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Setting: online nonparametric regression Minimax-optimal and locally-adaptive algorithm

EH Context & data: data arrives sequentially as a stream z1, ..., z; and we want to W Local-adaptivity: our algorithm leverages expert aggregation procedure and
predict each response as follows: aims to fit the best pruning corresponding to local Holder profile of the competi-
for: we shiltrom & global fo & local regretbound:  Gore Tree 75
: @
Foreachroundt =1,...,T, the learner or algorithm LI IVT — 3 corun Lu( /)Tl - -
> observes an input z; € X C R? — & .
> makes a prediction f,(z;) € R crocse . before obcervin £ v/ Curvature adaptivity: in case (¢;) are O O O O O O
P IR o0se Ji before observing i exp-concave, for any f € ¢*(L) and any OOOC O00000O0C
> suffers a loss ft(ft(ilft)) and ?bSGFYGS gradient of it No assumptions on how ¢, is generated pruning our algorithm achieves better regret
> updates his rule prediction ft — ft+1 Based on observed gradients

O(lprun| + 3= corun 2~ Lu(f)V/ITal)

Q. Goal: given some large (nonparametric) function set F ¢ R* we want to minimize

the regret against any competitor / € F with (L,,(f)) < L local Hblder constants with
T A T respect to the pruning nodes.
Regr(/) = th(ft(xt)) B Z&( (1)) ‘W Corollary & minimax-optimality: for d = 1,« € [, 1] we obtain
=l =1 — .
” Assumptions: our performance reference performance . Reg (f) < Lﬁﬁj if (gt) convex,
T ~ 1 2 1 .
> (¢;) are general G-Lipschitz convex losses, G > 0 known; fee~(L) \L“\/T A Lot o, if (£;) exp-concave.

> X C R bounded compact subset;
> F C [-B, B]*, B > 0 known;
> F C ¢“(L) the set of a-Hbélder continuous functions, L > 0 and a € (0, 1) unknown.

&z Algorithm: Core Tree 75 = (X, (To k) ke(x))nen(T,) @Ssociated to chaining tree
predictors ( f,, ), weights (w,, ) and outputs average prediction at time ¢t > 1

ft(%ﬁ) = an wn,k,tfn,k,t(xt> :

& No stochastic assumption on data (z;,4,): (f;) have to perform well on abitrary

J ib| d ial dat - ] ] o Discretization grid of [— B, B|
ISl [PIORtlon zle iz e lnizl el 222 Local approximation: for n € N(7;), each chaining tree pre- s

k=K
_1/9 k=K -1
dictor f,x, k € [K]| performs a local approximation over X,, C X ° o ISl
and is rooted at the k-th uniform grid point of [~ B, B], where the 5 bo1
Algorithm 2: Locally Adaptive Online Regression at time ¢
. . . Input : Chaining tree predictors An and weights (w,, ». ;) of 7T, at time ¢
O A parameter-free online learning method that leverages a chaining tree structure R:ceive - ang ?re dict E/)vith o dic(ti r]s€t|>n I (g ) f(zflf )’”_) 276 . f (z,)
and achieves a regret over a-Hélder continuous functions ¢ (L): g SIS P o Pty S, JaLt) = 2ok Wnkitnk B2t
Reveal gradient (9, £i(2_, 1 Wnktfoki(2t))) and update weights (w;, ) of 7o ;
JT fd < 9 for (n, k) € pathy(x;) x K] do
y 9 . o A _
sup Regr(f) < GBVT +GL log, TV/'T, if d =2, Reveal grad'eht gnkt - gt(fn,k,t(xt).)ﬂ A | | |
feg(L) i £ < 9 Update and clip chaining tree predictor f,, i using Algorithm 1 with g,, 1 +.
d, Q. B _ _ A
Output: Weights (w,, 1. ++1) and predictors (f,, x.¢+1)
@Arl algorithm th?lt_ optimally compgtes aggingt any pruning ancll adapts to the local B XP: f(z) =sin(10Lz) + cos(5Lx) + 5, L € [276, 279, 2, ~ U([0, 1]).
Holder regularities of the competitor, achieving ford = 1, « € |3, 1]: 0, absolute loss, T = 2000 ¢, squared loss, T = 2000
sup Regy(f) < inf {v/Tlprun| + 37, corn 2L (f)V/IT0l }
fe€e(L) prun
where (L,,) < L are local Hoélder constants with respect to the pruning nodes.
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4 Chaining tree: T 0, N ’ . ’ .
T = (X, 0,) e N(T) associated to predictor ; !
. 2
— e
f(ilf) - ZREN(T> en]l‘)(”(x) ' path-(z) = {1,2,5} (93
Level m ~ 1 fm e Numerical Experiments
Level m = 2 ki
Level m =3 tee _
222 Multi-scale approach: 2] Synthetic regression setting: data follows f(z) + &, with e ~ 0.5 - N(0, 1),
| : T predicts with all nodes: allows a multi- f(x) = sin(10x) + cos(5x) + 5, for x ~ U([0,1]) and L = sup,. | f'(z)| < 15.
+92§ . 7 scale prediction and approximation process.  Prediionsatime T — 200 P P—r—
+94 i / ‘I‘(95 Iz Coefﬁcient decay: ol x xx xx" ‘ § 10° Eg%z_\/ig%ﬁee-mgw /////:::::/ 107 - ;g%gﬁ%ﬁee-mgq /////////
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&z Algorithm: N e
1 102,
Algorithm 1: Online training of chaining tree ft — ft+1 2 bocel Adapt Onine Reg. - Alg. 2 ’
Input : Nodes (Qn,t) of 7 and gradients (gn,t) 0 02 04 06 08 1 10" ot 10 10° 10" ot 10 10°
.l:or n e pathT(xt) dO X Time T’ Time T’

Predict ft(fbt) — ZnEN(T) en]an(xt);
Find 0,,++1 € R to approximately minimize

o Ul hand) W0 Do)l O

using gradient g, = |0, 6 (f ni(we) + Ol (@) | = Ci(filw1)). o T | |
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