Definitions

Consider X an irreducible Markov chain on a finite state space E
of size n, and denote by 7 the unique invariant probability of X.

Definition (3.2)
For t € N define

d(t) := max||Pt(x,") — 7||Tv
xX€EE

d(t) := Pi(x.-) — Pi(y, - .
()= max [IP(x.) = POy )l

The mixing time at level € is defined as

tmix(e) = inf{t € N: d(t) < ¢e}.

We'll have a particular interest in

tmix ‘= tmix(1/4).
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Theorem (3.2.1)
d(t) < d(t) < 2d(t).

Proof : The second inequality follows trivially from the triangle
inequality. As for the first, since 7 is invariant,

— t _
d(t) = rpeaé(TCaz__(}P (x, A) — (A)|

— t — t
= r)peagrglcaz__( ;W(y)(P (x,A) = P*(y,A))

P(x,A) — Pi(y,A)| < d
T@é;@%ﬂy)\ (x, A) — Pt(y, A)| < d(¢)
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Theorem (3.2.2)

d is submultiplicative, that is, for any s, t € N,

d(t+s) < d(t)d(s).

Proof : Fix x,y € E and assume (X, Ys) realize an optimal
coupling of P*(x,-), P*(y,-) and denote by PP, , their joint law (so
under Py, Pt(Xs,-) has law P**3(x,-), P*(Ys,-) has law
Pt*s(y,-), and Py (Xs # Ys) = d(s)). Then

IPE(x,-) = P75 (y, )l 7v

S B [P Ow) — P
weE

1 Z
< 5 Exvy HPt(X57 W) - 'Dt(Y57 W)} ]l{XﬁéYs}]
weE

< H(t)Px,y(Xs # Ys) = H(t)g(s)v

where for the inequality at the last line, we used from its definition
that d(t) > 15" . |P{(Xs, w) — Pt(Ys, w)l.
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Theorem (3.2.3)

For any € < 1/2, we have

fmix() < [log, <§)1tmix.

Proof : By the above results, for £ € N*,

d(ltmix) < d(Ctmix)
S H(tmix)é

1

< (2d(tmix))€§?7

thus if £ > log, (%) d(Ctmix) < €, as required.
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