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Abstract

Classic estimation methods for Hawkes processes rely on the assumption that observed
event times are indeed a realisation of a Hawkes process, without considering any potential
perturbation of the model. However, in practice, observations are often altered by some noise,
the form of which depends on the context. It is then required to model the alteration mecha-
nism in order to infer accurately such a noisy Hawkes process. While several models exist, we
consider, in this work, the observations to be the indistinguishable union of event times coming
from a Hawkes process and from an independent Poisson process. Since standard inference
methods (such as maximum likelihood or Expectation-Maximisation) are either unworkable
or numerically prohibitive in this context, we propose an estimation procedure based on the
spectral analysis of second order properties of the noisy Hawkes process. Novel results in-
clude sufficient conditions for identifiability of the ensuing statistical model with exponential
interaction functions for both univariate and bivariate processes, along with consistency and
asymptotic normality guarantees of our estimator in the univariate case. Although we mainly
focus on the exponential scenario, other types of kernels are investigated and discussed. A new
estimator based on maximising the spectral log-likelihood is then described, and its behaviour
is numerically illustrated on both synthetic data and neuronal data. Besides being free from
knowing the source of each observed time (Hawkes or Poisson process), the proposed estimator
is shown to perform accurately in estimating both processes.

Keywords: Hawkes process, point process, spectral analysis, parametric estimation, super-
position, identifiability.

1 Introduction

Hawkes processes, introduced in Hawkes (1971b), are a class of point processes that have been
originally used to model self-exciting phenomena and more recently other types of past-dependent
behaviours. Their fields of applications are wide and include for instance seismology (Ogata, 1988,
1998), neuroscience (Chornoboy et al., 1988; Lambert et al., 2018), criminology (Olinde and Short,
2020), finance (Embrechts et al., 2011; Bacry et al., 2015) and biology (Gupta et al., 2018), to
mention a few. Consequently, there has been a deep focus on estimation techniques for Hawkes
processes. Among them, let us mention maximum likelihood approaches (Ogata, 1978; Ozaki, 1979;
Guo et al., 2018), methods of moments (Da Fonseca and Zaatour, 2013), least-squares contrast
minimisation (Reynaud-Bouret et al., 2014; Bacry et al., 2020), Expectation-Maximisation (EM)
procedures (Lewis and Mohler, 2011), and methods using approximations through autoregressive
models (Kirchner, 2017).

All of these methods are based on the assumption that the history of the process has been
accurately observed, although this information is partial or noised in many contexts, in particular
due to measurement or detection errors. Different models, described notably in Lund and Rudemo
(2000), have been proposed to handle such errors for spatial point processes, with inference methods
based on approximating the likelihood depending on each noise scenario. The first scenario, called
displacement, is when the event times are observed with a shift. If deconvolution methods to
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recover the unnoised process are standard approaches for simpler point processes such as Poisson
processes (see for instance Antoniadis and Bigot (2006); Bonnet et al. (2022) or the review by
Hohage and Werner (2016)), the literature for Hawkes processes remains scarce and consists of the
work of Trouleau et al. (2019) where the event times are observed with a delay and the work of
Deutsch and Ross (2020) where the shift follows a Gaussian distribution. The latter also explores
the framework where some event times are undetected, which is similar to that studied in Mei
et al. (2019). This setting can either be referred to as thinning when the observations are randomly
missing, or censoring when complete regions are unobserved. The last scenario, called Superposition
of ghost points by Lund and Rudemo (2000), is the focus of this paper and describes situations
where additional points are coming from an external point process, in our case a Poisson process.
A real-world application that motivated this work comes from spike trains analysis in neuroscience:
the membrane potential, which is a continuous signal, is recorded and when it exceeds a certain
threshold, one considers that an event time, called a spike, occurred. However, since the original
signal is noised, it is possible to detect spikes that do not correspond to real events. Regarding
inference of such a noisy process, let us highlight that exact likelihood approaches are intractable
due to the unknown origin of each occurrence (Hawkes process or noise process) while methods
based on inferring this missing information, for instance Expectation-Maximisation algorithms, are
computationally too demanding.

Inspired by the work of Cheysson and Lang (2022) when the event times of a Hawkes process
are aggregated, we turn to spectral analysis (Section 2.1) to propose a novel estimation procedure
that allows to infer the noisy Hawkes process. On the way, we present a general characterisation
of the Bartlett spectrum of the superposition of two independent processes (Section 2.2) and
identifiability results of the statistical model in the univariate (Section 3) — which, combined with
a recent result by Yang and Guan (2024), guarantees consistency and asymptotic normality of
the proposed estimator — and the bivariate (Section 4) settings. Inference in these two settings is
numerically illustrated in Section 5.

Let us highlight that our analysis reveals situations of identifiability or non-identifiability of
the models. In particular, identifiability conditions require to have prior information about the
parameters, which may appear unrealistic in practice. For instance, for a univariate noisy process,
one of the four parameters must be known for the model to be identifiable. This appears to be
possible in specific applications, such as detecting people who are tested positive for a disease with
a given detection method, for which the number of false positive occurrences could be known. In
the bivariate setting, one must have some information on the support of the interaction matrix.
Let us highlight that, except if one knows the support of the interaction matrix, there is no
theoretical argument to ensure that an observed process lies in an identifiable model. However, we
provide in Section 5 numerical investigations regarding support identification. Although they are
not theoretically grounded, we show that their relevance is supported by empirical evidence.

Before starting, we present the mathematical setting (Section 1.1) and review the references
related to spectral approaches (Section 1.2).

1.1 Mathematical setting

For a given point process N on R with natural filtration (F;);cr, we say that a nonnegative
JFi-progressively measurable process (A¢):er is a Fy-intensity of N if, for all intervals (a, b,

E[N((a,b]) | Fa] =E Vb Ardt

]-"a] a.s.

Let H = (Hy,...,Hy) be a stationary multivariate Hawkes process on R, (H;):cr its natural
filtration, such that H is defined by the following H;- intensity functions A\ (i € {1,...,d}): for
all t € R,
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where p1; > 0 is the baseline intensity of process H;, h;; : R — R>q is the interaction or kernel
function describing the effect of process H; on process H;, and (T, H ?)k>1 denotes the event times
of Hj.

By defining the matrix S = (||hi;||1)1<i,j<d, Where

—+oo
sl = [ oy,
—0o0
the stationarity condition of H reduces to controlling the spectral radius of S: p(S) < 1 (Brémaud
and Massouli¢, 1996).

The goal of this paper is to study a noisy version of the Hawkes process where the sequences
of event times (T,fl)kzl, cees (T]:Id)kZI of H are contaminated by the event times from another
process P, with associated filtration (P¢):cg. Since the latter process is aimed at modeling an
external noise mechanism due to errors in the detection of event times, it is naturally assumed
that each subprocess of H is perturbed uniformly with the same level of noise, such that P is
chosen to be a multivariate Poisson process with same intensity across subprocesses. Formally,
let P = (Py,...,P;) be a collection of d independent homogeneous Poisson processes with same
intensity Ag > O independent from H, the event times of which are noted (T}*)y>1 (i € {1,...,d}).
We then consider the point process N = (Ny,..., Ny), with associated ﬁltration (Ft)ter, deﬁned
as the superposition of H and P (Deﬁnition 2.1): the sequence of event times (7" )g>1 of N;
(i € {1,...,d}) is the ordered union of (T}/"*);>1 and (T}"*)p>1.

Throughout this paper we will refer to N as the noisy Hawkes process, and it will be assumed
that event times of N are observed without knowing their origin (Hawkes or Poisson process). Our
goal is to estimate both processes (i.e. the baselines p;, the kernels h;; and the shared Poisson
intensity Ag) from the sole observation of (T,ivf‘)kzl, 1e{l,...,d}.

Inference procedures for point processes often leverage the intensity functions in order to devise
maximum likelihood and method of moment estimators (Ogata, 1988; Ozaki, 1979; Da Fonseca and
Zaatour, 2013). Here, the process of interest N being a superposition of two independent point
processes, the (H; V P;)-intensity of each subprocess N;, where H,; V P; stands for the o-algebra
generated by H; and Py, reads (for any integer 1€{l,...,d}): for all t € R,

N¥(E) = Do+ i+ Z / hij(t — 5) Hy(ds). ®)

However, it appears from Equation (2) that usual estimators cannot be designed from intensity
functions A\, ..., )\fiv since they are based on H, which is indistinguishable from P in our setting
(in other words, we can only consider estimation with respect to the filtration F; rather than the
larger filtration H; V P; needed to compute the conditional intensity function).
To dive into details, one may observe that, for each i € {1,...,d}, t — E[AN(t)| F] is an
Fi-intensity of N. Indeed, since F; C (H; V P;) for all ¢, then for all intervals (a, b]:
5

-Fa:| =E El/bw(t)dt
ol

where the last equality comes from A\ being a (H; V P;)-intensity of N;. Then,
b
E lIE / AN (t) dt |]-"a] [ / AN (t) dt / E[AY(t) | F] dt
since F, C F¢. Given that t — E[AN(t) | 7] is Fi-progressively measurable (or admits a F;-
progressively measurable modification), it is an Fy-intensity of N;. Then, by Equation (2), for

each integer i € {1,...,d}) and all t € R:
7

t
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However, ]E[]l H;({s})=1 |}"t] is not tractable in practice, so that standard inference approaches
based on likelihood are not workable.

This motivates the need for alternative approaches, such as the spectral method proposed in this
paper. Let us remark that EM procedures could be considered, while being challenging to devise
since the distribution of H,;({s}) given F; is unknown. Regarding this point, (Loison et al., 2025)
addressed inference of noisy Hawkes processes in which each event is associated with a continuous
mark dependent from its origin (from the Hawkes or from the Poisson process). This additional
information, which does not exist in our setting, enables them to develop an EM algorithm.

In order to estimate the Hawkes and the Poisson components of N, we propose to leverage the
spectral analysis of point processes, recently advocated by Cheysson and Lang (2022) for inference
of aggregated Hawkes processes. It consists in considering, for a multivariate point process, its
matrix-valued spectral density function, denoted f : R — C?*?  which is related to second-order
measures (Bartlett, 1963). Given some observed times (T )p>1, - .., (T} *)k>1, (in a prescribed
time window [0,77]), the spectral density is linked to cross-periodograms, defined for all pairs
(i,7) € {1,...,d}? and all v € R by:

AR IC I
GIOEE D DI DIt B (3)
k=1 I=1

where N;(t) = N;([0,t)). Indeed, considering the matrix-valued function I" : v € R — (I (v))1<i j<d,
the aforementioned link is to be understood as I7(v) (for all ¥ € R) being asymptotically dis-
tributed according to a complex Wishart distribution with one degree of freedom and scale matrix
f(v) (Tuan, 1981; Villani et al., 2022). In particular, this implies that E[I* (v)] = f(v). Moreover,
it is noteworthy that the periodogram I7(v) can be computed regardless of knowing the source of
the event times. This paves the way for estimation.

As it happens, in the scope of statistical inference, a parametric model for the matrix-valued
spectral density function is considered:

P={f) :R—>C™" 0= ()0},

where 7 is a parameter that characterises the interaction functions. Then, for v, = k/T (k €
{1,2,...}), it can be shown that (I7(vy))r>1 are asymptotically independent, leading to the ap-
proximate spectral log-likelihood (Brillinger, 2012; Diiker and Pipiras, 2019; Villani et al., 2022):

M

0r(0) = {1og (det (£ (i) + tr (£ () =117 (1)) } , (4)

T
k=1

where det and tr are respectively the determinant and trace of matrices. Then, the so-called
Whittle (or spectral) estimator fév of £ (Whittle, 1952) is obtained for 6 € © such that

0 € arg max 7 (0) .

1.2 Related works

The spectral analysis of point processes was introduced in Bartlett (1963) and extended to 2-
dimensional point processes in Bartlett (1964). Subsequent research works focusing on the the-
oretical properties of the Bartlett spectrum include Daley (1971); Daley and Vere-Jones (2003);
Tuan (1981) for temporal settings and Mugglestone and Renshaw (1996, 2001); Rajala et al. (2023);
Yang and Guan (2024) for spatial contexts.

Spectral results concerning the Hawkes model are built on the linearity of the intensity function
along with its branching properties. The first spectral analysis of linear Hawkes processes appears
in the original paper Hawkes (1971b) and was then developed in Daley and Vere-Jones (2003) in
both univariate and multivariate contexts. A recent advance regarding the theoretical analysis of
spectral methods for Hawkes processes is the work by Pinkney et al. (2024), who study a penalised
version of the spectral log-likelihood with multi-taper periodograms and establish estimation error



bounds. Another advance to the Fourier analysis of point processes is due to Yang and Guan (2024)
who establish asymptotic results for the estimation of parameters from the spectral log-likelihood.

Explicit expressions of the spectral density of a Hawkes process are available as long as the
Fourier transform of the kernel functions are known, which allows to work with a wide array of
parametrisations. Despite this, practical applications remain scarcer in the literature. Adamopou-
los (1976) studies earthquake arrivals through the analysis of Hawkes processes and Karavasilis and
Rigas (2007) analyses the cross-correlation of bivariate point processes in the context of muscular
stimulation. Pinkney et al. (2024) addresses estimation of the inverse spectral density matrix for
neuronal activity analysis.

In a recent contribution by Cheysson and Lang (2022), the authors employ the spectral analysis
of point processes to infer an aggregated Hawkes process. More precisely, the observations are
assumed to come from a standard Hawkes process but only the counts of events on fixed intervals
are available. By leveraging the properties of the Bartlett spectrum, they propose an estimator
obtained by means of maximisation of the spectral log-likelihood.

The main advantage of the spectral approach is its obvious ability to handle different kinds of
partial observations. That is why we propose an inference procedure for noisy Hawkes processes
(altered by a homogeneous Poisson process) based on Bartlett’s spectral density. This approach
relies on a parametric model, the identifiability of which is studied mainly for classic exponential
kernels (some insights are given about identifiability with other kernels). Asymptotic properties of
the spectral estimator are also addressed based on the recent results by Yang and Guan (2024).

2 Spectral analysis

2.1 The Bartlett spectrum

In this section, we formally introduce the concept of matrix-valued spectral measure TV : R —
C?¥4 for a multivariate stationary point process N = (Ny,...,Ny). This is an extension of the
Bartlett spectrum introduced by Bartlett (1963) for the analysis of univariate point processes. Let
S be the space of real functions on R with rapid decay (Daley and Vere-Jones, 2003, Chapter
8.6.1):

S = {fGCOO,VkG{l,Q,...},Vre {1,2,...},sup
zER

x"f(k)(w)‘ < oo} ,

where C™ is the set of smooth functions from R to R and f(*) is the k*" derivative of f € C°.
Then, the Bartlett spectrum of N is the matrix-valued function T'V : v € R (Fﬁ(u))lgi,jgd €

C?*? such that for all 1 < 4,5 < d, Fg is a measure on R verifying (Daley and Vere-Jones, 2003,
Equation 8.4.13):

V(ip,) €S xS: cov (/ o(x) Ni(dx),/ P(z) Nj(dx)) = / G(W)h(—v) Fg(dy),
R R R
where for all f € S, f : R — C denotes the Fourier transform of f:
YweR: f(v)= / f(x)e 2™ dg .
R

If, for all 1 < 4,5 < d, the measure I‘% is absolutely continuous, we can define the matrix-
valued spectral density function of N, denoted £V : R — C9*?  such that for all v € R, fV(v) =
(ff (W)1zij<a with T (dv) = £ (v) dv.

From a practical point of view, the spectral density can be derived from the reduced co-
variance densities. Let B be the collection of all bounded Borel sets on R and g : B — R>q the
Lebesgue measure on R. For all i € {1,...,d}, the first moment measure of process N; is defined
as A € Bg — E[N;(A)] and, by stationarity of the process, it comes:

fN

VA€ BL: E[N;(A)] =mNex(A),



where m = E[N;([0,1))] is the mean intensity of process N;. Then, for all (i,j) € {1,...,d}? the

second order moment measure M} : B x Bf — R is defined by (Daley and Vere-Jones, 2003,
Section 5.4):

V(A,B) € Bg x By : M} (A, B) = E[N;(A)N;(B)] = / M} (dz, dy).

Now, as the process N is stationary, Mf]V can be decomposed in a product of /g and a so-called

reduced measure ]\?[lJ]V : B — R>g, such that for any bounded measurable function g : R? — R
with bounded support (Daley and Vere-Jones, 2003, Equation 8.1.1a):

N = T,T u x V'N u
[ staa M e,y = [ [ oo ) tafa) 12 (). o)

which leads to the definition of the reduced covariance measure CV'ZJ;[ : B = R>o:

VBeBg: C)(B)=M](B)—mm\ir(B). (6)
Since the right-hand side is the difference of two positive, positive—defmite measures (Daley and
Vere-Jones, 2003, Section 8.6), we can define the Fourier transform of C;; as the difference of their
Fourier transforms (see for example (Pinsky, 2008, Equation 5.2.1) for the Fourier transform of a

measure). The resulting quantity comes out to correspond exactly to the spectral density function
R
N —2mizy 3TN N, _ N
YveR: (v) = /Re M5 (dx) —mg myo(v), (7)

ij

where ¢ is the Dirac delta function.

2.2 Superposition of processes and noisy Hawkes process
The model we study considers the superposition of two point processes that we define as follows.

Definition 2.1 (Superposition of processes). Let X and Y be two independent and stationary
multivariate point processes with same dimension d. The superposition of X and Y, denoted
N = X +Y, is the stationary multivariate point process defined for any integer 1 <i < d as:

VAEBS: Ni(A) = X;(A) + Yi(A).

It comes from the definition that if X and Y have respectively event times (Tkxl)kzl, ce
(TkX‘i)kzl and (T,}:/l)kzl, ey (T,Z’i)kzl, the sequences of event times of N = X +Y are the ordered
unions of (Tle)k21 and (le’l)k21 up to (T,f(d)kzl and (Tg‘i);@l. In addition, Proposition 2.2 below
states that the spectral density of N can be obtained easily from the sum of the spectral densities
of X and Y (see also (Daley and Vere-Jones, 2003, Exercise 8.2.2) for univariate point processes).

Proposition 2.2. Let X and Y be two independent and stationary multivariate point processes
with same dimension d, admitting respective spectral densities £X and f¥ .
Then N = X +Y admits a matriz-valued spectral density function £~ and

£V =X LY (8)
Proof. The proof is given in Appendix A. O

We are now ready to define the noisy Hawkes model, which is the superposition of a Hawkes
process and a homogeneous Poisson process. The latter is formally defined as a collection of d
independent homogeneous Poisson processes on R.

Definition 2.3 (Noisy Hawkes process). Let H be a multivariate Hawkes process and P =
(P1,...P;) be a multivariate homogenous Poisson process independent from H and with com-
mon intensity Ao > 0 (i.e. for any integer 1 < ¢ < d, P; is a univariate Poisson process with
constant intensity Ag). The superposition N = H + P is called a noisy Hawkes process.



Let us remark that, since the process P is aimed at modeling some kind of background noise, it
is naturally assumed that subprocesses of P share the same intensity \g. However, if identifiability
results from the forthcoming sections are specific to this assumption, the presentation done in this
section can be trivially extended to a multivariate Poisson process with different intensities.

Now, let us recall that we aim at analysing the process N = H + P through an observation of
event times (T,ivl),@l, ce, (T,ivd)kzl with the inability of distinguishing between the times of H
and P. To do so from a statistical estimation perspective, we leverage the spectral log-likelihood
(Equation (4)), which makes use of the spectral density of N. The latter can be computed thanks
to Proposition 2.2 and Example 8.3(c) from Daley and Vere-Jones (2003). Indeed, let h : R — C4x4
be the matrix-valued Fourier transform of the interaction functions:

YweR: h()= (hij(u))lgmgd .

Under stationarity conditions, the spectral density fZ of the Hawkes process H (defined as in
Equation (1)) is (Hawkes, 1971a, Equation (13)):

WweR: fH@w)= (Id - ﬁ(u)) " diag (m™) (Id - ﬁ(fu)T)_l , 9)

where I; is the identity matrix of dimension d and diag (mH ) is the diagonal matrix formed by
the vector of the mean intensities:

H

my . (M
| = (- h)
mif Ha

Moreover, since the homogeneous Poisson process P (with common intensity Ag) is a Hawkes
process with null interactions, its spectral density f¥ results easily from Equation (9):

WweR: fP(v) =Xl
which leads to the spectral density of N:
WweR: V) =f2w)+ \ly, (10)

with f# expressed in Equation (9). Given this result, the inference procedure consists in maximising
the spectral log-likelihood described in Equation (4).

In the forthcoming sections, we focus on this statistical estimation problem in low-dimensional
settings (d = 1 and d = 2) and provide identifiability results when interactions are exponential.

3 The univariate noisy Hawkes process

3.1 General setting

Let us start with univariate processes (d = 1). In this case, Equation (10) simplifies, as stated in
Corollary 3.1.

Corollary 3.1. Let N be a noisy Hawkes process defined by the superposition of a stationary
Hawkes process H (with baseline intensity p > 0 and kernel function h : R — R>¢) and an
independent homogeneous Poisson process P (with constant intensity Ao > 0). Then the spectral
density fN of N reads:

YweR, fNw)= Y
(1= [1rl1) 1 = hw)|

Proof. This is straightforward from Equations (9) and (10). See also (Daley and Vere-Jones, 2003,
Example 8.2(e)) for the spectral density of a univariate exciting Hawkes process. O



The estimation procedure also simplifies since the periodogram of N and the spectral log-
likelihood (see Equations (3) and (4)) respectively read:

N(T)
Yy e R, T Z —27r1uTk
k=1

where (Tév )k>1 is the sequence of event times of the noisy Hawkes process N, and:

1 & IT (v)
Ve®, (r(0)= —7 ; (log (£ (k) + ng(VZ)) . (11)

As explained in Section 1.1, the Whittle estimator 0 is then obtained by maximising the function
lr.
3.2 Asymptotic results

Yang and Guan (2024) have considered the problem of parameter estimation in the frequency
domain, using the spectral log-likelihood given by

1r0) = [ (08500 + 1 ).

with D a prespecified compact and § € © C RP, and the estimator given by

) Lr(6).
Or € arg I;leaé( 7(0)

The spectral log-likelihood ¢7(8), defined in Equation (11), should then be seen as a Riemann sum
approximation of Ly (6). Define the best fitting parameter 6, as

N v
0y € arg géaé(/j(e), where  L(0) = — /D (10% £ (w) + ;0]\,51/;) dv.

Here we recall the assumptions and asymptotic results on 6 that Yang and Guan (2024) have
established, written in the context of our noisy Hawkes process.

Assumption 1. (Yang and Guan, 2024, Assumption 6.1) The parameter space © is a compact
subset of RP, p € N. The parametric family of spectral density functions {fév} is uniformly bounded
above and bounded below from zero. For all v, f (v) is twice differentiable with respect to 6 and
its first and second derivatives are continuous on © x D. 6y is uniquely determined and lies in the
interior of ©. Lastly, O exists for all’T > 0 and lies in the interior of ©.

Note that, in the case where the mapping 6 — fg is injective and the model is correctly

specified, then 6 is uniquely specified and satisfies f = fév For the asymptotic variance of Or,
we introduce the following quantities:

r@—l/hﬂu nuW%%*m+Wmﬁwmw%Mwﬂw,

- [ PR W) ) .
0= |, hwww@MﬁﬂmmwwwwW,

where V fp and V2 fy are the first and second-order derivatives of fy with respect to 6, and fi¥ the
fourth-order cumulant spectral density of the process.



Proposition 3.2. Let N be a noisy Hawkes process as in Corollary 3.1. Suppose that Assumption 1
holds and that: (i) fN(v)—mY € LY(R) and (ii) 8% fN (v) exists for v € R and sup, |0? fN (v)| < oo.
Then,

éT ﬁ) 90, T — oo.

Further assume that T'(6p) is invertible, that h(-) has a (4 + &)th-moment for some & > 0, that is
I utth(u)du < oo, and that: (i) fI¥ — X € LY(R®) and (ii) f{¥ (v1,v2,v3) is twice differentiable
with respect to vo and the second-order partial derivative is bounded above. Then,

\/T(éT - 90) i) N(O7F(90)_1(Sl(90) + SQ(@Q))F(@o)_l), T — .

Proposition 3.2 is a direct consequence of (Yang and Guan, 2024, Theorem 6.1), where the
authors verified that the original Theorem’s assumptions hold for the Hawkes process (Yang and
Guan, 2024, Section 5.1). It is straightforward to show that these assumptions still hold for the
noisy Hawkes process, except for the one about the decay rate of the a-mixing coefficient of the
process, for which we give a detailed proof below.

Proof. For any o-algebras U and V, denote U V V the o-algebra generated by ¢ and V. For any
s,t € R, s < t, define Ft, Pt and H} the o-algebras generated on the intervals (s, ] by the processes
N, P and H respectively, and F° = \/,. F! and F' = \/,_, F! (and similarly for # and P).
Then the a-mixing coefficient for a stationary point process N is defined as (Poinas et al., 2019;

Cheysson and Lang, 2022)
an(t) = a(F2 o, F°) =sup{|P(ANB) —P(A)P(B)| : Ae F°_,B € F;°}.

Since the a-mixing coefficient is defined as a supremum over o-algebras, and F. C H% VP! for any
s,t € RU{—00,00},

an (t) = a (F o0, F7¥) < a (KL VPY o HEVPR) < a (M2 o, M) +a (PY o Pi°) = an (H)+ap (t) = an (1),

where the last inequality comes from (Bradley, 2005, Theorem 5.1) and the independence between

the Hawkes and the Poisson processes, and ap (t) = 0 from the Poisson property of independence.
O

It remains that one must show in Assumption 1 that 6y is uniquely determined, begging the
question of the model’s identifiability when the model is correctly specified. In the next section,
the exponential parametric model Q for fV is described and analysed in this context.

3.3 Exponential model

Let us consider the classic exponential kernel for the Hawkes process H:
VteR: h(t) = afe P50, (12)

with 0 < a < 1 and 8 > 0. The kernel parameter is thus v = («, ) and the statistical model for
a univariate noisy Hawkes process becomes:

Q:{feN ZR—)C,@Z(M,O&,ﬁ,Ao) E]R>0 X (071) ><}R>0><IR>O} .

The exponential kernel parametrisation has been widely studied from an inference point of view
(see for instance Ozaki (1979); Bacry and Muzy (2016)). In particular, its Fourier transform is:

~ O‘B

VI/ S R: h(l/) = m 5 (13)

and the spectral density f¥ of a univariate Hawkes process with baseline intensity p > 0 and
exponential kernel is (Hawkes, 1971b):

2
pH(y _ o H fra2 - ) H_ M
YveR: f7w)=m (1+ﬁ2(1—a)2+47r2u2>’ where m =1T—a



It results that the spectral density feN € Q of a univariate noisy Hawkes process is:

1
VweER: fév(y):(lﬂo/BQa(Z—a)>52(1Oé)2+47r21/2+(1ua+)\0>. (14)

Now, we should be ready for implementing the inference procedure based on maximising the
spectral log-likelihood as expressed in Equation (11). However, it appears that the model Q, as
currently defined, is not identifiable (see Proposition 3.3). Hopefully, this model becomes identi-
fiable when restricted to only three parameters, thus allowing the practicability of the proposed
estimation method, as numerically illustrated in Section 5.1.

Proposition 3.3 (Identifiability in the univariate setting). The model Q is not identifiable. In par-
ticular, for any admissible parameter 0 = (u, v, 8, \o) there exists an infinite number of admissible
parameters 0 such that f¥ = f5.

However, the four collections of models defined below are identifiable:

1. for all u° >0, Q,, = {f(]:i,a,ﬁ,ko) €Q,u= ,uo};
2. for all a® € (0,1), Q, = {f(],z,a,ﬁ,)\o) €Q,a= ao};
3. for all B° >0, Qg = {f@,aﬁ,%) €Q,p8= B}

4. for all X3 > 0, Qy, = {f{)’ha,B’Ao) €0\ = Ag},
Proof. The proof is given in Appendix B. O

The previous discussion raises the question of whether this non-identifiability also extends to
the distribution of the noisy Hawkes process. It turns out that, in the exponential case, Markov
properties of the intensity function A¥ of the underlying Hawkes process help ensuring identifia-
bility. Indeed, from the definition of the Hawkes process H and the stationarity of the Poisson
process P, (AN (t))t>0 is a Markov process: it decreases with rate B\ (t) —u) = BAN(t) —p— o),
and the jumps occurring from the Hawkes process, with rate M (t) = AN (¢) — )¢, are of size a3,
while the jumps occurring from the Poisson component, with rate Ag, have no impact on the inten-
sity of the process. Then ()\N (t),N (t)) ;>0 18 also a Markov process, more specifically a piecewise
deterministic Markov process (Davis, 1984). This allows us to use results from Dassios and Zhao
(2011) on the distribution of exponential Hawkes processes to show that the distribution of the
exponential noisy Hawkes process is identifiable.

Proposition 3.4. Let (u, o, 8, No) and (i, o, B', X\j)) be two admissible 4-tuples for the exponential
noisy Hawkes model Q, and N and N’ respectively defined by these two tuples (Equation (2)
with kernel (12)). Then, if N and N’ have same distribution and AN (0) (respectively AN (0)) is
distributed according to the stationary distribution of ()\N(t))t>0 (respectively ()\N/ (t))t>0), then

(U7 «, ﬁa )‘0) = (/J’l7 0/7 /8/7 AE))
Proof. See Appendix C. O

A consequence of this result is that non-identifiability of our proposed method in the exponential
case is a shortcoming of the spectral approach itself rather than an underlying property of the noisy
Hawkes process, presumably stemming from the fact that the spectral density only encodes the
second order moments of the process. In the forthcoming section, we briefly investigate whether
this issue arises when considering other reproduction kernels.

3.4 Beyond the exponential model

Let N be a noisy Hawkes process defined by the superposition of a stationary Hawkes process with
baseline intensity p and kernel function ah, with o € (0,1), h : R — R>¢ and ||k|; = 1, and a
homogeneous Poisson process with intensity Ag. Per Corollary 3.1, its spectral density is given by

WweR: fNw)= Y
(1—a)‘1—o¢h(u)‘
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While it may be difficult to show that a model is identifiable from the spectral density ex-
pression, it may prove fruitful to look at its Taylor expansion around 0, and analyse the Taylor
coefficients. For example, considering the uniform kernel and the corresponding Taylor expansion
of the spectral density up to order 2, we get the following proposition.

Proposition 3.5. Let us consider a rectangle interaction function
h:teR— Qﬁ_l]logtgqg,

for some kernel parameter ¢ > 0, and the corresponding statistical model for a univariate noisy
Hawkes process:

R={f) R—C,0=(ua¢ ) €Rsgx(0,1) x Rog xRop} .
Then R is identifiable.
Proof. See Appendix D. O

This last proposition shows that non-identifiability of the spectral approach for the noisy expo-
nential Hawkes process is more a consequence of the choice of the reproduction function h rather
than a general shortcoming of the spectral approach. It is unexpected that the exponential repro-
duction function, usually chosen because the Markov properties for the resulting Hawkes intensity
simplify calculations (Ozaki, 1979; Da Fonseca and Zaatour, 2013; Duarte et al., 2019), seems to
be here the main culprit of non-identifiability for our proposed spectral approach. Still, we will
show how, by imposing some constraints on the modelling of multivariate noisy Hawkes processes,
we are able to ensure identifiability of the model even in this case.

4 The bivariate noisy Hawkes process

This section addresses bivariate noisy Hawkes processes (d = 2). More precisely, for such a process
N = H + P, where H is a bivariate Hawkes process (see Equation (1)) and P a Poisson process
with shared intensity g, Corollary 4.1 gives the closed-form expression of the spectral density .

Corollary 4.1. Let N = (N1, N3) be a bivariate noisy Hawkes process defined by the superposition
of a stationary Hawkes process H = (Hy, Hy) (with baseline intensities 1 > 0 and ps > 0, and
kernel functions h;j : R — Rxq, 1 < 4,5 < 2) and an independent homogeneous Poisson process
P = (P, Py) (with same constant intensity A\g > 0). Then the spectral density £ of N reads:

Ny (FE@) +x W)
VveR, f (V)< W) fzg(y)"")‘()7

where . |2 o |2
H _ my |1—ha2 (V)| +m3 |h12(v)
i) = (1= () (1—h22() ~haz(har (]
FEw) = A (1=hoo (1)) hor (—0)4ml (1=hus (=) ) hia(v)
12 |(1_£11(V))(1—;122@))_;“2(V);Lzl(,j”z
and
mil — pa (1 = [hozll1) + p2llhiz]l

(1= [[haally) (@ = [h2zll1) = IPazll11P2a 2’

and f8 fH and m& are obtained by symmetry of all indices.
Proof. This is straightforward from Equations (9) and (10). O

Then, the estimation procedure is exactly that described in Section 1.1, which is based on
computing the cross-periodogram I7 and on maximising the spectral log-likelihood ¢7 (see Equa-
tions (3) and (4)). Now, similarly to the univariate case detailed in Section 3.3, we consider
exponential interaction functions, i.e. for 1 <i,j < 2:

VteR: hij (t) = Oéijﬂie_’git]ltzo,
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with a;; > 0 and 8; > 0. The kernel parameter is thus v = (a, ), where a € Riff and 3 € R?,
and the statistical model for a bivariate noisy Hawkes process becomes: -

Op ={f)) 1 R—>C¥?0=(u,0,B,X) €ERZ; x A xRE) x Rug, BE€ Qu}

where A C {a € RZS? @ p(a) < 1} is subset of matrices a that will be specified later, and for all
a € R2x2 n
>0
Qo ={BeR,, B =1if gy =a12=0,0; =1if ag; = agp =0} ,
is a subset of admissible values for 5. The definition of €, takes into account that when a row, say
the first one, of the interaction matrix « is null, then the corresponding kernels verify h1; = 0 and

h12 = 0 independently of the value of 8. Thus, identifiability for the parameter (; is hopeless,
which justifies that we get rid of it from the model (by fixing it to an arbitrary value).

Remark 4.1. Different versions of the multivariate exponential model exist. A first convention
assumes that there is a unique S € Rsq shared by all kernel functions (Chevallier et al., 2019;
Bacry et al., 2020). A second and less restrictive option, which is that we opt for in this paper,
assumes that the recovery rate §; € Rsq for each subprocess N; (1 < i < d) is shared among received
interactions (Bonnet et al., 2023). These choices allow for simplified derivations of estimators in
the time domain and in the frequency domain, as shown below.

The aim of this section is to study identifiability of model Q. A broad analysis (i.e. for
A = {a € R¥® : p(a) < 1}) being out of reach for complexity reasons, we exhibit some situations
(i.e. subsets A) for which non-identifiability (Proposition 4.2) or identifiability (Proposition 4.3)
can be proved.

Proposition 4.2 (Non-identifiability in the bivariate setting). The model Qa is not identifiable
in the three situations:

1. A = {(a11 0 ) ,0<ag1, 000 < 1}, that is for diagonal matrices o (with possibly null

0  an
entries).
_ Q11 072 . . . . . .
2. A = 0 0 ,0<ag; < 1,099 > 0}, that is for matrices with positive entries in the

first row and null entries in the second.

21
row and positive entries in the second.

3. A= {( 0 aO ) yanr > 0,0 < agg < 1}, that is for matrices with null entries in the first
22

Proof. The proof is given in Appendix E. O

Remark 4.2. The proof of Proposition 4.2, Situation 1 reveals that non-identifiability stands
actually for each subprocess (considered as a univariate process), such that all the submodels with
null cross-interactions built by fixing a1 or ass to zero, or by keeping them away from zero are
also not identifiable.

Proposition 4.3 (Identifiability in the bivariate setting). The model Qp is identifiable in the four
situations:

91 0
column and a positive entry on the antidiagonal.

1. A= {(an 0) ,0< ay1 < 1,91 > 0, that is for matrices o with null entries in the second

0
column and a positive entry on the antidiagonal.

2. A= {(0 312) ya12 > 0,0 < age < 1, that is for matrices o with null entries in the first
22

3. A= {(ZH ao ) ,0< a1 <1,a01 > 0,0 < ags < 1}, that is for matrices o with positive
21 022

entries in the first column and null upper right entry.
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a1 012
0 a29
lower left entry and positive entries in the second column.

4. A = ) ,0< a1 < 1,a12 > 0,0 < agy < 1, that is for matrices a with a null

In addition, denoting respectively A1, ..., Ay the four sets described above, the model Q1 A=
=
U?leAJ 1s identifiable.

Proof. The proofs of Situations 1 and 3 are respectively in Appendices F and G. The other situa-
tions are obtained by symmetry of all indices.
The proof regarding Q A is in Appendix H. O
=

Remark 4.3. In the case where the Poisson process P does not share the same intensity across
subprocesses (say Ao and A), nonidentifiability still holds in the situations exhibited in Proposi-
tion 4.2. However, regarding identifiability, one can prove that it is still true for Situations 3 and
4 from Proposition 4.3, while it presents an issue for Situations 1 and 2

In any case, let us highlight that once identifiability is proved for a model, there is no additional
methodological difficulty for the estimation procedure with different values of noise level for each
subprocess.

Remark 4.4. Let us remark that, if we assume that the noise is known in advance, the identifiabil-
ity of the full model Q holds. If the noise is known (whether they are identical between subprocesses
or not), it suffices to prove that the model is identifiable for a multivariate Hawkes process. The
equality of the spectral densities of two processes (unnoised) Hawkes processes implies the equality
of their first and second order characteristics, which by the results from (Bacry and Muzy, 2016,
Corollary 1) implies equality of the baselines and the interaction functions.

The identifiability of the model for unnoised multivariate Hawkes processes holds, for any di-
mension d > 1, under the assumption that the parameterisation of the kernel functions is injective
with respect to all parameters. This is in particular true for the exponential model used throughout
this paper.

Several lessons can be learnt from Propositions 4.2 and 4.3 and Remark 4.2. First, the statis-
tical model Qy is not identifiable if H reduces to a bivariate homogenous Poisson process (Propo-
sition 4.2, Situation 1 with a3 = age = 0) or to two independent univariate Hawkes processes
(Proposition 4.2, Situation 1 with a3; > 0 and a9 > 0) even if the noise P shares the same
intensity Ao for both subprocesses. This result actually still holds true for a dimension d > 2.

Second, Proposition 4.3 tells in a nutshell that the model QO is identifiable if there exist cross-
interactions in the Hawkes process H (i.e. ajz > 0 or as; > 0). However, interactions must
not come from a Poisson subprocess and reach a self-exciting Hawkes subprocess (Proposition 4.2,
Situations 2 and 3), but rather it is sufficient to reach a self-neutral (i.e. with null self-excitation)
Hawkes subprocess (Proposition 4.3, Situations 1 and 2) or come from a self-exciting Hawkes
subprocess (Proposition 4.3, Situations 3 and 4).

Let us mention that the identifiability conditions given in Proposition 4.3 cannot be generally
verified without prior knowledge on the interaction matrix. However, we propose in the next
section a practical method to recover the graph of interactions, which requires replicates of the
process or, alternatively, a unique but long observation of the process.

5 Numerical results

This section numerically illustrates the behaviour of the proposed estimator 6 (described in Sec-
tion 1.1) for noisy exponential Hawkes processes. It investigates the effect of horizon T and
hyperparameter M in the univariate setting (Section 5.1), and the impact of model sparsity and
interaction strength in the bivariate setting (Section 5.2).

In the whole study, point processes are simulated thanks to Ogata’s thinning method (Ogata,
1981) and numerical optimisation of the spectral log-likelihood is performed via the L-BFGS-B
method (Byrd et al., 1995), implemented in the scipy.optimize.minimize Python function. The
computation of the periodogram is accelerated via a Fast Fourier Transform algorithm using the
Python package finufft (Barnett et al., 2019; Barnett, 2021). Both simulation and estimation
algorithms are freely available as a Python package on Martinez Herrera (2025).
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5.1 Univariate setting
5.1.1 Simulation and estimation scenarios

Data simulation We consider observations (7; ,ﬁv )1<k<n(T) coming from a univariate exponential
noisy Hawkes process N = H + P, where P is a Poisson process with intensity A\g > 0 and H is a
Hawkes process with baseline intensity © = 1 and kernel given by Equation (12) with parameters
a=0.5and g =1.

In order to get close to stationarity while coping with inability to generate a process on the
whole line R, N is simulated on the window [—100,7] with no points in (—oco, —100) but only
observations falling in [0, T] are considered.

The forthcoming section will illustrate the convergence of é, thanks to its behaviour with respect
to varying horizon T € {250,500, 1000, ...,8000}, and the impact of the intensity Ay of the noise
process P on estimation accuracy, via varying noise-to-signal ratio A\o/m® € {0.2,0.4,...,2.0}
(given the average intensity m’ = u/(1 —a) = 2 of H).

Statistical models According to Proposition 3.3, which states four collections of identifiable

models for univariate exponential Hawkes processes, estimation is successively performed in models

Qu, Qas 98, iy, where the known parameter is fixed to the value of the generated process (see
above).

In addition, the behaviour of § will be assessed thanks to its relative error |6 — 6* |2/ C§ (where

5 is the norm of the vector of parameters of the generated process, that are considered free in

the model — for instance Cf = y/a2 + 52 + Aj for Q,,) averaged over 50 different trials.

5.1.2 Convergence, computation time and influence of parameter M

Up to now, the hyperparameter M, appearing in the spectral log-likelihood (Equations (4) and
(11)) and determining the number of frequencies tested with the spectral density, has been let
free. However, the theoretical literature suggests that its choice may have a lot of influence on the
performance of the estimation procedure. In (Tuan, 1981), it is suggested that M — oo as T — oo,
in particular to include enough frequencies with respect to the information available. A rational
choice is to consider M /T ——» oo, which allows for a strictly increasing window of frequencies

(see Theorem 5 of the aforementloned paper, which ensures convergence of a modified version of
the spectral log-likelihood ¢7(8) to its integral version).

Since the rate of convergence is not specified but has an effect on the computational efficiency
of the spectral estimator, we propose to study the compatible case M = N(T)log N(T) and the
economy case M = N(T).

Figure 1 displays the relative errors of 0 with respect to both the simulation horizon 7' (top
panels) and the estimation time (bottom panels). As expected, the quality of the estimations im-
proves as T increases, and this independently of which parameter is fixed. Estimations are slightly
better when considering M = N(T')log N(T) (orange line) especially for smaller values of T' but
the trade-off is a ten times higher computation time. Therefore, the performance benefit of taking
M = N(T)log N(T) rather than M = N(T) seems minor when compared to the computational
cost. In practice, what seems to be important is that for a fixed window of observation [0, T], the
maximal frequency M /T is big enough so that, for any v > M /T, the spectral density f(v) ~ m,
in other words, so it is almost constant. The forthcoming numerical results will be performed with
M = N(T), value above which the considered spectral functions are practically constant.

5.1.3 Influence of the noise level

Figure 2 shows the relative error with respect to the ratio A\g/mpy, obtained when increasing the
value of A\g while keeping the other parameters fixed, for a given horizon 7" = 8000.

First, it seems that the value of Ay has a low impact on the quality of estimations, as we cannot
see a clear trend in the four curves displayed in Figure 2. Taking a step back, the case when \q is
fixed (red curve — for which only the parameters of the Hawkes process have to be estimated) looks
slightly increasing, which is probably due to the increase of points coming from the Poisson process
(as A\ grows), thus leading to a more difficult estimation of the parameters of the Hawkes process.
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Figure 1: Relative estimation error with confidence bands (+1.96 empirical standard deviation)
respectively for u, o, 8 and A fixed (columns from left to right) with respect to the time horizon
T (top) and the computation time (bottom) in logarithmic scale. Level of noise Ay = 1.6.

——  fixed
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—— Bfixed
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0.25
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Ao/mtt

Figure 2: Relative estimation error with confidence bands (+1.96 empirical standard deviation)
respectively for u, «, 8 and A\g fixed with respect to the noise-to-signal ratio for the maximal
horizon T = 8000.

On the contrary, the cases where o and p are fixed (orange and blue curves) look to have a slight
downward trend, suggesting that the better estimation of Ay dominates the worse estimations of
the parameters of the Hawkes process.

Second, when S is fixed, the average error is substantially larger than when any of the other
parameters is fixed. This could be explained by a compensation phenomenon inside the triplet
(, , Ag) which occurs as our method implicitly adjusts the estimation to the mean intensity of
the noisy Hawkes process:

mY = Ao + L,
1-«a
which is indeed a quantity independent of 3.
This numerical compensation is illustrated in Figure 3, where we can see that overestimating
1 is systematically balanced by underestimating o and Ay and vice versa, whereas the estimated
mean intensities remain accurate. In this experiment, the level of noise has been arbitrarily fixed
to Ag = 1.2 but the observed behaviour appears similarly for all possible values of A\g used in the
previous section.
When performing estimation with « fixed (the case for which the average error is the second
largest, as illustrated in Figure 2), the compensation appears only between fi and 5\0 whereas B
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Figure 3: Estimations fi, & and Ao (of w, a, and Ag) for A\g = 1.2 when f is fixed, sorted by the
values of [ (top). In all plots, each color corresponds to one of the 50 repetitions. Boxplot of
estimated mean intensities (bottom).

does not seem impacted, as shown in Figure 4.
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Figure 4: Estimations i, 3 and A (of i, 8, and o) for Ay = 1.2 when « is fixed, sorted by the
values of i (top). In all plots, each color corresponds to one of the 50 repetitions. Boxplot of
estimated mean intensities (bottom).

5.2 Bivariate setting

This section illustrates numerical estimation of bivariate exponential noisy Hawkes processes (see
Section 4) when conditions of identifiability are met (Proposition 4.3). We carry out two different
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studies, exploring different scenarios: Section 5.2.1 studies the influence of the strength of the
cross-interaction between the two subprocesses and Section 5.2.2 investigates the performance of
the estimator with and without knowledge of the null components. Indeed, since identifiability
conditions depend on knowing which components are non-null, an information that is unlikely to
be available in practical applications, we compare the performance of the estimator for both the
reduced model Q,, where the null components are known, and the complete model,

Q= {ng R — C*2,0 = (1,0, 8, M) € RZy x REGZ x RZ) x R, plar) < 1,8 € Qa} ,

with no prior information.
. . . . 1. 1.
Throughout this section, we consider a Hawkes process with u = (1 8) and § = (1 g)
In addition, fortified by the analysis of the univariate setting, the Poisson intensity is chosen to
be Mg = 0.5 (the level of noise does not appear to have a significant impact on the quality of
estimations, Figure 2) and it is considered M = N(T') (which provides accurate estimations in a
reasonable amount of time, Figure 1).

5.2.1 Influence of the cross-interaction

Let us consider one of the identifiable scenarios where the only non-null interaction in the Hawkes
process is one of the two cross-interactions (see Proposition 4.3, Situation 1). More precisely, we
consider the reduced model Qp, where

0 0
A:{(a21 0).0521>0}.

The Hawkes process is then simulated with different levels of cross-interaction: as; € {0.2,0.4,0.6, 0.8},
and estimations are obtained by optimising the spectral log-likelihood on the non-null parameters
P, f2, 021, B2, and Ag.

Figure 5 illustrates the influence of the true parameter as; on the quality of the estimations,
through the relative error of the estimations for the different values of as; and an increasing range
of horizons T. As a complement to what has been observed in Figure 1, our estimator appears to
behave particularly well for higher values of T', but also for higher values of as;.

i iz a1 B2 Ao

0.5
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Figure 5: Heatmap of relative errors for each estimation fi1, fis, Go1, Bg, and Ao for different levels
of interaction awg; (x-axis) and horizons T' (y-axis).

This is not surprising since, for smaller values of as1, the Hawkes process behaves closely to a
homogeneous Poisson process, and as proven in Proposition 4.2, the superposition of two Poisson
processes leads to a non-identifiable model. Lower interactions necessitate then higher values of T
to obtain satisfactory results. Inversely, for average and high interaction magnitudes, we start to
obtain small errors for horizon values around 7" = 3000.

5.2.2 Influence of null interactions

In this section we simulate 50 repetitions with a fixed horizon T" = 3000 for two identifiable
scenarios regarding the Hawkes process H = (Hi, H2).

L (05 0
~\o4 0)°
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corresponding to Proposition 4.3, Situation 1 In other terms, H; excites both subprocesses
whereas Hj has no influence on the dynamics (See Figure 6, left).

_ (05 0
“=\04 04)°
corresponding to Proposition 4.3, Situation 3 In other terms, H; excites both subprocesses
and Hj excites itself (See Figure 6, right).

©  ©

0.4

Scenario 2 The matrix of interactions is:

Scenario 1 Scenario 2

Figure 6: Interactions in the two numerical scenarios considered.

Graphics in the left column of Figure 7 present the boxplots of each parameter estimation when
considering their respective reduced models Qp. These results show that our method provides
unbiased estimates of all parameters and is particularly efficient at inferring the interaction matrix
« (estimations have very low variance). The larger variances are observed for parameters py, o
and \g, which is probably due to compensation effects already mentioned in Section 5.1.3.

Estimating in the reduced model Qa requires prior knowledge on the null parameters ay;
(1 < 4,5 < 2), which is unlikely in practical applications. Therefore, we compare the results
obtained in the reduced model to those in the complete model Q (see the right column graphics
in Figure 7). If the estimates of a and (8 seem still empirically unbiased, we observed several
deteriorations compared to the previous results. First, we notice a bias in the estimates of pq, o
and Ag: more precisely, u; and py are overestimated while Ag is underestimated in both scenarios.
Moreover, we observe in Scenario 2 some outlier estimations for the «;; (1 <14, < 2) coefficients,
which did not appear when considering the reduced model.

Fortunately, Figure 7 also suggests that our estimator is able to detect the null interactions
in the full model, which allows to re-estimate the parameters in the reduced model. To do so,
we propose to look at the 5%-empirical quantile and proportion of null estimations of each term
of the estimated interaction matrix &, which are summarised in Table 1. We can observe that
these empirical quantiles allow to distinguish between null and non-null parameters: indeed, we
see that when the true parameter is non-null, at least 95% of the estimations are also non-null,
which does not happen when the true parameter is null. If the choice of the 5%-threshold can seem
arbitrary, the proportion of null estimations (in brackets) suggests that the procedure is robust
with respect to the choice of threshold. Indeed, at least 28% of each null coefficient are actually
estimated to 0, while none of the non-null coefficient has a single null estimate. This suggests that
when enough repetitions are available, it is possible to use these empirical quantiles to estimate
the null interactions. An estimation procedure when no prior information is known about the
support of the interaction graph would then consist in a three-step approach: first, estimating
all parameters in the complete model Q; second, computing the 5%-quantiles for all estimated
interactions parameters in matrix &, and defining the support of a to be entries corresponding to a
positive empirical quantile; finally, re-estimating all parameters in the reduced model defined by the
support of a. Let us remark that the proposed support estimation step boils down to correspond
to a multiple test that, when the noisy Hawkes process has significantly more that 2 dimensions,
can be corrected thanks to usual procedures such as Bonferroni and Benjamini-Hochberg methods.

Remark 5.1. If there is no available replicates but the number of event times is large, an alterna-
tive approach consists in partitioning the observation window [0,T] and performing the estimation
procedure on each subsample. The corresponding results are given in Table 2, which shows similar
results to those obtained with replicates.
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Figure 7: Boxplots of parameter estimations in the reduced model Q, (left) and full model Q
(right) in Scenario 1 (top) and Scenario 2 (bottom) (50 trials). Average estimation (green triangle)
is to be compared to true parameter (blue point).

Qi1 Q12 Q21 Q22

Scenario 1 0.40 (0.00) 0.00 (0.28) 0.32 (0.00) 0.00 (0.48)
Scenario 2 0.41 (0.00) 0.00 (0.56) 0.34 (0.00) 0.35 (0.00)

Table 1: 5%-empirical quantile (in bracket, proportion of null estimations) of each parameter of
the estimated interaction matrix &. The true parameter aqo is null in both scenarios and asgs is
null only in Scenario 1.

Qi Q12 Q1 Q29
Partitioned Scenario 1 0.34 (0.00)  0.00 (0.50) 0.27 (0.00) 0.0 (0.45)
Partitioned Scenario 2 0.26 (0.00) 0.00 (0.60) 0.26 (0.00) 0.30 (0.00)

Table 2: 5%-quantile (in bracket, proportion of null estimations) of each parameter of the estimated
interaction matrix & for 20 subsampled replicates from a single observation in [0, 6000]. Observation
window is partitioned in equally-sized windows of length 300. The true parameter a;s is null in
both scenarios and s is null only in Scenario 1.

To conclude and in order to numerically ground the three-step approach proposed above, we
provide an additional numerical experiment in Appendix I, which quantifies the proportion of
correct estimations of the support of the interaction matrix « for a wide range of true parameters
randomly chosen according to a spike-and-slab procedure.
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6 Application to neuronal data

6.1 Dataset and preprocessing

We work on a publicly available dataset analysed in Zhang et al. (2023), which describes the
neuronal activity of mice when accomplishing a navigation task. Several sessions are recorded for
several mice. The events correspond to the spike times of different clusters of neurons: since the
number of clusters varies from one mouse to another, but remains constant during all sessions for
each mouse, we focus on the recording of one mouse and we consider the five sessions as replicates.
We select one mouse for which the number of clusters is small to remain close to the setting that we
study in the paper: we then keep Mouse 22, all recordings of which contain 3 clusters of neurons.
Finally, since Cluster 1 has very few observations (around 20 in each experiment for T' = 725)
compared to the two other clusters (more than 1000 spikes for each cluster), we decide to keep
only Clusters 2 and 3 for this study.

6.2 Results

Since the number of replicates is small but the number of spikes is large, we decide to use the
partitioning procedure mentioned in the previous section: the observation window for each replicate
is divided into 5 windows in order to obtain a total of 25 subsamples. Before carrying out the
estimation procedures, we have to make a sensible choice about parameter M, to make sure that
the explored window of frequencies in Equation (4) is big enough to take into account most of the
real spectra. We begin by looking at the average periodogram estimated with the 25 subsamples,
which is often used as an estimation of the spectral matrix f. In Figure 8, we display the diagonal
terms of the periodogram I7. By choosing M = N(T)log(N(T)), the maximal frequency, on
average, is M(T)/T = 11.7, value above which we can see that both fi; and fao seem to be in an
almost constant regime. We decide then to use M = N(T)log(N(T')) for the rest of this study.

fi1 f22
40
0.8 —— Periodogram
35
0.7
30

0.6
25

0.5
20

0.4

0.3

0.2

0.1 0

Figure 8: Diagonal terms I{; and 11, of averaged periodogram for the 25 subsamples of the neuronal
data.

We perform the estimation procedure on each subsample. Table 3 shows the estimated quantiles
and the proportion of null estimations of the interaction parameters in matrix &. Consequently,
we then set &1 = 0 and re-estimate the parameters in the reduced model Q4.

aq1 a2 Q21 Q22
9.26 x 10~ (0.00)  0.00 (0.08) 2.59 x 10~2 (0.00) 8.30 x 10~ (0.00)

Table 3: 5%-empirical quantile (in bracket, proportion of null estimations) of each parameter of
the interaction matrix & for the neuronal data.
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Figure 9 displays the estimations obtained within the full model @ and the reduced model Qp
where the coefficient &5, = 0 is set to 0. We observe that the noise \g is estimated to a non-null
value in almost all subsamples, which illustrates the interest of modeling the noise for neuronal
data. We can comment on the fact that we detect self-excitating behaviours for both neurons (a1;
and 9o being positive), but also one cross-interaction, indicating that Neuron 1 has an exciting
effect on Neuron 2. This supports the interest of modeling neuronal activity as a multivariate
process rather than individually for each neuron. The large values for § also indicate that the
interactions from the past vanish quickly. However, these results must be considered cautiously
due to both the large variances of the estimators and the very small values of some of the coefficients
«, which makes the support identification very difficult. This could be explained by some obvious
limitations of the model for detecting neuronal interactions, in particular the lack of modeling for
inhibiting interactions. We believe it still motivates the interest of further research for developing
appropriate modeling of noised data.
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Figure 9: Boxplots of estimated parameters for 25 subsamples on neuronal activation data. The
coefficients are estimated in the full model Q, then re-estimated in the reduced model O, after
the detection support step.

7 Discussion

In this paper, we propose a spectral approach to estimate the parameters of a noisy Hawkes
process, the performance of which is illustrated on an extended numerical study. Although we
highlight the great benefit of considering a spectral analysis when standard inference methods are
not available, we also bring out identifiability issues that may arise, either from the model itself or
from the spectral approach. While we exhibit several identifiable and non-identifiable scenarios in
both univariate and bivariate contexts, a general result on identifiability is still to be established,
in particular in higher dimensions. For this purpose, the number of non-null cross-interactions
and the choice of the kernel functions appear to be key elements in order to obtain identifiability
guarantees.

More generally, we believe that the spectral analysis can provide efficient estimators in many
frameworks of inaccurately or partially observed data. A natural extension of this work is to
consider alternative forms for the noise process, for instance an heterogeneous Poisson process.
Another topic of interest is to investigate other mechanisms for the noise when some points are
randomly missing. This would be complementary to our work since it would allow to model
both false positive and false negative occurrences. In practice, this could be of great interest
for applications, especially for the tracking of epidemics. Finally, let us mention that this paper
focuses on the linear Hawkes model, which excludes notably inhibition phenomena. Though the
nonlinear framework is particularly interesting for many applications, for instance in neuroscience,
all the spectral theory for point processes only exists in a linear context so that we believe that
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developing a spectral inference procedure for nonlinear processes would be very challenging and
remains a widely open topic.
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A Proof of Proposition 2.2

Lemma A.1. Let X and Y be two independent and stationary multivariate point processes with
same dimension d. If they admit second order moment measures, denoted respectively (M, X)1<1,J <d

and (M )i<i,j<d, then the process N = X +Y also admits a second order moment measure, noted

(Mg)lgz,ggd Moreover, for any pair (A, B) € (B$)? and all 1 <i,j <d:

M} (A, B) = M} (A, B) + M5 (A, B) + (m*m) +m¥m) )lr(A)lr(B), (15)
where for all i € {1,...,d} and m¥ = E[X;([0,1))] and m}¥ = E[Y;([0,1))]. Furthermore, the
reduced measure of N reads:

MZ»I;»/(B) = Z\ulf]((B) + MB;(B) (meY + m m; YVer(B). (16)
Proof. Let (A, B) € (B%)?. Then for any 1 <i,j < d:
M (A, B) = E[N;(A)N;(B)]
E[(X:(A) + Yi(A)(X;(B) + Y;(B))]
E[Xi(A)X;(B)] + E[X:(A)Y;(B)] + E[X; (A)Yi(B)] + E[Y;(A)Y;(B)]
M;j (A, B) + E[X;(A)E[Y;(B)] + E[X; (A)|E[Yi(B)] + M;; (A, B)

)

M (A, B) +m*m) L(A)(B) +m}m) €(A)U(B) + M) (A, B),

ij

where the last line comes from the stationarity, which implies that E[X;(A)] = mX¢(A).
By applying Equation (5) to the function g(z,y) = l,cjo,1)1y—zep for any B € B, we can
remark that:

g(x,y) M} (dz,dy) = /

r(dz) / MY (du) = MY (B).
[0,1]

R2

In particular this equality is also true if we replace N by X and Y. By leveraging Equation (15)
on the left-side integral, we obtain:

/ g(z,y) Mg(dx,dy) = Mf]((B) + Z\Z};(B) + (meY + meY)/ / lr(dy) fr(dx)
R2 z€[0,1] JyeB+x

:M§(3)+M5(B)+(mxmy+m m} )r([0,1])¢r(B)
:Mg(B)—FM};(B) (meY+m m) Vg (B),

which achieves the proof.
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Proof of Proposition 2.2
By definition of the spectral density, for all v € R:

N —2mizv AN N, N
(V) :/Re M;; (dz) — m; m; o (v)

:/ e—27rigcu Z\Zf]{(dx) + / e—271-i:cu M};(dl‘)
R R
+ (mf(m}/ + m]Xle) /Refz’m”’ lr(dx) — (mZX + mzy)(m]X + m}/)(S(V)

z/Re”m“’ Mg(dx) — miXmJXCS(V) + /Ref%m’ M};(dx) — m}’m}fé(u)

+ (miXm}/ + mjxmf) / e~ 2mizy lr(dx) — (mZXm}/ + mzYmJX)(S(V)
R

_ X Y X, Y X, Y —2rizy X, Y Y, X
=fi (v) + ij (v) + (m; m; +m;m; )/Re dz — (m; m; +m; m; ¥(v). (17)

By properties of the Dirac measure, for all v € R:

/ e 2mMs(p)de =1,
R

and so by duality of the Fourier transform (Pinsky, 2008, Proposition 5.2.4.) it follows that:

/ e 2 dg = §(v).
R

The last two terms of Equation (17) being equal, we obtain g = Z)f + 2; .

B Proof of Proposition 3.3

We first show that equality of two spectral densities with different parameters is equivalent to
a system of equations (Equations (18)). This result will be used then to prove both parts of
Proposition 3.3.

Let (1, o, 8, No) and (1, &', B', \})) be two admissible 4-tuples for the exponential noisy Hawkes
model. Let us assume that for all v € R:

N N
T8 20) (V) = flur.ar 57 3) (V)-
Thanks to Equation (14), this equality implies the following system of equations:

p '
17044‘)\0:170/4‘)\/0 (V—>+OO)

popa-—a) p oot 2-o) W )

Ao = A -

1—Oéﬁ2(1—01)2+1—oz+ T o 5’2(1—0z’)2+1—a’+ 0 (v=0)

po_Bo2-a) W Be—a)

Ao = Ny (v=1).

l—ozﬁz(l—oz)2—1—47r2+1—o¢+ 0 1—0/5'2(1—0/)2+47r2+1—o/+ o =1

The first equality can be used to simplify the second and third equalities, leading to:

I
11—« _l—a’+/\0

pooa2—a) pood(2-a)
l—-a(l-a)?2 1-o (1-a)?

po Ba2-a) @ BPd(2-0)
l—ap(l—a)?+4n2  1—o g1 —a/)2 +4n2 "

26



Given that o € (0,1) (same for '), the last two equalities lead to:
62(1 _ a)Q B 6/2(1 _ 0/)2
£2(1—a)? +4x2 5/2(1 — )2 + 42 ’

which in turn implies 5(1 — ) = /(1 — &').
Thus, it results the following system of equations:

/

%Jﬂozlfaﬂdg (18a)
pa2—a)  pa'(2-a)
(1 _ a)S = (1 _ a’)3 (18b)
B1—a)=F(1—d). (18¢)
Now, Equations (18) lead to
s
/
li
TERa2-a) = E=p% 2 - o)

which, by Equation (14), implies straightforwardly f(jx aBre) = f(% o BN Consequently,
N N .
ftua830) = J(v.ar, 50,5y <= Equations (18).

The model Q is not identifiable.

Let 7 > —Xp and A\ = Ao + 7 > 0.
Then, by denoting k = t£-3%a(2 — ), Equations (18) are equivalent to:

;. BO-—a)(¢E5-7)

n= \/ﬁz(l_a)z—i_%’ﬂ—w

’_ 1 B(l—a)

o =1 W(l—a)u%” (19)
= /PO-ap+ .

From (19), it is clear that for all 7 € (f)\o,l%a) \ {0}, (v, 8", M0 +7) # (1,0,8,A0) is an

admissible parameter for Q and f(IX Lot B = f(IX a.Bro)’ Consequently, Q is not identifiable.

,Ao+T)
The reduced model defined by a triplet of admissible parameters is identifiable.
It will be shown that, for admissible parameters, f(]/\i,a,ﬁ)\o) = f(ﬁ/’a,’ﬁ,’)\é) implies

p=p = a=d < =0 <= A=)\,

from which we can deduce identifiability of the four collections of models mentioned in Proposi-
tion 3.3.

So, let us assume that f(, apx) = f(uw.a,6.2), for some admissible parameters. As shown
beforehand this implies Equations (18). From Equation (18c), we establish that

a=ad = 6:6/7

since, f > 0 and a < 1.
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From Equation (18b), since a > 0, it is clear that « = o/ = pu = p/. Conversely, if
w=p' >0, Equation (18b) becomes:

a2 — o (2—d ,
ol0) = G = T = ale)

In particular, g is a strictly increasing function on (0, 1) and so it can be deduced that a = o’. So
p=py = a=d.

Finally, as p = ¢/ <= «a = o/, from Equation (18a) we conclude that a = o/ = A9 = A{.
Let us now assume that A\g = Aj), Equation (18a) then reads

_a@-0a)_al-a) _
W)= T aoae  S@)

where s is a strictly increasing function on (0,1) and so a« = /. With this we have proved that
a=a <= M\g = A, which achieves the proof.

C Proof of Proposition 3.4

Let G = H: VvV P; denote the o-algebra generated by H; and P;. Note that this filtration is different
from the natural filtration F; of the superposed process (N(t)):>o as it yields information about
the process, H or P, which has generated each point. Let us now consider the conditional survival
function of the first non-negative jump 71 of N given the past (before 0): for all ¢ > 0,

P(r >t go) P(N(t)=0] go)
P (P(t)=0,H —0|Qo)
(P(t) 0 | 770) ( =0 | 'Ho) (by independence)
P(P(t)=0)P (H(t) =0 | Ho) (by definition)

_ ef)\otef,u(tfut)fut)\ (O) ,
with u; = (1 — e~ )5~ and where we have used that, given that H(t) = 0, for all u € [0, 1],
M (u) = p+ (NF(0) — p) e=Pn

Let us remark that the last equality can also be deduced from (Dassios and Zhao, 2011, Corol-
lary 3.3) with the same notation u;:

P (H(t) = 0| Ho) = exp <— [ &5 dv) oA O)
0

1—pv
It appears that P (11 >t | Go) depends on the past only through A (0). But A7 (0) = AN (0)— Ao
and AN (0) is distributed according to the stationary distribution of (AV(¢)) ;5o 1t results that

A (0) is distributed according to the stationary distribution of (A (t)) /> the Laplace transform

of which is given by (Dassios and Zhao, 2011, Corollary 3.1). Plugging in this result, we have:
P (i > t) = e Mtmhli—u)R {e_”‘AH(O)}

— o~ Aot—p(t—ut) ﬁv dv
e exp( /B/U'i_e aB’U_l
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For ease of derivation, let G : t € R>g — —logP (m1 > t). The function G is differentiable and has
derivative D given by:

p(l—ePt)eht
exp (—a (1 —e Ft)) —e Bt’

D(t)=Xo+p(l—eP)+

Now define in the same manner 71, G’, and D’ from the process N’ with parameter (1', o/, 8', Ap),
with AV’ (0) being distributed according to the stationary distribution of (AN l (t)) 450> and assume
that VN and N’ have the same distribution. Then it follows that both 7 and 74 “have the same
distribution, so that G(t) = G'(t) for all ¢ > 0. Since G and G’ are everywhere differentiable, it
results that D(t) = D'(¢) for all £ > 0.

We want to establish a system of four equations satisfied by the parameters that leads to the

equality of the 4-tuples. First, noting that lim;_,o, D(t) = Ao + u, we get
Xo+p=N+u. (20)

Then, since lim;_,g D(t) = Ao + /(1 — @), we get, using Equation (20),

= . (21)

To highlight two other equations on the parameters, we establish the Taylor expansion of D(t)
around ¢ = 0 up to order 2. After some calculation, we find that

I pa (1 a—2 1 ,,a°—a®>—3a+6 9
D(t) =\ =0t — 0571 t .
®) O+1—a+1—a<261—a+126 1-a)? +o(t)

From the first-order term of the expansion, Equation (21) and the equality of D and D', we find

that
a—2 o =2

= . 22
b =P 1o (22)
Then the second-order term of the expansion can be rewritten
pa 1 (Bla—2) a3 —a?—3a+46
l—al2\ 1-« (a —2)2 ’
so that from Equations (21) and (22), we find that
ad—a?-3a+6 a®—a?-3d+6 ,
olo) = 5 g = ela) (23)

a +— g(a) can be shown to be strictly increasing for a € (0,1), so that Equation (23) yields that
a = /. With this remark, one can easily show from the system composed by Equations (20)—(23)
that the tuples (u, «, 5, Ao) and (¢/, o/, 5', A)) are equal.

D Proof of Proposition 3.5

Lemma D.1. Assume all moments of h are finite: ¥Yn > 0,m,, = [t"h(t)dt < oo. Then the
spectral density f of the noisy Hawkes process N has a Taylor expansion around 0 given by:

q

R: N = H H a n 24
Vvt € @) (1_a)3+(1_a)3; 1_anz>jlbnt + o, (24)
with
—1)"(27)%"a, o X/
by = ()(;n)!), and  an =2man = 7—— > (k ) (—1)*myman_x - (25)
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Proof. Introduce the Taylor expansion of the Fourier transform of h:

VteR: h(t)= Z(h)"%,
n>0 :
where 7 = —27t. Then, given that mg = 1,
~ 2 . \nMn . \nMn
llfah(t)’ = (1=adm ) [1-a Y (=it
n>0 n>0
n_2n M2n 2 = kre \n Mn—kMME
=1-2a) (-1)"r? + (-D)F(Gr) ——=
2 o T 22 CEDIE
_, B PRt e VI 2n\ (=1)"r>"
=l-a) m2nw+a > D (D mumzn-y k) e
n>0 n>0 k=0

a -1 n,7_2n
=(1-a)?1- Zan((;n)!

Inverting this expression and taking the Taylor expansion of x — (1 —x)~! around 0 yields the
desired result. O

Remark D.1. Forn =1,2, a, s given by

ar = 2mg + ﬁ?m%
as =2my + ﬁ(&nlmg} — 6m§) ,

so that the Taylor expansion of fN up to order 5 is:

fN(t) =a+ c1t? + cot* + 0(t5) ,

with
1
a = m + /\0
2
[1%e%s Q
Cc1 = 4m |:_m2 - 1_m%:|

4 2 2 3
nom my a mymg ~ 3mj a 9 e 4
=16 LT |4 2 .
“ (1—a)4l12+1—a< 3 "1 >+(1—a> m2m1+<1—a) ml]

Proof of Proposition 3.5

Let (u, o, ¢, Ao) and (¢, &', @', Ap) be two admissible 4-tuples for the uniform noisy Hawkes model
R, and assume that, for all v € R,

f(JX,a,d),)\o)(V) = f(]:i’,cx/,qb/,)\é)(y) :
First, noting that lim, f(ﬁ)a s20) W) = Ao+ p/(1 — ), we get

/

u

H /
+-——=2A . 26
o+t 11—« ot 1—ao (26)
Then, since f(]X by (0) = Ao+ /(1 — «)?® and using Equation (26), we get:
pa2—a)  pa'(2—a) (27)

1—a)p  (1-ao)®
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Now, since the Taylor expansions, given by Equation (24), of f(];\j,a,@z\o) and f(]l\i,ya,@,’)\é) around
0 coincide, their respective Taylor coefficients (cq,ca,...) and (¢}, ch,...) are equal. Plugging in
the moments of the uniform distribution on [0, ¢],

mnzL, forallm >0,
n+1

the first order coefficient ¢; can be written

. __z,ua(Z—oc)d)Q 4—«
T3 1-a)p " 1-a22-a)’
so that, with the use of Equation (27), we get
4—« 4— o
2 /2
= . 28
Cicate—a Y G-are-) 28
Similarly, by plugging the moments in the second order coefficient co, we get
7t ua(2 — a) 42 4—« > (2—a)(e® —8a% + 18a +4)
Co —
T 15 1—a)p (1-a)2(2—a) (4— )2 ’
so that, by Equations (27) and (28),
2 —a)(a® —8a? + 18a + 4 2 — o) (o' —8a? + 18" + 4
g(a) = (2—a)( ) _( )( ) — o). (29)

(A= ap (4= a2

But a — g(«) can be shown to be strictly increasing for a € (0, 1), so that Equation (29) yields
that o = /. Finally, it is easily proven from the system composed by Equations (26)—(29) that
the tuples (u, o, 8, Ao) and (i, o/, B, \j)) are equal.

E Proof of Proposition 4.2

Let N be a bivariate noisy Hawkes process parametrised by the exponential model Q. We will
prove that if either of the conditions in Proposition 4.2 is fulfilled then Q, is not identifiable.

o 0
A—{(Oll a22>,0§0411,0422<1}.

For any admissible 8 = (p, a, 8, \g), the spectral matrix fév is diagonal such that, for any
integer i € {1,2}:

i B2aii (2 — i) 1
G A .
f9 iv) = 1— ay; (612(1 — ;)% + 4m20? + 1— ay; + o

We will show that there exists an admissible 0/ = (i, o, 8’, \{)) such that ¢’ # 0 and £}V = £}
Let 7 > —)Xg and A\j = Ao + 7.

e Condition 1: Let

For every ¢ € {1,2}, on the one hand, if a;; # 0 then, as shown in the univariate case
(Appendix B), letting x; = lfa B2;i(2 — ;i) and defining the parameters:

ﬂz(l (Xu)(l _7—)

\/,32 (1—a) —

_ Bi (1 O‘u)
i =1 \/52(1 i) P+ —t (30)

ﬁ2 1—04” 7 r )
1— a“_T

-7

leads to févii = ng“..
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On the other hand, if a;; = 0 then, fONii = p; + Ao and it is enough to consider:

Mg =i —T
aj; =0
ﬁ;:ﬂla

to get févn‘ = féyn"
In both cases, for 7 € (—Ao,mil’llgigg {1fa }) \ {0}, we obtain an admissible parameter

¢’ # 6 and £ = ). Thus, the model is not identifiable.

Condition 2 and 3: Without loss of generality, let

A= {(031 032) ,0<Oél1 < 1,012 >O} .

For any admissible parameter 8 = (u, «, 8, A\p) and for any v € R, the spectral matrix reads:

N p2B1012
N N o 11(’/) :
)= [l st Bull— an) + 2
Jo (V) fo (v Hafros 2 + Ao
,81(1 — 0411) — 27Til/
with
) = 1 + HoCr12 Biar1(2 — ai1) + paBiad,
o1 1—0411 1 — 11 ﬁ%(l—a11)2+47721/2 B%(l—a11)2+47r2y2
M1 H20012 .
1-— a11 1-— 11

Let us introduce the following constants:

A=ps+ X

B = pafranz

C = Bl(l — 0511)

D = Hll-tﬁ(bjlol(lz + >\O

L= (%jﬁm)ﬁ%an@ —a11) + pefial,,
which allow us to rewrite the spectral matrix as:

E B
_— + D P
2 2,2 :
£V (v) = C —|—47rBV C—|—AQ7T11/ ) (31)
C — 2miv

Let 7€ R \ {Mg, (,U,l + /_1,20412)/(1 — 0&11)} and:

(1 + ppci2) a1 (2 — aa1) (p2 — 7) — Tp3ady (1 — ann)
(2 = 7)(p1 + p2arz — 7(1 — an))

r =

Now, consider the parameter 8’ = (1, o, 8, \j), defined as follows:

p1—7(l—a11)

[
= V(1—a11)? 4k,

po = pg =T
0/11 =1- (1i;0‘112
\V 11)%+kr (32)
/ _ H2O12
Qg =

(p2—7)/(1—a11) 45,
B = B/ (1 —a11)? + ke
)\6 =X +T7.
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The goal will be to show that there exists 7 such that 6 is well defined, admissible for Q,,
such that 6 # 0" and £)¥ = £}

First, in order for 6’ to be an admissible parameter, let us remark that p(S) = a;; and so
we obtain the following constrains:

/
M,1>0 Ml—T(l—a11)>O "
/~L2>(/) /l2*7'>0 7-<1*0411
O < a11 < 1 1—a11 T << /4L2
aS.Q > O V (1—(111)2+KT < 1 Ky > 0 (33)
B >0 (1-a11)* +rr >0 T>—Xg.
>‘6 >0 M +7>0

Since 7 < p1 /(1 —a11) = p1 + peara — 7(1 — aq1) > 0, the third inequality becomes

(1 + poaig)an1(2 — an1) o

T < .
(1 + p2aa2)ar1 (2 — aqn) + p3(1 — aq1)ad,

. 1% 1% +/120620£ 2—Oé 125) :
76(-)\,111“{ ! ’,U/Qa( ( : 1) 11( 11) 2 })\{}7

1—oan 1+ poonz)arn (2 — ain) + p3(1 — ar)ad,

the right-hand side of Equations (33) is verified and so 6’ defined by Equations (32) is well
defined, admissible for Q4 and 6’ # 6.

Then, we can show that:

py + Ay = p2+ A=A

pafiaiy = pefronz = B

Al —ay) = bl —an) =C
s | 3 = exsmen 3y = p

!’ !’ 7
BitHaia ) gr2 / 12 2 pitpeais | g2 2.2 _
( ol ) a2 — o) +pafiTaly” = (B2 ) fian(2 — aan) + pefial, = E.

This assures that, for all v € R:

E D B
2 2,2 :
£ (v) = C +47rBl/ C + 2wiv =N (),
- A
C — 2miv

Thus, the model is not identifiable.

F Proof of Proposition 4.3, Situations 1 and 2

Without loss of generality, let

o 0
A:{(a; 0>,O<a11<1,a21>0}.

Then, for any admissible parameter 6 = (u, o, 8, Ag) and all v € R:

2 2,2
N H1 pi +4m v
= A
fo' 11 (v) 1— ay B2(1 — anp)? + 4n22 + Ao
L) = 1 B% + 4m2v? a1 32
¢ 12 1—ag; B2(1 — ag1)? + 4202 By — 27iv
2 2,2 2 752
N M1 Bi +Amv a1 33 H1021
el D — )\
fe 22(1/) 1-— a11 ﬁ%(l — a11)2 =+ 47‘(’21/2 Bg + 47‘(27/2 + Hz * 1-— a11 + 0

33



and [, (v) = IV, (v).
These expressions can be reformulated as follows:

N _ . H 1
fo' 11 (v) =my 7” )2 + Ao
f9N12(V) = (févn(’/) — Xo)ho21(—v)
N _ |fév (V)|2
fo' 20(v) = 7%\[115) B P e

where m# =y /(1 — ayq), mi = po + prasy /(1 — 1) and lim,, 4o f9N22(V/) =mil + \.
Let 0 = (¢/,a', B',\,) be an admissible parameter such that f¥ = £}. For v = 0, it comes
[ 55(0) = f4),,(0), which implies that

A LOP 1 507
févn(o)—/\o féyu(o)_)‘é)'

Since |f{ ,(0)> = praoi(1—ai1)™ # 0 (as ann < 1 and ag; > 0), f&,(0) = f&,,(0) and
[ ,,(0) = f5),,(0), it results that:

Ao = A -
Now, for all v € R, since fQNIQ(I/) = féYlQ(VL it comes (févu(u) — )\o)izggl(—u) = (féyn(l/) —

)\g)ﬁgr721(—u), then hy 21(v) = 59/721(1/). By Equation (13), it results that:

oanfs agy By
B2+ 2miv  Bh+ 2wiv’

For v = 0, this simplifies to

Qo1 = C¥/21 .
For v =1, as a9 # 0 it comes Sa/(B2 + 27i) = B5/(B5 + 2i), then
Ba =Py

Now, by considering the limits as ¥ — oo, we obtain the two following equations:

/
M1 Jad!
+ X = + Ao
1— 11 1— 01/11
o "o
i + H1G21 +/\0:/~L/2+ H1 2/1 o,
1-— 11 — 0411
which, using that p; > 0, can be simplified to:
[
1-— a11 1-— 04/11

fio = s .

Now, as f5 ,(0) = pu1/(1 — a11)?, we have the two following equations:

mo e
1-— 11 1-— 04,11
H1 G

(I-an)® (1—apy)?’

!
B = p
/

a11 = Oqq -

which imply
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At last, since f§' (1) = f&,,(1) and py > 0,

B} + 4n? 12+ 4n

512(1 — 0411)2 + 472 o ﬁiQ(l _ 0411)2 + 472 ’

which implies
2
o11(2 — a11)Bf = a1 (2 — a11) By
Either aq; > 0, so the previous equation leads to

ﬂlzﬁia

or a;; = 0,80 aj; = a1 =0 and B = B =1 (since 6 and ¢’ are admissible for the model) .
This proves that f)¥ = féy = 0 = @', which achieves the proof.

G Proof of Proposition 4.3, Situations 3 and 4

Without loss of generality, let

A{<a11 0>,0<0411<1,0621>0,0§0122<1}.
Q21 Q22

Then, for any admissible parameter 8 = (u, «r, 8, Ag) and all v € R:

N 1 Biar1(2 — aq) JTA
= A
fo 11 () 1o B2 — a2 +4m22 " 1—ap T Ao
N N 2132 .
fo 12(v) (fe 1) 0) B2(1 — agg)? + An20? (B2 Qi9) + 27iv)
Qo1 2 B2 + 4m21?
févm(’/) = < . + > 2 . 2 2.2
(1—0(22)(1—0411) 1— 9o ,62(1—0422) + 4y
ey B + ns? o
1—anr (B2(1 — ) + 47202 (B2(1 — anp )2 + 4n2) 707

and fGNQl(V) = f9N12(V)'

Let ' = (i, o/, B, X)) be an admissible parameter such that £ = £2/. We start by showing that
Ao = Aj. From Re (fV,,(1)) = Re (f5 5(1)) and Tm (f& ,(1)) = TJm (£ ,,(1)), the following
system of equations is established:

(févll(]') — AO)O@le 52(1 o 0[22) _ (féyll(]‘) - )\6)0/216é
B3 (1 — az2)? + 4r? L2(1 — aby)? + 472
(fGNu(l) — Ao)az132 _ (fé\,’u(l) - Ag)“’mﬁé >

B3(1 = az2)? + dm? 52(1 — ahy)? +4m2

By(1 — any)

Since
H1 B +4n°

N
1) — X =
fe 11( ) 0 1—an 512(1 —a11)2 4 42
and g2 > 0, Equations (34) imply that
Ba(1 — ax) = Ba(1 — aby). (35)

NOW, fI‘OHl fONIQ(O) = (feNll(O) — )\0) 0121/(1 — 0122) and f9N11(0) — AO = [Ll/(l — 0111)3 # O7 it
comes o1 = fp'15(0)(1 — ag2)/ (f2¥,,(0) — Ag) and the second equality of Equations (34) implies
that

#0,

£ 1 (1) = Ao £3 15(0)82(1 — aza) _ fr' 1, (1) = N £ 15(0)B5(1 — o)
£311(0) = Ao B3(1 = az2)? + 4m? £ 11(0) = X éz(l — ahy)? + 4m? .

(36)
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By Equation (35)
féN12(0)ﬁ2(1 — ) _ féylz(o)ﬁé(l — )

B3(1 — ag2)? + 4n2 12(1 — ayy)? + 42
and since ag; > 0, f¥,,(0) # 0 and Equation (36) leads to

M=o £, =X
févn(o)_)‘o félyn(o)_%

Since fGN11 is strictly decreasing, feNn(l) — feNu(O) = fej\,’u(l) — féyu(()) # 0, and it comes
Ao = Ap.

Now, the expression of f5’ 11 is similar to that of the univariate spectral density f& in Proposi-
tion 3.3. Thus, following the proof in Appendix B, from f5,, = f5/,, and Ao = A} (since a1 > 0
and of; > 0) it comes:

M1 = //1
an1 = oy
B =B
Next, from f¥,,(0) = f5,5(0), it comes:
N Q21 N y
(8" 11(0) = Qo) — (9 11(0) = X5) 1—ab,’
which implies, with f3¥,,(0) — Ao = f&,,(0) — Aj # 0:
@21 ¥y
= . 37
1-— a29 1-— 0/22 ( )
Now, from lim,/_, o f9N22(1//) =lim,/ o fé\,fzz(z/),
H1021 H2  _ Qi 15
(1—0[11)(1—0(22) 1—0{22 (1—0&11)(1—0/22) 1—0/22 ’
and leveraging Equation (37), it comes:
M2 14
= . 38
1-— 22 1-— O[/22 ( )
Moreover,
2
N H1021 2 105 1
0) = + + + A
f0 22( ) <(1 — 0411)(1 — 0422) 1-— 29 (1 — a11)3> (1 — 0422)2 0
I a1 Ha2 1 Ha a3
= + + + .
(1 —apnl—ag  1- 0622> (1—0a22)?  (1—011)3 (1 — ag)? 0

Thus, by Equations (37) and (38), we obtain from f2',,(0) = f,,(0):

1 1

(1—axn)*  (1-ab)?’

which implies
!/
Q29 = a22 .

To conclude, from Equations (35), (38) and (37), B2 = B85, ua = ph and ag; = ab;. This proves
that £)¥ = )} = 6 = ', which achieves the proof.
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H Proof of Proposition 4.3, final argument

Let
A= Zi 0 ,0<a; < 1l,as1 >0
Ay = 8 Z;z a1s > 0,0 < ass < 1
Ay = zi 022 0<ai <1asn>0,0<am<1
Ay = 031 g;z 0<air<l,a12>0,0<an<1lp,

along with ¥ € Qu;%:l A, and £ QU§=1 A, - Without loss of generality, we focus on two particular
situations, the others being similar by symmetry of all indices.

H.1 Disjoint submodels

If féV € Qp, and féy € Qp,, Or feN € Qp, and ng € Qp,, or feN € 9a, and fé\f € Qp,, proving
identifiability boils down to equating rational functions with non-trivially different degrees, which
can be shown to be impossible. As a consequence, those situations cannot happen.

H.2 Intersecting submodels

Consider the pair A;-A3. Then, for fév € Op, U Qp,, denoting 6 = (u, a, 5, Ag), for all v € R:

N 1 Bioni(2 — oa1) 1
= A
f@ 11(V) 17&11 ﬂf(17a11)2+47rzy2 17&11 + Ao
N [ ¢N 2132 )
foaav) = (fe nl) - )\0) B3(1 — ag2)? + 4m2p? (P2(1 — a22) + 2miv)
H10e1 f2 B2 + 4212
féV22<V) = ( + ) 2 : 2 2.2
(1—a)(l—a11) 11—/ B3(1— a)?+4ny
(103,53 B2 + dx?y? O
1—a11 (B2(1 — an2)? +47212)(B2(1 — a11)? + 47202) 0

and fi¥,, (v) = f§'1,(v).
Let f)¥ € Qa,, f)Y € Qu, and assume that f)¥ = f)f. Then, noting

0 = (1, o', B, N), from Re (f ,(1)) = Re (f) ,(1)) and Im (f¥ (1)
following system of equations is established:

(f371:(1) = Xo)aa1 B

= (/j’vaaﬁa )‘0) and
Jm (f515(1)), the

ﬂg o (fejyll(l) - Aa)aélﬁé Bé(l o a'22)

B3 + 4 (1 aby)? o+ dn? (39)
(feNu(l) - )‘0)0421ﬂ2 _ (féy11(1) - >‘6)0‘/215§
p3 + 4n? 5%(1 — app)? +dn?
Since
B2 + 472

N H1
1)— X =
fe 11( ) 0 1—ap 512(1 —a11)2+472

and ag1f2 > 0, Equations (39) imply that
B2 = B3(1 — azy) . (40)

Now, from fel\/m(o) = (fel\/]n(o) - >‘6) oy /(1 — ajy) and féyu(o) =X = pi/(1 = al11)3 # 0, it
comes oy = f& 15(0)(1—ahy)/ (f&1,(0) = Ay) (similarly oy = f2¥,,(0)/ (f2,,(0) — Xo)) and the
second equality of Equations (39) implies that

feNu(l) — o févu(o)ﬂQ _ folyu(l) - )‘6 féyu(())ﬂé(l — Q)
£3'11(0) = Ao B3 + 4m? £ 11(0) = Xg 52(1_0/22)2"‘4”2.

#0,

(41)
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By Equation (40)
f(9N12(0)62 _ féYlQ(O)ﬁé(l - O/22)

B3 + Ar? 12(1 — )2 + 4m2
and since ag; > 0, f',,(0) # 0 (similarly for f2') and Equation (41) leads to

B =X 0 =X
févn(o)_)‘o fé\,’n(O)—)\{)

Since fGN11 is strictly decreasing, feNn(l) — feNu(O) = fej\,’u(l) — féyu(()) # 0, and it comes
Ao = Ap.

Now, the expression of f5’ 11 is similar to that of the univariate spectral density f& in Proposi-
tion 3, except that ar;; may be null. Either a7 = 0, then fé\,fll = fé’vn = u1+ Ag is constant, which

is impossible since 1} 3,°a); (2 — o;) # 0. Or 11 # 0, then following the proof in Appendix B,
from f3¥,, = f&',; and A9 = X{ (since oy > 0 and of; > 0) it comes:

= ph
ar = ay
pr =P
Next, from f¥,,(0) = f5,,(0), it comes:
N N / oy
(fe 11(0) = )‘0) Q21 = (fe/ 11(0) — )‘0) 1I—a’
22
which implies, with f3¥,,(0) — Xo = f&,,(0) — Aj # 0:
oy
= . 42
= T (42)
Now, from lim, e f3¥ 9o (V') = im0 f2 50 (V)),
1021 p1 0y 115
+ o = + :
T—an 7 (—an)(1—aby) ' 1—ab,

and leveraging Equation (42), it comes:

!/

o= (13)
Moreover,
1 35(0) = ( M _On_ |t ) Lo eh
2 l—apl—ah 1-ah) (1-a)?  (1-ap)? (1 —ah)? ’

Thus, equation f3',,(0) = f&,,(0) leads to:

/

H1 M1 2 H/1 0/21 Mo ) 1 ,U/l Qoq
gt + 2 |+ =———zay = +
(1—au “) (T—ap % (1—a311—a52 1—ahy ) (1— aby,)?

which in turn implies:

1
(1 —ab,)? ’
meaning that ab, = 0. Thus, it comes that (a1, 01, a0e) = (), by, aby), (B1,02) = (81, 55)
and (p1, p2) = (1, Ho), ie. 0=0".

1=
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I Additional experiment

In this section, we present an additional numerical experiment in order to challenge the ability of
our proposed procedure for detecting the support of interactions for any set of true parameters. It
consists in generating a random set of true parameters for a bivariate noisy Hawkes process, the
interaction matrix having different sparsity structures, from which we generate a single realisation
with 15000 event times. We partition the corresponding simulation window [0,7] in 10 equally-
sized subwindows and estimate the parameters in each subsample assuming the full model. The
true parameters are generated as follows:

e 31,85 and \g are simulated independently such that:

B1 ~ Exp(1/2) +0.5
B2 ~ Exp(1/2) + 0.5
Ao ~ Exp(1/2) + 0.1.

The minimal values (0.5 for 1 and 2, and 0.1 for A\g) are chosen such that the effects from
the past in the Hawkes process can be correctly detected and that there is a minimal effect
of noise in the observations.

e ;i1 and po are simulated independently such that:

1 ~ Exp(1/2)
p2 ~ Exp(1/2),

and we only keep realisations such that 0.5 < pq/u2 < 2.0, in such a way that the subprocesses
have comparable numbers of child points.

e the matrix « is simulated along a spike-and-slab procedure: for every 1 < 4,5 < 2,
a;; = X,;;U;5, where X;; ~ Exp(1/2) and U,; ~ Binomial(1,2/3) independently from the rest.

This corresponds to setting each interaction parameter c;; equal to 0 with probability 1/3,
otherwise it is simulated according to an exponential distribution. Additionally, we set to 0
any interaction such that a;; < 0.1, in order to only consider effects that are fairly detectable.
This allows us to explore a wide variety of interaction networks in our estimations.

We carried out this experiment 100 times and used the subsampling scheme to estimate the
support for each generated dataset. For each realisation, we consider that &;; is a null estimation
if there is at least 30% of the subsampled estimations estimated equal to 0 (similarly to what we
propose in Remark 5.1 in the paper, and in the above Table 2).

Figure 10 represents the accuracy of support estimation if we consider the simulations with
a noise A\g < Apmqq for different levels of maximal noise \,,,,. For example, if we consider only
the simulations with a noise level \g < 2.8, we reach a level of accuracy of approximately 77%,
and this is obtained with a single subsampled simulation. Among all simulations, the support of
the true parameter « is estimated correctly 64% of the time and we can see from Figure 10 that
the accuracy of support estimation is particularly good for lower levels of noise. This additional
experiment allows us to demonstrate the performance of our method for a wider range of scenarios
than those considered in Section 5.2.
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Figure 10: In blue, accuracy of support estimation for simulations with a level of noise Ay less
than A,4.. In orange, the corresponding proportion of simulations considered among the 100
experiments.
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