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Abstract

The regularity of the scaling profiles 1 to Smoluchowski’s coagulation equation is studied
when the coagulation kernel K is given by K (z,y) = 2* + y* with A € (0,1). More precisely,
1 is Cl-smooth on (0,00) and decays exponentially fast for large x. Furthermore, the singular
behaviour of ¥ (x) as x — 0 is identified, thus giving a rigorous proof of physical conjectures.
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1 Introduction

We investigate the small and large mass behaviour and the regularity of the scaling profile of
mass-conserving self-similar solutions to the Smoluchowski coagulation equation [8, 18]

Oe(t,x) = Le(c(t, ) (z), (t,x) € (0,00) x (0,00), (1.1)

where the coagulation reaction term L. is defined by

L@)@) =5 [ Ko=) o) o =) dy—cla) [ Kww)etw)dy  (12)

for x € (0,00). Recall that the Smoluchowski coagulation equation (1.1) is a mean-field model
describing the growth of particles by successive binary mergers and ¢(¢,x) denotes the density of
particles of mass z € (0,00) at time ¢t > 0. The coagulation kernel K (z,y) models the likelihood
that two particles with respective masses = and y merge into a single one (with mass x + y) and is
a symmetric and nonnegative function on (0, 00) x (0, c0).

When K is homogeneous of degree A € (—o0, 1) (that is, K (ax, ay) = a* K(x,y)), the dynamical
scaling hypothesis conjectured by physicists predicts that solutions to (1.1) behave in a self-similar
way for large times, i.e.

c(t,x) ~cs(t,z) = s(t) 2 1 (xs(t)_l) as t— 0o, (1.3)
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where cg is a self-similar solution to (1.1), see [7, 15] and the references therein. While the validity
of (1.3) is still an open problem (except for the constant kernel K = 1 and the additive kernel
K(z,y) =z + vy, see [1, 2, 4, 12, 16, 17]), a first step in that direction was recently achieved in
[9, 11] where the existence of self-similar solutions cg to (1.1) as described in (1.3) was proved for
a large class of homogeneous coagulation kernels.

Nevertheless, for the so-called “sum” kernel K given by
K(z,y) =2 +y*, (z,9) € (0,00, (1.4)

for some A € (0,1), the integrability properties of the scaling profile ¢ for small mass obtained in
[9, 11] are weaker than that predicted by physicists [7, 15] and one purpose of this work is to fill
this gap. More precisely, the scaling profile ¢ of the self-similar solution to (1.1) constructed in
[9, 11] is such that ) € L'(0,00;2° dz) for each o > A. In this paper, we extend this property to
o > 7—1 where 7 < 1+ X is given by (1.8) below. We actually prove that ¢)(z) ~ Lo 27" as z — 0
for some Ly > 0, which is exactly the small mass behaviour for v expected from previous formal
computations [7, 15].

The second aim of this paper is to improve the large mass estimates on v obtained so far. More
precisely, we prove that ¢ (z) < C e~ 9% for some C' > 0 and ¢ > 0 but also that ¢ cannot decay faster
than any exponential. These two facts perfectly agree with the conjecture that (z) ~ A 27 ¢79®
as x — oo for some constants A > 0 and § > 0 [7, 15], which we have been yet unable to prove.

Finally, as a by-product of the analysis of the behaviour of ¢ for large and small masses, we
also study the smoothness of the scaling profile ¢ on (0, c0).

Let us now state precisely our results and first recall the definition of a scaling profile to (1.1).

Definition 1.1 Consider the coagulation kernel K defined by (1.4) for some A € (0,1), and set
v :=1/(1—X). A scaling profile to (1.1) is a strictly positive function ¢ € L*(0,00;zdz) such that

/ xp(x) de =1, €LY 0,00;27dx) for each o>\, (1.5)
0

> 2 / = > oof]: X X — X X X
y /0 22(0) (@)da = /0 /0 Kz, 9)[6(x + ) — o(@)p(@)()dyd (1.6)

for any ¢ € C}([0,00)), and

Z2 Z) = ’ - x TYPY\T Xz or a.e. Zz o0 .
20 = [ [ K@yevaedss € (0,%0) (1.7

the right-hand side of (1.7) being finite for almost every z € (0,00).

For the coagulation kernel (1.4), the existence of a scaling profile ¢ to (1.1) in the sense of
Definition 1.1 follows from [11], see also [9]. It is also shown in these papers that, if ¢ is a
scaling profile to (1.1) in the sense of Definition 1.1, the function cg(t,z) = t=27¢(xt™7), (t,z) €
(0,00) x (0,00) solves (1.1) in a weak sense and is thus a self-similar solution to (1.1). Let us also
mention at this point that the choice of the constant v on the left-hand side of (1.7) and of the
value 1 for the first moment of 3 is only made for convenience. Indeed, if v is a scaling profile to



(1.1) in the sense of Definition 1.1, the function 1, (x) := a 1(bx) is also a scaling profile to (1.1)
with ayb~(+Y) instead of v on the left-hand side of (1.7) and with a first moment equal to ab=2.

We will prove here the following properties of scaling profiles.

Theorem 1.2 Let ¢ be a scaling profile to (1.1) in the sense of Definition 1.1 for the coagulation
kernel (1.4). Then ¢ € C1((0,00)) and, setting

1 [e.e]
TiI=2—= / 2 (z) dx, (1.8)
7 Jo
we have 7 € (1,min {3/2,1 + A}) and there exists Ly > 0 such that
lir% 2"Pp(z) = Lyg. (1.9)

Moreover, for any o < 27772471 there ewists a constant Cy(0) such that

¥(2)

Finally there exists 01 > 0 such that

IN

Co(o) €79 for ze€[l,00). (1.10)

/ P(z) e dz = o0, (1.11)
1
so that (1.10) cannot hold true for any o > 0.

As already mentioned, the behaviour (1.9) of ¢ for small masses has been obtained by formal
arguments in the physical literature [7, 15] and we herein provide a rigorous proof of this fact. From
a physical point of view, it seems to be quite important that the exponent 7 is not determined «a
priori but implicitly defined, which contrasts markedly with other kernels (such as the so-called
“product” kernel K (z,y) = (zy)*?, X € (0,1), for which it is conjectured that 7 =1+ X [7, 15]).
Notice also that, if (1.3) holds true, we have c(t,x)/c(t,1) ~ =7 for fixed x at large times and the
exponent 7 thus describes the z-dependence of the solutions ¢ to (1.1) for x < t7. In fact, some
analytical upper and lower bounds for 7 are available [3, 5, 6] and numerical simulations have been
performed which allow to compute approximate values of 7 3, 10, 13, 14]. In this direction, we give
a rigorous proof of the fact that 7 < 1+ X\ and also show that 7 > 1 for each A € (0,1). Seemingly,
the latter bound was only known for A in a neighbourhood of 1 [5].

It is also conjectured in [7, 15] that, for large z, ¥(z) ~ Az"*e™%% for some constants A > 0
and 6 > 0. We only prove the weaker assertions (1.10) and (1.11) but point out that they agree
with this conjecture.

We finally mention that the arguments developed below are specific for the analysis of the small
mass behaviour of the scaling profile for the sum kernel (1.4). In particular, it seems likely that
the study of the scaling profile associated to the “product” kernel K(z,y) = (zy)2, X € (0,1),
requires completely different computations.

As already observed in [7, Eq. (4.30c)], it is possible to combine (1.7) and (1.9) to obtain the
second term of the expansion of ¢ as z — 0.



Corollary 1.3 Let ¢ be a scaling profile to (1.1) in the sense of Definition 1.1 for the coagulation
kernel (1.4). Recalling that T is defined by (1.8) and introducing

JILE (A+2-27) 3+X—27)
(r—DA+Ax=7)2

1
J ::/ AT (1 —2)T de and Ly =
0

we have
w(z) — LO 5T —|—L1 Zl+)\—2'r +o <21+)\—27> as 2 — 0. (112)

Observe that J is indeed finite by the bounds on 7 obtained in Theorem 1.2 and that the sign
of Ly depends on whether 7 is above or below 1 + (A/2). According to [5, Table 1], the latter is
certainly true for A € (0,0.366) so that L; > 0 in that case. For other values of A, a negative or
vanishing value of L cannot a priori be excluded.

As a final comment, let us mention that one might hope that the qualitative information ob-
tained in Theorem 1.2 could be a small step towards a proof of the uniqueness of the scaling profile
1 and thus towards the proof of (1.3), but this does not seem obvious.

The remainder of the paper is devoted to the proof of Theorem 1.2 and Corollary 1.3. We
start with some useful moment estimates in Section 2 where we prove that 7 < 1 + A and that
Y € LY(0,00;2%dz) for o € (7 — 1,)). These moment estimates then allow us to prove (1.9) in
Section 3. At this point, arguing by contradiction enables us to exclude that 7 = 1. We next prove
(1.10) in Section 4: the first step here is that ) has some finite exponential moments. Gathering
these information, the C'-smoothness of 1) is shown in Section 5.

From now on, 1 is a scaling profile to (1.1) in the sense of Definition 1.1 for the coagulation
kernel (1.4). For 0 € R and z € (0,00), we put

M, ::/0 z? Y(z) do € (0,00] and My(z) ::/0 7 P(z) dz € (0,00] .

2 Moment estimates

In this section, we show that we can extend the range of o for which 1 € L'(0, 00;2%dz). More
precisely, we have the following result:

Proposition 2.1 We have 7 < 1+ X and 1 € L'(0,00;27dx) for each o € (T — 1, ).
The fact that 7 < 1+ A follows from the following lower bound for M.
Lemma 2.2 There holds My > 27

Proof. We take ¢(z) = >~ ! in (1.6) and obtain, thanks to the symmetry of K,
M, = /0 | K@y [ —a @+ 0] o) vi) dyo
1 o o
=5 | [ Kew [t - @] vt o) dds.



To justify rigorously this equality, consider a sequence of functions ¢. € C([0,00)) such that
¢e(x) = 22! for z > € and write (1.6) with ¢.. Since M, < oo for ¢ > A by (1.5), we may let
€ — 0 and obtain the claimed identity. Recalling that

A
_ x

2 4 < 2! A(x+y)A and $A+y/\_(x+y)A§(9§+¢)y)A (2.1)

(see Appendix A), we further obtain
1 00 00 M2
Mo [ @ o) v dyde < 53
o Jo

and the finiteness of M) implies the claim. O

Proof of Proposition 2.1. We first check that Lemma 2.2 warrants that 7 < 1 4+ A. Indeed, by
Lemma 2.2 and the definitions of 7 and v, we have

I+ A—7=1-N(My—-1)>(1-XN(2"-1)>0.

We next fix o € (7 — 1,\) and introduce the following approximation of z°~!. For ¢ € (0, 1),
we define . € CL([0,00)) by

o1 if x€le00),
Pe () ==
2-0)e"l—(1-0)e" 22 if z€][0¢.
Then
(c—1)2°72 if =€l 00),
pl(z) =
(c—1)e°=2 if xe[0,¢,

and . is a non-negative and non-increasing function such that

(1—-0) pe(x), x€]0,00), (2.2)
1z e0,00).

z |l ()|

<
pe(z) <

Since ¢, € C4([0,00)) and is non-increasing, we may take ¢ = ¢. in (1.6) and obtain
L[ e K foele) = el + ) wie) v0) dyda =5 [ a? feli@)] o(a) de.

Since ¢. is non-increasing and K (z,y) > 3, we have

K(x,y) [pe(x) = pe(z + )] > v [0e(@) — el + )] -

Thanks to this lower bound and (2.2), we obtain

/ h / T2 (@) — el + )] V(o) D) dyde < (1— o) J "2 pele) ¥la) de,
0 0 0



whence
My — (1 - 0) 4] /Ooom pel2) V() da < /OOO /Ooox P oz +y) B(x) Bly) dydz.

Since o < A < 1, we may use once more the monotonicity of . and the fact that o.(z) = 2! for
z > € to deduce that, for § € (0,1),

My — (1 - 0) 1/°°wa<>w<x>d

< / /xy o (z) Y(x) ¥ dyder/ / zy* (v +y)7 () P(y) dyde
< @ [Trew @ ar [T [T o ) v) e
< MA<>/°°W dw+// 2 4 9(x) Y(y) dyda

T / / L p(a) vly) dyda
o 2
< (MA(5)+MA(5))/O T pe(x) P(z) do + 5];40-

Recalling the definition (1.8) of 7, we have thus shown that, for 6 € (0,1) and ¢ € (0,6), there

holds
2

(o= (= 1) =200 [ elo) o) e < 52

Since ¢ > 7 — 1 and ¢ € LY(0,00;2*dz) by (1.5), there exists 9 > 0 such that 4 M, (5y) <
v (0 — (1 = 1)). Therefore, for € € (0,dp), it follows from the above inequality that

o— (17— o 2
T [T ) yio) < 5

In particular,
o 265 M3
e v (0= (r—1))
for e € (0,9p). The Fatou lemma then allows us to complete the proof of Proposition 2.1. O

We next give some lower and upper bounds for 7 which will be helpful to investigate the
short and large x behaviour of . These bounds have already been observed in the physical
literature [3, 5, 6, 7] with more or less rigorous arguments. We provide a proof below for the sake
of completeness.

Proposition 2.3 There holds T € [1,3/2).

Proof. We first establish the lower bound 7 > 1. Indeed, assume for contradiction that 7 < 1.
Then ¢ € L'(0,00) by Proposition 2.1 and we can take ¢(z) = 1/z in (1.6) (consider as before a



sequence of functions ¢. € C}([0,00)) such that ¢.(z) = z7! for & > ¢, write (1.6) with ¢. and
pass to the limit as € — 0 using the facts that My < co and M) < oo by (1.5)). We thus obtain

vy My = —v /OOO 22 (2)d (z)da
= /000 /O‘X’ x(x)‘ + y>\) (p(z) — p(z +y)) ¥(x)v(y)dydx
= e 2 ML (e .
B /0 /0 (@ + ) v @) (y)dyd
= %/0 /0 (x)‘ + yk)w(x)w(y)dydw = MoM,,

whence M) =« since M) is assumed to be finite. Recalling the definition (1.8) of 7, we would have
7 =1 and a contradiction.

We next turn to the upper bound and follow [5, 6]. If A € (0,1/2], the inequality 7 < 1+ A
obtained in Proposition 2.1 implies that 7 < 3/2. If A € (1/2,1), the proof relies on the inequality

4 )? 2~y < (222 2) @), (@) € (0.00) x (0.00). (2.4
(see [6, Eq. (5.4)]), a proof of which is given in the Appendix. Since M3\ < oo by (1.5), we may

take ¢(x) = 2271, 2 € (0,00), in (1.6) (consider as before an approximating sequence of functions
¢- € C1([0,00))) and use (2.4) to obtain

v @A-1) My = L / h /OOK@,y) (@ +9) oz +y) — o 6() —y 6] V() V(y) dyds
< 22A 1 / / z +y (zy)* ¥(x) Y(y) dydw
< <22A —2) Moy My,

whence, since Ms) < oo,

Now, as x —— 2% is strictly convex, x —— (2% — 2

) /(x — 1) is an increasing function. Therefore,
since A € (1/2,1), we have 2\ < 2 and thus (2%} — 2)

/(2A — 1) < 2, whence 7 < 3/2. O

3 Small mass behaviour
We now identify the behaviour of ¢)(z) as z — 0.
Proposition 3.1 There exists Lo € (0,00) such that

lim 2" ¢(z) = Ly . (3.1)

z—0



The proof of Proposition 3.1 splits in several steps: we first study the behaviour of
z
H(z) ::/ x Y(z) dx (3.2)
0

as z — 0 and show that 27~2 H(z) has a non-negative limit £ € [0,00) as z — 0. This part of the
proof relies on the fact that (1.7) can also be written

v (2 H'(z) + (1 —2) H(z)) = A(z) — B(2), z¢€(0,00), (3.3)
where
A(z) = /02 oA Y(z) Uz —x) de, z€ (0,00), (3.4)
Be) = [av@) [0 v dude, e 0.0, (35)
and -
U(z) ::/ Y(z) de, z€(0,00). (3.6)

In a second step, we study the integrability properties of x — x 1(z) and ¥ and then deduce that
z +— 27 1(z) belongs to L*°(0,1). The final step is devoted to the proof that ¢ > 0.

Lemma 3.2 There exist C; >0 and ¢ € [0,00) such that

H(z) <Cy 2>, z¢€(0,00), (3.7)
lirrb T2 H(z)=4(. (3.8)

Proof. We first notice that (1.7) also reads
v 22 (2) = A(z) + My H(z) — B(z), (3.9)

whence (3.3) by the definition (1.8) of 7. Next, since 7 € [1,1 + A) by Propositions 2.1 and
2.3, we may fix 0 € (7 —1,(1 —1+ X)/2) and recall that M, < oo by Proposition 2.1. Since
1—0>X—0 >0, we have

BG) = [ [0y 0 e v(y) dyde < M2 22
0 0

for z € (0,1). Since A > 0, we deduce from (3.3) and the previous upper bound on B that, for
z € (0,1),

d

Y e (ZT—2 H(z)) =7 LT3 (z H’(z) + (71— 2) H(Z)) > _MJ2 ZT+>‘_2U_2,

whence, since 7+ A — 20 — 2 > —1,

d

— <ZT_2 H(z) + >0 (3.10)

M2 z‘r+)\—2a—l
a
dz >

Yy TH+A—=20-1

8



On the one hand, we infer from (3.10) after integration over (z,1), z € (0,1), that

M2 1 M2 T+A—20—1
Mo > 22 H(z) + —2 —

H(1 _
(1)+ Yy T+A—20—-1"

vy T+A-20—-1"

Since H(1) < M; = 1, we conclude that there is C7 > 0 such that 272 H(z) < C for z € (0,1).
Now, if z > 1, the bound 7 < 1+ XA < 2 (see Proposition 2.1) ensures that 2”2 H(z) < H(z) <
M; =1, and we have thus proved (3.7).

On the other hand, it follows from (3.10) that there exists ¢ € [0, 00) such that

M2 STHA—20-1

li T2 H —Z —— | =/

zlgtl)<z (2) + ¥ T+)\—20—1>

Since 7 — 1+ A > 20, lim,_¢ 27"*~2°~1 = 0, from which (3.8) readily follows. O
We now proceed as in [11, Lemma 4.1] to study the integrability of x — z ¢ (z) and z — ¥(x).

Lemma 3.3 Consider o € (1 — 1,1]. Then z — x (z) and ¥ belong to L'/7(0,00) and there
exists Ca(o) > 0 such that
U(z) < Cq(o) 2779, z€(0,00). (3.11)

Proof. For o = 1, Lemma 3.3 follows at once from (1.5). Consider next o € (1 —1,1). We take
¥ € C§°((0,00)) and choose

o(x) = /Oxmy) v dy, €000,

in (1.6). Setting p = 1/0 and p’ = p/(p — 1), it follows from Proposition 2.1 and the Holder
inequality that

~

/OOO:E Y(x) ¥(zr) dx

/ooo /ooo o Kwy) /jﬂl 9(2) 27" dz d(a) Y(y) dyda

ol [ N / " K(o,) ( / R dz) " b@) vy dydo

xiP

00 00 1/p
<l [ [a&“ s vt (22) ]w@c) vly) dyda

< |l (14 @—177) My M,

IN

A duality argument then yields that x +— = ¥ (x) belongs to LP(0, c0).

We next notice that we have

U(z) =277 /OO 27 Y(x) de < 277 /OO 27 YP(x) de < My 27°



by Proposition 2.1, whence (3.11). Finally, we deduce from (3.11), Proposition 2.1 and the Fubini
theorem that

* inl/o > —o\ (/o)1 [
/0 U(z)"/7 dz < /0 (Ca(o) 27°) /Z Y(z) dedz
< Cg(a)(l/g)_l/o P(z) /0 271 dzdx
M

< Cofo) W/t 22

o
and the proof of Lemma 3.3 is complete. O
Lemma 3.4 There is a constant Cg such that

P(z)<Cs3 277, ze€(0,1). (3.12)

Proof. We infer from (1.5) and (3.7) that, for z € (0, c0),

/Ozx P(x) /OO v Y(y) dyde < My H(z) < C min{z*77,1}. (3.13)

Next recall that 7 — 1 < min{\,1/2} by Proposition 2.1 and Proposition 2.3. Hence o =
min {1/2,(A +7 —1)/2} > 7 — 1. Consequently, z — z ¢(z) and ¥ belong to LY?(0,00) by
Lemma 3.3. Since 1 — 20 > 0, the Holder inequality (with p =1/0, ¢ =1/0 and r = 1/(1 — 20))
yields

/ 2 () U(z —2) do < 2 </ [x w(x)]l/a da:) W] 10 21727 < C 21HA7%0

0 0

for z € (0,00). Owing to (3.13) and the above estimate, we deduce from (1.7) that, for z € (0, c0),
P(z) < C (z’\_l_z" +min {277, 2_2}> .

Since A — 1 — 20 > —, the above estimate implies that ¢)(z) < C 277 for z € (0, 1), whence (3.12).
(]

We next turn to the proof of the positivity of £. To this end, we first prove that M_, cannot
be finite for large values of o.

Lemma 3.5 If 0 € (—1,00) is such that vy (0 +1) > (14 (o +1)*) M,, then M_, = cc.

Proof. Assume for contradiction that M_, < oo and put ¢(z) = 2=+ for z € (0,00). Since
o > —1, we have

(Zs(x)?
(c+1)y z (12

¢(z) — ¢(z +y)
¢(z) — ¢(z +y)

for (z,y) € (0,00) x (0,00), from which we deduce that

2 (p(@) —dr+y) < 2 o) (¢(x) — bz + )
< (o+ D)7y (3.14)

<
<

10



and
zy* (p(z) =z +y)) <77y (3.15)

Since M_, and M) are both finite, (3.14) and (3.15) actually imply that we may take ¢ as a test
function in (1.6) (consider as before an approximating sequence of functions ¢. € C([0,00))).
Using (3.14) and (3.15), we further obtain that

Y (o+1) My = fy/oo 28/ (1)) (2)de

N / / 2wy (B(x) — d(x + ) Y (@) (y)dyde
< (O+1) My M+ My M,
[1+(0+1) } My M_,,

IN

whence a contradiction when v (o +1) > [1+ (0 + 1)*] M,. O

We show in the next lemma that, if £ = 0, ¢ enjoys some regularizing properties for small z.
Lemma 3.6 Assume that there are « > —7 and C > 0 such that
P(z) <C 2%, z€(0,1/2), (3.16)

and recall that ¢ is defined in (3.8). Then there exists a constant C(«) > 0 such that
My
P(z) < > 0277+ Cla) walz), z€(0,1/2), (3.17)

where we(2) = 2722 if o < —1, w_1(2) = 22 |In(2)] and wa(2) = 2 if a > —1.

Proof. We split the proof into three cases.
Case 1: a < —1. Since M; =1 it follows from (3.16) that, for z € (0,1/2),

00 1/2 ()
= / Y(z)de < C / x* dx + 2 /1/2 zY(x) < Cla) 2T 42 < C(a) 2T

Recalling that A is given by (3.4), the previous upper bound on ¥ and (3.16) imply that, for
2 € (0,1/2),
z
A(z) < C(Oé) / xl—l—)\—l—a (Z _$)1+a dr < C(Oé) Z3+A+2a‘
0
Here we have used the fact that 1 + a > —1 since & > —7 > —2. We then infer from (3.3) that

d ;o 23 T+ 20
H < < .
- (z (z)) <= A(z) < Cla) 2

Since 7 + A+ 2a > A — 7 > —1, we may integrate the above inequality between 0 and z € (0,1/2)
and use (3.8) to deduce that

2772 H(z)
H(z)

0+ C(Oé) z7-+)\+2a+1

<
< /¢ Z2—T —1—0(01) z3+)\+2a.

11



Using the previous upper bounds on H and A, we finally conclude from (3.3) that
< My (277 4+ Cla) z1HA+2e

My H(z)  A(2)
< =
1/}(2)_7 2 —1-722_7
whence (3.17) for a < —1.

Case 2: a = —1. In that case, it follows from (1.5) and (3.16) that ¥(z) < C'|In(z)| for z € (0,1/2).
We then proceed as in Case 1 to conclude that (3.17) holds true for a = —1.

Case 3: a > —1. In that case, ¢ € L'(0,1/2), which, together with (1.5), implies that ¥ €
L*>°(0,00). We then proceed as in Case 1 to complete the proof of Lemma 3.6. O
Lemma 3.7 There holds ¢ > 0, where { € [0,00) is defined in (3.8).
Proof. Assume for contradiction that £ = 0. We first prove that

P(z)<C 27t 2€(0,1/2). (3.18)

Since (3.18) is clearly true if 7 = 1, we consider now the case 7 > 1. Introducing the sequence
(o) k>0 defined by og = —7 and ag41 = 2 ap +A+1 for k > 0, we notice that ag, = 28 (AN+1—7)—
(A+1) for k£ > 0 and, since 7 < 1+ X by Proposition 2.1, (a)r>0 is an increasing sequence such
that o, — oo as k — oco. In particular, there exists a unique kg > 0 such that oy, < —1 < aygy1.
We next claim that
P(z) < C(k) 2%+, 2€(0,1/2), (3.19)

for each k € {0,...,ko}. Indeed, we argue by induction and first consider the case k = 0. Owing
to Lemma 3.4, the bound (3.16) holds true for « = oy < —1 and, since we have assumed that
¢ =0, Lemma 3.6 implies that the assertion (3.19) is true for kK = 0. Assume now that (3.19) holds
true for some k € {0,...,ky — 1}. Then % enjoys the property (3.16) with & = ax11 < —1 and
Lemma 3.6 (with £ = 0) ensures that the assertion (3.19) is true for k + 1.

Having proved (3.19), we apply (3.19) with & = k¢ and conclude that
b(z) < C 2o < € 271
for z € (0,1/2). Therefore, (3.18) is also valid for 7 > 1.

Now, thanks to (3.18), we are in a position to apply Lemma 3.6 with a = —1 and deduce that,
since £ = 0,
P(z) <C 2 In(z)], z€(0,1/2).

Choosing X € (A\/2, ), the previous upper bound yields

W(z)<C 2NN 2€(0,1/2). (3.20)
Introducing the sequence (8)k>0 defined by By = A — 1+ kX, k > 0, we claim that

Y(z) <C 2P, 2€(0,1/2), (3.21)

for each k > 0. By (3.20), the assertion (3.21) is clearly true for kK = 0. We next argue by induction
and assume that (3.21) is satisfied for some k > 0. Since (; > 5y > —1, we infer from Lemma 3.6
with o = (B (and £ = 0) that (3.21) holds true for k + 1, which completes the proof of (3.21).
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Since B — oo as k — oo, it readily follows from (3.21) that ¢ € L'(0,1/2;2~%dx) for each
o > 0, which, together with (1.5), implies that M_, < oo for each o > 0 and contradicts Lemma 3.5.
Therefore, ¢ > 0. d

We are now in a position to complete the proof of Proposition 3.1.

Proof of Proposition 3.1. By Proposition 2.1, we may fix § € (0,1 + A — 7). Due to Proposi-
tion 2.3, 0 = 749 > 1. For z € (0,1/2), we infer from (3.11) and (3.12) that, sincec—1 € (7—1,1),

2772 A(z) < C(o) 272 / AT (2 — )17 de < (o) 2.
0

We used here that 1 + A — 7 > —1, while 1 — ¢ > —1. Thanks to the choice of 4, 1+ X —0c > 0
and we realize that 27~2 A(z) — 0 as z — 0. Similarly, since 1 —7 > A — 7 > —1, it follows from
(3.12) that, for z € (0,1/2),

z z—T z
ZT—2 B(Z) < CZT—2/ .Z'l_de/ y)\—rdy < C 27—2 / .Z'l_T (Z _ x)l-l—)\—'r dr < C Zl-l—)\—'r’
0 0 0

and lim,_,0 2" =2 B(z) = 0. We now multiply (3.9) by 2”7~2 and pass to the limit as z — 0 with the
help of (3.8) to obtain (3.1) with Lo := (M) £)/~. O

As a consequence of Proposition 3.1, we can exclude that 7 is equal to 1. This has already been
shown in [5] for A > 0.7 by obtaining an explicit lower bound for 7. The proof we give now does
not provide such a lower bound but warrants that 7 > 1 for every A € (0,1).

Proposition 3.8 There holds T > 1.

Proof. Assume for contradiction that 7 = 1 and fix z € (0,00). We take ¢(z) = max {z,2} "',
€ (0,00), in (1.6) to obtain

7 ¥(z) = % /OOO /ooo K(z,y) [z o(x) +y o(y) — (2 +y) ¢z +y)] ¢(z) Y(y) dydx
=5 | [ K@ vt ) dyds
T /:o /Oy K (2,y) (x) ¥(y) dyda
+ oo [ e K@ v v dyde
N QL //”Hy_z ) K(z,y) ¥(x) ¥(y) dydz

— i) ([P vt [ l+w<x>dx)
i é(/oza:w)dx) </ P 0y ) S @ 2 et v dyde.

Since 7 = 1, it follows from (1.8) that v = M) and the above equality becomes

</Oz 2 $(z) do — % /OZ 21 y(x) dx> U(z) = R(2) (3.22)

z
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R = ([Cevw o) ([T vw an)+ [ @y o o) duds.

On the one hand, for z € (0,1), we have
C / / y 2 7ty dyde
0 Jz—zx

C Zl—i—)\

/OZ /z;(:U +y —z) 2t Y(x) ¥(y) dyde

IN

IN

by Lemma 3.4 and the assumption that 7 = 1, and

lim © (/Ozxw@:) dw) </:Ozﬁ () dy> — Lo M,

by (1.5) and Proposition 3.1. Therefore,

lim R(z)

z—0 z

= Lo M,. (3.23)

On the other hand, the assumption that 7 = 1 and Proposition 3.1 entail that, as z — 0,

</0z a* Y(x) do _% /OZ 2 () dx) ~ Lo /Oz (1 B g) ey,

oD (3.24)
Therefore, by (3.22), (3.23) and (3.24) we have
lim 2* U(z) =X (A+1) My > 0. (3.25)

z—0

But ¢(z) ~ Ly z=% as z — 0 implies that ¥(z) ~ Ly |Inz| as 2 — 0, which clearly contradicts
(3.25) since A > 0. Consequently, 7 > 1. d

We end this section by identifying the second term of the expansion of ¥(z) as z — 0.

Proof of Corollary 1.3. Since 7 > 1 by Proposition 3.8, we deduce from (3.1) that

(A - B)(Z) ~J L% (,7_ (_)‘1";(? —i—_ i’r_) 7_) z3+)\—27' +o <Z3+)\_2T)

as z — 0, where J is defined in Corollary 1.3 and A and B by (3.4) and (3.5), respectively. Since
d _
’yg(z 2 H(2)) =27 (A- B)(2)

by (3.3) and 7 < 1 + A, we further deduce from (3.8) that

JLE  (A+2-27)

HE@) =027+ =2 s

. LA 4 <Z3+>\—2T>

as z — 0. Inserting the expansions of A — B and H just obtained in (3.9), we are led to (1.12). O
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4 Large mass behaviour
We first establish the finiteness of some exponential moments of .

Lemma 4.1 Set o := 2777~ Then for all a € [0, ayp),

/ e YP(z) dor < oo. (4.1)
1
Proof. For a > 1 and a € (0,000), we define
o LL’2 (zAa)
Q. (a) := ——eM\¥Na 4.2
(@)= [ ey (12)

with the notation = A a := min{z,a}. By (1.5), ®, is well-defined and differentiable on [0, c0) and
satisfies

1=M <9,(0) = / x(x)dx + a_l/ 22)(z)de < 1+ My/a. (4.3)

0 a

Furthermore, using (1.6) with ¢/(z) = ¢*(*%) we obtain
P () = / 22y () dx
0
Y S RPN EOY a [
= [T [T @) [ e vy ote)dyds

v /0 /0 (@' 4 2y e N WA () (z) dyda

27_1/0 :1:1+’\ea(““)¢(x)dﬂc/0 ye* WD) (y)dy

IN

IN

IN

2’7_1q>a(04)/ 517)\ /La,a("p) dr,
0

where fiq.q(7) := z e (), 2 € (0,00). Clearly, i € L'(0,00) by (1.5) and we deduce from
the Jensen inequality that

00 x - 00 A
P A e T { [ haat da:}
0 0

Hﬂa,a”Ll
< CI)a(a)l_)‘@&(a))‘.

Therefore, [®/,(a)]' ™ < 297 1®,(a)?>*, whence, since v = 1/(1 — \),
P ()P, ()17 <2947,
After integration, we obtain that, for all a € [0, ap(a)) with ag(a) :=277y771d,(0)77,

By (a) < [@4(0)77 = 2417 o] V7
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Now, fix a € (0, a9). Since lim,—o ®,(0) =1 by (4.3), the right-hand side of the above inequality
is bounded from above by a constant which does not depend on a large enough. Consequently, the
Fatou Lemma implies that

[ee] a
/ e Y(x) de < limsup/ e Y(x) dr < limsup @,(a) < o0,
1 a—0o0 1 a—00
which completes the proof. O
From (1.7) and (4.1), we deduce that 1 decays at least exponentially fast at infinity.
Proposition 4.2 Set gy := ag/4 = 277729771, Then for any o € (0,00), there exists C(0) > 0

such that
P(2) < C(o) e for z€(l,00).

Proof. Since 7 — 1 < 1/2 by Proposition 2.3, Lemma 3.3 ensures that both x — =z ¢ (z) and ¥
belong to L?(0,00). We then infer from (1.7), (3.13) and the Hélder inequality that, for z € (0, ),
1/2

y 2 (z) < ( [ var? dx) 192 + € 2" min {17, A1,
0

whence

W(z) < C (%-2 +z_(1+)‘)> . ze(0,00), (4.4)
since 7—1 < A < 1. Note also that it follows easily from Lemma 4.1 and (1.5) that for every € > 0,
a € [0,ap) and p > 0, we have

Ae,a,p) = /OO 2P (z)dr < oo. (4.5)

Next, for z > 1, it follows from (1.7), Lemma 3.3 and (4.4) that for a € [0, ),

o0

z/2 0 z/2
2 1+ A
V2P < /0 P [ vy + /0 2(z)de / R
+/Z A Y(x) V(2 — ) dx—i—/

z Y(x) dfc/ v (y)dy
/2 z/2 z—x
Mine™@D2A(1/2,0,0) + Mye= @92 A(1/2,a, )

z

IN

. 1/2
+ 2 (/ [z (x)]? da;) 0|2 + My e~ @52 A(1/2,a,1)
z/2

IN

B 1/2
Cla) e=@)/2 L ¢ A (/ 2 {a:’\_2 + x_(H)‘)} Y(z) dm)

/2
Cla) e @)/2 4 =@/ 4(1/2, 0, \) + A(1/2, 0,1 — A)]V/2
Cla)zre (@)1

VANVAY

The above inequality readily implies that, for any « € [0, ), there exists a constant C(a) > 0
such that ¢(z) < C(a) e~(@)/* for 2 > 1, whence the expected result. O
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Corollary 4.3 For each p > 7, there exists C(p) > 0 such that
b <Ck) =P, 2 € (0,00). (46)

Proof. Since
P()<C27T<CzP for p>7 and z€(0,1)

by Lemma 3.4, Corollary 4.3 is a straightforward consequence of Proposition 4.2. O

We end this section with the proof of (1.11).

Lemma 4.4 There exists oy > 0 such that
[ee)
/ e (z)dr = oo. (4.7)
1

Proof. We argue by contradiction. Assume thus that ¢ € L'(1,00;e**dz) for every a > 0. Then,
for ¢ = 0,1, the map

D(a) := /100 zte Y (z)d

is well-defined and belongs to C1([0,00)). The strict positivity of 1) ensures that ®,(0) > 0 while
we observe at once that for each a > 0,

Do) > Po(0)e” . (4.8)
Next, an easy computation using (1.6) shows that
¥l0) = [ serpia)ds
= [Tt [ 01 gz bl e)dyd
N AT

a

On the one hand, the Jensen inequality implies that

/oo $1+A€aww(x)dx > (I)O(a) /OO A [q)o(a)_leaxw(x)] dx
1 1

1+

v

Bo(a) [ [ o) ey
> ®o(a) g (a)t

On the other hand, since e — 1 > e*/2 for x > 1, we have
00 gy _
/ Yy > - / Vi(y)dy = 5 Pofa)
1
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for a > 1. Combining the above inequalities and using (4.8), we end up with

1-X 12 (1-Na
#(0) > @y 2D g 2

> @ 1+
an Z € 1(@) ’

2va

for a > 1, where & = inf,>1(Po(0)! e~ Y) /(2ya) > 0. Since ®1(1) > 0 (recall that ¢ is strictly
positive on (0,00)), this classically implies that there exists a; € (0, 00) such that lim, o, ®(a) =
oo, whence a contradiction. O

5 Regularity of ¢ in (0, c0)

We finally study the smoothness of 1. The main difficulty we face here is the singularity of ¢ for
small mass and the proof of the C'-smoothness of 1 turns out to be rather technical. One could
probably show that v is C*°-smooth on (0, 00) as conjectured by the physicists, but this could be
rather technical and we have been unable to prove it.

Theorem 5.1 The function 1 is C*-smooth on (0, 00).
We first prove that v is Holder continuous.

Lemma 5.2 The function ¢ is continuous on (0,00). More precisely, there is a constant C' such
that for any z € (0,00) and h € (0, 00),

[(z 4 h)*P(z + k) — 22(z)| < C h*T. (5.1)
Proof. The identity (1.7) reads
v22h(2) = F(2) + G(2), z¢€(0,00), (5.2)

F(z) = / 12 4 / U(y) dydz

6e) = [av@ [ v a.

Since 7 € (1,2) by Proposition 3.8, it follows from (4.6) with p =1+ X and p = 7 that,

with

z+h 0
Feam-FG| < [ T () [ vty

+h—x

z z+h—x
<[ [ ) dy

—T

z+h
C / (z+h—2)"7 do

+C /OZ (=)' "= (z4+h—2)"]da

Ch T +C (h2_T + 2277 — (2 + h)2_T)
C h* .

VANVAN
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Similarly, we infer from (1.5) and (4.6) with p =1+ X and p = 7 that

z+h o0
Gz +h) - G()| < / v $() / o (y) dydz

+h—x

z z+h—x
A
+/0 ww(fv)/z y* P(y) dydx

2+h - z z+h—x
C M, / T de + C / 7 (z— )t / y ¥(y) dydx
z 0 z

<
< ChTHC /OZ e (-2 [+ h—2)PT — (2 —2)*7] da
< Ch*T (1 + /OZ:I;—A (z — )Mt dx)

< C R (1 + /1 w1 —u)! du>

< ChT. 0

Therefore, (5.1) holds true, so that z +— z21(z) is continuous on (0, 00) and the proof of Lemma 5.2
is complete. O

Proof of Theorem 5.1. Obviously, it suffices to show that z — 229 (z) € C*((0,00)). Differenti-
ating (1.7) formally, we see that the first derivative D of 2 — ~ z2(x) (if any) should be given by
D = Dy + Dy — D3 where

Di(z) = /0 “ () dy. (5.3)
di(z,y) = L) Y(y) (wl“ P(z) — (x —y)' 1/)(33—@/)) : (5.4)
Dy(x) = a' g(z) U(z)+ My x P(x), (5.5)
Ds(z) = /O W (@ —y) () bz —y) dy (5.6)

for z € (0, 00).

Step 1: We prove that D(z) is well-defined for z € (0,00) and that D € L(0, z) for 2z € (0,00).
For that purpose, we first note the following consequence of Lemma 5.2. For a € (0,2), there exists
a constant C'(«) > 0 such that

|28 (29) — 21 ¥(21)] < C(a) <z§_2 + 2277 min {2, 22}‘”7_4) |zg — 21277 (5.7)
for (21, 22) € (0,00) x (0,00). Indeed, we infer from (4.6) (with p = 7) and Lemma 5.2 that

|25 (z2) — 21 ¥(21)] 2972 |25 P(22) — 21 (z1)| + 21 (1) |25 — 2077

<
< C 2872 |z — 21T+ O 22T min{zg, 2}t 2577 — 2777,

whence (5.7).
We now fix z € (0,00). By (4.6) (with p = 7) and (5.7) (with & =1+ X), we have

@yl <y (B @=pM) BT Lem) SC v (2T @ -9 1om®)
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for = € (0, 2), so that
dy € L'((0,2) x (0,2)), (5.8)

since 2 — 27 > —1 by Proposition 2.3 and A > 0. As a straightforward consequence of (5.8), w
deduce that D; € L'(0,z). Next, since 7 > 1 by Proposition 3.8, we infer from (4.6) (with p = 1)
that

DQ(.Z') <C 1’2+)‘_2T +C m1—7'7

and Dy € LY(0, z). Similarly, since 1 —7 > A — 7 > —1, it follows from (4.6) with p = 7 that
) < C/ Y)Tde < Cx?PA P e 110, 2).

Consequently, D € L'(0, z).

Step 2: We now check that D is indeed the first derivative of z — 7 22 9¥(2). We fix z € (0,00).
Since d; € L'((0,2) x (0,2)) by (5.8), the Fubini theorem yields

[ prwrds = [ [ diwy) dody
0 0 Jy
= [ v [ Ofast) M ) dody
= [ 9 (a) = Mo =) = Mria) dy
= [ [ 2 o) dedy - [ o) Mua) dy.
z—y
Owing to (4.6) and the bounds on 7, we may use again the Fubini theorem and obtain

[ o o= ["a vy [ o) duda = [P u@) [Cot) dyie. 69

It also follows from the Fubini theorem that

/OZ Ds(z) de = /0 /y —y) dzdy
= e [
_ / /0 U wly) dyda. (5.10)

x) dxdy

20



Now, by (5.9) and (5.10) we have
[ p@ s = [ @) [ o o [To v [ o) dyds
= [a ) [T s [Cav@ s [T v
- /Ozw () /Oz_x v Y(y) dyda

= [ @ [ v et [Cav@) [ v dyda
= 722 9%(2)
by (1.7).

Step 3: We finally show that D € C((0,00)) and study separately Dy, Dy and Ds.
Let z € (0,00) and h € (0,00). On the one hand, it follows from (4.6) (with p = 7) and (5.7) (with
a =1+ ) that

2+h z+h
/ |di(z + h,x)| de < C / x " ((z +h M 4 (24 h— x)A_1> 2277 dx

IN

O 22 (h Ay hk) . (5.11)
On the other hand, the continuity of ¢ implies that
}ILH% dl(z + h, l‘) =dy (Zv $)

for x € (0, z), while a further use of (4.6) (with p = 7) and (5.7) (with a = 1 + \) entails that, for
x € (0,2) and h € (0, 00),

IA

|di(z + h,x) — di(z, )] (Idi(z + h,2)| + |d1 (2, 2)|)
Ca’ ((z Azt h— )T AT (2 - x)H) 2

C 2z (z -2t e LY(0,2).

IN

IA

We then deduce from the Lebesgue dominated convergence theorem that
Jim / s (2 + b, 2) — di (2,2)] dz = 0.
h—0 Jo
Noting that
z+h z
Dy(= + h) - Di(2)] < / dy(= + hy2)]| da +/ dy(z + h,x) — dy(z,2)| d,
z 0

and recalling (5.11), we conclude that limy_o|D1(z + h) — D1(2)|] = 0. Consequently, D; €
C((0,00)).
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Next, the continuity of Dy on (0,00) obviously follows from that of ¢ and .
Finally, for z € (0,00) and h € (0, 00), we have

z+h z
|D3(z + h) — D3(z)| < / |d3(z + h,z)| dx +/ |ds(z + h,x) — d3(z, )| dz,
z 0

where d3(z, ) := 2 (2 — x) ¥(x) Y(z — ) 1(o,z) (7). Owing to the continuity of ¢, we have

fllin% d3(z+ h,z) = ds(z,x)

for x € (0,z). We then infer from (4.6) (with p = 7) that, for z € (0, 2),

ds(z 4 hy2) — dy(z,2)| < |ds(z + )| + |ds(z, )]

< CaMT ((z+h—2) T+ (z—2)T)

< C2NT (z—2)T e LY0,2),

recalling that 1 — 7 > A — 7 > —1 by Proposition 2.1. We are thus in a position to apply the
Lebesgue dominated convergence theorem and obtain that

1im/ |ds(z 4+ h,x) — d3(z,x)| de = 0.
h—0 Jo

We finally notice that, by (4.6) (with p = 7), we have

zth z+h
/ |d3(z + h,2)| dz < © / BT (= 2)' T da < C 2T R 0,

Consequently, limy,_.q |D3(z+h)— D3(z)| = 0, whence D3 € C((0,00)) and the proof of Theorem 5.1
is complete. O

Gathering the outcome of Proposition 2.1, Proposition 2.3, Proposition 3.1, Proposition 3.8,
Proposition 4.2, Lemma 4.4 and Theorem 5.1, we conclude that Theorem 1.2 holds true.

A Some useful inequalities

We devote this last section to a sketch of the proofs of the inequalities (2.1) and (2.4).

Proof of the first inequality of (2.1). It of course suffices to show this inequality when
0 < = < y. Dividing this inequality by 3*, we realize that it is enough to show that f(u) =
2172 (14 u)) =1 —w* > 0 for u € (0,1). This is straightforward since f is a non-increasing function
on (0,1) and f(1) =0. O

Proof of the second inequality of (2.1). We observe that

for (z,y) € (0,00) x (0,00). O
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Proof of (2.4). We fix A € (1/2,1). By symmetry, it suffices to consider the case where 0 < y < z.
Dividing (2.4) by 22}, we conclude that it is enough to check that

fl@)=1+22+022 -2 -1+ >0, z€(0,1].

We first obtain
glz) =z () 2h = 2 + 2237 1 — A 1 4 )P L

Differentiating again, we get

h(z) = 2! () = Bz/(1 + ),

where, for u € [0,1/2],
Blu) =XA— (1 =)/ ut =21 = 1Du>

Easy computations show that #'(u) > 0 for v € (0,1/2) with 3(0) = —oc and 5(1/2) > 0. We
deduce that there exists ug € (0,1/2) such that S(u) < 0 on (0,up), B(ug) = 0, while (u) > 0 on
(up,1/2). The map x — z/(1+z) being an increasing one-to-one mapping from (0, 1) onto (0,1/2),
we deduce that there exists zp € (0,1) such that h(z) < 0 on (0,z0), h(xg) = 0, while h(z) > 0
on (xg,1). This implies that ¢'(x) < 0 on (0,z¢), ¢'(x¢) = 0, while ¢’(z) > 0 on (x,1). Since
g(0) > 0 = g(1), we deduce that there exists z; € (0,1) such that g(x) > 0 on (0,21), g(z1) = 0,
while g(xz) < 0 on (z1,1). This of course ensures that f’(z) > 0 on (0,21), f'(x1) = 0, while
f'(z) <0 on (z1,1). Since f(0) = f(1) = 0, the conclusion follows. O

References

[1] D.J. Aldous, Deterministic and stochastic models for coalescence (aggregation, coagulation) :
a review of the mean-field theory for probabilists, Bernoulli 5 (1999), 3-48.

[2] F.P. da Costa, On the dynamic scaling behaviour of solutions to the discrete Smoluchowski
equations, Proc. Edinburgh Math. Soc. (2) 39 (1996), 547-559.

[3] S. Cueille and C. Sire, Nontrivial polydispersity exponents in aggregation models, Phys. Rev.
E 55 (1997), 5465-5478.

[4] M. Deaconu and E. Tanré, Smoluchowski’s coagulation equation: probabilistic interpretation
of solutions for constant, additive and multiplicative kernels, Ann. Scuola Norm. Sup. Pisa Cl.
Sci. (4) 29 (2000), 549-579.

[5] P.G.J. van Dongen and M.H. Ernst, Comment on “Large time behavior of the Smoluchowski
equations of coagulation”, Phys. Rev. A 32 (1985), 670-672.

[6] P.G.J. van Dongen and M.H. Ernst, Cluster size distribution in irreversible aggregation at large
times, J. Phys. A 18 (1985), 2779-2793.

[7] P.G.J. van Dongen and M.H. Ernst, Scaling solutions of Smoluchowski’s coagulation equation,
J. Statist. Phys. 50 (1988), 295-329.

23



8]

[14]

[15]

[16]

[17]

R.L. Drake, A general mathematical survey of the coagulation equation, in “Topics in Current
Aerosol Research (part 2),” International Reviews in Aerosol Physics and Chemistry, Pergamon
Press, Oxford, 1972, pp. 203-376.

M. Escobedo, S. Mischler and M. Rodriguez-Ricard, On self-similarity and stationary problems
for fragmentation and coagulation models, preprint, 2004.

F. Filbet and Ph. Laurencot, Numerical simulation of the Smoluchowski coagulation equation,
SIAM J. Sci. Comput. 25 (2004), 2004-2028.

N. Fournier and Ph. Laurencot, Ezistence of self-similar solutions to Smoluchowski’s coagula-
tion equation, Comm. Math. Phys., to appear.

M. Kreer and O. Penrose, Proof of dynamical scaling in Smoluchowski’s coagulation equation
with constant kernel, J. Statist. Phys. 75 (1994), 389-407.

D.S. Krivitsky, Numerical solution of the Smoluchowski kinetic equation and asymptotics of
the distribution function, J. Phys. A 28 (1995), 2025-2039.

M.H. Lee, A survey of numerical solutions to the coagulation equation, J. Phys. A 34 (2001),
10219-10241.

F. Leyvraz, Scaling theory and exactly solved models in the kinetics of irreversible aggregation,
Phys. Rep. 383 (2003), 95-212.

G. Menon and R.L. Pego, Approach to self-similarity in Smoluchowski’s coagulation equations,
Comm. Pure Appl. Math. 57 (2004), 1197-1232.

G. Menon and R.L. Pego, Dynamical scaling in Smoluchowski’s coagulation equations: uniform
convergence, preprint (2003).

M. Smoluchowski, Drei Vortrdge tiber Diffusion, Brownsche Molekularbewequng und Koagula-
tion von Kolloidteilchen, Physik. Zeitschr. 17 (1916), 557-599.

24



