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Introduction

Bayesian nonparametrics is a topic at the confluence of statistics, probability and machine learning.
As we are going to see, the Bayesian approach is very ‘probabilistic’ in nature: indeed, its main object
of study, the posterior distribution, is a probability measure. This measure will be random, through
its dependence on the data. Studying this measure enables one to answer statistical inference ques-
tions, such as estimation of unknown parameters, or construction of confidence sets.

The nonparametric Bayesian field is in rapid development: a theory of convergence rates has emerged
in the last 20 years, with many mathematical questions still open, in particular regarding: rates for
certain distances, for some classes of priors (e.g. based on deep neural networks), uncertainty quan-
tification, high-dimensional models, multiple testing, as well as on computability of posteriors or
approximations thereof, to name just a few. The case where the unknown parameter is a function
f or a high-dimensional vector 6 will interest us most in this course, but there are many other po-
tentially interesting settings, where the unknown quantity is a (possibly high-dimensional) matrix,
graph, manifold...

A first example: Bayesians draw unknowns at random. To fix ideas, suppose we observe
X1, Xy iid

from a distribution Py of density f on the interval [0,1]. This is the so-called density estimation
model on the unit interval. One statistical goal in this setting is estimating f. In the Bayesian ap-
proach, to be defined more formally in the next pages, the starting point is always to draw at random
the unknown quantities in the model, here the density function f.

How does one draw a function ‘at random’? Probability theory gives a precise meaning to this ques-
tion: it is enough to put a distribution on spaces of functions and ‘draw’ from this law. Technically,
there are several ways one can do so. Let us give a few examples

1. random histograms: for some heights hy drawn at random, one can set

K
[~ il
k=1
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where I, ..., I, form a partition (either fixed or random) of [0, 1]

2. random expansions on a basis: for { ¢, } a basis of L2[0, 1], let us set, for (o}) a sequence in £2,

K
=~ oxewpr,
past

where q are, say iid N'(0, 1) and K is either fixed (possibly +co) or itself drawn randomly.

3. stochastic processes: Brownian motion (By)o<t<; for instance has sample paths in the set of
continuous functions and is a special case of Gaussian processes commonly used in machine
learning applications.

Coming back to the density estimation setting, one notes that the just mentioned random functions
f's cannot be used directly, at least if one wishes to draw a ‘density’: indeed, the previous samples
are not necessarily positive and do not need to integrate to 1. There are various ways to fix this: one
can for instance renormalise and set, starting e.g. from Brownian motion (B;),

B

fol eBudu’

Z, =

whose paths are now by construction (random) densities on [0, 1].

Posterior distributions: integrating the information from the data. The probability distribution
(called the “prior”) chosen on unknown quantities of the statistical model, is updated using the
information contained in the data at hand through a conditioning operation. We will then get a
conditional distribution, which is called posterior distribution. The more data we have, the more
(hopefully) the posterior will ‘learn’ and the more ‘informative’ it will be to do inference on un-
known parameters of our model.

The main difference with traditional estimators in classical statistics is that the estimator in the
Bayesian approach is a whole (data—dependent) distribution, instead of a point in the parameter
space (think of the maximum likelihood estimator). We will see examples below.

1 Basics of statistics

In statistics, the starting point is the data, often a sequence of observations, for instance in form of
a numerical sequence xi, ..., Xp.

Statistical modelling consists in writing x; = Xj(w): data is interpreted as a realisation of random
variables X, ..., X,.

Definition 1. A statistical experiment consists in

« arandom object X taking values in a set E equipped with a o—field £.
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« a collection of probability measures on (E, &) called the model
P ={Py, 0 €06},

where © is a set called set of parameters.

Most of the time, X consists of a n—tuple X = XM = (X1, ..., Xp). In this case, the quantities E and P
of the definition above also depend on n.

L.L.D. DATA When X = X = (X, ..., X,), we will often assume that Pé") = Py® - ® Py = P3", that is,
that the random variables Y3, ..., Y, are independend and identically distributed (i.i.d. in short).

Definition 2. A statistical model P = {Py, 0 € O} is dominated if there exists a positive measure
p on E such that, for any 0 € ©, Py admits a density pg with respect to y, that is

dPp(x) = pg(x)dp(x).

Note that the measure y should be the same for all 8 € ©. And p is then called dominating measure.
In what follows, we shall always work with dominated models.

NotatioN. If X is a random variable of distribution Q, we write X ~ Q. This means that for any
function g integrable with respect to Q, i.e. g € L'(Q),

Ex-olg(X)] = Eolg(X)] = /E £(x)dQ().

If Y ~ Py, we often write Eg for Ey.p,. For a n iid observations as above, we write Ey in place of Epgn.

ESSENTIAL EXAMPLES.
The “FUNDAMENTAL MODEL” is
P ={N(0,1)°", 0 €R}.
It is a dominated model, for ;1 Lebesgue measure on R,

1

Nz

_=0?
dPy(x) = ez dx.

The DENSITY ESTIMATION model is
P = {PJ?”, feFy,
where F denotes a set of densities on, say, the unit interval [0, 1], or e.g. on R.

The “fundamental model” is the very special case where one restricts to densities of Gaussian
distributions of unit variance.
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Definition 3. A point estimator é(X ) (or a ‘statistic’ S(X)) in a statistical experiment (X, P)
is a measurable function of X, most of the time assumed to take values in the set of parameters ©.

FREQUENTIST APPROACH. In the frequentist approach, one assumes
3160, X~ P90
In this setting, 6 is called true value of the parameter. Typically, 6 is unknown and one tries to

“estimate” it (i.e. to approach it) with the help of the data X.

Example (fundamental model). Suppose X = (X1, ..., X;) is generated from the model P = {N'(0,1)*", 0 €
R} with a true 6) € R:

(Xt e s Xn) ~ N(60, 1)°".
Figure 1.1 represents n = 30 points randomly drawn from N (6, 1) and 6, = 2. One notes that the
sample stays fairly close to the value 2 and that the empirical mean (“moyenne empirique”) is very
close to 2.

Figure 1.1: Sample of size n = 30 from a N'(6, 1) law.

moyenne empirique

Main inference questions

Estimation. The goal is to build an estimator T(Xj, ..., X;) being close, in a sense to be made
more specific (e.g. through a loss functions) of the true value 6, of the parameter 0.

Confidence intervals/regions. One wishes to construct C = C(Xj, ..., X,) (random) subset of ©
such that 6, € C(Xj, ..., X,) with high probability.

Tests. One wishes to answer by “true” or “false” to a given property of Py by constructing a
‘test” (X, ..., X;) taking values in {0, 1}.

2 Nonparametric models

DENSITY ESTIMATION ON [0,1]. One observes X = (Xi, ..., X,) with

X; ~iid Py,
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with Py the law of density f on [0,1].

NONPARAMETRIC GAUSSIAN REGRESSION. One observes Y = (Yq,..., Y,), where, for 1 < i < n,
Yi = f(l/n) + &,

with f : [0,1] — R and ¢; are iid N'(0, 1). That is, the model is

P = {(g)ﬂf(f(i/n), 1), fe G},

for G some set of functions (for instance continuous or Holder). Let us note that the model is domi-
nated by Lebesgue’s measure u™ on R”: for any f € G and ¢ the Gaussian density,

P, yn) = T 0 = )™ o, ., yu).
i=1

GAUSSIAN SEQUENCE MODEL. Suppose one observes a sequence X = (X, ...,), where, for k = 1 an
integer, and 6 = (6k)k-1 a square—integrable sequence,

Xk = 9k + (1-1)

Lk
\/ﬁ,
for (e) a sequence of iid standard normal variables. This is a very popular model which can be seen

as the ‘basis’ of nonparametric statistics. Observe that it is obtained by “piling—up” countably many
times the elementary model

Y =v+&/n,

which can be seen as equivalent to the “fundamental model” X ~ N'(v,1)®" with v € R, through
considering the sufficient statistic Y = X ~ N'(v, 1/n).

The Gaussian sequence model can be written, for Py = N (6, 1/n),

P = {Pg") = (X) Pos. 96{’2}.

k=1

It can be shown that Pé") is absolutely continuous (and thus, has a density) with respect to the
measure with signal 6 = 0 the null vector, with

dpy’
dp"

k=1

(X) = exp {n i O X - n||9||§/2} : (1.2)

TRUNCATED GAUSSIAN SEQUENCE MODEL. This is the same as before, but one observes only up to
k = n, that is here X = (X, ..., Xi), with

Xk = O + &1/ /n, l<k<n
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Statistically, for typical ‘smoothness’ classes the vector 8 belongs to, not observing ‘frequencies’
after k = nis rarely a big problem. Suppose for instance that 6 belongs to a Sobolev ball, for §, L > 0,

Sp(L) = {9 e’ i k¥ 0} < L}. (1.3)

k=1

Then, if the measure of loss of an estimator T of 0 is the quadratic loss |T - 0|3, the ‘bias’ incurred

for basing T only on the first (X;);<, and setting T; = 0 for i > n s, if 0 € Sp(L),
D <n N K6 < Ln

k>n k>n

The rate n~% is often much smaller than typical optimal rates in terms of the quadratic risk for
smoothness f (often of the type n~2#/(2F+1),

GAUSSIAN WHITE NOISE MODEL. For f € L?[0, 1] one observes X" where

(g L
AX0) = fOdt + —dW(D), tefo.1)

for W(t) standard Brownian motion on [0, 1].

There are two ways to interpret what is observed in this equation. In statistics we will use the second
one mostly.

Observation scheme 1: trajectories (mostly used in stochastic process theory). One observes the trajec-
tory
D) = [ fdus =w, tefo]
X\"(t :/ wdu+—=W(t), te[0,1].
; Jn
Remark. Girsanov’s theorem says that the distribution P;”) is absolutely continuous with respect to
that where f = 0 (i.e. the distribution of t — W(t)/ \/n), namely

dp(")

f ! n (!
dPén) (X) = exp{n/o f(u)dX(u) - E /O f(u)zdu} )

Observation scheme 2: signal plus white noise (mostly used in statistics). One observes the Gaussian
process (X"(g), g € L?[0,1]), indexed by square-integrable functions g. This means that one has
access to the observation of the random variables

1 1
1
X - [ g0ax0) = .0, + = [ g@aw
0 Jn Jo
Note that X("(g) ~ N'({f, g)s. |gl2/n)-
One can also note that the Gaussian sequence model is just a particular case of the second observation
scheme for the Gaussian white noise model, where for g’s one takes the elements of an orthonormal

basis (¢x) of L?[0,1]. Indeed, in that case one can set 6y := {f, @)y Xi := XP(¢) and g =
fol @r(t)d W (t). Note that &, has law N'(0, | gx|5) = N'(0,1) and that ¢’s are independent, since

1 1 1
E [/0 er(t)dW (t) -/0 (pl(t)dW(t)] =/0 oD ei(t)dt = Ny
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3 Conditioning and Bayes’ formula

Note. We shall define conditional distributions under a dominated framework, which covers already
a huge variety of situations and many examples arising in practice. This enables one to apply Bayes’
formula, in possibly infinite-dimensional contexts. A more general definition of conditional distri-
butions is via ‘desintegration’, in the spirit of Proposition 2 below.

DOMINATED FRAMEWORK.

Let us consider
 a measurable set E equipped with a o—field € and a space F equipped with a o-field F
+ a positive o-finite measure « on E and a positive o-finite measure  on F
+ arandom variable X over E and a random variable Y over F.

Suppose the pair (X, Y) admits a density denoted f(x, y) with respect to a ® f, which we also write,
if Px y denotes the law of the pair,

dPx y(x,y) = f(x, y)da(x)dB(y).

MARGINAL DISTRIBUTIONS AND DENSITIES

Proposition 1. In the above framework, the individual law of X, called marginal distribution of
X, is the law Px with density given by

Fx() = / G ).

Proof.

For every g mesureable and bounded, Fubini’s theorem gives

Elg(X)] = / / ¢(D)f (6, y)da(x)dB(y)

= / g(x)

Similarly, the marginal distribution of Y is the law Py on F whose density with respect to f is given

by fr(y) = [ f(x, y)da(x).

/ fx.)dp()| datx) = / ¢(O)fx (¥ dax).

CONDITIONAL DISTRIBUTION.
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Definition 4. The conditional distribution of Y given X = x is the law of density, on F with
respect to f, given by, for fx(x) > 0,

fey) _ fxy)
[ ndply) — fx(x)

fY\X=x(y) =

We often denote f(y|x) in place of fy|x-x(y) when there is no risk of confusion. By definition,
y — f(y|x) is a density with respect to f, so that [ f(y|x)df(y) = 1.

Definition 5. For real-valued Y, if E[|Y]|] < oo, we define the conditional expectation E[Y | X] by

E[Y|X] = / V| X)dB(y).

More generally, for ¢ measurable with ¢(Y) integrable,

E[$(Y)| X] = / $)f (| X)dB().

Proposition 2. For every measurable h : ExF — R, provided the variable h(X, Y) is integrable,

E[h(X. Y)] = E[E[A(X., )| X]] = / / B, Y)dPy xox(y)dPx ().

In particular, under the same conditions, if h(X, Y) = ¢(X)y¥/(Y), for ¢,  measurable,

E[y(V)p(X)] = E[E[Y(Y) | X]p(X)].
Proof.

E[h(X. V)] = / / h(x, )f (x, y)da(x)dp()

- / / he )LD 1 (o de)dB(y)
)

_ / [ / h(x, )dPy x| fix () dac().

using Fubini’s theorem for the last identity.
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THE BAYESIAN FRAMEWORK. Given a statistical model P = {P("), 0 € ©) with data X, the
Bayesian approach consists in, first, choosing a probability distribution IT on ©, called the prior
distribution.

In the following, we suppose we are in the following dominated framework: for y, v two sigma—finite
measures, suppose

dP’ = f"dy v ee,
dll = ndv.

Note that the measure y has to dominate all measures P\, for any possible value of 6.
Second, the Bayesian setting assumes that the distributions for  and X are specified in such a way
that
0 ~1],
X™ |0~ Py
In this setting, the distribution of (X, 6) has density (x, §) — fé”)(x(”))n(Q) with respect to p® v.

We will always assume (without mentioning it) that this mapping is measurable for suitable choices
of o—fields on the space of X’s and 0’s, so that the next definition makes sense.

Definition 6.  The posterior distribution, denoted H[-|X(”)], is the conditional distribution
£(8]| X™M) of @ given X in the Bayesian setting as above. It is a distribution on ©, that de-
pends on the data X(™. In the dominated framework as assumed above, it has a density with
respect to v given by Bayes’ formula (i.e. the formula for conditional densities given previously)

1P ™)n(e)
[ X ) 7(8)dv()

Example: fundamental model. Consider the model P = {N(6,1)®", 6 € R}. Suppose we take a
normal prior IT = N'(0, 6) on 6 (with ¢ > 0): this will make computations easy.
Exercise. Check that in this setting the posterior IT[- | X(] is given by

c(9|x<">)=N< nX ! )

n+o? n+o?

One advantage of having a distribution (and not only a point estimate such as the MLE, or the
posterior mean) is uncertainty quantification.

Definition 7. A credibility region of level (at least) 1 - «, for @ € [0, 1], is a measurable set A ¢ ©
(typically depending on the data A = A(X)), such that

A X] = (2)1 -«
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Natural questions are: how does II[-| X("] behave as n — oo? Is there convergence? A limiting
distribution? Are credibility regions linked in some way to confidence regions?

4 Frequentist analysis of Bayesian methods

Once one adopts the Bayesian approach to build the posterior distribution II[- | X("], one can study
this distribution under the frequentist assumption that the data has actually been generated from a
distribution in the model with fixed true parameter 6, that is

€0, X"~ PP (1.4)

CONSISTENCY AND CONVERGENCE RATE

Definition 8. Under the frequentist framework (1.4), for d a distance on the parameter set O,
the posterior I1[- | X] = II[- | X3, ..., Xy] is

- consistent (for the distance d) at 6, € O if, for any ¢ > 0, as n — oo,
II[ {0 : d(6,6) =< e} | X1,.... %] — 1,
in probability under Pég') :
. converges at rate ¢, (for the distance d) at 8, € © if, as n — oo,
I {0 : d(b,0)=<e}|X1,.... %] — 1,

in probability under Pg,.

#1 For Z, a random variable with 0 < Z, < 1, one has
Zn 50 = EZ] >0 (n—w)
and similarly Z, — 1 in probability iff E[Z,] — 1 (exercise).
In particular, to show that the posterior converges at rate ¢, for d, it is enough to show that
EgII[{6 : d(0,6) < en} | X] =1 (n— o0),
or a similar result with the complementary event and the corresponding expectation going to 0.

Example: fundamental model. In this case P = {N'(0,1)®", 0 € R}. Under (1.4), we have X ~
N (0,1)*" for a fixed unknown 6, € R. By the law of large numbers (LLN), we have X — 6, in
probability (also almost surely). One can check that for a prior IT = N(0, 1), the posterior distribu-
tion N'(nX/(n+1),1/(n+1)) is consistent at 6 and converges at rate M,/ \/n, for an arbitrary sequence
M, — o0 as n — oo. (exercise)
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LIMITING SHAPE OF THE POSTERIOR DISTRIBUTION A natural question is whether the posterior
I[- | X] has a limiting shape when n goes to infinity. In the fundamental model with a N(0, 1)
prior on 6, one can prove that, for | - |y the total variation distance between probability distribu-
tions,

N[ | X] - N'(X, Un)ry — 0

in probability under Pé;’). This is a very special case of a much more general phenomenon, which can
be viewed as a sort of Bayesian central limit theorem (although it deals with the posterior, a quantity
in principle fairly more complex than the empirical average in the classical CLT), and called the
Bernstein—von Mises theorem. In parametric models, under regularity conditions, this result states
that

T | X] - N0V, I mllry — 0

in probability under P(:), where Iy, is the Fisher information matrix and 6MLE the maximum likeli-
hood estimator in the considered model (or any other ‘efficient’ estimator).

There exist nonparametric versions of this result, but they require some care to be defined, as the
limit object is then typically infinite-dimensional.
5 A first nonparametric example
Model. Consider the Gaussian sequence model as above, with X = (Xj,...) and, for k > 1,
Xk = O + &1/ /n,
that is

Py = Q) N (k. 1/n).
k=1

Prior. Suppose as a prior IT on 8s one takes, for some a > 0,
=T, =) N0.0f). withof := k' (1.5)
k=1

If working with infinite product distributions looks intimidating, one can just consider truncated
versions of both model and prior at k = n. All what follows can then be computed in finite dimen-
sions, see the exercise below.

Posterior distribution. Bayes’ formula gives that the posterior distribution of ¢ given X only depends
on X and

D n 1
L6 | Xx) = N < 72Xk, 2) .
n+0'k n+0'k

Furthermore, the complete posterior distribution of 6 is

=2 n 1
i 1X] _%_glw(nwkzx"’ n+ak2>'

Exercise. Prove this for truncated versions at k = n for model and prior distribution, using Bayes’
formula.
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The true 6,. We assume the following smoothness condition, for some f, L > 0,
O € Sp(L) := {Gefzz Zkzﬂe,st}. (1.6)
k=1

Posterior convergence under 8. Considering a frequentist analysis of the posterior with a fixed truth
6, it is natural to wonder whether I1[- | X] is consistent at 6, and if so at which rate it converges for,
say, the | - ||% loss, given by (setting | - | = | - |2)

1661 = > (6 - 60"

k=1

Let us consider the posterior mean, defined by

B(X) = / 0dH(6|X):< ”Xk_2>.

n+ o

First step: reduction to a mean/variance problem. Using Markov’s inequality,
1
M0 - 5] = ] X] = — [ 16 - o]
n

< é y / (O - B0.)2dTI(0] X).

n k=1

The “bias—variance decomposition” is (observe that the crossed term is zero because we have cen-
tered around the posterior mean)

/ (O - 60,0)?dII(0| X) = / (6~ B dTI(0] X) + / (B - 6)dII(6] X)
- / (6 ~ B dTI(0] X) + (B - o)

as the last term does not depend on 6. Note that the first term in the last sum is Var(6y | X). In order
to show that, for some ¢, = 0o(1) to be determined,

Eg II[]6 - 6ol > £n | X] = o(1),
it is enough to study the behaviour of the two terms

(a) := ) Eg,Var(6i | Xi)
k=1

(b) := )" Eq,(0x - 60)".

k=1

Study of the terms (a) and (b). For both terms, we distinguish the regimes 67 < 1/nand o7 = 1/n,
or equivalently k > N, and k < N, respectively, with

1

N, :=|nt2= |,
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We can now use the bounds

1
(a)szn+a,;2

k=1
1 N 2a
< Z —+ Z of < — + CN2* < pzoo,
k<N, n k>N, n

For the second term, by using the explicit expression of 6, a little computation shows

-4
_ O n
Eg,(Ok - 60x)° = n+ ];_2)2 O +
k

- M+ 1D

(n+0;%)?

The term (II) is the easiest to bound. Its sum is bounded by

n 1 1
Yy ;<Y <
oin+o . n+o; o n+og

by the same reasoning as before. The sum of the term (I) is bounded by, with a v b = max(a, b),

k2+4a
D Ot D O YL KRG+ ) TR
k<Ny k>N, k<Ng k>N,
<n? Z N0(52+4a_2ﬁ)vok2ﬁ6§,k +N(;2ﬂL
k<N,

IA

n 2(N2*428 y 1)L+ N;2PL < (n7? + N?P)L.

Putting everything together one obtains the following

Theorem 1. In the Gaussian sequence model, consider a Gaussian prior I1, as in (1.5) for @ > 0.
Then for any f, L > 0, there exists C = C(a, L) such that
anf
sup Ejg, / 160 - 60|3dTT, (0] X) < Cé?, with &, = ey(a, f) = n 21,
0eS(B,L)

In particular, for any arbitrary sequence M,, — oo (as slowly as desired), as n — oo,

sup Eqll, (10 = Gol2 > Mpen | X] = o(1).
00€eS(B.L)

Exercise. Using Jensen’s inequality deduce from the first display in Theorem 1 that the posterior
mean 9(X) verifies, uniformly over S(f, L),

Eg[0(X) - 6oll; < e
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Interpretation and discussion. From the expression of the rate ¢, in Theorem 1 one notes that
the fastest rate is obtained for the choice @ = f. This seems coherent: first, it can be checked that a
draw from the prior II = I, in (1.5) belongs to the Sobolev space S, = {0 = (6) : Yo k767 < oo}
for any r < a (check that as an exercise), and thus can be seen as a (nearly) a-regular sequence.
Now if the true 6, is f-regular, then choosing a prior distribution that ‘matches’ its regularity by
setting & = f should indeed give good results. This, however, leads to the following question:

What happens if the regularity parameter f is not known? (so that one cannot set a = )

We will see in these lectures that there are natural ways to choose a slightly different prior that leads
to adaptation, namely to the construction of a posterior distribution that achieves a (near)-optimal
rate without being given the knowledge of the regularity parameter S.

Regarding optimality, it can be shown that the rate ,(f, ) = n#/?/*1 (corresponding to choosing
a = p) is optimal in the minimax sense:

~ 1/2 B
inf sup (E9||6'— 9||§) <
0 0es(B.L)

This rate of convergence is a typical optimal rate in nonparametric problems: it is slower than the
standard rate 1/y/n common to (regular) parametric models. The larger f§, the closer we are to a
parametric rate.



CHAPTER 2

Convergence rates, general principles

1 Setup and objectives

Consider a nonparametric setting P = {P(") f € F}, where f in a function in some class (e.g.
square—integrable functions, densities...).

Following a Bayesian approach, we put a prior distribution IT on (F, B), where F is equipped with
the o—algebra B,

X0 |f ~ P 2.1)

f~IL (2.2)

Bayes’ formula gives us an expression of the mass of any measurable set B € /3 under the posterior
distribution

prf (X)dII(f)
J PP

#5 Note that II[B] = 0 always implies TI[B| X("] = 0.

n[B| x"] = (2.3)

In what follows we study the behaviour of II[- | X("] in probability under Pf We wish to show that,
for some ¢, a sequence typically tending to 0 as n — oo, for d a suitable distance over F, as n — oo,

[d(f, fy) > e | X™] = 0(1).

What will be our target rate ¢,? This will depend on f;, 7 and d. Often, we shall assume that f;
belongs to some regularity set Sg(L) (think of the Sobolev ball from the first chapter) and we will try
to take ¢, to be of the order (or as close as possible to) of the minimax rate

3 —1nf sup E¢d(T,f),
fESﬁ(L
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where the infimum is taken over all possible estimators T = T(X™) of f. For standard regularity
classes and distances, &, will often be of the order C(B, L)n™#/(*#*1_possibly up to logarithmic factors.

[Here: Point estimators (if time allows)]

To fix ideas, let us first consider for now the density estimation model on the unit interval [0, 1], i.e.
PP =P dPy(x) = f(x)dx, x €[0,1] (2.4)

In the density model, X ) = (Xi, ..., Xy) and Bayes’ formula can be written
ST fO0dn() — Jp TTi £06)dI()
JITLFX)GE) [T, £eadn()’

where we use that f; does not depend on the integrating variable f.

Technical remark: in order for the study of the ratio in the last display to make sense in probability
under Py, it will be silently assumed that Py, [ [ TT%, f(X;)dII(f) > 0] = 1, which will always be the case
for the priors we shall consider.

[B| X1, ..., X,] (2.5)

2 A first useful lemma

Definition 1. Let us define, for densities fo, f on [0, 1],
K(nf) = [1og s

V(fo,f)=/(10g§?—f<(fo,f)) fo.

and the Kullback-Leibler—type neighborhood

Bii(fo. en) = {f = K(fo.f) = €5, V(fo.f) = €2}

In the density model, we denote by Ej; the expectation under the law P¢" and set X = XM for
simplicity.

Lemma 1. Let A, be a measurable set such that, if ¢, verifies neZ — oo,

I[A,]
e~ 21 B (fo, €n)]

as n — oo. Then we have, as n — oo,

= 0(]), (26)

EpT[A, | X] = o(1).
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This gives a more refined version of the statement II[B] = 0 implies II[B| X] = 0 with 0 replaced
by some suitable o(1). The message is that if the prior distribution puts very little prior mass on
some (sequence of) set(s), then the posterior distributions puts little mass over such set(s). To prove
Lemma 1, we first prove yet another lemma.

Lemma 2. For any probability distribution IT on F, for any C, ¢ > 0, with P;O") probability at least
1-1/(C*née?),

/ (X )dII(f) = N[Bxy(fo, €)]e 1+, 2.7)

Proof of Lemma 1.

[in the proof we assume for simplicity that f, > 0. If this is not the case, one slightly adapts the
proof, see below] As a preliminary remark, note that, since f is by definition a density,

H AR / 1‘1[ f(x»fl[fo(xi)dxi = / 1f1[f<xi)dx1 cdy = 1.

Bayes’ formula as in (2.3) for the set Ay, isII[A, | X] = N/D with D = fH;-’:l %O(Xi)dfl(f). Lemma
2 implies, on an event E, with probability at least 1 - (C ne?)1,

Ey,

D = I[Bky(fy, x)]e e,
Let us now bound N/D from above by

N —(1+C)ne

X)dIO(Hg + g,
D HBKL(fo,En)] Hl () (e, + 2,

where the bound for the last term is obtained noting that N/D = II[A, | X] =< 1. Taking expecta-
tions (first note 1lg, < 1), and invoking first Fubini’s theorem and then the preliminary remark,

H -(X)

H[An] + Pfo llE;,'-

N e—(1+C)neﬁ

Ef—=< —m—— E
»D = TBx(for en)] Ja, P

dri(f) + Py Tz

e7(1+C)n£,Zl

) [ Bk (fo, €n)]

Both terms in the last display go to 0 by assumption and Lemma 2 respectively.

[If fo possibly takes the value 0, consider the event V, = {3i : fo(X;) = 0} and note Py, [Vn] < nPy (fo(X1) =
0)=n/f 1y, (x)=0fo(x)dx = 0. So since D/N < 1, it is enough to work with (D/N)1ye. As Vy; = [T; 15, (x;)-0-

Ey, H (Xz)ﬂfox,

n
/ —(x»Hfo(xi)nfo(dexl- / [T Ao =
i=1

where one uses 1 (..o < 1 and the rest of the argument goes through as before.]
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Proof of Lemma 2.

Let B := Bgi(fo, ¢) and suppose II(B) > 0 (otherwise the result is immediate). Let us denote
TI(-) = TI(- n B)/TI(B). Next let us bound from below

/ Locpang) = / Lopan) - p) / —(x \dTI(f).
AsTI() is a probability measure on B, Jensen’s inequality applied to the logarithm gives
log / [T %o - / log £ (x)ari(
/ [log fox) - K1k, f>] ari(p) - n | Kilf AT

> _ZZi - ne?
i=1

where we have set Z; = [, [logg%’(Xi) - KL(fo,f)] dTI(f), and used the fact that on B, we have

KL(fy,f) < €* by definition. We now use a simple concentration bound on the variables Z;s,
which are independent under Pf,. By Tchebychev’s inequality

,>Cn£

n
i=1

By independence the last term is nVary, Z; and it is enough to bound
fo =)
= (Xi) = KL(fo, f)| dI1(f)

(s J

< / V(fy, )dII(f) = €2TI(B) = ¢*,
B

1
< (Cned)? Varf0

Vary, Z; = Ef, log

2
< K, logf‘j(Xi) - KL(fo,f)] dri(f)

where we use Jensen’s inequality with t — t? and the fact that V(f;, f) < €% on B. Let us now set

n
B, ={ i| < Cne?}.
i=1

By combining the previous bounds, we have just proved that Py,(BS) < nVaryZ/(Cne?)* <

1/(C?ne?). The event B, has as desired probability at least 1 - 1/(C?ne?) and on By,

log/ —(X)dl'[(f) > —(C + 1)né?

which in turn implies, taking exponentials and renormalising by II(B),

/ (X)dH(f) - TI(B)e O
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3 A generic result, first version

Let us start with a brief historical perspective. Doob (1949) showed that posteriors are (nearly) al-
ways consistent in a [T-almost sure sense, which is interesting but prior-dependent. Schwartz (1965)
proved consistency in the sense of the definition above under some sufficient conditions of existence
of certain tests and of enough prior mass around the true f. Diaconis and Freedman (1986) exhibited
an example of seemingly natural prior whose posterior distribution is not consistent. Ghosal, Ghosh
and van der Vaart (2000), Shen and Wasserman (2001) and Ghosal and van der Vaart (2007) gave
sufficient conditions for rates of convergence.

We call test based on observations X a measurable function ¢(X) taking values in {0, 1}.
Let us recall that for now we work with the density estimation model 7 = {P¢", f € F}. Let I be

a prior distribution on (F, 18). Suppose also that F is equipped with a distance d (examples will be
given below). We denote by F \ F,, = Ff the complement of F,, ¢ F.

Theorem 1. [GGV, version with tests] Let (¢,) be a sequence with neZ — co as n — oo.
Suppose there exist C, M > 0 and measurable sets 7, ¢ F such that

i) there exist tests ¢, = /,(X) with

Ef, Y = o(1), sup Ef(1 - yy) < e (C9men,
feFu: d(f fo)>Mey
i)
I[F \ Fy] = 7o),
i)

[Bk1(fy, n)] = € "0,

Then the posterior distribution converges at rate Me, towards fy: as n — oo,

EfTI{f = d(f. fo) = Men} | X] = o(1).

Let us briefly comment on the conditions. Assumption iii) is natural: there should be enough prior
mass around the true fj. Indeed, recall by Lemma 1 above that if the prior mass of a set is too small,
its posterior mass will be too: having a too small prior probability of the KL-neighborhood would
mean its posterior mass is vanishing, so there could not be convergence at rate ¢,, at least in terms
of the ‘divergence’ defined by the KL-type neighborhood.

Assumption ii) allows to work on a subset F,, so it gives some flexibility, especially if F is a ‘large’
set: indeed, combining ii) with iii)

NF\F] e
O[Bki(fo, €n)] ’

which leads to E¢II[F \ F, | X] = o(1) using Lemma 1.
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Assumption i) is so far a little more mysterious. It can be seen more as a ‘meta—condition’, that
makes the proof of the result quite quick. We will see below another version of the result, where i)
is replaced by another, more interpretable, condition. Let us just note that the distance d in i) is the
same as in the result: one needs to find tests with respect to this distance.

Proof.
Since E4TI[F \ | X] = o(1) as noted above, is is enough to prove that E;II[C, | X] = o(1), where

Co ={f € Fn, d(f.fo) = Men}.
Using the tests 1, from Assumption i), one decomposes
I[Cn | X] = TI[Cp | X]¥n + T[Cp | X](1 = ).
With II[C,, | X] < 1, one gets E4TI[C, | X]n < Ef, ¥ = o(1) thanks to i). For the second term, we

write, recalling ¢, = ¥,(Xy, ..., Xp) = ¥n(X) is a function of the data,

T[Cn | X](1 - ¢n) = ST £)an() B

In order to bound the denominator from below, let us introduce the event

Je, T 060 - a0 N
a3

2

By = {/ 1,:‘1[ ij;(Xi)dH(f) = TI[Bir(fo, en)]e 2™ } '

Lemma 2 tells us that P;[B,] = 1 - (neZ) = 1 - o(1) using neZ — oco. Deduce, with 5 the
complementary event of 3,

N ez”fﬁ n f o .
B = et o, LL G000~ 000 + 1

Observe, using a similar argument as in the proof of Lemma 1 (and again modulo adjustment in
case fy can take the value 0 with = becoming <),

Ej,

I ]{;(xo(l (%)

B /HJ];(XI')(l = Yt ) | | folo)doxy -+ dox
i=1 1

- [ o ex) TT S d, = Byl = o)
i=1

By taking expectations and using Fubini’s theorem,

N<L - i )1 - } + ¢
D = Bl 0] /CHHEff’ [f0<x,><1 V0] A0+ Pl

i=1

IA

((Cronel /C [T & [ - yuCO] ami(f) + P, [B5]

i=1

< e(c+2)n,_cﬁ e—(C+4)n£ﬁ 4 Pfo [B;] < e—ZnS,% + 0(1) = 0(1)_ ]
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Exercise (if time allows)

4 Testing and entropy

In Theorem 1, the testing condition i) requires to be able to test a ‘point’ fy versus the ‘complement
of aball’ {f € Fy, d(f,fy) > Me,}. The latter set has not a very simple structure (one would prefer a
ball for instance instead of a complement!). Let us see how one can simplify this through combining
tests of ‘point’ versus ‘ball’.

Testing condition (T). Suppose one can find constants K > 0 and a € (0, 1) such that for any
e>0,if fy, fi € F are such that d(fy, fi) > ¢, then there exist tests ¢, with
Ef on < ¢ Kne* (2.8)

sup  Ep(1-¢p) =< e Kne’, (2.9)
f d(ffi)<ae

This condition is in fact always verified for certain distances.

Definition 2. Let P, Q probability distributions dominated by a measure g, i.e. dP = pdy and
dQ = qdp. The L'—distance is defined as

P-Ql = / p - qld

and the Hellinger distance as

1/2
WP, Q) - (/(@— @Zdu) .

These distances verify the following properties (left as an Exercise)
« |P-Q|i =< 2andh(P,Q) < 2.
« |P - Ql:1 = 2h(P, Q) [use Cauchy-Schwarz]
« If max(p, q) = ¢o > 0 then h(P, Q) = C|P - Q|; for some C > 0.

+ Defining the total variation norm (between measures defined on a common o-field A) as
[P = Qlrv = supye. [P(A) - Q(A),

IP = Qlh = 2[P - Qlrv.
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Theorem 2. [Le Cam, Birgé] The testing condition (T) is always verified in the density estimation
model for d the L'-distance or the Hellinger distance h.

We prove this result below for the L!-distance. For the Hellinger distance, we refer to the book by
Ghosal and van der Vaart (2017), Proposition D.8.

Definition 3. The e-covering number of a set £ for the distance d, denoted N(¢, &, d), is the
minimal number of d-balls of radius ¢ necessary to cover £.

The entropy of a set measures its ‘complexity’/‘size’. Let us give a few examples
« If £ =[0,1] and d(x, y) = |x - y|, then N(e, &, d) is of order 1/e.

« If € is the unit ball in R¥

k
05 := ) 67 < 1},
i=1

then N(e, £, |-|2) is of order ¢™¥. Note that this number grows exponentially with the dimension
k. We prove this below.

B(0,1) = {9 e RF,

« There are many results available for balls in various function spaces (histograms, Sobolev or
Holder balls etc.). Examples will appear in the sequel.

Lemma 3. Suppose that the testing condition (T) holds for a distance d on F and that, for a
sequence of measurable sets F,,, and a sequence (&,) with ngﬁ =1,

log N(ep, Fu, d) < Dneg.
Then for a given a > 0 there exists M = M(c) large enough and tests ¢, = 1,(X) such that

Ej, Y = 0(1), sup Ef(1 - ) < €0,
fe€F: d(f.fo)>Mey

Proof.

Let us consider the set
Gp = {f € Fp, d(f.fo) > 4Me,}

and partition it in ‘shells’ C; as follows

G = J{f € P, 4Mjen < d(f. o) < 4M( + D} = | ] C;.

Jj=1 j=1




