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Setting: online nonparametric regression

Y Context & data: data arrives sequentially as a stream x1, . . . , xt and we want to
predict each response as follows:

Learning scenario
For each round t = 1, . . . , T , the learner or algorithm

� observes an input xt ∈ X ⊂ Rd

�makes a prediction f̂t(xt) ∈ R Choose f̂t before observing `t

� suffers a loss `t(f̂t(xt)) and observes gradient of it No assumptions on how `t is generated

� updates his rule prediction f̂t→ f̂t+1 Based on observed gradients

Ù Goal: given some large (nonparametric) function set F ⊂ RX we want to minimize
the regret against any competitor f ∈ F

RegT (f ) =

T∑
t=1

`t(f̂t(xt))︸ ︷︷ ︸
our performance

−
T∑
t=1

`t(f (xt))︸ ︷︷ ︸
reference performance

x Assumptions:

� (`t) are general G-Lipschitz convex losses, G > 0 known;
�X ⊂ Rd bounded compact subset;
�F ⊂ [−B,B]X , B > 0 known;
�F ⊂ C α(L) the set of α-Hölder continuous functions, L > 0 and α ∈ (0, 1] unknown.

, No stochastic assumption on data (xt, `t): (f̂t) have to perform well on abitrary
and possibly adversarial data.

Main contributions

Ê A parameter-free online learning method that leverages a chaining tree structure
and achieves a regret over α-Hölder continuous functions C α(L):

sup
f∈C α(L)

RegT (f ) . GB
√
T +GL


√
T , if d < 2α,

log2 T
√
T , if d = 2α,

T 1−α
d , if d > 2α.

Ë An algorithm that optimally competes against any pruning and adapts to the local
Hölder regularities of the competitor, achieving for d = 1, α ∈ [12, 1]:

sup
f∈C α(L)

RegT (f ) . inf
prun

{√
T |prun| +

∑
n∈prun 2

−αlevel(n)Ln(f )
√
|Tn|
}
,

where (Ln) ≤ L are local Hölder constants with respect to the pruning nodes.

Parameter-free online learning with chaining tree

� Chaining tree:
T = (Xn, θn)n∈N (T ) associated to predictor

f̂ (x) =
∑

n∈N (T ) θn1Xn(x) .
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_ Multi-scale approach:
T predicts with all nodes: allows a multi-
scale prediction and approximation process.

  Coefficient decay:
At level m ≥ 1, given the regularity of C α(L),

|θlevel m| . L2−αm

Ò Algorithm:

Algorithm 1: Online training of chaining tree f̂t→ f̂t+1
Input : Nodes (θn,t) of T and gradients (gn,t)
for n ∈ pathT (xt) do

Predict f̂t(xt) =
∑

n∈N (T ) θn1Xn(xt);
Find θn,t+1 ∈ R to approximately minimize

θn 7→ `t(f̂−n,t(xt) + θn1Xn(xt)) with f̂−n,t(xt) = f̂t(xt)− θn,t1Xn(xt) (1)

using gradient gn,t =
[
∂θn`t

(
f̂−n,t(xt) + θn1Xn(xt)

)]
θn=θn,t

= `′t(f̂t(xt)) .

Output: Nodes (θn,t+1)

� Parameter-free [3] subroutine in (1) achieves regret based on the norm of the (θn)

G
∑

n |θn|
√
|Tn| . GL

∑
m 2−αm

√
2dmT

with Tn = {1 ≤ t ≤ T : xt ∈ Xn} and |{nodes at level m}| = 2d(m−1).

Minimax-optimal and locally-adaptive algorithm

( Local-adaptivity: our algorithm leverages expert aggregation procedure and
aims to fit the best pruning corresponding to local Hölder profile of the competi-
tor: we shift from a global to a local regret bound:

L(f )
√
T −→

∑
n∈prunLn(f )

√
|Tn| .

¢ Curvature adaptivity: in case (`t) are
exp-concave, for any f ∈ C α(L) and any
pruning our algorithm achieves better regret

O
(
|prun| +

∑
n∈prun 2

−αlevel(n)Ln(f )
√
|Tn|
)
,

with (Ln(f )) ≤ L local Hölder constants with
respect to the pruning nodes. X

f

Core Tree T0

� Corollary & minimax-optimality: for d = 1, α ∈ [12, 1] we obtain

sup
f∈C α(L)

RegT (f ) .

{
L

1
2α

√
T , if (`t) convex,

L
1
2α

√
T ∧ L 2

2α+1T
1

2α+1, if (`t) exp-concave.

Ò Algorithm: Core Tree T0 = (Xn, (Tn,k)k∈[K])n∈N (T0) associated to chaining tree
predictors (f̂n,k), weights (wn,k) and outputs average prediction at time t ≥ 1

f̂t(xt) =
∑

n,kwn,k,tf̂n,k,t(xt) .

_ Local approximation: for n ∈ N (T0), each chaining tree pre-
dictor f̂n,k, k ∈ [K] performs a local approximation over Xn ⊂ X
and is rooted at the k-th uniform grid point of [−B,B], where the
grid size is K = d2B

√
T e, i.e. with precision ε = T−

1
2.

Discretization grid of [−B,B]

B k = K
k = K − 1
k = K − 2

k = 2
k = 1−B

T−1/2

Algorithm 2: Locally Adaptive Online Regression at time t

Input : Chaining tree predictors (f̂n,k,t) and weights (wn,k,t) of T0 at time t
Receive xt and predict with predictors in pathT0(xt), f̂t(xt) =

∑
n,kwn,k,tf̂n,k,t(xt) ;

Reveal gradient (∂wn,k,t`t(
∑

n,kwn,k,tf̂n,k,t(xt))) and update weights (wn,k,t) of T0 ;
for (n, k) ∈ pathT0(xt)× [K] do

Reveal gradient gn,k,t = `′t(f̂n,k,t(xt));
Update and clip chaining tree predictor f̂n,k,t using Algorithm 1 with gn,k,t.

Output: Weights (wn,k,t+1) and predictors (f̂n,k,t+1)

� XP: f (x) = sin(10Lx) + cos(5Lx) + 5, L ∈ [2−6, 2−5], xt ∼ U([0, 1]).
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Numerical Experiments

� Synthetic regression setting: data follows f (x) + ε, with ε ∼ 0.5 · N (0, 1),
f (x) = sin(10x) + cos(5x) + 5, for x ∼ U([0, 1]) and L = supx |f ′(x)| ≤ 15.
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