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Abstract : We consider a 2-dimensional spatially homogeneous Boltzmann equation without
cutoff, which we relate to a Poisson driven nonlinear S.D.E. We know from [8] that this S.D.E.
admits a solution V;, and that for each ¢ > 0, the law of V; admits a density f(t,.). This
density satisfies the Boltzmann equation. We use here the stochastic calculus of variations
for Poisson functionals, in order to prove that f does never vanish.

Résumé : Nous considerons une équation de Boltzmann bidimensionnelle, spatialement ho-
mogene sans cutoff. Nous associons a cette équation une équation différentielle stochastique
poissonnienne non linéaire. Nous savons par [8] que cette E.D.S. admet une solution V;, et
que pour chaque t > 0, la loi de V; admet une densité f(t,.). La fonction f(¢,v) obtenue
satisfait I’équation de Boltzmann. Nous utilisons ici le calcul des variations stochastiques
pour des fonctionnelles de mesures de Poisson, afin de prouver que f ne s’annule jamais.
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1 Introduction and statement of the main result.

The 2-dimensional spatially homogeneous Boltzmann equation of Maxwellian molecules deals
with the density f(t,v) of particles which have the speed v € IR? at the instant ¢t > 0 in a
sufficiently dilute (2-dimensional) gas :

8 s
Dor=[ [ s~ F60) 50 0)] 5(6)dbdw, (1)
vx€R* JO=—7
where, if Ry is the rotation of angle 6,
,_v—i—v* V — Vs ) ,_’u—i—fu*_ UV — Uy
v o= 5 +R9( 5 ) ;o U = 3 Rg( 5 ) (1.2)

The new speeds v’ and v/, are the velocities of two molecules which had the speeds v and v,
after a collision of angle §. The ”cross section” 3 is an even and positive function on [—m, 7|\{0}
which explodes at 0 as 1/]0]° with s €]1, 3] in the case of interactions in 1/r®, with o > 2. Thus,
the natural assumption (which we will suppose) is

/ " 623(6)d6 < o (1.3)

0

In this case, equation (1.1) is said to be without cutoff. The case with cutoff, namely when
™

/ B(0)df < oo, has been much investigated by the analysts, and they have obtained some
0

existence, regularity and strict positivity results.

In this paper, we prove, by using the stochastic calculus of variations on the Poisson space, a
strict lowerbound for the solution f of (1.1) built in [8], in the case where the cross section
sufficiently explodes.

To this aim, we use a probabilistic approach to the Boltzmann equations of Maxwellian molecules
first introduced by Tanaka, [19], and more recently by Desvillettes, Graham, Méléard, [7], [11]
in the one dimensional case, see also [8] for the case of equation (1.1). Indeed, we build a non
classical Poisson driven S.D.E., of which we denote by V; the solution. This S.D.E. is related to
equation (1.1) in the following sense : its probability flow £(V}) is a measure solution of (1.1).
In [8], the Malliavin calculus is used to prove that for each ¢t > 0, £(V}) admits a smooth density
f(t,v), which satisfies (1.1) in a weak sense.

The strict positivity of f seems to be unknown by the analysts in the case without cutoff, and
might be useful to justify computations in which the entropy appears. In the case with cutoff,
much more is known : Pulvirenti and Wennberg have proved a Maxwellian lowerbound in [18].
Their method is based on the separation of the gain and loss terms, which typically cannot be
used in the present case.

Lowerbounds of the density for Wiener functionals have been worked out by Aida, Kusuoka,
Stroock, [1], Ben Arous, Léandre, [3], see also Bally, Pardoux, [2]. In the case of Poisson func-
tionals, the strict positivity of the density in small time has been studied by Léandre, [15],
Ishikawa, [12], and Picard, [17].

The first result of strict positivity of the density for Poisson functionnals is due to Léandre,
[16], who was considering simple jump processes with finite variations. In [10], we have given



a sufficient condition for the strict positivity in every time for one-dimensional Poisson-driven
S.D.E.s, and this approach does allow to deal almost only with processes with infinite variations.
In [9], we have applied this method to the Kac equation without cutoff, which is a caricatural
one-dimensional version of the Boltzmann equation.

The strict positivity of the density for general 2-dimensional Poisson driven S.D.E.s seems to be
a very difficult problem, but in the case of the S.D.E. related to (1.1), the method works quite
easily. The main differences between the one-dimensional caricatural Kac equation and equation
(1.1) are the following. First, we have to deal with a determinant. We thus have to assume an
additional condition on the support of the initial distribution. Furthermore, we have to prove
that for each ¢ > 0, the support of f(t,.) contains that of the initial distribution. Another techni-
cal problem is that one cannot solve explicitely Doléans-Dade equations with values in May o (IR).

Let us now be precise. First, we define the solutions of (1.1) in the following (weak) sense.

Definition 1.1 Let Py be a probability on IR? that admits a moment of order 2. A positive
function f on RT x IR? is a solution of (1.1) with initial data Py if for every test function
¢ € CZ(IR?),

/UERQ f(t,v)¢(v)dv:/veR2 d(v) Py(dv) —_/ /UERQ/U €R2 0),0 — v dv*duds (1.4)
+/0t /UeRz /U*ER2 /_T;f(&”)f(sa”*) [6(0)) — d(v) — (¢ (v),0" — v)] B(6)dOdv* dvds

where ¢ denotes the gradient of ¢, where (., .) stands for the scalar product in R?, where v
is defined by (1.2), and where

b= /n (1 — cos 6)3(6)do (1.5)

—T

In [8], one assumes that

Assumption (H) :

1. The initial distribution Py admits a moment of order 2, and [ satisfies (1.3),

2. B = By + (1, where 31 is even and positive on [—m, 7|\{0}, and there exists kg > 0,
k
0y €]0, [, and r €]1, 3 such that Gy(0) = #1[_90790](9),

3. Fy is not a Dirac mass.

Let us also consider the following random elements :

Notation 1.2 Assume (H)-1. We denote by N a Poisson measure on [0,00[x[0,1] x [—m, 7],
with intensity measure :
v(df,da, ds) = (0)d0dads (1.6)

and by N the associated compensated measure. We consider a R*-valued random variable Vj
independent of N, of which the law is Py. We will consider [0,1] as a probability space, denote
by da the Lebesque measure on [0,1], and denote by E, and L, the expectation and law on



(0,1], B([0,1]), da).
If (H)-2 also holds, we suppose that N = Ny + N1, where Ny and Ni are two independent
Poisson measures on [0,00[x[0,1] x [—7, 7], with intensity measures :

vo(dl,do, ds) = Bo(0)dfdads 5  vi(dl,da,ds) = (1(0)dOdads (1.7)

In this case, we also assume that our probability space is the canonical one associated with the
independent random elements Vi, Ny, and Ny :

(FAFRLP) = (@, F AF}LP) o (Q°, F AR} P © (L, FL {F ) P (1.8)
The following Theorem is proved in [8] (Theorems 2.8 and 2.9).

Theorem 1.3 Assume (H)-1. There exists a R*-valued cadlag adapted process {Vi(w)} on Q
and a R?-valued process {Wi(a)} on [0,1] such that, if

1(0089—1 —sind )

Al0) = 5 sin @ cosf — 1 (1.9)

then

Viw) = Vo(w)+ /0 t /0 1 /_ 7; AO) (Ve (w) — W ()N (w, dOdads)

—%Afélu@4w>-me4a»dwn (1.10)
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The obtained law L(V) = Lo(W) is unique.
Finally, the main Theorem of [8] (Theorem 3.1) is the following.

Theorem 1.4 Assume (H). Let (V,W) be a solution of (1.10). Then for all t > 0, the law of
Vi admits a density f(t,.) with respect to the Lebesque measure on IR The obtained function
f is a solution of the Boltzmann equation (1.1) in the sense of Definition 1.1.

It is also proved in [8] (Theorems 3.2 and 3.3) that under an additional assumption, the solution
f is regular in the following sense : for each t > 0, f(¢t,.) is in C*°(IR?), and f is continuous on
10, co[x IR

Let us now give our assumption, which is more stringent than (H) : we need a stronger explosion
of the cross section, and the support of the initial distribution has to be large enough.

Assumption (SP) :

1. The same as (H)-1,

2. The same as (H)-2, but with r € [2, 3],



3. For each X, € R?, there exist 0 < € < 17 < 0o such that

R ({X € B? /X" = X§| <e, [XY = XY >n}) >0 (1.11)

R ({X R /IXY = XY <e, [X"=X§|>n}) >0 (1.12)
Our main result is the following :

Theorem 1.5 Assume (SP), and consider the solution f in the sense of Definition 1.1 of equa-
tion (1.1) built in Theorem 1.4. There exists a strictly positive function g(t,v) on ]0, +oo[x IR?,
continuous in v, such that for allt >0, all ¢ € C’;(]Rz),

LG (t0)dv > [ o(w)g(t v)de (1.13)
R R

In particular, if f is continuous in v, then f is strictly positive on |0, +oo[><R2.

Let us say a word about our assumptions. (SP)-1 is quite reasonable. Indeed, the analysts
almost always assume that Py admits a density (see e.g. Desvillettes, [6]) ; the assumption
[ I v ||* Po(dv) < oo means that the energy of the initial system is finite ; and (1.3) is
physically natural. (SP)-2 means that the cross section contains a sufficiently ”large” and
"regular” part, which will allow us to use the Malliavin calculus. Notice that the fact that
r > 2 means that []6|3(0)d0 = oo : we really need a strong explosion of the cross section.
Finally, (SP)-3 is a technical condition. Notice that (SP)-3 is satisfied if supp Py contains
{(z,0), 2 >0} U{(0,y) , y > 0}, or even {(n,0), n€ N} U{(0,n), n € IN}. If the support
of Py is bounded, then the condition is not satisfied.

Finally, let us notice that in our proof, we check the following Lemma :
Lemma 1.6 Assume (H)-1, and consider a solution (V,W) of (1.10). Then for each t > 0,
supp Py C supp L(V;) (1.14)

The present work is organized as follows. In Section 2, we prove Lemma 1.6. In the third section,
we state a criterion of strict positivity of the density for Poisson functionals, which we apply to
Vi in the next sections.

In the whole work, we will assume at least (H)-1, use notation 1.2, and consider a
solution (V,W) of (1.10). We will always work on the time interval [0,7], for some
T > 0 fixed. We will denote by K a constant of which the value may change from
line to line.

2 Conservation of the support.

This section is dedicated to the proof of Lemma 1.6, which will be useful to prove Theorem 1.5.
We fix X € supp Py =supp P o Vo_l, € >0, and £ > 0. We have to show that

P(| Vi Xo < e) >0 (2.1)



The main idea of the proof is very simple : since Vy and N are independent, we can build a
subset of €2, of positive probability, on which V} is near Xy and N is very small. On this subset,
Vi will be near Vj, and thus near Xj.

For p € IN*, we denote by NP the restriction N|jo 7)x[0,1]x{[—m,x]/[=1/p,1/p]}> Which is a finite
Poisson measure. Then, we split V; into

Vi=Vo+ AV + B (2.2)
where -
AP = / / / A(0)(Vee — W,o_ () N?(d0dads) (2.3)
0 Jo -
1/p
and, if b, = / (1 —cos8)3(0)db,
-1/p
l/p -
/ / / — W, ()N (d0dads)
1/p
2 / / W, (a))dads (2.4)
We consider the set
Q={IVo-Xoll<e/2 : NP =0} (2.5

of which the probability is strictly positive (for each p), since Vj and NP are independent, since
Xp €supp Po Vo_l, and since N? is a finite Poisson measure.

It is clear from (2.2) and (2.5), since €, belongs to o(Vp, N?), and thanks to the Bienaymé-
Tchebichev inequality applied to the conditional probability measure P ( . |o(Vp, NP)), that

P([Vi-=Xol<e) = P(|Vo—Xol<e/25 A7 =05 || BY |<¢/2)

> P | BLIS 2)
> E (10, P (| B | ¢/2]0(V,57)
> 5 (10, {1- 38 (1 817 | o0, 8) }) 2:6)

Since Nljo,7]x[0,1]x[=1/p,1/p] 18 independent of Vo and NP, it clearly is a Poisson measure under
the conditional probability measure P (. |o(Vy, NP)). Thus, using Burkholder’s inequality, the

facts that E, (sup[oﬂ | W Hz) < oo, and || A(9) ||< K62, we see that
E(I By * |o(Vo, N7))

<k [ [ / B (I Va I 10(Vo, N7)) + || Waa) |[2] 6(6)dbdods



i [T (I 100, 87) + 1 Wi 2] dods

<uw [+ [ (VP lo(,N7)) ds] (27
0
where the sequence u, decreases to 0 when p goes to infinity. Furthermore, thanks to (2.2) and

the definition of 2,
Lo, [ Vi [I< Lo, [l Xo || +e+ [| BY ] (2.8)

from which we deduce the existence of a constant K, not depending on p, such that
2 ¢ 2
10, (I I 1006, ") < 1o, |K+ K [[E(IVI? oo, N7)ds|  (29)
Gronwall’s lemma allows us to conclude that
Lo, B (| Vi [* |o(Vo, NP)) < K1g, (2.10)
Finally, using (2.7), we obtain
10,E (|| B |* |o(Vo, N?)) < Kuylg, (2.11)
Using (2.6), we see that

P(|| Vi = Xo [I<€)

v

E 1o, (1 - Kuy/é*)]

v

(1 - Kup/e) P(2,) (2.12)

Recalling that for each p, P(£2,) > 0, and choosing p large enough, in order that u, < €2/K, we
deduce (2.1), and Lemma 1.6 follows. o

3 A criterion of strict positivity.

This section contains two parts. We first introduce some general notations and definitions about
Bismut’s approach of the Malliavin calculus on our Poisson space. Then we adapt the criterion
of strict positivity of Bally, Pardoux, [2] (which deals with the Wiener functionals) to our prob-
ability space.

In the following definition, we precise the perturbations we will use. We have already introduced
such a perturbation in [8], but we have to define here all the possible perturbations.

Definition 3.1 A predictable R*-valued function v(w,s,0,a) on Q x [0,T] x [—6o,60] x [0,1]
is said to be a "perturbation” if for all fived w, s, a, v(w,s,.,a) is C1 on [—0, 0], and if there
exist some even positive (deterministic) functions n and p on [—0q,00] such that

(s, 0,0) [<n(@®) 5 [[v(s,0,0) < p6) 3.1)
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n®) <5 5 n(=bo) =n(b) =0 (3.2)
if £(6) = p(6) + 7»27%% then || € [|o< % and ¢ € L'(6o(0)do) (3.3)

Notice that thanks to (3.3), 7 and p are in L' N L% (5o(6)d6).

Consider now a fixed perturbation v. For A € B(0,1) (this ball is that of IR?), we set
(5,0,0) =0+ (X v(s,0,a)) (3.4)

where (, ) denotes the scalar product of IR?. Thanks to (3.1), (3.2), and (3.3), it is easy to
check that for each A, s, a,w, Y*(s,.,a) is an increasing bijection from [0y, #y]\{0} into itself.

Then we denote by Ng = v*(Np) the image measure of Ny by 7 : for any Borel subset A of
[07T] X [_00700] X [07 1]7

T r1 T
NM(A) = / / La(s,7 (5,0, ), ) No (dfdads) (3.5)
0 0 J—m
We also define the shift S* on Q by
VooS =Vy ; NyoS*=N§ ; NioS*=N; (3.6)

We will need the following predictable function :

50('7)\(37 0, a))

A _
Yis 0.0 = =5 %)

(14 (A0 (s,0,0))) (3.7)
Then it is easy to check that for all A,
A (Y)‘.I/Q) =1 (3.8)
Indeed, for any Borel set A C [0,7T] x [0,1] x [—7, 7],
T 1 pm
P ) @) = [ a0 6.6,00)Y (5.0, ) o(0)dbdads
0 0 J—m

T 1 T
= / / / 1A(s,a,’y>‘(s,9,a)) X %’y)‘(s,ﬁ,a) X ﬁo(’y)‘(s,ﬁ,a))dé?dads
0 0 -7

_ /0 ! /0 1 /_ 7; 1a(s, o, 6')Bo(6")d0' dads
)

where the last inequality comes from the substitution 8’ = (s, 6, ).
We will also need the following inequality : for all A\, € B(0,1) (recall that £ is defined in

(33)),
YA(5,0,0) = Y¥(s,0,0)| <|| A= || x€(0) (3.10)

8



which we now prove, using (3.1), (3.2), and (3.3).

ﬁO(/y)\(s’ 9’ Oé))

/80(9) X ”)‘_MH X “0(379704) ”

‘Y)‘(S,H,a) — Y“(s,@,a)‘ <

1+ < p,0'(s,0,0) > | x 8o (v (5,0, @) — Bo(7* (5,0, )

Bo(0)
)\379704 —0 X sup .60 6/
< A gl xp(0) x |14 (300 = 01X Sl 2o 0.0 1509
Bo(0)
+§ % |/7)\(87 97 Oé) - 7”(87070[” X Suph“(s,e,a)q’\(s,(),a)} |ﬁ6(¢)|
2 Bo(0)

(we have used the fact that p < 1/2, which is obvious from (3.3)). But for all A, u, it is easily
checked that

sup Bo(e)l < sup 186()| < kor/(10] = n(0))"* < 27 Lrko/10]
(5,0, 7% (s.6,0)] 161=n(6), 6l-+n(6)]

since n(6) < |0]/2. We finally obtain

Y2(s,0,0) = Y¥(5,0,0)| < || A= pll xp(6) x [1+72"0(0)/16]]

3 ‘s
+5r2 A = || xn(6)/10]
r+1 (9)
< TA=pll > |p(0) + 72 I (p(0) +3/2)
< [FPA=pll x€(0) (3.11)
and (3.10) is proved.
We also consider the following martingale
t rl pm ~
M} = / / / (YA(s,6,a) — 1)Ny(dfdads) (3.12)
0 JO J—7
and its Doléans-Dade exponential (see Jacod, Shiryaev, [14])
G =& =M T (1+AM) e 2 (3.13)

0<s<t

Since [Y* — 1] < € < 1/2, it is clear that G* is always strictly positive on [0,7]. We now set
P* = G..P. Using equation (3.8), and the Girsanov Theorem for random measures (see Jacod,
Shiryaev, [14], p 157) one can show that P* o (S*)~! = P, i.e. that the law of (Vp, Ng', N1)
under P is the same as the one of (Vg, Ny, N1) under P.

Finally, it is quite easy, by using the explicit expression (3.13) of G*, to check the following
lemma.



Lemma 3.2 Let v be a perturbation, and G* the associated exponential martingale. Then for
allt >0, all w € Q, the map X\ — G} (w) is continuous on B(0,1).

We now give the criterion of strict positivity we will use.

Theorem 3.3 Let X be a IR*-valued random variable on Q, and let Xy € R%. Assume that
there exists a sequence v, of perturbations such that, if X™(\) = X oS\, then for all n, the map

A X7(A) (3.14)

is a.s. twice differentiable on B(0,1). Assume that there exist ¢ > 0, 6 > 0, and k < 0o, such
that for all v > 0,
lim P (A"(r)) >0 (3.15)

n—oo

where

A"(r) = {H X = Xo<r,

0
foro]
(3.16)

Then there exists a continuous function 0x,(.) : R* — Ry, such that 0x,(Xo) > 0, and such
that for all ¢ € C;(]R2),

0
det —X"O}zc, su
X A1 25 l

’(%X"()\)H +

E0(X) = [ ow)x,(0)dy (3.17)

In order to prove this criterion, it suffices to copy the proof of Theorem 3.3 in [10] or Theorem
2.3 in [9]. Let us just recall the 2-dimensional version of the uniform local inverse Theorem used
in the proof, that can be found in Aida, Kusuoka, Stroock, [1] :

Lemma 3.4 Letc >0, § >0, and k < oo be fixed. Consider the following set :

G= {g DR IR /}detg'(O)} >c, Sup (o) I+ 11 g'@) | + 11 g"(2) I] < k} (3.18)
Then there exist o > 0 and R > 0 such that for every g € G, there exists a neighborhood Vg, of
0 contained in B(0, R) such that g is a diffeomorphism from Vy to B(g(0), a).

We finally state a useful remark, of which the proof can be found in [10], Remark 3.5.

Remark 3.5 Let X be a IR?*-valued random variable on Q. Assume that for every

Xo € supp Po X!, the assumptions of Theorem 3.3 are satisfied. Then the law of X is bounded
below by a measure admitting a strictly positive continuous density on IR% with respect to the
Lebesque measure on IR

From now on, T > 0 is fixed, and so is X, € R>.

In the next section, we will consider a fixed perturbation v,, and we will compute V;*(\) and
its derivatives for any ¢ € [0,7]. Section 5 is devoted to the explicit choice of the sequence v,, of
perturbations. In Section 6, we will first prove that for some 8 > 0, some § > 0, a.s.,

lim inf
n—oo

8 "
det 53 V1 (0)‘ = BLyve—xoll<a} (3.19)

10



Then we will check that for some constant K, for all n € IV, all A € B(0,1),

82

8)\2 VT (A)

HEVJ’«‘(A)H <K (3.20)

Finally, we will easily conclude.

4 Differentiability of the perturbed process.

In this section, we consider a fixed perturbation v,. We compute V/*(A\) = V; o S} and its
derivatives with respect to A\. The rigorous proof of the differentiability of similar processes can
be found in [8] or [9].

In order to compute V;*()), it suffices to replace each w by Sh(w), and to use the definition of
S

o = vt [ [ / " AG) (VL) ~ We ()N (dhdads)

/ / Ws—())dads (4.1)

/ / / A(ya(s,0,)) = A(0)) (Vi(X) = Wy () No(d0dads)

We now introduce the following semi-martingale, with values in Mayo(IR) :

// / d@dads)—glt

4 / / / A((s.,6,)) — A(9)) No(dbdads) (4.2)
where [ is the unit 2 x 2 matrix. Differentiating (4.1), we obtain
/ dK7 (A —V" (A

+/ / / A (5,0,0)) (VI () = Wi ()0 (s, 0, 0) No(dbdads) (4.3)

ar ay 3 L
Weahave used thae notation (b) (z y)= (bx by) The 2 x 2 matrix o Vi V" (A) is given by
(a0 g vm).

We thus see that ﬁVt"()\) satisfies a linear S.D.E. We thus are able to compute its explicit

expression, which we now do.
First consider the Doléans-Dade exponential £(K™())) defined as the solution of :

ECRM O =T+ [ K" (). E(K" () (4.4)

11



Since I +AK? () is always invertible (use the explicit expression of A(f)), we know from Jacod,
[13], that E(K™(X)) is always a.s. for all t € [0, T].
Using the main result of Jacod, [13], we deduce that

B = e ® O[] [ [ S QR AR (6.0.)

(VI (N) — W () vl (5,0, @) No(dOdads)

= S (V) /Ot /01 e (14 4G5 0.00) A ()s.0.0)

(VI (\) — We_()) vl (5,6, a) No(dfdads) (4.5)

The last equality comes from the fact that Ny and N; are independent, thus they never jump
at the same time (a.s.), and hence I + AK['()) is taken in account in the integral against Ny
only when the jump AK? () comes from Np.

Exactly in the same way, one can compute the second derivative :

aa—;v;"(x) - /// EE" W) (1 +ARA(s.0.0)))

<[4 G, 0. ) (4.6)
F A (YN (5,0, 0)) (VI (N) — We_ ()l (s, 0, a)} vX (5,0, ) No(dfdads)

O iy o 0 _, o 0
Here, ﬁ% (M) is given by <3—)\xﬁ% (N 8)\ B\

a b _(ax bxr ay by
<c d) (e y)= (caz dr cy dy>'
We will frequently use the following lemma. Recall that if M is a 2 x 2 matrix, then || M ||,,=
supjxj=1 || MX |-

—V" ()\)>, and we have used the notation

Lemma 4.1 For all 0 < s <,
| EE™N))E (K™ (V)2 [lop< 1 (4.7)
To prove this Lemma, we first solve the Doléans-Dade equation in a very simple case.

Lemma 4.2 Let U be a M2><2(R)-'U(llued process that can be written as the finite sum of its
gumps : for some 0 <Ty < ...<Tp <T,

k
U= AUrl{r<y (4.8)

i=1

12



Then

k
=TI (1+AURLn<y) (4.9)
i=1
where TIF_ A; = A Ap_1... Ay
Proof : it is immediate. Since
k
(“:(U)t =1+ Z 1{Ti§t}AUTi-g(U)Ti— (4.10)
i=1

it suffices to work recursively on the time intervals [T}, T;+1[. o

Proof of Lemma 4.1 : let us denote by N¢, N§, and Ni the restrictions to [0,77] x [0,1] x

{[=m,7]/[—¢€, €]} of N, Ny, and N;. We also set b¢ = (1 —cosf)B3(0)do. We denote
{l=m.]/[—eel}
by K“(\) the semi-martingale given by (4.2) with N¢, N§, and b¢ instead of N, Ny, and b. A

standard computation shows that

E ( sup | E(K™ (X)), — E(K" (W) H2> S — (4.11)

t€[0,T]

Furthermore, splitting N¢(dfdads) into N¢(dfdads) — Lgj0/efe,x}3(0)dOdads, one can check that

_ /0 t /0 1 /_ ZA(%’)(S,H,a))NS(deads) 4 /0 t /0 1 /_ 7; AO)NS(dfdads)  (4.12)

Thus K;"()\) satisfies the assumptions of Lemma 4.2. Thus, if 0 < 77 < ... < T} denote the
successive times of its jumps, we know that

k
E(K™ (V) = [T (T+ AKF (MN1r<) (4.13)

=1

Hence, if 0 < s < t,
k
E(E™(N)E(K™<( ]‘[ (I+AKE N 1aer,<) (4.14)

But every jump of K™¢(\) can be written as A(¢), for some ¢ € [—7,w]. One easily checks that
for all ¢, || I + A(¢) |lop< 1. Thus it is clear that for all e > 0, all 0 < s <*¢,

| EE™N)E(K™(N)52 llop< 1 (4.15)
From (4.11), we deduce that there exists a sequence ¢, decreasing to 0 such that a.s.,

sup || E(K™*(A))r = E(K™ (M)t [[——k—00 0 (4.16)
t€[0,T
One easily concludes : a.s., E(K™%())); goes to E(K™(X)); for all t € [0,T]. Thus a.s., for all
0<s <t E(K™*(N); and E(K™*(A)5! go to E(K™(N)); and E(K™(N));2 respectlvely, and
hence (K™% (X)) E(K™*(A\)52 go to E(K™(N):E(K™(M\):t. o

S—
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5 Choice of the sequence of perturbations.

Our aim is now to choose a sequence of perturbations such that (3.19) and (3.20) are satisfied.
An easy computation, using (4.3), shows that

aE?A V2 (0) = / / / )2 Jn(s, 0, @) No(dOdads) (5.1)

where K = K™(0), which obviously does not depend on n, see (4.2) and (3.4), and where the
2 x 2 matrix J,(s, 0, «) is given by

vi(s,0,0) (VL — WY (a)) vl(s,0,0) [ (VL — WY (a))
+HFO)VE = W (a))] +FO)VE = WE(a)]
(5.2)
vi(s,0,0) = (VZ = W (a)) vl(s,0,0)] = (V2 = W (a))
HFO)VE = W (a))] +FO) VL = W (a))]

where f(8) = (1 + cosf)"'sin#. The main idea for choosing v, is the following : first, we will
get 1id of the random terms £(K)z and €(K),!, by using a localization procedure at T', and by
using the a.s. continuity of £(K) at 7. Then we will compute the determinant of ({%Vr}‘ (0) in

the most natural way : we will write it as ad — be. Then we will choose v;: and v¥ in such a way
that ad is large but bc is small.

Let us now define rigorously our perturbation. First, we recall the following Lemma, that can
be found in [9]. This lemma uses the fact that in (SP)-2, r > 2, i.e. that [ |0|5(6)df = oo

Lemma 5.1 Assume (SP)-1,2. One can build a sequence ¢,, of positive, even, C* functions on
[—60, 0] such that ¢n,(—6y) = ¢dn(6) = 0, such that ¢, (0) < k|| A (1/2) for some k < 1/2, such
that if

Pn(0)

0]

then &, € LY(Bo(0)d9) and &, < 1/2, and such that there exists a sequence a,, decreasing to 0
when n tends to infinity, and satisfying

€n(0) = |¢,(0)] + 1277

(5.3)

)
an [ 6u(0)B0(0)d8 — o (5.4)

—6
i [ 106,(0)0(0)0 — 0 (55)
Then we prove a Lemma which uses assumption (SP)-3. For some 0 < € <7 < k < 00, we set
H: ={a€0,1] /|WI(a)—X{| <e, n<|WL(a)—X{| <k} (5.6)
HY={ae0,1] /|WL(a)—X{|<e n<|WI(a)— X<k} (5.7)
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Lemma 5.2 Assume (SP), and recall that Xy € IR? is fized. There exist ¢ >0,0<e<n<k
such that for all s € [T'/2,T],

Po(HY) Z2q i Pa(Hi) =4 (5.8)

Proof : first we consider the constants 0 < e < 7 associated with X by assumption (SP)-3. It
is clearly possible to choose k < oo large enough, in such a way that

Pa(HE) >0 5 Pa(HY) >0 (5.9)
It is thus clear from Lemma 1.6 that for all s € [0,77],
P,(HY) >0 ; Py,(HY) >0 (5.10)

On the other hand, the map t — L(V;) = L,(W}) is weakly continuous, since V satisfies a quite
simple S.D.E. We also know from Theorem 1.4 that for all ¢ > 0 (and thus for all ¢t € [T'/2,T7),
L(V;) is absolutely continuous with respect to the Lebesgue measure on R?. Since HZ (resp.
HY) can be written as {Ws_ € O%} (resp. {Ws_ € OY}) for some open subset O% (resp. OY) of
IR?, we deduce that the maps s — P, (H%) and s — P, (HY) are continuous. Since continuous
functions which never vanish on a compact interval are bounded below by a strictly positive
constant ¢ > 0, one easily concludes. o

We now are able to define our perturbation. First consider the processes on [T — a,,T] (recall
that a,, and ¢, were defined in Lemma 5.1) :

Zme = /; /0 1 / " L3z ()60 (8) No (d8dardss) (5.11)
Zm — /Tt /0 1 / " 10 (0) 60 (0) No(dbdads) (5.12)
We fix ¢ > 0 (which will be chosen later), and we set
T8 =inf{t >T —a, | Z"" > c} (5.13)
T =inf{t>T—a, | Z"Y > c} (5.14)

We now denote by sg(x) the sign of z. The constant ¢ > 0 will be chosen later. We set
Un (8,0, 0) = 1, —xo )| <o} LT —an,m2a) (8) 1z () sg(VL — W (a)) b (6) (5.15)

(8,0, @) = =1 —xoll <6} r—an,meat) (8) 1 () s9(ViZ = Wi (@) (6) (5.16)

For each n, vy, is a perturbation (see Definition 3.1), since it is predictable, and since it satisfies
(3.1), (3.2), and (3.3) thanks to Lemma 5.1.

The following lemma is the key of the proof.
Lemma 5.3 The following convergence holds

lim P(T* <T; TV <T)=1 (5.17)
n—oo
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Proof : let us just check the convergence for T7.

P(TZ<T) = P(Z}" >c)

> 1—¢€°F (e_Z;’z)
> 1—¢Cexp {— /TT_ / x /_W (1- @) ﬁo(e)dedads}
> 1—ecexp {—an X q X %/j ¢n(0)ﬁ0(9)d9} (5.18)

which goes to 1 thanks to equation (5.4). We have used Lemma 5.2 and the fact that since ¢,
is smaller than 1/2, 1 —e™%" > ¢,,/2. 0

6 Conclusion.

We are now able to prove Theorem 1.5. We begin with the following proposition :

Proposition 6.1 Recall that Xo € R? is fized. There exist some constants § > 0, 3 > 0 such
that a.s.,

lim inf
n—oo

9 n
det 5VT (0)‘ > BV —Xol|<8} (6.1)

First recall that

T T
%Vz’?(()) =5(K)T/0 /01 /_WS(K);_l (I+A@0)~ A (0)

(Ve — Wi_ () vT(s,0, a)No(dOdads) (6.2)
where K; = K7*(0). First, we get rid of the random terms £(K)r and &(K) .

Lemma 6.2 Consider

T 1 T
D — / / / (T 4+ A0)" A" (0) (Vi — W,_(a) 0T (s, 0, a) Ny (dbdads) (6.3)
0 0 -
Then a.s.,
lim inf |det %V{?(O)‘ — lim nf |det D] (6.4)

Proof : we just have to check that a.s., when n goes to infinity,

0 (6.5)

a n n
HﬁVT (0) = Dy
First, it is clear that || A’(6) ||[< K. From (5.6), (5.7), and (5.15), (5.16), we deduce that

W Vs I + | We— (@) ] [ on(s, 8, 0) [[< [2 ]| Xo || +0 + K] || va(s, 6, @) || (6.6)
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Thus

IN

9 n
HaVT(O) — Dy

K sup || E(EK)rE(K)L -1
[T—an,T]

T 1
[ s, 6,00 08,0, )] No(dbdads)
T—an JO -7

< K sup | EK)rEK): I”X{Z;rx Z;Ly}
(T—an,T] !

< K(2e+1) sup || E(K)rE(K)— 1| (6.7)
[T—an,T)

thanks to the definitions of v,, Z", and T;,. This term goes to 0, because the map ¢t — E(K); is
a.s. continuous at 7. o

Proof of Proposition 6.1 : thanks to the previous lemma, it suffices to check the proposition

0
with D7 instead of —

o V1 (0). First notice that

/ / / (s,0,a)Ny(dfdads) (6.8)

where J,, was defined by (5.2). Computing the determinant in the most simple way, we write it
of the form

1
det Df = 5 x [H™ H* — Hy™ Hp " (6.9)
We want to prove that H7™*" and Hp»% are large, and that Hp™Y and H?Y" are small.
T rl1 p7m
First, we prove a lowerbound for Hp»"" = / / / JE%(s,0,a)No(dfdads). First, we deduce
0 0 J—m
from (5.6) and (5.15) that
Jnt(s,0,a) > (VL =Wl (a)] = [fOIVE - W(a)])
X1z () 1)y, _ — x| <6 LT —an, A1) (8)Pn(0)
> ((n—=208) = [f(O)(e+9)) Iz () )y, —x0||<s L [T—an,rrT2)(8)Pn(6) (6.10)

sin 0 <‘ 0
14+ cos@| — |1+ cosby

Furthermore, |f(6)| < ' < K|6|. We thus obtain

TATY
1 = =0 [ [t s s (@)600)No(dbdads)

_K (e +6) /T T_ /0 1 /_ 7;\6]¢n(9)N0(d0dads)

> (n=0) inf L. —xol<s % Zriry
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TATE 1 pr
K /0 /_ 1612 (6) No(dbdads) (6.11)

T—an

Thanks to (5.5), the second term clearly goes to 0 a.s. On the other hand, we know from Lemma
5.3 that
linnl&f Z;’/fT% >c (6.12)

Since V' is a.s. continuous at T', we deduce that infir_q, 77 1{jv,_ —xo|<s} €0€s to 1|y —x|<6}-
This way, we obtain a.s.,

lim inf H;,xw > (’I’} - 5) X c X 1{||VT—X0||<5} (6.13)

The same lowerbound holds for liminf,,_,., H7%Y.

T rl1 pm

We now compute Hp* = / / / JY(s,0,a)No(dfdads). Thanks to the definition of v
0 JO J—m

and H?,

Jl(s,0,a) < ((e+6) +|f(O)(k+0)) Iz () v, —xo)| <61 [T—anTrTe](5)Pn(0) (6.14)
Hence,

H;@y < sup 1{||V57—X0||<6} X (E + 5)2;’/@—‘%
[T—an,T)

T 1,
VK / / / 1016(6) No(dbdads) (6.15)
T—an JO J—m
The second term goes to 0 a.s., thanks to (5.5). The definitions of Z™* and T)¥, and the fact
that ¢, < 1/2 yield that Z;’/ng < ¢+ 1/2. Finally, using the a.s. continuity of V at T, we
deduce that a.s.,
limsup [H7™| < (e + 8)(¢ + 1/2) vy - xo)1<5) (6.16)

The same upperbound holds for limsup,,_, ., |H7"|.

We finally deduce from (6.9) that
lim inf | det DF| > [c2(5 — 8) = (c + 1/2)*(e + )] Tvp—xofi<s) (6.17)

Thus Proposition 6.1 will be proved if we exhibit § > 0 and ¢ > 0 such that ¢(n — §) >
(c+1/2)(e+6). Since 0 < € < n, this is clearly possible : choose
5— n—€e N+ 2e

3 b7 n—e

(6.18)

The first part of our criterion is satisfied. o

We still have to check the following result.
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Proposition 6.3 There exists a constant K < oo such that for all n,

P <||il||ll<)1 {H%VT”()\)H + ;;VT H} < K) =1 (6.19)

Proof : first, we prove a Lipschitz property (in A) for V(). Setting U;* (A, u) = V;*(A) = V" (),

rOu) = [ ARV O (6.20)

S G a)) ~ A(4(s.0.0)] [V (1) = Wi ()] No(dfdads)

Thus, using again the result of Jacod,

13
vrowe) = e [ [ / E( ;! (1+ A (s,0,00))
A (%2 (s,0,0)) = A(vi(5,0,0))] [VI (1) = Wi (a)] No(dbdads) (6.21)

-1
But, since |y, (s,0,a)| < 6y < 7, it is clear that || (I—i— A(’yé(s,@,a))) ||< K. Furthermore,
one easily checks that

|4 (3 (5.0.0)) = A (.6, 0))|| S K[| A= p ]| < | vas.6.0) | (6.22)

Using also Lemma 4.1, we deduce that

froum < K IA=nl [ [ [T IV 1+ 1 W@ ] 1 vt 6,0 | Nofdddads)

(6.23)
In particular, if 4 =0,
IV ) 1<l Ve Il +KY (6.24)
where
T rl rm
vo= [ Ve 1 1 W) 1% D eu(s.0.0) || No(dbdads)
< 21 Xo || +5+k x (255 + Z7)
< 2| Xo || 46+ x (2c+1) <K (6.25)

We have used the definitions of v,, Z,, T,,, and H.

Let us now turn to the first derivative. We use expression (4.5). Using the same arguments as
above, and inequalities (6.24) and (6.25),

H(%vt" H = K/ // M VEZ) [+ 1l Ws—(a) [I) | va(s, 0, a) || No(dfdads)
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IN

T r1 T
K[ 0V 147+ 1 Wet@) 1) 1 vl 0,) | No(dbdads)

< K x (z35+27)

< K (6.26)

Exactly in the same way, one can check that for some constant K, for all A, ¢, n,

|22 < x o
We thus have proved the Proposition (6.3). o

We are now able to conclude.

Proof of Theorem 1.5 :

We have fixed X, € IR?, and we have found a sequence of perturbations such that, for some
6>0,0>0 K < oo,

o J
a.s., liminf |det ﬁVT (0)’ > Bl{vp—xo)<5} (6.28)

n—~0o0

82
Zuoffex)r e

82
e = 5)

> P (|| Vr = Xo |7 A6 (6.30)

VneIN*, P/ sup HEVJ@(A)H
A<t (119

from which we easily deduce, for all » > 0,

limnian <H Vr — Xo ||<r;

; ‘ H ; H
det —V7(0)| > B/2; su —ViM)||+

It is thus clear that every Xy in the support of £(Vr) satisfies the assumptions of Theorem 3.3.
Applying Remark 3.5 drives immediately to the conclusion. o
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