximal diameter does not tend to zero,
just observe that up to a fixed constant factor the metric part of T∗ is that of T, and that T is a fixed-point
of (4). Thus, for every n ≥ 1, the collection of the length of the hair in the union of T∗i , 1 ≤ i ≤ Kn, has
the same distribution as the one in T; in particular, the maximal length does not tend to zero, and since
the corresponding segment lies within of some T∗i , 1 ≤ i ≤ Kn, this completes the proof.

5 Proofs of the geometric properties

5.1 The upper Minkowski dimension: Proof of Theorem 4

In the following, for the sake of clarity, we write aX for the metric space (X, ad), where a constant
a > 0 and a metric space (X, d). The approach here is to turn the heuristic presented in (17) into a
rigorous argument. In this direction, observe that, for any compact real tree (T , d) and a > 0, we have
NaT (x) = NT (x/a). Second, for any deterministic compact rooted measured real trees T1, . . . ,TK
where Ti = (Ti, di, µi, ρi), and r, s ∈ ΣK , 0 < α < 1, write T = (T , d, µ, ρ) for the deterministic
tree obtained by the construction in Section 2.3 with glue points ηi, i ∈ [K] chosen arbitrarily but fixed.
Then, we have the deterministic bounds

NT (x) ≤
K∑
i=1

Nrαi Ti(x) ≤ NT (x) +K.
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The lower bound follows from the fact that a union of coverings of a decomposition of a set also forms a
covering of the set. Recall that, for i = 2, . . . ,K, the root ρi of Ti is identified with a point η$i of T$i .
As a consequence, any open covering of the tree T can be extended into a collection of open coverings
of the K subtrees upon adding at most K balls of radius x among those centered at some of the ρi,
i = 2, . . . ,K or at the ηj , j = 1, . . . ,K. This explains the upper bound.

Next we consider the case where the tree T = (T , d, µ, ρ) satisfies the fixed-point equation (4) and
we let v(x) = E[NT (x)]. We assume for now that v(x) <∞ for every x > 0 (Lemma 16 below proves
that it is indeed the case). Then, using (10) and the two observations above, we have the bounds

v(x) ≤
K∑
i=1

E[v(R−αi x)] = KE[v(R−αx)] ≤ v(x) +K. (28)

Thus, |v(x)−KE[v(R−αx)]| ≤ K and one may first consider the approximate equation

ṽ(x) = KE[ṽ(R−αx)]. (29)

Recall that g denotes the density of the random variable R. If g(t) = Ctγ−1, then a direct com-
putation shows that all solutions ṽ of (29) which are bounded on any compact interval of (0,∞) are
multiples of the function x 7→ x(γ−KC)/α. Subsequently, our task will be to prove that these solutions to
the approximate equation provide upper bounds for v(x) as x→ 0. This is the statement of the following
proposition.

Proposition 15. Under the conditions of Theorem 4, as x→ 0, we have E[NT (x)] = O(x(γ−CK)/α).

Taking Proposition 15 for granted for now, we immediately provide the straightforward proof of
Theorem 4.

Proof of Theorem 4. By Proposition 15, we have E[NT (x)] = O(x(γ−CK)/α). Using Markov’s inequal-
ity and the Borel–Cantelli lemma, this implies that, for any % > (CK−γ)/α, we haveNT (2−n)2−%n →
0 almost surely. Since

NT (2−n−1) ≤ NT (2−n) ≤ NT (2−n+1)

it follows NT (x)x% → 0 with probability one. This concludes the proof.

The first step in the proof of Proposition 15 is to show that E[NT (x)] <∞ for every x > 0.

Lemma 16. Under the assumptions of Theorem 4, for all x > 0, the quantity E[NT (x)] is finite.

Proof. Fix 0 < x < 1. It suffices to show that
∑

n≥1K
nP (NT (x) ≥ Kn) is finite. Consider the

representation of T = TX in terms of Kn subtrees based on the expansion up to level n of Θ (see
Section 3.4): if the Kn subtrees all have height smaller than x, then T can be covered by the union of
balls of size x centered at the roots of the subtrees. In particular, in such a case, we have NT (x) ≤ Kn.

Let (Rn)n≥1 be a sequence of independent random variables distributed likeR and En = − logRn.
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Then, the argument above implies that, with c > 0 and for all n ≥ (− log x)/c, we have

P (NT (x) ≥ Kn) ≤ P

 ⋃
i1,...,in∈[K]

{
R∅i1R

i1
i2
· · ·Ri1i2...in−1

in
‖T i1...in‖ ≥ x

}
≤ KnP

(
n∏
i=1

Ri · ‖T ‖ ≥ x
)

≤ Kn

[
P

(
ecn

n∏
i=1

Ri ≥ x
)

+ P (‖T ‖ ≥ ecn)

]

≤ Kn

[
P

(
n∑
i=1

Ei ≤ cn− log x

)
+ E[‖T ‖k]e−ckn

]

≤ Kn

[
P

(
n∑
i=1

Ei ≤ 2cn

)
+ E[‖T ‖k]e−ckn

]
.

Now, for the sum of n terms not to exceed 2cn, at least bn/2c of the summands shall be at most 4c and
it follows that

P (NT (x) ≥ Kn) ≤ Kn

(
n

bn/2c

)
P(E1 ≤ 4c)n/2 + E[‖T ‖k]Kne−ckn

≤ (KC)n(4c)(γ/2)n + E[‖T ‖k]Kne−ckn ,

for all k ≥ 1, some constant C > 0. Here, in the final step, we have used Stirling’s formula and the fact
that

P (E1 ≤ 4c) = P
(
R ≥ e−4c

)
≤ P

(
R ≥ 1− 4c

)
≤ C1(1− (1− 4c)γ) ≤ C2(4c)γ ,

for some universal constants C1, C2 > 0.
Since ‖T ‖ has finite moments, first choosing c > 0 small enough and then k large enough shows

that, for any ε > 0, there exists C ′ > 0 such that P(NT (x) ≥ Kn) ≤ C ′εn still provided that n ≥
(− log x)/c. Choosing ε ∈ (0, 1/K) shows that

∑
n≥1K

nP(NT (x) ≥ Kn) < ∞, and completes the
proof.

Proof of Proposition 15. As above, let v(x) = E[NT (x)]. By definition and the previous lemma, v is
finite and non-increasing. Furthermore, by the dominated convergence theorem, v is càdlàg. Thus, v is
continuous almost everywhere and it suffices to consider the behavior at points of continuity; so from
now on, we assume that x is a point of continuity of v. Using the observation in (28) and the assumed
bound on the density g ofR, we obtain

v(x) ≤ KE[v(R−αx)]

= Kx1/α

∫ ∞
x

t−1/α−1v(t)g(x1/αt−1/α)dt

≤ KCα−1xγ/α
∫ ∞
x

t−γ/α−1v(t)dt. (30)

We continue following the ideas in the proof of Gronwall’s lemma. Let r(x) =
∫∞
x t−γ/α−1v(t)dt.

Then,
r′(x) = −x−γ/α−1v(x) ≥ −CKα−1x−1r(x).

We have α > 0 and we now suppose that x ≤ α. Let I(x) = CKα−1(log x− logα) ≤ 0 and note that
I ′(x) = CKα−1x−1. Then,

d

dx
(r(x)eI(x)) = r′(x)eI(x) + r(x)I ′(x)eI(x) ≥ 0.
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Integrating yields

r(α)− r(x)eI(x) =

∫ α

x

d

dy
(r(y)eI(y))dy ≥ 0

Re-arranging the terms, we obtain

r(x) ≤ r(α)αCKα
−1
x−CK/α.

Using (30), it follows immediately that, as x→ 0, v(x) = O(x(γ−CK)/α).

5.2 Lower bound on the Hausdorff dimension: Proof of Theorem 5

In order to find good lower bounds on the Hausdorff dimension of a metric space (S, d), one attempts
to construct measures µ on its Borel σ-algebra such that µ(A) roughly behaves like d(A)s where d(A)
denotes the diameter of a set A and s is as high as possible. This can be quantified by the following
expression relying on Frostman’s Lemma: for a compact space (S, d), we have

dimH(S) = sup
µ

sup

{
s ≥ 0 : sup

x∈S,r>0
r−sµ(Br(x)) <∞

}
,

where the first supremum ranges over all probability measures on (S, d) and Br(x) is denotes the ball of
radius r around x in S.

For a real trees encoded by a function f ∈ Cex, natural candidates for µ are push-forward measures
µ∗f := µ∗ ◦ π−1

f of measures µ∗ on [0, 1] under the projection πf : [0, 1]→ Tf . In our setting, in the case
R = S which covers both examples in (11) and (12), it is intuitive that the Lebesgue measure on [0, 1], or,
equivalently, the canonical measure on T , leads to an efficient choice. But when scaling factors in time
and space are independent such as in example (13), one first has to find an appropriate time-change of the
unit interval in order to re-correlate the masses of fragments in the tree with the extent of distances in the
corresponding subtrees. Such a time change is constructed in Proposition 17. Furthermore, the measures
constructed on the unit interval in this context are typically random; thus, one is led to build a pair of
both the measure and the tree simultaneously. It is this situation in which the almost sure construction in
Section 4.2 turns out especially useful.

In the context of the next proposition, we denote by Φ1 the extension of the map Φ defined in (9)
with α = 1 to the space C1 = {f ∈ C : f ≥ 0, f(0) = 0, f(1) = 1}. Furthermore, for i ∈ Γo let Λϑ−i
and Λϑ+

i be the two half-open intervals forming Λϑi where inf Λϑ−i ≤ sup Λϑ+
i .

Proposition 17. Almost surely, for any ϑ ∈ Θ, there exists a probability measure µϑ on [0, 1] = Λϑ∅ ,
such that, for every σ ∈ Θ,

µϑ(Λϑσ) = V(ϑσ)/V(ϑ). (31)

For the distribution function τϑ of µϑ, we have

τϑ = Φ1(τϑ1, . . . , τϑK ,Rϑ,Sϑ,Ξϑ) . (32)

In other words,

τϑ(·) =

K∑
i=1

1Λϑi
( · )

Rϑi τϑi(ϕϑi ( · )) +
∑
j∈Ei

Rϑj τϑj(ξϑj ) + 1Λϑ+i
( · )

∑
j∈Γi\{i}

Rϑj

 . (33)

Furthermore, in distribution, τϑ is the unique continuous distribution function on [0, 1] satisfying (32).
τϑ is measurable with respect to {Rϑσ,Sϑσ,Ξϑσ : σ ∈ Θ}, and E[τϑ(ξ)] = 1/2.
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Remark. Note that there is no free multiplicative scaling for the set of solutions to (32). This is because
we restrict ourselves to bounded continuous solutions and the fixed-point equation (32) (or, equivalently
(33)) contains an additive term. This is also reminiscent of the fact that τϑ(1) = 1.

Proof. Let µϑn be the unique probability measure on [0, 1] which corresponds to the mass distribution on
the partition {Λϑσ : σ ∈ Θn} such that µϑn(Λϑσ) = V(ϑσ)/V(ϑ), and µϑn has constant density on each of
the sets Λϑσ, σ ∈ Θn. This construction is consistent in the sense that, for m ≥ n and σ ∈ Θn, we have

µϑm(Λϑσ) = µϑn(Λϑσ). (34)

The measure µϑ is constructed as the almost sure limit of the sequence of random measures (µϑn)n≥0.
Denote by τϑn the distribution function of µϑn. By construction, almost surely,

τϑn = Φ1(τϑ1
n−1, . . . , τ

ϑK
n−1,Rϑ,Sϑ,Ξϑ).

Note that {(τϑn ) : ϑ ∈ Θ} is a family of identically distributed random variables. The uniform con-
vergence of τϑn is shown analogously to convergence of Qϑn in Proposition 13 and we omit the details.
Here, it is important to note that, since τϑ0 (t) = t for all t ∈ [0, 1], one can verify inductively that
E[τϑn (ξ)] = 1/2 for all n ≥ 1. The relevant constant that assumes a value smaller than one, and that
yields convergence of τϑn at a uniformly chosen point is

∑K
i=1 E[β2

i ]. By the uniform convergence, the
limit τϑ satisfies (32) and is a continuous distribution function. The induced measure µϑ satisfies the
desired properties.

Finally, the lower bound on the Hausdorff dimension relies on the tail behavior of the depth of a
uniformly chosen point and the distance between two uniformly chosen points in T .

Lemma 18. Assume that T = (T , d, µ, ρ) satisfies (4), that P (‖T ‖ > 0), and that E[R−s] < ∞ for
some s > 0. Furthermore, let ζ, ζ ′ be two vertices sampled independently according to µ. Then, there
exists δ > 0, such that,

P(d(ρ, ζ) < r) = O(rδ), and P(d(ζ, ζ ′) < r) = O(rδ), r ↓ 0.

Remark. Note that although in most classical examples, we have invariance by rerooting at a random
point distributed according to the mass measure, this may not be the case and the claims for d(ρ, ζ) and
for d(ζ, ζ ′) are in general both necessary.

Proof. Write Y = d(ρ, ζ). From Theorem 1 iii), we know that Y > 0 almost surely. We use a version of
the completeK-ary tree Θ as introduced in Section 3.4, where each node ϑ ∈ Θ is assigned an additional
pair of random variables (Jϑ, Y ϑ), Y ϑ being a copy of Y , independent of all remaining quantities and
P
(
Jϑ = i | Sϑ

)
= Sϑi . Similarly to the construction of the process Qϑn in the proof of Proposition 13,

for all n ≥ 0, we now define a set of random variables {Y ϑ
n : ϑ ∈ Θ}. First, let Y ϑ

0 = Y ϑ and, by
induction, define

Y ϑ
n =

K∑
i=1

1{Jϑ=i}

[
(Rϑi )αY ϑi

n−1 +
∑
j∈Ei

(Rϑj )αY ϑj
n−1

]
.

By (6), for all n ≥ 0 and all ϑ ∈ Θ, Y ϑ
n is distributed as Y .

Let mn = min{Lϑ : |ϑ| = n} be the minimum Lebesgue measure of a set Λϑ for ϑ ∈ Θn, and

ν = L (1 + |EJ |) .

Note that ν({0}) = 0 and ν({1}) < 1. Then, Y ∅n is the sum of a number of independent copies of
Y (this number of copies is hereafter denoted by Nn) each of them multiplied by a random factor not
smaller than mα

n. Nn is the distributed as the number of leaves in the family of a discrete-time branching
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ζ

ζ ′

ζ

ζ ′

Figure 3: The different cases in the recursion for the distance between two random nodes ζ and ζ ′ (the
easier case where both random points fall within the same subtree is not illustrated).

process with offspring distribution ν in generation n. Summarizing, with a sequence of independent
copies Ỹ1, Ỹ2, . . . of Y and c > 0, we have for every n ≥ 1,

P (Y ≤ r) = P(Y ∅n ≤ r) ≤ P

(
Nn∑
i=1

e−cαnỸi < r

)
+ P

(
mn < e−cn

)
.

The following rough bound on Nn is sufficient: For 0 < γ < ν([1,∞)), we have

P (Nn < dγne) ≤ P (Bin(n, ν([1,∞))) < dγne) ≤ Ceεn,

for some C > 0 and ε > 0 both depending on γ. Next, choose s > 0 such that E[R−s] <∞. Then,

P
(
mn < e−cn

)
≤ KnP

(
n∏
i=1

Ri < e−cn

)
≤ e

(
log

(
KE[R−s]

)
−cs

)
n
.

Choosing c sufficiently large, the right-hand side is O(e−δn) for some δ > 0. Hence, with n =
dC log(1/r)e,

P (Y ≤ r) ≤ P

dγne∑
i=1

e−cαnỸi ≤ r

+O(e−min(δ,ε)n)

≤ r−Cγ logP(Y≤r1−cαC) +O(rC min(δ,ε)).

Choosing C < (αc)−1 yields the assertion for d(ρ, ζ).
Let us now move on to the case of D = d(ζ, ζ ′). A decomposition of this random variable has

already been discussed in the course of the proof of Proposition 12: Let ζ, ζ ′ be chosen according to the
mass measure on TX . With Ti := TX i , it follows that either ζ and ζ ′ both lie in some Ti, in which case
the path entirely lies in the corresponding subtree; or ζ and ζ ′ lie in Ti and Tj for distinct i, j. In this
latter case, assuming without loss of generality that i < j, the structure of the decomposition depends on
whether i ∈ Ej or not. Let q := q(i, j) := max(Ei ∩ Ej). Recall that P(J = i | S) = Si. With random
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variables J1, J2 that are independent copies of J given S, we have (see Figure 3)

D
d
=

K∑
i=1

1{J1=J2=i}Rαi D

+
∑

i<j≤K
1{J1=i,J2=j or J1=j,J2=i}1{i 6∈Ej}

( ∑
k:q<k∈Ei

RαkY (k) +
∑

l:q<l∈Ej

Rαl Y (l)

)

+
∑

i<j≤K
1{J1=i,J2=j or J1=j,J2=i}1{i∈Ej}

( ∑
k:i<k∈Ej

RαkY (k) +Rαi D
)
, (35)

where D,Y (1), . . . , Y (K), (R,S) are independent and Y (1), . . . , Y (K) are distributed like Y . From [55,
Theorem 1.5], it follows that the fixed-point equation characterizes the distribution ofD. (Of course, this
is the same argument we used in the proof of Proposition 12.) Moreover, the law of D can be obtained
by iteration as follows: Let D0 := 1, and, inductively define Dn by its distribution:

L(Dn) = L

(
K∑
i=1

1{J1=J2=i}Rαi Dn−1

+
∑

i<j≤K
1{J1=i,J2=j or J1=j,J2=i}1{i 6∈Ej}

( ∑
k:q<k∈Ei

RαkY (k) +
∑

l:q<l∈Ej

Rαl Y (l))

)

+
∑

i<j≤K
1{J1=i,J2=j or J1=j,J2=i}1{i∈Ej}

( ∑
i<k∈Ej

RαkY (k) +Rαi Dn−1

))
,

with conditions as in (35). Then, again by [55, Theorem 1.5], we have Dn → D in distribution. Next,
by the last display, we have in a stochastic sense,

Dn ≥
K∑
i=1

1{J1=J2=i}Rαi Dn−1 +
∑

i<j≤K
1{J1=i,J2=j or J1=j,J2=i}Rαi

(
1{i∈Ej}Dn−1 + 1{i/∈Ej}Y

(i)
)
.

By the tail bound on Y we have just proved, for all δ > 0 sufficiently small, we have E[Y −δ] < ∞.
Moreover, by the dominated convergence theorem, E[1AR−si ] → P(A) for any event A as s → 0.
Summing up, it follows from the last display that, for sufficiently small s, there exists C > 0 and
0 < p < 1 (both depending on s) such that

E[D−sn ] ≤ pE[D−sn−1] + C.

Hence, by induction on n, it is easy to see that supn≥0 E[D−sn ] < ∞. Thus, E[D−δ] < ∞ for all
sufficiently small δ which completes the proof.

Remark. 1) The trees Te,TZ ,TH are invariant under re-rooting at a random point, and in these cases,
the distributions of d(ρ, ζ) and d(ζ, ζ ′) are identical.
2) The random variable e(ξ) has the Rayleigh distribution, thus P (e(ξ) ≤ t) = 1−e−t2/8 = t2/8+o(t2)
as t→ 0.
3) Recall from page 21 in [17], that

H (ξ) · E1/3 d
= E

where E has the standard exponential distribution and H , ξ, E are independent. By analyzing the mo-
ment sequence, one observes that H (ξ) has the Mittag–Leffler distribution with parameter 1/3. In other
words, H (ξ) is distributed like S−1/3 where S > 0 is stable with logE [exp(−λS)] = −λ1/3, λ > 0.
From the results in [37, Section 6], in particular Example 6.17, it follows that H (ξ) has a continuous
density f on [0,∞) with f(0) = 1/Γ(2/3). In particular P (H (ξ) ≤ t) = t/Γ(2/3) + o(t) as t → 0.
(We thank Svante Janson for drawing our attention to Mittag–Leffler distributions in the study of H (ξ).)
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Before moving on to the proof of Theorem 5, we need to introduce additional terminology about the
expansion in (19). Let Tϑ = TXϑ for all ϑ ∈ Θ, and T = T∅. The structural tree Γ describes the way the
K trees T1, . . . ,TK are arranged in T. Similarly, we introduce a structural tree for the decomposition
at level n ≥ 1 as follows: Let Γn be the plane tree on Kn nodes labelled with elements of Θn that
describes the adjacencies between the subtrees at level n of the decomposition if is carried out up to level
n. We think of Γn as rooted at 1 . . . 1. Observe that Γn is now a random object, since the adjacency
relations depend on the random points used to glue the trees. For a node ϑ ∈ Γn, let M ′(ϑ) denote
the set of its children. By construction, if ϑ = ϑ1ϑ2 . . . ϑn, then M ′(ϑ) consists of nodes of the form
ϑ1 . . . ϑ`γ1 . . . 1 with 0 ≤ ` < n and γ ∈ Γϑ`+1

(that is γ is a child of ϑ`+1 in Γ). By M(ϑ) ⊆ M ′(ϑ)
we denote the subset of children of ϑ where, for any 0 ≤ ` < n, if ϑ1 . . . ϑ`γ1 . . . 1 ∈ M ′(ϑ) for some
γ, we keep only that child with minimal γ. Then, all the trees corresponding to nodes in M(ϑ) are glued
on the tree corresponding to ϑ at points that are distinct with probability one, M(ϑ) is a maximal set
with this property, and #M(ϑ) ≤ n. (Here, we use that the mass measure has no atoms, see the proof
of Proposition 7 below.) In other words, #M(ϑ) counts the number of distinct exit points of the tree
Tϑ, that is the points distinct from the root where geodesics may leave the set T ϑ. See Figure 4 for an
illustration of the construction and of the sets M(ϑ).

T1

T2

T3

T4
T31

T32

T33

T34

T23

T22

T24

T21

T41

T42

T43

T44

T11

T12

T13

T14

Figure 4: The construction of T from the first two levels of Θ. To illustrate the definition of M(ϑ),
observe that M ′(12) = {13, 21, 41}, M(12) = {13, 21} while M ′(24) = M(24) = {31}.

Proof of Theorem 5. Fix n ∈ N and γ < 1/α. We show that dimH(T) ≥ γ on a set of measure one. Since
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the Hausdorff dimension only depends on the isometry class of T, this yields the assertion. For x ∈ T ,
let ϑ(x) be the node in Θn with x ∈ T ϑ(x) in the decomposition of T at level n ≥ 1. We abbreviate3

T(x) = Tϑ(x). Furthermore, let Hx = d(x, ρϑ(x)) be the height of x in T (x) and Ex = d(x, T \ T (x))
the distance to exit T (x) from x. With M(x) := M(ϑ(x)), for all x ∈ T , we have

Ex =

{
minσ∈M(x) d(x, T σ) if ϑ(x) = 1 . . . 1

minσ∈M(x) d(x, T σ) ∧Hx if ϑ(x) 6= 1 . . . 1 .

Recall that Br(x) = {y ∈ T : d(x, y) < r} for x ∈ T , r > 0. Obviously, for any x ∈ T and r > 0,
we have Br(x) ⊆ T (x) or Ex ≤ r. Thus, for any (possibly random) probability measure λ on [0, 1], and
with ζ chosen on T according to µ̄ := λ ◦ π−1

X ,

P(µ̄(Br(ζ)) > rγ) ≤ P(µ̄(T (ζ)) > rγ) + P(Eζ ≤ r). (36)

For any ϑ ∈ Θn, we denote by σ0(ϑ), . . . , σn−1(ϑ) the potential elements ofM(ϑ) where, seen as words
on {1, . . . ,K}, σ` and ϑ have a common prefix of length `. Then, abbreviating σ` := σ`(ϑ(ζ)),

P(Eζ ≤ r) ≤ P (Hζ ≤ r) + P (d(ζ, T σi) ≤ r, σi ∈M(ζ) for some 0 ≤ i ≤ n− 1) . (37)

Let ζ ′, ζ ′′ be independent copies of ζ, independent of all remaining quantities. Then, for i ∈ {0, 1, . . . , n−
1}, we have

P (d(ζ, T σi) ≤ r, σi ∈M(ζ)) = P(V(ϑ(ζ))α · d(ζ ′, ζ ′′) ≤ r, σi ∈M(ζ))

≤ P(V(ϑ(ζ))α · d(ζ ′, ζ ′′) ≤ r)
Similarly, Hζ is distributed like V(ϑ(ζ))α · d(ρ, ζ ′). Let η ∈ (0, 1) be a parameter to be chosen later.

Applying the union bound on the right-hand side of (37) yields

P(Eζ ≤ r) ≤ n
{
P(V(ϑ(ζ)) ≤ rη/α) + P(d(ρ, ζ) ≤ r1−η) + P(d(ρ, ζ) ≤ r1−η)

}
.

We can still choose the measure µ̄ in (36): we set µ̄ = µ∅ ◦ π−1
X with µ∅ as in Proposition 17. Then,

µ̄(T (ζ)) = V(ϑ(ζ)). Hence, P(µ̄(T (ζ)) > rγ) = P (V(ϑ(ζ)) > rγ). Combining the bounds and using
Lemma 18, we see that there exists universal constants ε1 > 0 and C > 0 such that

P(µ̄(Br(ζ)) > rγ) ≤ P (V(ϑ(ζ)) > rγ) + Cn
{
P(V(ϑ(ζ)) ≤ rη/α) + rε1(1−η)

}
.

We now choose the parameters. First, let η ∈ (γα, 1). Then choose δ ∈ (γ, η/α). Finally, let n =
n(r) = b−δ log rc. Note that V(ϑ(ζ)) is distributed like the product of n independent copies of the
random variable

∑K
i=1 1{J=i}Ri. The tail bound onR implies that this random variable has exponential

moments. Hence, by Cramér’s theorem for large deviations, there exist C2, ε2 > 0 (depending on the
remaining parameters but not on r), such that P(V(ϑ(ζ)) > rγ) ≤ C2r

ε2 and P(V(ϑ(ζ)) ≤ rη/α) ≤
C2r

ε2 . Summarizing, there exists C > 0 (which may depend on all parameters but not on r), such that,
for r < 1,

P(µ̄(Br(ζ)) > rγ) ≤ −C log r(rε2 + rε1(1−η)).

It follows that for rn = 2−n, ∑
n≥1

P(µ̄(Brn(ζ)) > rγn) <∞.

Hence, by the Borel–Cantelli lemma, almost surely,

lim sup
r→0

µ̄(Br(ζ))/rγ ≤ 2.

Thus, denoting A = {x ∈ T : lim supr→0 µ̄(Br(x))/rγ ≤ 2}, we have 1 = P (ζ ∈ A) = E[µ̄(A)]
implying µ̄(A) = 1 almost surely. From (14), it follows that, almost surely, dimH(T ) ≥ dimH(A) ≥ γ
which completes the proof.

3 When we do not introduce the components of T with a given decoration explicitly, we always suppose that they would
carry the same decoration; for instance (T ∗, d∗, µ∗, ρ∗) are the components of T∗.
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5.3 Degrees and properties of the encoding: Proof of Proposition 7

The proofs of the missing parts of Theorem 1 rely on the dynamics governing the number of points in the
setM(ϑ). The following lemma is straightforward from the construction, since the exit points counted by
#M(ϑ) are chosen on Tϑ according to the mass measure. Recall that, for ϑ ∈ Θ, L(ϑ) is the Lebesgue
measure of the set Λϑ (see Section 3.4).

Lemma 19. i) Let ε1, ε2, . . . ∈ [K] and ϑn = ε1 . . . εn ∈ Θn. Then, the sequence (#M(ϑn),L(ϑn)), n ≥
0 is a homogeneous Markov chain on N0 × [0, 1] starting at (0, 1), whose evolution can be described as
follows: given (#M(ϑn),L(ϑn)), we have

(#M(ϑn+1),L(ϑn+1))) = (1{εn+1∈Γo} + Bin
(
#M(ϑn),Sϑnεn+1

)
,L(ϑn) · Sϑnεn+1

).

ii) Let ξ be uniformly distributed on [0, 1], independent of all remaining quantities and, for n ≥ 0, let
ϑ̃ ∈ Θn be the unique node with ξ ∈ Λϑ̃. Define (M̃n, L̃n) := (#M(ϑ̃n),L(ϑ̃n)). Then, the sequence
(M̃n, L̃n), n ≥ 0 is a homogeneous Markov chain on N0 × [0, 1] starting at (0, 1), whose evolution can
be described as follows: given (M̃n, L̃n), we have

(M̃n+1, L̃n+1) = (1{Jn+1∈Γo} + Bin(M̃n,Sn+1
Jn+1

), L̃n · Sn+1
Jn+1

),

where (Sn)n≥0 is a family of i.i.d. copies of S and P(Jn+1 = i | Sn+1) = Sn+1
i .

Proof of Proposition 7 i), ii) and iii). We start with the proof of i). Denote by Z the zero-set of X , that
is the set of points s ∈ [0, 1] for which X (s) = 0. For n ≥ 1, let Λn = Λϑn where ϑn = 1 . . . 1
and ϑn ∈ Θn. Then for every n ≥ 0, T ϑn is the subtree that contains the root ρ of T. Furthermore,
Λn is the union of #Λn disjoint intervals. Clearly, (Λn)n≥1 is decreasing and we set Λ :=

⋂
n≥1 Λn.

Since X(ξ) > 0 almost surely, it follows that Z ⊆ Λ. Next, note that #Λn = #M(ϑn) + 1. Since
E[S1] < 1, Lemma 19 i) and a routine drift argument (see, e.g., Chapter 8 of [43]) shows that, almost
surely, #M(ϑn) = 1 infinitely often, and thus #Λn = 2 infinitely often. As {0, 1} ∈ Z, for any n ≥ 1
with this property, we have

Λn ⊆ [0, inf{t > 0 : t /∈ Λn}] ∪ [sup{t < 1 : t /∈ Λn}, 1] .

Since L(ϑn) = Leb(Λn)→ 0 with probability one, it follows that Z ⊆ Λ = {0, 1} almost surely, which
implies that the root ρ of T is a leaf.

ii) Since µX has full support, this reduces to show that for a random point ζ sampled from µX and
any ε > 0, with probability one, there exists some x ∈ TX such that ζ lies in T (x), the subtree of TX
rooted at x, that is the closure of the union of all connected components of TX \ {x} not containing the
root, and µX (T (x)) < ε. To prove this, we set ζ = πX (ξ) with ξ as in Lemma 19 ii), and follow ζ in the
refining decomposition of the tree according to Θn, as n increases. For n ≥ 1, let ϑ̃n ∈ Θn be as in in
Lemma 19 ii). In particular, ζ ∈ Tϑ̃n := TX ϑ̃n . Then, ζ lies in the subtree of T rooted at ρϑ̃n , and thus it
suffices to show that for any ε > 0,

Nε = inf{n ≥ 0 : µX (Tρϑ̃n ) < ε} <∞ .

Observe that, if L̃n = µX (Tϑ̃n) < ε and M̃n = 0, then Nε ≤ n. As in the proof of i) above, since
E[SnJn ] < 1, a classical drift argument shows that (M̃n)n≥0 is positive recurrent, and in particular,
M̃n = 0 infinitely often. Then, for some subsequence (ni)i≥1 with ni ≥ i, we have M̃ni = 0. But
clearly, by Lemma 19, L̃n → 0 almost surely, so that there is an i0 for which L̃ni < ε for all i ≥ i0. One
then has Nε ≤ ni0 <∞, which completes the proof.

Finally, we consider iii). Since d(ρ, ζ) > 0 almost surely, no mass can add up at exit points in the
construction of the excursion X in (10). Hence,

E

[
sup
t∈[0,1]

µ({πX(t)})
]
≤ E [max(S1, . . . ,SK)] ·E

[
sup
t∈[0,1]

µ({πX(t)})
]
.

It follows that the left-hand side is zero which concludes the proof.
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The claims in Theorem 1 iii) and iv) are simple consequences of Proposition 7 i)–ii) and its proof
above:

Proof of Theorem 1 iii) and iv). We start with iii): suppose that, with positive probability, there exists
s ∈ (0, 1) such that X (s) = 0. Then, again with positive probability, the root ρX has degree at least two,
which contradicts Proposition 7 i).

The argument we have used above for the proof of Proposition 7 ii) also implies iv), that is X is
nowhere monotonic: indeed, let ξ be uniform in [0, 1] and suppose that ζ is the corresponding point in
TX . Let I ⊆ N be the (a.s. infinite) set of indices n for which M̃n = 0 in the proof of Proposition 7 ii)
above. Then, for n ∈ I , the set Λϑn ⊆ [0, 1] consists of a single half-open interval, and ξ ∈ Λϑn . In
particular, for every n ∈ I large enough, Λϑn is contained in an interval of length 2ε containing at ξ. But
on the restriction of X to Λϑn is non-monotonic since ξ ∈ Λϑn and X (inf Λϑn) = X (sup Λϑn) < X (ξ)
almost surely by Theorem 1 iii).

Finally, we prove the characterization of the set of degrees of the points of TX . It relies crucially on
the statements in Proposition 7 i) and ii) that we have just proved.

Proof of Proposition 7 iv). First note that 2 ∈ D(T ) almost surely: indeed, with probability one, µ has
no atoms, the set of branch points of T is countable, and T is not reduced to a point. Furthermore,
since X is no-where monotonic, there exist local minima, and hence branch points: it follows that the
maximum degree of T is at least 3 (and, a priori, possibly infinite).

For the other degrees, let (ζi)i≥1 be a family of i.i.d. random points sampled from the mass measure
µ, and set ζ0 = ρ the root. Since µ of T has full support on T , if there exists x ∈ T with degree k + 1,
then all the connected components of T \{x} have positive mass. In particular, with positive probability,
any two of the segments Jζi, ζjK, 0 ≤ i < j ≤ k, intersect at the same point x.

We consider the construction of TX from the excursion X of Section 3.4. Let (ξi)i≥1 be a family of
i.i.d. uniform points in [0, 1] and ξ0 = 0; then let (ζi)i≥1 be the corresponding points in TX . Suppose
first that k ≥ 3, and let Ik be the collection of points in TX that are contained in some intersection
Jζi, ζjK ∩ Jζi′ , ζj′K, for i, i, j, j′ distinct elements of {0, . . . , k}. Let Gk be the event that Ik is reduced
to a single point of degree k + 1 in TX ; we are interested in knowing whether Gk happens with positive
probability or not. We rely on the recursive decomposition. Recall the collection of sets (Λσ)σ∈Θ defined
in Section 3.4. The idea of the proof is the following: initially, we set G0

k = Gk; then, as long as we
cannot decide whether Gnk occurs or not solely from the random variables (Λσ)σ∈Θn within the first n
levels of the decomposition, we expose more levels and replace the event Gnk by another event Gn+1

k in
such a way that Gn+1

k and Gnk are almost surely equal; we then show that we can indeed determine the
outcome of Gk after finitely many iterations.

Initially, set σ0 = ∅. At some stage n ≥ 0, we have ξni , 1 ≤ i ≤ k, points that are uniform in Λσn ,
and ξn0 = inf Λσn . Let Jni be the index j for which ξni ∈ Λσnj . Let a ∈ {1, 2, . . . ,K} be the node of Γ
with maximal label such that {Jni : 1 ≤ i ≤ n} is fully contained in the subtree of Γ rooted at a (note
that we exclude Jn0 , for otherwise we would have a = 1). We distinguish a few cases depending on the
number of 1 ≤ i ≤ k for which Jni = a:

i) if #{1 ≤ i ≤ k : Jni = a} = k: set σn+1 = σna, ξn+1
i = ξni for 1 ≤ i ≤ k and ξn+1

0 = inf Λσn+1 .
We let In+1

k and Gn+1
k be as before, but with the points ξn+1

i . Then, Gn+1
k = Gnk almost surely.

Furthermore, conditional on that case, the points (ξn+1
i )1≤i≤k are uniform on Λσn+1 and we recurse

in Λσn+1 ;

ii) if #{1 ≤ i ≤ k : Jni = a} = k − 1: let ` be the unique index for which Jn` 6= a. set σn+1 = σna,
ξn+1
i = ξni for i 6∈ {0, `} and ξn+1

` is the uniformly random point in Λσn+1 where the excursions
corresponding to the children of σna are inserted, while ξn+1

0 = inf Λσn+1 . Again, we let In+1
k

and Gn+1
k be as before, but with the points ξn+1

i ; we then have Gn+1
k = Gnk almost surely. Also,

conditional on that event, the points (ξn+1
i )1≤i≤n are uniform on Λσn+1 and we recurse in Λσn+1 ;
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Case i) Case ii) Case iii) Case iv) (a) Case iv) (b)

? ?

Figure 5: An illustration of the different cases of the proof of Proposition 7 in the situation of k = 4
points. We can determine whether I4 (in fat) is reduced to a single point or not, and whether that point
(if it exists) has degree 4, only from Jn1 , . . . , J

n
4 .

iii) if #{1 ≤ i ≤ k : Jni = a} ∈ {1, . . . , k − 2}: assume without loss of generality that Jn1 = a, and
Jn2 , J

n
3 6= a. By Proposition 7 ii) the mass measure only charges leaves, therefore the segments

Jζn1 , ζ
n
2 K and Jζn0 , ζ

n
3 K intersect on a portion of positive length and Gnk does not occur. Set N = n

and stop.

iv) if #{1 ≤ i ≤ k : Jni = a} = 0

(a) if the Jni are all distinct, then Ink is reduced to a single point x. The point x has degree at least
k + 1 in TX , and this degree is an element of D(Γ), each possibility happening with positive
probability, independently of n. We set N = n and stop.

(b) otherwise, there exist 1 ≤ i < j ≤ k such that Jni = Jnj = b. Suppose without loss of
generality that i = 1 and j = 2. Since the point corresponding to inf Λσnb in TX has degree
1 almost surely by Proposition 7 i), and since k ≥ 3, the two segments Jζn1 , ζ

n
0 K and Jζn2 , ζ

n
3 K

intersect on a portion of positive length, and thus Gnk does not occur. We set N = n and stop.

Note that whenever we go on, Gn+1
k = Gnk with probability one. Furthermore, since k ≥ 3, case iii)

always occurs with positive probability, and at each stage, we stop with the same positive probability,
and thus N <∞ almost surely. It follows that GNk = G0

k. It follows readily that Gk occurs with positive
probability if and only if k + 1 ∈ D(Γ), and in particular sup D(T ) <∞ almost surely.

Now, for the case k = 2, note that the procedure above does not always finish in finite time. If
max D(Γ) ≥ 3, then we do have N < ∞ a.s., since case iv) (a) does occur with positive probability
(case iii) never happens); in this case, GN2 occurs with positive probability if and only if 3 ∈ D(Γ). On
the other hand, if D(Γ) = {1, 2}, then the procedure goes on forever. However, the proof for the cases
k > 2 imply that the maximum degree is at most 3; since we have established that the maximum degree
is at least 3, there must be points of degree 3.

Finally, to show that with probability one, for every k for whichGk happens with positive probability,
there indeed exists a point x ∈ TX with degree k, it suffices to observe that for any n ≥ 0, there is one
such point with the same positive probability in every single one of the trees reduced to the sets Λσ, for
σ ∈ Θn, and that the events are independent. This concludes the proof.
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5.4 Optimal Hölder exponents

We start with the proof of Corollary 6. At that point, it merely consists in putting together the information
we have gathered in the previous sections.

Proof of Corollary 6. (a) Note that under the conditions of Theorem 4, E[R−δ] <∞ for any δ ∈ (0, γ).
Thus the conclusion of Theorem 5 holds. Now, on the one hand, we have dimM(T ) ≥ dimH(TX) ≥ α−1,
because of Theorem 5 ii); on the other hand, dimM(T ) ≤ (KC − γ)/α = 1/α when C = γ and
γ(K − 1) = 1.

(b) By Thereom 1, X is no-where constant, and it follows that (15) holds, so that α = αf . By
definition of αf , for any γ < αf = α, almost surely, there exists a process X̃ equivalent to X with
γ-Hölder continuous paths.

(c) Suppose that there exists a process X ′ with γ-Hölder continuous paths for γ > α, and that the
metric spaces (TX , dX) and (TX′ , dX′) are isometric. Then, we would have dimH(TX′) = dimH(TX) ≤
1/γ < 1/α; this would contradict (a), and thus there exists no such process.

To conclude the section, we return to the time change in Proposition 17 and show how it can be
used to construct a re-parametrization of X satisfying (a variant of) Equation (10) (on an almost sure
level) with matching scalings in space and in time. Since we do not draw further implications from these
consideration, we remain brief and omit the proofs. First, it is not hard to see that, almost surely, τϑ is
nowhere constant, thus we can define its inverse σϑ = (τϑ)−1 in a straightforward way. For i ∈ [K],
define ξ̃ϑi = τϑ(ξϑi ). It is important to note that, Ξ̃ϑ depends only on Rϑ and Ξϑ but not on Sϑ. By
construction, we have

σϑ = Φ1(σϑ1, . . . , σϑK ,Sϑ,Rϑ, Ξ̃ϑ). (38)

Setting X̃ϑ = Xϑ ◦ σϑ, using (10), (32) and (38), on checks that

X̃ϑ = Φ(X̃ϑ1, . . . , X̃ϑK),Rϑ,Rϑ, Ξ̃ϑ).

Equivalently,

X̃ϑ(·) =

K∑
i=1

1Λ̃ϑi
( · )
[

(Rϑi )αX̃ϑi(ϕ̃ϑii ( · )) +
∑
j∈Ei

(Rϑj )αX̃ϑj(ξ̃ϑj )

]
, (39)

where the function ϕ̃ϑii ( · ) = τϑi(ϕϑi (σϑ( · ))) is piecewise linear on the set Λ̃ϑi with constant slope
(which is defined analogously to Λi but withRϑ and Ξ̃ϑ). Furthermore, as desired, we have Leb(Λ̃ϑi ) =
Rϑi . Note that, on the one hand, (Rϑ, Ξ̃ϑ), X̃ϑ1, . . . , X̃ϑK are independent and each X̃ϑ has the same
distribution. However, on the other hand, in general, Ξ̃ϑ and Rϑ are not independent. Hence, the equa-
tion in (39) cannot be expressed as a fixed-point equation of the kind (10). In applications, when the
conditions of Theorem 5 are satisfied, X̃ is a promising candidate for the process in Corollary 6 having
optimal Hölder exponents. However, in the case of the process H in (13), we did not overcome the tech-
nical difficulties to show the desired properties of its re-parametrizations due to the lack of independence
in the identity (39).

6 Applications

In the first three sections, we discuss the corollaries stated in Section 3.3 concerning the processes e, Z ,
and H . Then, in the fourth section, we study a new application.
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1

Figure 6: A lamination and the corresponding rooted dual tree. Distances in the tree correspond to the
number of chords separating the fragments in the lamination.

6.1 The Brownian continuum random tree

The Brownian continuum random tree Te, encoded by a Brownian excursion, is a fundamental tree arising
as scaling limit for various classes of random trees. We quote the classical case of uniform random
labelled trees [5, Theorem 2], but also binary unordered unlabeled trees (Otter trees) [42], random trees
with a prescribed degree sequence [16], general unordered unlabeled trees (Pólya trees) [46], unlabeled
unrooted trees [53], and random graphs from subcritical classes [47] to name a few examples. (See also
[39].)

Theorem 20 (Aldous [5], see also [39]). Let Tn be the family tree of a critical branching process with
offspring mean one and finite offspring variance σ2 conditioned on having n vertices. Let dn denote
the graph distance on Tn and µn the uniform probability measure on the leaves. Then, as n → ∞, in
distribution with respect to the Gromov–Hausdorff–Prokhorov distance,

(Tn,
σ
2 · n−1/2dn, µn, ρn)→ (Te, de, µe, ρe).

Corollary 8 (a) and Corollary 9 (a) follow immediately from (11) and Theorem 1. Similarly, Corol-
lary 10 (a) follows from Theorems 4 and 5 noting that R has the Beta(1/2, 1) distribution with density
1
2 t
−1/2.

6.2 Random self-similar recursive triangulations of the disk

The processes Z and H arise in the problem of random recursive decompositions of the disk by non-
crossing chords [17, 23]. They encode the trees that are the planar dual of the limit triangulation in the
same sense that the Brownian continuum random tree is the dual of the limit uniform triangulation of the
disk studied by Aldous [7, 8]. We now proceed to the precise definitions.

The unit disk D := {z ∈ C : |z| ≤ 1} is decomposed at discrete time steps as follows: At time
n = 1, a chord is inserted connecting two uniformly chosen points on the boundary ∂D . Then, given the
configuration at time n, at time n+1 : pick two independent points on the circle ∂D uniformly at random;
add the chord connecting them if it does not intersect any previously inserted chord, otherwise reject the
points and continue. This procedure yields an increasing sequence of non-intersecting chords (Ln)n≥1,
also called a lamination. For each n ≥ 1, D \ Ln consists of a finite number of connected components,
and by Tn, we denote the discrete tree which is planar dual to the decomposition (nodes correspond to
connected components, and two nodes are adjacent if the corresponding connected components share a
chord). The tree Tn is rooted at the node corresponding to a fragment containing a fixed-point on the
circle, say 1. (See Figure 6). It has been proved in [17] that Tn suitably rescaled converges almost surely
towards a limit tree encoded by a certain random process which satisfies a fixed-point equation of type
(10). More precisely, for β := (

√
17 − 3)/2, with respect to the Gromov–Hausdorff distance and as
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Figure 7: The process Z encoding the dual tree of the self-similar recursive triangulation of the disk.
It is the unique excursion that satisfies the fixed-point equation (12) up to a multiplicative constant.

n→∞, we have
(Tn, n

−β/2d)→ (TZ , dZ ), (40)

for the unique random excursion Z satisfying (12) with E [Z (ξ)] = κ > 0, where κ denotes a scaling
constant whose value is irrelevant in the present context. (It is given in Theorem 3 in [17].)

Corollary 8 (b), Corollary 9 (b) and Corollary 10 (b) follow from (12), Theorems 1, 4 and 5 since R
has the uniform distribution on the unit interval.

For any γ < β, by Corollary 6, there exists a process equivalent to Z with γ-Hölder continuous
paths. Moreover, for γ > β, no equivalent process can be γ-Hölder continuous with positive probability.
Indeed, by Theorem 1.1 in [23], the process Z itself has γ-Hölder continuous paths for any γ < β and
is therefore optimal with respect to regularity. Z is a good encoding of the real tree TZ since its fractal
dimension corresponds precisely to what should be expected from the regularity of Z . (The fact that the
rescaling of Tn is n−β/2 in (40) rather than n−β is reminiscent of the number of chords in Ln, which is
only of order

√
n, so Tn has only order

√
n nodes, see [17, 23].)

6.3 Homogeneous recursive triangulation of the disk

We have a completely different situation if we consider a partition of the disk D = {z ∈ C : |z| ≤ 1}
using random chords, but this time, the chords are inserted using a different strategy that is homogeneous:
in each step, given the current configuration, one connected component is chosen uniformly at random
and split by the insertion of a chord linking two uniformly random points on the boundary conditioned
on splitting the chosen component. Now, there is no rejection, and at time n we have a collection of
chords Lhn consisting of n elements. As before, we can define a tree that is dual to the lamination, and we
denote it by T hn (the discrete tree T hn has n+ 1 nodes). It has been proved in [17] that a suitably rescaled
version of T hn converges: in distribution with respect to the Gromov–Hausdorff distance and as n→∞,
we have

(T hn , n
−1/3d)→ (TH , dH ) , (41)

where H is the unique random excursion satisfying (13) and E[H (ξ)] = 1/Γ(4/3). [No characteriza-
tion of H was given in [17] but is stated in Corollary 9 (c).] The rescaling n−1/3 in (41) suggests that
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Figure 8: The process H encoding the dual tree of the homogeneous recursive triangulation of the disk.
It is the unique excursion that satisfies the fixed-point equation (13) up to a multiplicative constant.

the limit tree TH should have fractal dimension 3. However, a first natural grasp that one has on the tree
TH is the encoding excursion H , but a quick look at Figure 8 suggests that some trouble is around the
corner since H does not look Hölder with exponent 1/3− ε for ε > 0 arbitrary.

It is precisely in this kind of situation that our general framework is most useful, since it permits to
verify that TH indeed has fractal dimension 3, and more precisely that dimM(TH ) = dimH(TH ) = 3
with probability one. This is reminiscent of the fact that, for any γ < 1/3, there exists excursions equiv-
alent to H that have γ-Hölder continuous paths. As expected, unlike the process Z , H is suboptimal
with respect to path regularity: the following proposition is given for the sake of completeness, and its
proof can be found in the Appendix.

Proposition 21. Let % = 1− 2
3

√
2 = 0.057 . . . Then, almost surely,

sup{γ > 0 : H is γ-Hölder continuous} = %.

Corollaries 8 (c), 9 (c) and 10 (c) follow as in the recursive case discussed in the previous section.

6.4 Recursive k-angulations

In this section we consider a generalization of the lamination process described in Sections 6.2 and 6.3,
where, for some fixed k ≥ 2, in each step, one adds the k-gon connecting k points sampled on the
circle (for a precise definition, see below). Certain quantities in this model were studied by Curien and
Peres [24]. Again, we are interested in non-intersecting structures and investigate both the recursive and
the homogeneous model. Of course, for k = 2, we recover the processes studied in Sections 6.2 and
6.3. The techniques in [17] and [23] were sophisticated enough to yield detailed information on the
height processes of the corresponding dual trees and their limits. For example, in [17], we gave explicit
expressions for the leading constants and rates of convergence for the mean functions. Furthermore, the
limit mean function had already been obtained in [23] (up to a multiplicative constant). Most of these
precise results do not play a significant role in proving convergence of the dual trees or determining the
fractal dimensions of the limiting objects. (The leading constants in Propositions 22 and 23 below could
be given by lengthy implicit formulas and are of no particular relevance.)

37



1

Figure 9: An example of 3-angulation, together with its dual tree. The tree is rooted at the node contaning
the point 1 ∈ C. The shaded portions correspond to the triangles inserted, while the white portions are
essential fragments, i.e. the regions of the disk with a positive Lebesgue measure on the circle.

The recursive k-angulation. In the recursive framework, in each step, we choose k points uniformly
at random on the circle and insert the corresponding k-gon if none of its edges intersects any previously
inserted. The dual tree Tn is defined analogously to the case k = 2 upon identifying fragments in the
decomposition with nodes in Tn. The mass of a fragment in the decomposition of the disk is the one-
dimensional Lebesgue measure of its intersection with the circle. Fragments with positive mass will
subsequently be called essential (of course, all fragments are essential for k = 2.) See Figure 9 for an
illustration. Keeping the notation introduced in [17], by Cn(s), we denote the depth of the node associated
to the fragment covering s in the tree Tn. (We do not indicate k in the notation for the height functions.)
Denote the first inserted k points in increasing order by U1, . . . , Uk and define ∆1 = 1 − Uk + U1,
∆i = Ui − Ui−1, 2 ≤ i ≤ k, as well as ξ∗ = U1/∆1. Furthermore, let In = (I

(1)
n , . . . , I

(k)
n ), where I(i)

n

is the number of attempted insertions up to time n in the fragment containing ∆i. Given (U1, . . . , Uk),
for any 1 ≤ i ≤ k, the random variable I(i)

n has the Binomial distribution with parameters n− 1,∆k
i . In

particular, we have, almost surely,

In
n
→ (∆k

1, . . . ,∆
k
k). (42)

Proposition 22. Let k ≥ 2 and Nn be the number of inserted k-gons at time n. Then, as n → ∞, we
have n−1/kNn → ck in probability and with respect to all moments, where ck > 0 is a constant.

Proof. Let τ1, τ2, . . . be the times of homogeneous Poisson point process on the positive real axis. We
consider the continuous-time analogue of Nn, n ∈ N denoted byNt, t > 0 where, for all times τi, i ≥ 1,
a set of k independent points are drawn at random on the circle and the corresponding k-gon inserted if
the decomposition remains non-crossing. In other words, Nt = Ni for t ∈ [τi, τi+1) where τ0 := 0. It
is easy to see and explained in detail in [23] for k = 2, that this process can alternatively be obtained
without the necessity of rejecting any k-gons as follows: starting with the disk at time t = 0, add a k-gon
chosen uniformly at random after an exponentially distributed time with mean one. Then, independently
on the k essential sub-fragments, run the same process with times slowed down by a factor xk where
x denotes the mass of the fragment. The masses of essential fragments at time t > 0 in this process
constitute a conservative fragmentation process with index of self-similarity k and reproduction law
Dirichlet(1, . . . , 1). Hence, by Theorem 1 in [13], we deduce t−1/kNt → ck with ck as in the proposition
in probability and in L2. In particular, τ−1/k

n Nτn → ck in probability as n → ∞. In order to transfer
moment convergence, note that, for any ε > 0, by monotonicity and since Nn ≤ n almost surely,

τ−2/k
n N 2

τn ≤ ((1− ε)n)−2/kN 2
(1+ε)n + τ2−2/k

n 1{|τn−n|/∈(−εn,εn)}.
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By theL2 convergence for the continuous-time process and the concentration of τn having the Gamma(n)

distribution, the right hand side is uniformly integrable. Hence, τ−1/k
n Nτn → ck in L2. Since τn/n→ 1

almost surely and with convergence of all moments and τn,Nτn are independent, we obtain the conver-
gence in probability and in L2. Finally, let Ñn = n−1/kNn. Then,

Ñn
d
= 1 +

k∑
i=1

(
I

(i)
n

n

)1/k

Ñ
(i)

I
(i)
n

,

where (Ñ
(1)
n )n≥1, . . . , (Ñ

(k)
n )n≥1 are independent copies of (Nn)n≥1, independent of In. Using (42), it

is easy to prove that Ñn is bounded in Lm,m ≥ 1 by induction over m since we have already shown it
for m = 1, 2.

By construction, the random process (Cn(s))s∈[0,1] satisfies the following recurrence in distribution
on the space of cadlag functions D:

Cn( · ) d
=1[0,U1)( · )C(1)

I
(1)
n

( ·
∆1

)
+ 1[Uk,1]( · )C(1)

I
(1)
n

( · − Uk
∆1

)
+

k−1∑
i=2

1[Ui−1,Ui]( · )
(
C

(i)

I
(i)
n

( · − Ui−1

∆i

)
+ C

(1)

I
(1)
n

(ξ∗)

)
, (43)

where (C
(1)
i (·))i≥0, . . . , (C

(k)
i (·))i≥0 are independent copies of (Ci(·))i≥0 independent of (U1, . . . , Uk, In).

The first step of our analysis is to investigate Cn at a uniformly chosen point ξ. In [17], an explicit ex-
pression for the mean was obtained by solving the underlying recursion. Here, we proceed as in [23]
relying on results from fragmentation theory. Subsequently, let αk ∈ (0, 1) be the unique solution to

gk(x) := E [∆x
1 ] + (k − 1)E

[
1[U1,U2](ξ)∆

x
2

]
=

k!Γ(x+ 2)

Γ(k + x+ 1)
+

(k − 1)k!Γ(x+ 2)

Γ(k + x+ 2)
= 1 (44)

(Note that gk(x) is decreasing in x, gk(0) > 1 and gk(1) < 1. Hence, αk exists.)

Proposition 23. Let k ≥ 2 and εk = 2 for k ≥ 3, ε2 = 1. As n → ∞, in probability and with
convergence of all moments, n−αk/kCn(ξ) → Xk for some random variable Xk with mean κk :=
E[Xk] > 0.

Proof. We use the same continuous-time model as in the previous proof. As explained in [23], for
k = 2, the masses of essential fragments corresponding to nodes on the path from 0 to ξ in the dual
tree form a non-conservative fragmentation process with index of self-similarity 2 and reproduction law
L((∆1,1[U1,U2)(ξ)∆2)). (We abbreviate that fragments of size 0 vanish instantaneously.) Let Ct(ξ) be
the height of the node associated to ξ in the dual tree at time t and Et(ξ) be the number of essential
fragments associated to nodes on the path from 0 to ξ. For k ≥ 3, we have Ct(ξ) = 2(Et(ξ) − 1). The
sizes of essential fragments form a non-conservative fragmentation process with index of self-similarity
k and reproduction law L((∆1,1[U1,U2)(ξ)∆2, . . . ,1[Uk−1,Uk)(ξ)∆k)). Hence, by [13, Theorem 1], as
t → ∞, t−αk/kE [Et(ξ)] → κk/2 for some κk > 0. Furthermore, by [13, Theorem 5], there exists a
random variableX ′k such that, t−αk/kEt(ξ)→ X ′k in L2. WithXk = 2X ′k, the claim follows by standard
depoissonization arguments as in the previous proof.

Let Yn(s) = Cn(s)/E [Cn(ξ)]. We expect that, as n → ∞, we have n−αk/kE [Cn(s)] → mk(s)
for some continuous excursion mk ∈ Cex with E [mk(ξ)] = κk. Thus, from (45), it follows that, if
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Yn(s) → Z(s) in D for some continuous process Z , then the limit should have mean function mk/κk
and satisfy

Z( · ) d
=1[0,U1)( · )∆αk

1 Z(1)

( ·
∆1

)
+ 1[Uk,1]( · )∆αk

1 Z(1)

( · − Uk
∆1

)
+

k∑
i=2

1[Ui−1,Ui]( · )
(

∆αk
i Z(i)

( · − Ui−1

∆i

)
+ ∆αk

1 Z(1) (ξ∗)

)
, (45)

whereZ(1)(·), . . . ,Z(k)(·) are independent copies ofZ(·) independent of (U1, . . . , Uk). This fixed-point
equation is of type (10) where

K = k, L = k + 1, ϑ3 = . . . = ϑk = 1, R = S, L(S) = Dirichlet(2, 1, . . . , 1).

Let Z be the unique process (in distribution) solving (45) with E [Zk(ξ)] = κk whose existence
is guaranteed by Theorem 1. The verification of Yn → Z in distribution in the space D can be
worked out by the same arguments as in [17, Section 3] relying on the contraction method both for
real-valued random variables and for regular processes. Here, starting with an independent family
(U

(i)
1 , . . . , U

(i)
k ), i ≥ 1 of copies of (U1, . . . , Uk) one constructs the sequence Yn and its limit Z satisfy-

ing (45) on the same probability space and shows convergence in probability. The steps are very similarly
to the arguments in the proof of Proposition 13. First, one shows the convergence Yn(ψ) → Z(ψ) in
L2, where ψ corresponds to the point ξ∗ in the coupling. From the last proposition we know that this
convergence also holds in Lm for all m ≥ 1. Finally, one shows that E [‖Yn −Z‖m]→ 0 for all m ≥ 1.
(The almost sure convergence in [17] relies on a convergence rate for the mean of Yn(ξ). We do not
pursue this line here but note that, sufficient rates in the continuous-time case can be extracted from [13],
compare the discussion of Theorem 1 there.) Summarizing, we obtain the following result.

Theorem 24. Let k ≥ 3. In distribution with respect to the Gromov-Hausdorff topology, we have

(Tn, n−αk/kd)→ (TZ , dZ).

In distribution, the process Z is the unique continuous excursion to (45) up to a multiplicative constant.
Almost surely, dimM(TZ) = dimH(TZ) = α−1

k . For any γ < αk, almost surely, there exists a process Z̃
equivalent to Z which has γ-Hölder continuous paths.

Remark. 1) For k = 2, almost surely, the process Z has γ-Hölder continuous path for any γ < α2 = β
[23, Theorem 1.1]. We think that this remains true for all k ≥ 3, that is, the functionZ is a good encoding
of the tree. However, a proof using the Kolmogorov–Chentsov theorem as in [23] seems difficult.
2) Let Ln be the set of chords inserted at time n. By Proposition 7 D(TZ) = {1, 2, k}, and it is not hard
to see that

⋃
n≥1 Ln is indeed a k-angulation of the disk: every connected component in its complement

is a convex k-gon with vertices on the circle.

From (45) it follows that mk(t) = E [Z(t)] is the unique continuous excursion on [0, 1] with
E [mk(ξ)] = κk such that, for all t ∈ [0, 1],

mk(t) =E

[
1[0,U1)(t)∆

αk
1 mk

(
t

∆1

)]
+ E

[
1[Uk,1](t)∆

αk
1 mk

(
t− Uk

∆1

)]
+

k∑
i=2

E

[
1[Ui−1,Ui](t)

(
∆αk
i mk

(
t− Ui−1

∆i

)
+ ∆αk

1 mk (ξ∗)

)]
.

For k ≥ 3, we have no explicit expression for mk. Using the last expression and some geometric argu-
ments relying directly on the construction of the process, one can show thatmk is infinitely differentiable
on (0, 1), symmetric at t = 1/2 and monotonically increasing and concave on [0, 1/2]. Since we do not
use these observation, we omit the details.
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The homogeneous k-angulation. In the homogeneous setting, in each step, one essential fragment is
chosen uniformly at random and k uniformly chosen points selected to create a new k-gon. At time n this
leads to a decomposition of the disk into 1+(k−1)n essential fragments and n non-essential fragments.
The definitions of T hn , Chn, U1, . . . , Uk,∆1 = 1 − Uk + U1,∆i = Ui − Ui−1, 2 ≤ i ≤ K, ξ∗ = U1/∆1

as well as In = (I
(1)
n , . . . , I

(k)
n ) should be clear by now. By construction, the random variable In is

independent of (U1, . . . , Uk) and grows like the vector of occupation numbers in a Polya urn model. It
is well-known that, almost surely,

In
n
→ (∆̃1, . . . , ∆̃k),

where ∆̃ = (∆̃1, . . . , ∆̃k) has the Dirichlet(1/(k − 1), . . . , 1/(k − 1)) distribution. By construction,
the random process (Chn(s))s∈[0,1] satisfies a recursion analogous to (43), the only difference being the
distribution of (U1, . . . , Uk, In).

Proposition 25. Let k ≥ 2. As n → ∞, almost surely and with convergence of all moments, we have
n−1/(k+1)Chn(ξ)→ Xh

k for some random variable Xh
k with mean κhk := E[Xh

k ] > 0.

Proof. In the standard continuous-time embedding of the process, every essential fragment splits into k
essential subfragments at unit rate, independently of its mass. Hence, the number of essential fragments
Nt, t ≥ 0, forms a continuous-time branching process with offspring distribution δk, see, e.g. [11]. It
is well-known that e−t(k−1)Nt, t > 0, is a uniformly integrable martingale with mean one converging
almost surely to a limiting random variable denoted by N having the Gamma((k − 1)−1, (k − 1)−1)
distribution. For the time of n-th split τn in the process, since Nτn = 1 + (k − 1)n, by the optional
stopping theorem, it follows that (k − 1)ne−τn(k−1) → N almost surely and in mean. Similarly, the
number of essential fragments on the path from 0 to ξ in the dual tree denoted byEht (ξ) forms a branching
process with offspring distribution L(1 + 1[U1,Uk)(ξ)). Again, the process e−t(k−1)/(k+1)Eht (ξ), t > 0,
is a uniformly-integrable martingale with unit mean and we denote its almost sure limit by E . Writing

e−τn(k−1)/(k+1)Ehτn(ξ) = e−τn(k−1)/(k+1)((k − 1)n)1/(k+1) · ((k − 1)n)−1/(k+1)Ehτn(ξ),

and noting that the random variables τn, Ehτn(ξ) are independent, it follows that ((k−1)n)1/(k+1)Ehτn(ξ)→
E ′ almost surely and in mean where E = E ′N 1/(k+1). In particular,

E[E ′] = (k − 1)−1/(k−1)
Γ( 1

k−1)

Γ( 2
k−1)

.

Convergence of higher moments can be deduced as in the recursive model.

For s ∈ [0, 1], let Yhn(s) = Chn(s)/E[Chn(ξ)]. A limit Zh(s) inD of Yhn(s) should satisfy E[Zh(ξ)] =
κhk and

Zh( · ) d
=1[0,U1)( · )∆̃1/(k+1)

1 Zh,(1)

( ·
∆1

)
+ 1[Uk,1]( · )∆̃1/(k+1)

1 Zh,(1)

( · − Uk
∆1

)
+

k∑
i=2

1[Ui−1,Ui]( · )
(

∆̃
1/(k+1)
i Zh,(i)

( · − Ui−1

∆i

)
+ ∆̃

1/(k+1)
1 Zh,(1) (ξ∗)

)
, (46)

whereZh,(1), . . . ,Zh,(k) are independent copies ofZh independent of (U1, . . . , Uk), ∆̃. This fixed-point
equation is of type (10) where

L = k + 1, ϑ3 = . . . = ϑk = 1, R = Dirichlet(1, 1, . . . , 1), L(S) = Dirichlet(2, 1, . . . , 1),

andR and S are independent. As in the recursive model, one can prove the following theorem.
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Theorem 26. Let k ≥ 3. In distribution with respect to the Gromov-Hausdorff topology, we have

(T hn , n−1/(k+1)dhn)→ (TZh , dZh).

In distribution, the process Zh is the unique continuous excursion satisfying (46) up to a multiplicative
constant. Almost surely, dimM(TZh) = dimH(TZh) = k+1. For any γ < 1/(k+1), almost surely, there
exists a process Z̃h equivalent to Zh which has γ-Hölder continuous paths.

The comments on the mean function mk from the recursive model extend straightforwardly to mh
k .
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[47] K. Panagiotou, B. Stufler, and K. Weller. Scaling limits of random graphs from subcritical classes. to appear

in Ann. Probab., 2016.
[48] J. Picard. A tree approach to p-variation and to integration. Ann. Probab., 36(6):2235–2279, 2008.
[49] E. E. Posey and J. E. Vaughan. Extrema and nowhere differentiable functions. Rocky Mountain Journal of

Mathematics, 16(4):661–668, 1986.
[50] U. Rösler. A fixed point theorem for distributions. Stochastic Process. Appl., 37:195–214, 1992.
[51] G. Schaeffer. Combinaison d’arbres et cartes combinatoires aléatoires. Phd thesis, Université de Bordeaux,
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A Hölder continuity of H

Proof of Proposition 21. The positive result for α < % follows from bounds on the moments of H
provided in Lemma 27 and Kolmogorov’s criterion. Next, recall from [17] that h(t) := E [H (t)] =
κ′
√
t(1− t) for some κ′ > 0. Let % < α < γ. With Qϑn defined in (22), where Qϑ0 = h, the uniform

almost sure limitX ofQ∅n in Proposition 13 is measurable with respect to {(Rσ,Sσ,Ξσ) : σ ∈ Θ}. Thus,
since γ-Hölder continuity is a tail event of this σ-algebra, by Kolmogorov’s zero-one law, it suffices to
show that X fails to be γ-Hölder continuous with positive probability. For n ≥ 1, let Cn = ∪|ϑ|=n∂Λϑ.
Observe that, for some r > 0, we have |h(y)−h(x)| ≥ r|y−x|2 for all x, y ∈ [0, 1/2] and x, y ∈ [1/2, 1].
Fix ϑ ∈ Θ`. Let x, y ∈ Λϑ with (x, y) ∩ C` = ∅ and denote by x`, y` their relative positions inside Λϑ,
that is x` = (x− inf Λϑ)/L(ϑ), analogously for y`. If x`, y` ∈ [0, 1/2] or x`, y` ∈ [1/2, 1], then

V(ϑ)1/3 ≥ `2−αL(ϑ)α

implies

|Q∅` (y)−Q∅` (x)| = V(ϑ)1/3|h(y`)− h(x`)|
≥ `2−αL(ϑ)α|h(y`)− h(x`)| ≥ r`2−α|y − x|α|y` − x`|2−α.

As Λϑ is the union of at most ` + 1 intervals, we can find x, y ∈ Λ(ϑ), (x, y) ∩ C` = ∅ satisfying the
latter inequality with |y` − x`| ≥ 1/(4`) where x`, y` ∈ [0, 1/2] or x`, y` ∈ [1/2, 1]. Hence, for these
x, y we deduce

|Q∅` (y)−Q∅` (x)| ≥ |y − x|
α

16/r
.

As n → ∞, almost surely, the maximal distance between consecutive points in Cn converges to zero.
Hence, X is not γ-Hölder continuous if there exists n ∈ N and an infinite path ϑ = ε1ε2 . . . such that,
for all k ∈ N, with ϑn = ε1 . . . εn,

V(ϑkn)1/3 ≥ (kn)2−αL(ϑkn)α.

Below, we will show that this event has positive probability for some n ∈ N (in fact, for all n large
enough). For ϑ, σ ∈ Θ, let

Aϑσ =

{
V(ϑσ)1/3

V(ϑ)1/3
≥ |σ|2−αL(ϑσ)α

L(ϑ)α

}
.

Let N := 2n and Θ∗ be the complete N -ary tree with nodes on level k denoted by Θk,n. Moreover,
let S be the random subtree of Θ∗ in which a node ϑ∗ = ϑ∗1 . . . ϑ

∗
k with ϑ∗1, . . . , ϑ

∗
k ∈ Θn on level k exists

if, for all 0 ≤ i ≤ k − 1, the event Aϑ
∗
1...ϑ

∗
i

ϑ∗i+1
occurs. By construction, for fixed n ≥ 1,{(

1Aϑσ
)
σ∈Θn

: ϑ ∈ Θk,n, k ∈ N ∪ {0}
}

is a family of independent and identically distributed random vectors. Thus, S is a branching process
with offspring mean ∑

ϑ∈Θn

P(A∅ϑ) =
∑
ϑ∈Θn

P
(
V(ϑ)1/3 > n2−αL(ϑ)α

)
.

By the elementary formula P (A ∪B) = P (A) + P (B)−P (A ∩B) it is easy to see that

∑
ϑ∈Θn

P(A∅ϑ) = 2nP

(
n∏
i=1

W
1/3
i > n2−α

n∏
i=1

Wα
i

)
,
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where W1,W 1, . . . ,Wn,Wn are independent and identically uniformly distributed on the unit interval.
We may assume α < 1/3. Let δ > 0 and E1, F1, . . . , En, Fn be independent standard exponentials.
Then, by an application of Cramér’s theorem for sums of independent and identically distributed random
variables with finite momentum generating function in a neighborhood of zero, for all n sufficiently large,

P

(
n∏
i=1

W
1/3
i > n2−α

n∏
i=1

Wα
i

)
≥ P

(
n∑
i=1

αFi −
1

3
Ei > δn

)
= exp(−I(δ)n+ o(n)),

where I(x), x ∈ [α − 1/3,∞) denotes the large deviations rate function of the random variable αF1 −
E1/3 [see, e.g., 25] given by

I(x) = sup
−3<s<1/α

sx− log
3

3 + s

1

1− sα ≤
x

α
− inf
−3<s<1/α

log
3

3 + s

1

1− sα =
x

α
− log

12α

(3α+ 1)2
.

Thus, for all n large enough,∑
ϑ∈Θn

P(A∅ϑ) ≥ (2c(1 + o(1)))n, c =
24α

(3α+ 1)2
e−δ/α.

Since α > %, upon choosing δ > 0 sufficiently small, we obtain c > 1/2. Thus, for all n sufficiently
large, with positive probability, there exists an infinite path ϑ∗1ϑ

∗
2 . . . in Θ∗ with ϑ∗i ∈ Θn such the events

A
ϑ∗1...ϑ

∗
i

ϑ∗i+1
occur for all i ∈ N ∪ {0}. Along this path written as ϑ = ε1ε2 . . ., we deduce

V(ϑkn) ≥ n(2−α)kL(ϑkn)α ≥ (kn)2−αL(ϑkn)α.

for all k ∈ N. This concludes the proof.

The final lemma generalizes Proposition 4.1 in [23] to non-integer values of p.

Lemma 27. For all ε > 0 and p ∈ [0,∞), there exists K > 0 such that, for all x ∈ [0, 1],

E[H (x)p] ≤ K(x(1− x))2p/(p+3)−ε

Proof. We provide the minor modifications necessary to extend Proposition 4.1 in [23] to the non-
integer case without presenting tedious calculations. First, by Jensen’s inequality, since E [H (x)] =
κ′
√
x(1− x) with κ′ = 1/Γ(4/3), we have

E [H (x)p] ≤ (κ′)p(x(1− x))p/2, 0 ≤ p ≤ 1, (47)

E [H (x)p] ≥ (κ′)p(x(1− x))p/2, p ≥ 1. (48)

Thus, for 0 ≤ p ≤ 1, the assertion follows immediately from (47). For p ∈ (1,∞), we do not have a
integral recursion for mp(t) = E [H (t)p] such as (17) in [23] unless p is integer. However, applying the
inequality (a+ b)p ≤ ap + bp +C1(ap−1b+ abp−1) for a, b ≥ 0 and some C1 = C1(p), to the stochastic
fixed-point equation (13), we have, in a stochastic sense,

H (t)p ≤1[0,U1)(t)W
p/3(H (1))p

(
t

∆1

)
+ 1[U2,1](t)W

p/3(H (1))p
(
t−∆2

∆1

)
+ 1[U1,U2)(t)

(
(1−W )p/3(H (2))p

(
t− U1

∆2

)
+W p/3(H (1))p (ξ)

)
+ 1[U1,U2)(t)

(
C1(1−W )(p−1)/3W 1/3(H (2))p−1

(
t− U1

∆2

)
H (1) (ξ)

)
(49)

+ 1[U1,U2)(t)

(
C1(1−W )1/3W (p−1)/3(H (2))

(
t− U1

∆2

)
(H (1))p−1 (ξ)

)
, (50)
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with conditions as in (13) on the right hand side. Subsequently, we consider 0 ≤ t ≤ 1/2 which suffices
by symmetry. With q = 3/(3 + p), taking the expectation on both sides of the last display leads to

mp(t) ≤ 2q(1− t)2

∫ t

0
mp(x)(1− x)−3dx+ 2qt2

∫ 1

t
mp(x)x−3dx+ sp(t),

where sp(t) is the sum of the expectation of (49) and (50). As in the proof of Proposition 4.1 in [23],
relying on first, Lemma 4.2 there for H instead of M , and second, a stochastic inequality inverse to
the display above based on (a + b)p ≥ ap + bp for a, b ≥ 0, one can show that the first summand has
negligible contribution as t → 0. In other words, for any δ > 0, there exists t0 such that, for t ≤ t0, we
have

mp(t) ≤ 2(1 + δ)qt2
∫ 1

t
mp(x)x−3dx+ 2sp(t). (51)

Furthermore, for some C2 = C2(p, t0, δ) > 0,

mp(t) ≤ 2(1 + δ)qt2
∫ t0

t
mp(x)x−3dx+ 2sp(t) + C2t

2.

Now, if we were to drop sp(t), then, by applying Gronwall’s lemma to the function mp(t)t
−2, we could

deduce
mp(t) ≤ C3t

2p/(p+3)−δq

for all t ∈ [0, 1] and some C3 = C3(p, t0, δ). This would give the assertion as δ was chosen arbitrarily.
For a rigorous verification, we start with the case 1 < p ≤ 2. Then, a direct computation shows that,
for some C4 = C4(p), we have sp(t) ≤ C4t

(p+2)/2. Thus, by (48), sp(t) is asymptotically negligible
compared to mp(t). Using (51), for any δ′ > 0, upon decreasing t0 if necessary, we have

mp(t) ≤ 2(1 + δ)(1 + δ′)qt2
∫ 1

t
mp(x)x−3dx.

As indicated, the claim now follows from Gronwall’s lemma with a suitable choice of δ and δ′. For
p > 2, we proceed by induction. We may assume that ε > 0 is chosen small enough such that 3/2 +
2(p − 1)/(p + 2) − ε > 2. By the induction hypothesis, there exists C5 = C5(p), such that sp(t) ≤
C5t

3/2+2(p−1)/(p+2)−ε. Thus, sp(t)t−2 is bounded on [0, 1] and the result follows as indicated from
inequality (51).
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