ON THE UNIQUENESS FOR THE SPATIALLY HOMOGENEOUS
BOLTZMANN EQUATION WITH A STRONG ANGULAR SINGULARITY
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ABSTRACT. We prove an inequality on the Wasserstein distance with quadratic cost between two
solutions of the spatially homogeneous Boltzmann equation without angular cutoff, from which
we deduce some uniqueness results. In particular, we obtain a local (in time) well-posedness
result in the case of (possibly very) soft potentials. A global well-posedeness result is shown for
all regularized hard and soft potentials without angular cutoff. Our uniqueness result seems to
be the first one applying to a strong angular singularity, except in the special case of Maxwell
molecules.

Our proof relies on the ideas of Tanaka [I5]: we give a probabilistic interpretation of the Boltz-
mann equation in terms of a stochastic process. Then we show how to couple two such processes
started with two different initial conditions, in such a way that they almost surely remain close
to each other.
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1. INTRODUCTION AND MAIN RESULTS

1.1. The Boltzmann equation. Let f(¢,v) be the density of particles with velocity v € R? at
time ¢ > 0 in a spatially homogeneous dilute gas. Then under some assumptions, f solves the
Boltzmann equation

(1.1) i) = [ dv. | doBllo = [ = )],

3

where the pre-collisional velocities are given by

v+ |v — vy v+ |v — vy
(1.2) v = 2*+ 2*0, v, = 2*— 5
(v=v.)
[v—v|
B(|v —vs|,0) = B(|v" —v.|,0) depends on the nature of the interactions between particles.

and 0 is the so-called deviation angle defined by cosf = - 0. The collision kernel B =

This equation is quite natural: it says that for each v € R3, new particles with velocity v appear
due to a collision between two particles with velocities v' and v}, at rate B(|v' — v|,6), while
particles with velocity v disappear because they collide with another particle with velocity v,, at
rate B(Juv — v.|, ). See Desvillettes [3] and Villani [T9] for more much more details.
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Since the collisions are assumed to be elastic, conservation of mass, momentum and kinetic energy
hold at least formally for solutions to ([[Il), that is for all ¢ > 0,

(13) [ 1oyt = [ fwowdn. o) = Lo,

and we classically may assume without loss of generality that f]R3 fo(v)dv = 1.

1.2. Assumptions on the collision kernel. We will assume that for some functions ® : R, —
]RJr and ﬂ : (077(] = (Oa OO),

(A1) B(|Jv — vil],0) sinf = &(|v — vi|) B(H).

In the case of an interaction potential V' (s) = 1/r®, with s € (2,00), one has

-5 2

(1.5) B(z) =27, BO) Lesto 1Y, with v = 5—1 €(-31), v=—
s — s —

On classically names hard potentials the case when v € (0,1) (i.e., s > 5), Mazwellian molecules

the case when v = 0 (i.e., s = b5), moderately soft potentials the case when v € (—1,0) (i.e.,

s € (3,5)), and very soft potentials the case when v € (-3, —1) (i.e., s € (2,3)).

€ (0,2).

In any case, fo B (0)df = +o00, which expresses the affluence of grazing collisions, that is collisions
with a very small deviation. We will assume here the general physically reasonnable conditions

(A2) / B(6)d6 = +o0, Ky = / 62 3(6)d6 < +o.
0 0
We now introduce, for 6 € (0, 7],

]
(1.7) H(0) ::/9 B(z)dr and G(z):= H '(2).

Here H is a continuous deacreasing bijection from (0, 7] into [0,+00), and its inverse function
G : [0,400) — (0,] is defined by G(H(#)) = 0, and H(G(z)) = z. We will suppose that there
exists ke > 0 such that for all z,y € Ry,
o) 2

A3 Ge/x) = Gla/y)) d= < g E—Y
(A3) | Gt = Gl as < w2t
Concerning the velocity part of the cross section, we will assume that for all z,y € Ry,
[®(2) — ()] 2
7=+ (x—y)°[P(x) + P(y

T+ (o= 0P (0() + 2(0)
(1.9) +min(z,y)lz —yl|@(z) - (y)| < (v -y)*[P(2)+ U(y)].

for some function ¥ : Ry — R, with for some v € (—3,0], some k3 > 0, for all z € R,

min(ac2 , y2)

(A4(7)) U(z) < rga’.

Under Assumption ((A4)(y)), we can easy see that necessarily for all x € Ry, ®(z) < ¥U(z), and
then ®(z) < k3a?.
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These assumptions are not very transparent. However, the following lemma, proved in the appen-
dix, shows how they apply. Roughly, (A3) is very satisfying, (A4(0)) corresponds to regularized
velocity cross sections, while (A4(v)) allows us to deal with general soft potentials.

Lemma 1.1. (i) Assume that there are 0 < ¢ < C and v € (0,2) such that for all 8 € (0,7],
=1 < B(0) < COL. Then (A2-A3) hold.

(i) Assume that ®(x) = min(x®, A) for some A > 0, some a € R, or that ®(z) = (¢ + z)* for
some e >0, a < 0. Then (A4(0)) holds.

(i1i) Assume that for some v € (=3,0], ®(z) = z”. Then (A4(y)) holds.

1.3. Goals, existing results and difficulties. We study in this paper the well-posedness of the
spatially homogeneous Boltzmann equation for singular collision kernel as introduced above. In
particular we are interested in uniqueness and stability with respect to the initial condition.

In the case of a collision kernel with angular cutoff, that is when foﬂ 5(0)df < 400, there are some
optimal existence and uniqueness results: see Mischler-Wennberg [14] and Lu-Mouhot [T3].

The case of collision kernels without cutoff is much more difficult, but is very important, since it
corresponds to the previously described physical collision kernels. This difficulty is not surprising;:
on each compact time interval, each particle collides with infinitely (resp. finitely) many others in
the case without (resp. with) cutoff.

In all the previously cited physical situations, global existence of weak solutions has been proved
by Villani [I8] by using some compactness methods.

Until recently, the only uniqueness result obtained for non cutoff collision kernel was concerning
Maxwellian molecules, studied successively by Tanaka [I5], Horowitz-Karandikar [T2], Toscani-
Villani [I7]: it was proved in [I7] that uniqueness holds for the Boltzmann equation as soon as ®
is constant and (A2) is met, for any initial (measure) datum with finite mass and energy, that is
Jrs (L + [v]?) fo(dv) < +oc.

There has been recently three papers in the case where [ is non cutoff and ® is not constant.
The case where ® is bounded (together with additionnal regularity assumptions) was treated in
[8], for essentially any initial (measure) datum such that [;,(1 + |v])fo(dv) < oo. More realistic
collision kernels have been treated by Desvillettes-Mouhot [5] and Fournier-Mouhot [I1] (including
hard and moderately soft potentials). However, all these results apply only when assuming the
following condition, stronger than (A2),

(1.11) /W 63(6)d8 < oo,

In particular, this does not apply to very soft potentials (s € (2, 3]). Weighted Sobolev spaces were
used in [B], while the results of [I1] rely on the Kantorovich-Rubinsten distance.

In the present paper, we obtain the first uniqueness result which can deal with the case where only
(A2) is supposed. Our result is based on the use of the Wasserstein distance with quadratic cost.
The main interest of our paper concerns very soft potentials, for which we obtain the uniqueness
of the solution provided it remains in LP(R?), for some p large enough. Since we are only able to
propagate locally such a property, we obtain some local (in time) well-posedness result.

Our method certainly applies to the case of hard potentials. We however do not treat this case
in the present paper, since there are already some available uniqueness results, as said previously.
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Let us also mention that in a companion paper, we use a similar method to get some uniqueness
result for the Landau equation with soft potentials, which was still open.

Our proof is probabilistic, and we did not manage to rewrite it in an analytic way. The main idea
is quite simple: for two solutions (f;)i>0, ( ft)tZO to the Boltzmann equation, we construct two
stochastic processes (V4)¢>0 and (‘715)1520 whose time marginal laws are given by (fi):>0 and (ft)tzo,
and which are coupled in such a way that E[|V; — V;|?] is “small” for all times. This bounds from
above the Wasserstein distance with quadratic cost between f; and ft.

1.4. Notation. Let us denote by C2 (resp. CZ, resp. C?) the set of C?-functions ¢ : R® — R of
which the second derivative is bounded (resp. of which the derivatives of order 0 to 2 are bounded,
resp. which are compactly supported).

Let also LP(R?) be the space of measurable functions f with || f|| Lo rsy := ([zs /7 (v) dv) P o
Let P(R?) be the set of probability measures on R?, and

3 = {fe P(R?), ma(f) < oo} with  ma(f):= Rlv|2f(dv).
For a € (—3,0], we introduce the space J, of probability measures f on R? such that
(1.12) Jo(f) == sup [ |[v—v.|*f(dv.) < 0.
UeRS R3
Of course, for any probability measure f, Jo(f) = 1. Let L>([0,T], Po(R?)), L1([0,T], LP(R3?))

and L' ([0,T], Ja) be the sets of measurable families ( ft)te[O 77 of probability measures on R?® with
SUP(o 77 ma(fi) < +oo, fo | fell e sy dt < +o0, and fo o(ft)dt < +o00 respectively.

1.5. Weak solutions. We follow here [d]. For each X € R3, we introduce I(X), J(X) € R3 such
that (%, %, %) is an orthonormal basis of R3. We also require that I(—X) = —I(X) and
J(—X) = —J(X) for convenience. For X,v,v, € R? for § € [0,7] and ¢ € [0, 27), we set

L(X, @) := (cos ) [(X) + (singp) J(X),

/

v =0 (v, 04, 0,0) =0 — #(v —vs) + b““91“(1) — Vs, ©),
(113) 1 lfcose(viv*)
)

Uy i= v’*(v,v*,Q, 50) = Ukt
a = a(v,vy,0,0) = (v —v) = — (v, — v

* Y

which is nothing but a suitable spherical parameterization of (C2): we write ¢ € S? as 0 =

ey cosd + ‘(: vv*l sin 0 cos  + |(” U*‘ sin 0 sin .
Let us observe at once that
(1.14) V' (Ui, 0,0, 0) = V. (v, 04, 0, 0), vl (Vi 0,0, ) =V (v, 04,0, 9),

(115) v’(v,v*,ﬂ—ﬁ,gp):’u;(’u,v*,@,gaJrﬁ), ’U;(’U,’U*,’/T*Q,QD):U/(U,U*,9,<p+ﬂ).

Let us define the notion of weak solutions we shall use.

Definition 1.2. Let B be a collision kernel which satisfies (A1-A2). A family f = (fi)tcjo,1) €
L>([0,T), P2(R?)) is a weak solution to (L) if

T
(1.16) /0 ft (dv) /ft (dvs) ®(Jv — vi]) [ — va]® < +00,
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and if for any ¢ € C5,, and any t € [0,T],
t
(1.17) ]Rj)(v) fi(dv) = /]Rj)(v) fo(dv) —|—/ fé (dv) /fé (dvy) Ad(v, vy),
where
2
1s) o) = 2D a0 [T dotew) + o) - ot0) - 9w,

As noted by Villani [I8, p 291], one has, for all v,v, € R3, all 6 € [0, 7], all ¢ € C?

2T
/0 dp [6(v') + B(v]) — 6(v) — B(v.)]

so that thanks to assumption (A2), ([CIG) ensures that all the terms in [CI7) are well-defined.
The proof of ([LIY) is given in the appendix for the sake of completeness.

(1.19) < Cllg" ||oob?[v = v,

1.6. A suitable distance. Let us now introduce the distance on P2(R?) we shall use. For g,§ €
P5(R3), let H(g, g) be the set of probability measures on R? x R3 with first marginal g and second
marginal g. We then set

1/2
Wa(g,g) = inf { ( lv — 9| G(dwv, dﬁ)) , Ge H(g,g)}

R3xR3

(1.20) = min{(/ﬂ@iég @|QG(dv,df)))1/2, GeH(g,g)}.

This distance is the so-called Wasserstein distance with quadratic cost. We refer to Villani [20]
Chapter 2] for more details on this distance.

Our result is based on the use of this distance. A remarkable result, due to Tanaka [I5], is that
in the Maxwellian case, that is when ® = 1, ¢t — Ws(f:, f+) is nonincreasing for each pair of
reasonnable solutions f, f to the Boltzmann equation.

1.7. The main results. Our main result is the following inequality.

Theorem 1.3. Assume (A1-A2-A3-A4(v)) for some v € (—3,0]. Let us consider two weak
solutions (ft)iecpo, 1], (fe)repo,r) to ) lying in L>([0, T], P2(R*)) N L*([0,T], J,). Assume fur-
thermore than for all t € [0,T], f: (or ft) has a density with respect to the Lebesgue measure on
R3. There exists a constant K = K (k1, k2, k3) such that for all t € [0,T],

t
(121) Wafeef0 < Walfon oyexp (K [ 2307+ Fas).

0
Observe here that the technical assumption that f; has a density can easily be removed, provided
one has some uniform estimates on J,(f;), as will be the case in the applications below.
We first give some application to the case of mollified velocity cross sections.

Corollary 1.4. Assume (A1-A2-A3-A4(0)). For any fo € P2(R®), any T > 0, there exists a
unique weak solution (fi)iepo,r) € L([0,T), P2(R*)) to {LQ). Furthermore, there exists a constant
K = K(ki1, k2, k3) such that for any pair of weak solutions (ft)icpo,r) and (ft)te[o,T] to 1) in
L>([0,T), P2(R?)), any t > 0,

(1.22) Wa(fe, fo) < Wa(fo, fo)e*
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We now apply our inequality to the case of soft potentials.

Corollary 1.5. Assume (A1-A2-A3-A4(7y)) for some vy € (=3,0], and let p € (3/(3 + ), 00).

(i) For any pair of weak solutions (fi)ic(o,1), (ft)teoT to D) lying in L°°([0,T], P2(R3)) N
LY([0,T), LP(R3)), there holds

~ ~ t ~
(123) Vit e [0, T], WQ(ft, ft) S Wg(fo, fo) exp <Kp/0 []. + ||f5||L:D(]R3) + ||fs||Lp(]R3)]d8)

where K, depends only on vv,p, k1, K2, k3. Uniqueness and stability with respect to the initial con-
dition thus hold in L>([0,T], P2(R3)) N L([0, 7], LP(R?)).

(it) For any fo € P2(R®) N LP(R3), there exists Ty = T+ (|| foll Lrw3), D, 7, K1, K2, 3) > 0 such that
there exists a unique weak solution (ft)icpo,r.) to D) lying in LS ([0, Ty), P2(R3) N LP(R?)).

The rest of the paper is dedicated to the proof of these results. We first state some preliminary
lemmas in Section Since the rigorous proof of Theorem [[3 handled in Section H is quite
complicated, we first give some formal arguments in Section Bl Corollaries [ and are checked
in Section @ Finally, an appendix containing technical computations lies at the end of the paper.

2. PRELIMINARIES

We start by a suitable way to rewrite the collision operator. The main interest of the following
expression is that we make disappear the velocity-dependance ®(|v — v.|) in the rate. Such a trick
was already used in [T0].

Lemma 2.1. Assume (A1-A2) and set

(2.1) Ko = ﬂ/ﬂ(l — cos0)53(0)d6.

0
Recalling [I21) and [LI3), define, for z € (0,00), ¢ € [0,27), v,v. € R3,
(2.2) (0, Vs, 2, ) 1= alv, v, G(z/P(|Jv — vil)), @]

We have Ap(v,v,) = %[Aqb(v v,) + Ag(v,,v)] for all v,v. € R® and ¢ € C2,, where

[ooR)

2T
Ap(v,v,) = / dz/ d(p v + c(v, v, 2, 0)] — Plv ]—c[v,v*,z,go].v¢[v]>
—r0®(Jv — v.[)Vo(v).(v — vs)

= [T [ ap(8h+ el vt )] = 6l el + 0. V0]
0 0

(2.3) —k0D(|v — v4])VP(v).(v — vs),
the second equality holding for any ¢o € [0,27) (which may depend on v,v.,z). As a consequence,
we may replace A by A in ([T.17).

This lemma is proved in the appendix. Let us now recall a fundamental remark by Tanaka [I5],
slighlty precised in [0, Lemma 2.6]. We use here notation (CI3).

Lemma 2.2. There exists a measurable function g : R? x R3 +— [0,27), such that for all X,Y €
R3, all p € [0,27),

(2.4) DX, @) =T(Y, o+ ¢o(X,Y))| < 3[X =Y.

The following fundammental estimates, on which our results rely, are proved in the appendix.
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Lemma 2.3. Assume (A1-A2-A3) and [L3). There exists a constant C = C(k1, ka) such that
the following estimates hold.
(i) For v, v, 9,7, € R3,

e’} 27
(2.5) |t [ deletwv ) < Clo oo - v,
0 0

0o 2
(2.6) / dz | dple(v,vs, 2, 0) = (0, Ts, 2,9 + o (v = vs, T — T))[?
0 0

< C(lv =0 + o = 0 ) (T (v = va]) + ¥(j7 = B.])),
(2.7) /0 dz

27
/ dem@wﬂgcwm@me
0
o0
(2.8) / dz
0

(ii) For any ¢ € CZ, any v,v. € R3,

27
/ wwmwawdama@ﬂ
0

< O =0 + [ox = 0)) (¥ (o = va]) + T([0 = 0u]))-

(2.9) (A (v, v.)] < CO(|v = va]) ([ = vs|-|[¢']| o0 + [0 = v *[16” ||oo) -
(iii) For any ¢ € C? with supp ¢ C {|v| < z}, for all v,v. € R3,
[Ap(v,0.)] < C(1¢'|loo|v = va| + 116" lloo v = vel?) @(|v = 0L {120}

v — 0.22(jv — v.])

We now state again some estimates that will be usefull when passing to the limit in some cutoff
Boltzmann equations.

Lemma 2.4. We assume (A1-A2-A3) and [L3). For k > 1 and z € R, we set

k Glk/®(a)]
(2.11) hE(z) := 7T/0 dz[1 — cos(G[z/®(2)])] and £k (z) ::/0 026(60)do

There exists a constant C' = C(ky1, ka) such that for all v,v. € R?, all z,y € Ry, all k > 1,

oo 2m
(2.12) / dz dp|c(v, v, 2,0)|2 < Clv — v 2@ (Jv — v4| )b (Jv — i)
k 0
(2.13) g (2) — yhi ()] < Cla —yl(T(z) + T(y)),
(2.14) |kor®(z) — xhi(z)| < Caxd(z)el(z).

Furthermore, €k is bounded by k1, and for all v € Ry, limy ef(z) = 0.
This Lemma will be checked in the appendix, as the following continuity property of A.

Lemma 2.5. Assume (A1-A2-A3-A4)(v), for some v € (—3,0], and consider g € P2(R3) N 7.
Then for any ¢ € C2, v [oq g(dvy)Ad(v,vy) is continuous on R?.



8 NICOLAS FOURNIER', HELENE GUERIN?

3. A SHORT AND UNRIGOROUS PROOF

We give here the main idea of this paper in the cutoff case. In the case without cutoff, we are not
able to give a direct proof (not relying on the use of Poisson measures, martingale problems,... see
the next section). We consider a solution (f¢)¢cjo,7] to the Boltzmann equation. Then

(3.15) & [ewia = [ fia) [ oo,

and we can formally write

oo 2
(3.16) Ap(v,v.) = 27r/0 dz/0 ;l—f[qb(v + c(v,vs, 2,0)) — ()]

This roughly means the following: take a particle at random at time ¢, and call its velocity V;.
Then V; is fi-distributed. Then for all z € Ry, it will collide, at rate 2wdz, with another particle
with velocity V;* (independant and also f;-distributed), it will choose « uniformly in [0, 27), and
its new velocity after the collision will be Z;(2) := Vi 4+ ¢(V4, V;*, z, ). Let us call A(ft, z) the law
of Zi(z).

Then if we have two solutions (f¢)¢ejo,77, (ft)te[o,T] to ([, it is natural to think that

(317) GV < [ 2mdsWR A 2). A 2) - WR(.

Indeed, at each time ¢, for each z, f; and f; are replaced by A(ft, z) and A(ft, z) at rate 2wdz.

Such an inequality can be rigorously and easily obtained when truncating the integral fooo dz into

fok dz, by using the dual formulation of the Wasserstein distance (see Villani [20]).

We then claim that for all pair of laws f, f on R3,
(3.18) AQMwW@MdAG@%%@ﬁmémﬁmﬂMUHth

where C' depends only on k1, K2, k3, see (A1-A2-A3-A4)(vy). Gathering B117) and BIF), Theo-
rem would follow immediately from the generalized Gronwall Lemma

Let us prove [BI8). Consider thus f, f two probability distributions on R3, and two couples (v, ‘7)
and (V*,f/*) with V and V, f-distributed, V and V, f-distributed, with (v, ‘7) independent of
(Va, Vi), and such that E[|V — V|?] = E[|V. — Vi|?] = W2(f, f). Choose o uniformly distributed
on [0, 27) (independent of everything else), and set & = a+ o (V — Vi, V —V,) (modulo 27), where
(o was introduced in Lemma Then & is also uniformly distributed on [0,27), and is also
independent of (V,V,V,,V,). As a consequence, Z(z) = V + ¢(V, Vi, z,a) is A(f, z)-distributed,
and Z(z) =V+ c(f/7 Vi, 2, @) is A(f, z)-distributed, so that

(3.19) W3 (A 2), A(f,2)) = W3 (f. ) S El|Z(2) = Z(2)]> = [V = V]?] =: 8(2).
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But a simple computation using ) and (ZF) shows that for some constant C' = C'(k1, k2, K3),

V=V

0o 27r
/ dzd(z / / ('DE (V, Vi, z, @)—c(f/,f/*,z,go—l—goo(V
0
2V — V7))

V.
V) (e(V, Vi, 2,0) — o(V, Vi, 2,0+ 0o (V — Vi

gCEmvfm%Hmfﬁﬁxuv Val) + w(|V = V21))]

(3.20) <CE [|V—17|2(|V—V*|7+|17—1~/*|7)

by a symmetry argument and (A4)(y). Using finally the definition of J, and the independance of
(V,V) and (Vi, Vi), one easily deduces that

/OOO d28(z) < CE [|v - f/ﬂ (sup Bl = Va[7] + sup B0 ~ V2[")

(3.21) = CWZ(f, NI (f) + I, ()]
This concludes the proof of BIH).

4. COUPLING BOLTZMANN PROCESSES

To prove Theorem [[3 we will use some probabilistic arguments, which is of course a natural way
to couple two solutions of the Boltzmann equation. We follow the line of Tanaka [T5] (see also [9]),
who was dealing with the Maxwellian case, that is & = 1.

In the whole section, C' (resp. Cr) stands for a constant whose value may change from line to line,
and which depend only on k1, k2, k3,7 (resp. k1, ka2, k3,7, T).

Recall that Dy = D([0, T], R?) stands for the Skorokhod space of cadlag functions, see Ethier-Kurtz
[6] for many details on this topic. We consider a filtered probability space (€2, F, (Ft):eo0,17, P)-

Notation 4.1. Let g = (gt)iejo,1) be a measurable family of probability measures on R3.

(i) We say that N is a g-Poisson measure if it is a (Ft)iepo,1)-Poisson measure on [0,T] x R3 x
[0,00) x [0,27) with intensity measure dsgs(dv)dzde. We denote by N its compensated Poisson
measure.

(ii) For k > 1, Vi a Fo-measurable R3-valued random variable and N a g-Poisson measure, we
define (V{¥)iepo, 1) the unique solution to

t k 2m
(4.1) AN Vo+/ // / c(VE v, 2,0)N(ds,dv, dz, dp).
o Jr¥o Jo

Then (V{¥)iepo,r) is adapted to (Fi)ieo,r) and belongs a.s. to Dp. We will refer to (VF)iepo,r as
the (Vo, g, k, N)-process. Its law does not depend on the choice of the probability space, on N, and
depends on Vy only through its law.

The existence and uniqueness of V* is obvious, because N ([0, T] x R? x [0, k] x [0,27)) is a.s. finite,
so that (@) is nothing but a recursive equation.
We will show the following result at the end of this section.

Lemma 4.2. Assume (A1-A2-A3-A4(y)), for some v € (=3,0]. Consider a weak solution
(f)tepp,r) € L=([0,T], P2(R?)) N L*([0,T],T,) to {d). Consider any Fo-measurable random
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variable Vo ~ fo. Consider a f-Poisson measure N, and for each k > 1, the (Vy, f, k, N)-process
(V¥)iepo, 1) For each t € [0,T], denote by ff the law of VF. Then
(4.2) lim sup W3 (fi, ff') =

k—o0 [0,7]
Thus we will study a solution f to (IZI)) through its related stochastic process V,F. We start with
some moment computations.

Lemma 4.3. Assume (A1-A2-A3-A4)(y) for some v € (=3,0]. Let g € L>=([0,T],P2(R?)) N
LY([0,T),J,). There exists a constant Kr(g) depending only on T,~, k1, k2, ks, g such that for
each k > 1, Vo € L?, each g-Poisson measure N, the (Vo, g, k, N)-process (V;:k)te[o,T] satisfies
(4.3) E |sup |[V}*|?
[0,7]

< Kr(g){1+ E[|Vo|*]}.

Proof. Let k > 1 be fixed. Writing the Poisson measure N as N + dsg, (dv)dzdp, we obtain, using
the Doob inequality, that for ¢ € [0, T], Elsupygy |VE]2] < C{E[|Vo|*] + As + B:}, where

2
A = /ds/ dv/dz/ dple(VE vch)|]
R3
27 2
(4.4) B, = sup / ds/gé (dv) / dz d(p(:( LU, 2, 0)
[0,t] RS 0

Using now (ZH) and then (A4(7)), we get

(4.5) A < CE [/ cls/g‘s (dv)|VF — v|2+7] ,
RS

while ) and (A4(v)) yield

21
We then have to divide the study into several cases.
Case v € [-1,0]. Then v+ 2 € [O 2], so that |[VF — o> < C(1 + |VF]?2 + |[v]?), and one
easily checks that A; < Cp(1 + fo ma(gs)ds + fo [[VF¥|?]ds). Furthermore v+ 1 € [0,1], so that
|VE — o1t < C(1 + |VF| + |v]). Thus B, < Cr(1 + fo ma(gs)ds + fo [[V¥|?]ds) by the Cauchy-
Schwarz inequality. We finally find Efsupyg 4 |VE]2] < Cr(1+E[|Vo|? +f0 ma(gs ds+f0 [[VEF[2ds)

and the conclusion follows by the Gronwall Lemma, since fo ma(gs)ds < oo by assumption.

(4.6) B, < CE ds gs(dv)|VE — 71

R3

Case v € [ 2,—1]. Since v+ 2 € [0,2], we obtain as previously A; < C(1 + f(f ma(gs)ds +
fo [[V¥|2]ds). On the other hand, v < v+ 1 <0, so that |[VF — o7+l <1+ |Vk — v|7. Recalling
([CI2), we deduce that [, gs(dv)|VF — o™ < 1+ [og gs(dv)|VF — 0" < 14 J,(gs), and thus
B, < C|fO (1 + J,(gs))ds|*. We finally get E[supyq [VEI2] < Cr(1 + E[|Vo|?] + fo ma(gs)ds +
fOT [|[VE[2ds + |f0 (1 + Jy(gs))ds|?), and the conclusion follows by the Gronwall Lemma, since
Jo ma(gs)ds + fo (gs)ds < oo by assumption.
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Case v € (—3,—2]. Since v < v+1 < 0, we obtain as previously that B; < C| fg(l—f—J,Y(gs))dsP. A
similar argument, using that v < y+2 < 0 (and thus 272 < 14+27), yields A; < Cfg(1+J7(gs))ds.
We finally find Efsup , [V [?] < Cr(E[|Vol?] + fg(l + Jy(gs))ds + |fg(1 + J4(gs))ds|?), and the

conclusion follows, since fOT J(gs)ds < 0o by assumption. g

Tanaka [T5] (see also [9, Lemma 4.7]) observed the following elementary fact.

Lemma 4.4. Consider a (Ft)ieo,r)-Poisson measure pu(ds,dx,dp) on [0,T] x F x [0,27) with
intensity measure dsv(dx)dy, for some measurable space space F endowed with a nonnegative
measure v. Then for any predictable map . : Q x [0,T] x F — [0,27), the random measure
s (ds, dx,dp) on [0,T] x F x [0,27) defined by

T 2w
(4.7) s (A) :/0 /F/O Ta(s,, 0+ pu(s,x))pu(ds, dz,dp) ¥V ACI[0,T]x F x [0,27)

is again a (Fi)ie(o,r)-Poisson measure with intensity measure dsv(dx)de. Of course, we write
© + p«(s, ) for its value modulo 2.

Our main result will be based on the following proposition.

Proposition 4.5. Assume (A1-A2-A3-A4(y)), for some v € (=3,0]. Let k > 1, Vo,V two
Fo-measurable R3-valued random variables. We also consider g and § in L>([0,T], P2(R3)) N
LY([0,T),J,). Let us finally consider, for each s € [0,T], Rs € H(gs,gs) such that s — Ry is
measurable. We may find a g-Poisson measure N and a §-Poisson measure M such that, for V¥
the (Vo, g, k, N)-process and VE the (f/o,g, k, M)-process, the following property holds.

(i) If v € (=3,0), set a(y) = min(1/|v|,|v|/2) > 0. For all L > 1, allt € [0,T],

E[VF - VP < E[[Vo — Vol?] + K (g, 3, Vo, Vo) L=

t
(4.8) +O/ dsE [/ Rs<dv,d6>{|vskVs’“|2+|vﬂ|2}min<|vg’“v|”+|17fﬂ|%L>}},
0 R

3 xR3
where KT(V07‘70,9;§) depends Only on Ta’yanl;’i%’i&gag and E“‘/O|2]7E[|‘70|2]
(i) If v =0, for all t € [0,T],
t
(49) BV ~ VAP < B = VoP1+C [ o | [ Rutav,ao) {1V = VP 410 - 51
0 R3 xR3

Proof. Let thus k > 1, ¢, §, Vo, Vo, and (Rs)sejo,r) be as in the statement. We introduce a Poisson
measure A on [0,7] x (R3 x R?) x [0, 00) x [0, 27) with intensity measure dsRs(dv,d?)dzdgp. Then,
since the restriction of this measure to z € [0, k] is a.s. finite, there exists a unique pair of processes
(V;:k)te[o,T] and (‘ka)te[O,T]v solution of

t k 27
vE=vos [ [ vt o)A d(w.0). e ),
0 R3xR3 JO 0

t k  p2m
(410) ‘Aktk = ‘70 +/O /R3 ]R3/0 /0 c(‘zliaﬁaza ®+ ()DO(V;k— -0, ‘Akf— - ﬁ))A(dS,d(’U,ﬁ),dZ7dQ0)7
X
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where ¢y was introduced in Lemma P22 Consider now the random measures N and M defined on
[0,T] x R3 x [0,00) x [0,27) by

T e’} 2
A) :/ / / / Ta(s,v,z,0)A(ds,d(v,0),dz, dp),
o JrixrzJo Jo
T e’} 27 B
(4.11) M(A):/ / / / Ma(s, o, 2,04+ @o(VE —v, VE —0)A(ds,d(v, D), dz, dy).
o JrixrzJo Jo

Then N is classically a g-Poisson measure, since for each s, g5 is the first marginal of R,. Furthe-
more, M is a g-Poisson-measure, since for each s, g5 is the second marginal of R, and due Lemma

E3).
Thus (Vtk)te[O,T] (resp. (Vk)te[O,T]) is the (Vo, g, k, N)-process (resp. the (Vp,§,k, M)-process).
Next, setting for simplicity ¢ := c¢(VE v,2,¢) and & := c(f/sk_,f), 2,0+ po(VE — v, ‘7;“_ —)), we

get
2
AR U N A (7R AR LA 1
R3xR3

(4.12) A(ds,d(v,0),dz,dp).
Hence, taking expectations,

BV = VP = E[[Vo - Vol?]

t k 2m
(4.13) +/0 dSE{/Rs » Rs(dv,dﬁ)/o dz/o dgp[|c5|2+2(‘/;kf/sk).(cé)]}-

Now, using ([ZH), J) and (A4)(y), we easily deduce that a.s.,

k 27
| e [ delle= P+ 2vt - V(- 0)
0 0
(1.14) < C(VE = VAR 4+ o — SR (VE — o +VE = 37),

while using &3), ) and (A4)(v), we obtain a.s.

k 2m
[ s [ dplle e 2V - V(- )
0 0
(415) S CIVE = o 4+ CVF = 5277 4 CIVE = VE{IVE = o] 7 4 [V — 3}
If v = 0, @3) follows immediately from {I3) and EId). We thus now assume that v € (—3,0).

Let L > 1 be fixed. We insert (EI4) (resp. ID)) in @IF) when |VE — oY +|VF - 5|7 < L (resp.
|VE — |7 +|VF — %Y > L), and we obtain

4
B[V} =V} < BElVo - ol + C Y (1" + I")

i=1

¢
(4.16) +C/ dsE [/ Rs(dv,dv) {|Vé’f —VE? 4 v — 0*}y min(|VF — 0|7 4 [VF - 17|7,L)}} ,
0 RS xRS
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where
. ]
o= /dsE / Rs(dv o) |VE — vy U|V>L/Q}}
0 L/R3 xR
. -
o= [an) [ R(dv,dﬁnv;“ﬁ|2+”ﬂ{w_m>u2}]
0 R3 xR3
. -
o= /dsE /R3Rs(dv do)|VF — vj||vjv|1+vn{vgk_@w>L/2}],
0 L xR
. -
(4.17) o= /dSE / Rs(dvad”f))WSkVskHVSk?7|1ﬂ11{vk—w>L/2}],
0 R3 xR3 °

=1,L =4, L . . ~ - -
and where 1,7, ..., I, have the same expressions replacing V;,k, Vsk, v, v by V ,V;k, 0, 0.

We first treat the case of I"L. Since Ry € H(gs, §s) and v € (—3,0), and using notation ([(CIZ) one
has

1,L
I,

t
/o dsE [A?SMU)W - ”|2+711{|va|v>L/2}}

t t
CLQ/W/ dsE [/gs(dv)ﬂ/f —UP] < CLQ/W/ dsJ,(gs) < Kr(g)L=°0),
0 R 0

3

IN

(4.18)
since 2/|y| > a(v). Similarly, since 1/|y| > «a(7)

t
= [ e |7 [t - o g )]

CL'"E

IN

t
(419) / dSJ’Y(QS) § KT(gaga VOa%)Lia(’Y),
0

sup (|VF| + V)
0,71

where we used Lemma We now study IE’L when v € [-2,0), so that v+ 2 € [0,2). Using the
Hoélder inequality, we get

]

I t HT’Y t 2
Pt o< B ( [as ] Rs<dv,dﬁ>|vgk—ﬁ|2) ( [as Rs<dv7dﬁ>n{vskw>m})
0 R3 xR3 0 R3 xR3

]

= FE (/ cls/g‘s (dv |Vk —v|2) (/ ds/gé (dv) ﬂ{|vkvw>L/2})
R3 R3

]

CE (/tdS(m2(ys)+|Vk ) (/ ds/Rgs (dv) L;;lw)T

]

2
(420) < OL”/2{1+Esup]m2<gs)+Esup|vk ( / dsJ,(gs)d ) < Kr(g,§, Vo) L™*0,
0,T

IN
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by Lemma B3 since V—JFQ € [0,1] and |v]/2 > a(y). We next study I>"* when v € (=3, —2), so
that v+ 2 € (—1,0). The Holder inequality yields

2

r " ”T'Y t [
< E (/ dS/ Ry (dv, do)|V} ﬁl”) (/ dS/ Rs(dvvdﬁ)ﬂ{vk—vlvxﬂ})
0 R3 xR3 0 R3 xR3 :
2
[v1
= FE (/ ds/gs (dv)|VE ’ul”) (/ ds/gs (dv) ﬂ{vk—u|v>L/2}>
R3 R?
24~

o( /O wsr@) ([ td&fw(gs)) 127 < Kp(g,5)L ),

since 2/|y| > a(v). Let us now upperbound I;*" in the case v € [~1,0), so that 1+~ € [0,1)
Using the Holder inequality, one finds as usual (since (1 +v)/2 < 1/2)
1+

{sup|Vk V| x </ ds/gs (dv) |Vkv|2)
RS

IN

(4.21)

<

</ dS/gs (dv) ]1{|vk—w>L/2}) }
R3
_ t % 1 t liT’Y
< cr Qs+ 178D p {1+ [ astmatan + v T [ s}

0,7] 0 L J,

t =
< CL= {1+supmg(gs)+E[sup(|Vk|2+|Vk|2)]} </ dsJV(gs)>

0,7] 0

[0,7]
(422) < KT(gaga‘/Oa‘/O) a(’y)’
since (1 + |7])/2 > a(v) and by Lemma B2 Finally we consider I;"" in the case y € (—3,—2), so

that 14+ € (v,0):
1+~

sup|Vk Vk|><</ ds/gS (dD)|VF - ~|’Y>
RS
</ ds/gs (dv)
R3

cr Efsup v+ 740) [ M@Q% ([ as00)"

608

4,L
It

IN

1

}

1

[~
ﬂ{Vk—v|v>L/2})
t

IN

(4.23) < Kr(g,9, Vo, Vo)L~
M IME ) ER) follows immediately. O

since 1/|y| > a(7). Using the same computations for

Admitting for a moment Lemma B2 we give the
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Proof of Theorem [ We thus assume (A1-A2-A3-A4(vy)) for some v € (—3,0), the case y =0
is easier and left to the reader. We consider two weak solutions (f;):efo,r) and ( ft)te[o,T] to ()
lying in L>°([0, T, Po(R?)) N L1([0,T7), T-)-

We consider two Fyp-measurable random variables V, ~ fy and f/o ~ fo, such that W22( fo, fo) =
E[|[Vo —Vo|?], and for each s € [0, T], we consider Ry € H(fs, fs) such that WE(fs, fs) = [us, s [0~
9|? Rs(dv, dv). Due to Fontbona-Guérin-Méléard [, Theorem 1.3], s — R, is measurable: indeed,
since by assumption f; has a density for all ¢ € [0, T], the minimizer R; is unique (see e.g. Villani
20, Theorem 2.12]).

Finally, for each k > 1, we consider some (Vj, f, k, N)-process (V;:k)te[o,T] and some (f/o,f, k, M)
process (‘Z:k)te[o,T], coupled as in Proposition EE0

We set wF := E[|V}¥ — V}¥|?] for each k > 1, each t € [0,T]. Using Lemma EE2 we deduce that for
all t € [0, 77,

(4.24) up = Wi(fe, fr) < limsupwf =: w.
k

We observe at once that due to Lemma B3 and by assumption on f, f,

(4.25) sup sup wr + sup w; < oc.
k [0,7] [0,7)

Due to Proposition EE3, we know that for all L > 1, all k > 1, all ¢t € [0, T,
U}f S /U’O+K(T7fafa‘/07‘70)[’ia(7)

. )
+0 [do WE = VI [ R dn)(VE = o+ 17 - am}
0 L R3 xR3
\ -
+C/ dsE / Ry(dv,dd)|v — 9|* min(|VF —’U|’Y,L):|
0 L/ R3 xR3
, -
+C/ dsE / R (dv, dv)|v — 9)? min(|VF —17|'V,L)}
0 L/ R3 xR3
(4.26) = ug+ K(T, f, f,Vo, Vo)L~ + CAy(t, L) + CBy(t, L) + CBy(t, L).

First, recalling (CI?) and that R, € H(fs, fs), we observe that
t ~ ~ ~
aen) = [ s [Wf ST [(falvE = o+ a7 - @m}
0 R3

t ~
(4.27) < /dsw’;Jy(ferfs).

0

Hence for all L > 1, using [@EZH), the Lebesgue Theorem and that J., (fs 4 fs) belongs to L*([0,T7])
by assumption,

¢
(4.28) limsup Ag(t, L) < / ds wsJ(fs + fs)-
k 0

Next, one easily checks that for each s € [0,7], the map v, — a;s(vs) = / R (dv, dv)|v —
R3 xR3

#|> min(|v, —v|?, L) is continuous on R* and bounded by 2L(ma(fs) + ma(fs)). Since furthermore
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fOT (ma(fs) + ma (fs))ds < 00 by assumption, we easily deduce from Lemma and the Lebesgue
Theorem that

t
lim By(t,L) = /ds/ Rs(dv,d6)|v—17|2/f5(dv*)min(|v*—v|7,L)
k 0 R3 X R3 R3

¢
< /ds/ Rs(dv,d6)|v717|2/f5(dv*)|v*7v|7
0 R3 X R3 R?

¢ ¢
(4.29) < /Odsusl]v(fs)g/o ds wedy(fs).

A

Using the same computation for By, (t, L), we finally obtain, for all L > 1,

t
(4.30) w < uo + K(T, f, f, Vo, Vo)L= 4 C / ws ., (fs + fs)ds
0

Making L tend to infinity, and using the generalized Gronw:;ll Lemma Bl we deduce that for
t € [0,7], wy < upexp C’fo (fs + fé)ds) Since W3 (fi, fi) = u¢ < wy, this concludes the
proof. O

It remains to prove the convergence Lemma To this aim, we first prove a uniqueness result
for a linearized Boltzmann equation.

Lemma 4.6. Assume (A1-A2-A3-A4(y)), for some v € (—=3,0]. Consider a weak solution
= (ft)tepo,r] € L>([0,T], Po(R3*))NL([0,T], T) to (D). Assume that for some g = (9t)tejo,m) €
L>([0,T], P2(R3)) for all p € C2, all t € [0,T],

(4.31) R;f)(v)gt(dv) = v) fo(dv) / ds /Rgs (dv) fs (dv.)Ap(v,vy),

with A¢ defined by ([Z3). Then g = f.

Proof. We thus assume (A1-A2-A3-A4(y)) for some v € (—3,0], and (unfortunately) use some
martingale problems techniques. We consider a weak solution f = (f¢)ejo,r) € L>([0,T7], P2(R?))N

LY([0,T],J,) to (). We also consider, for each ¢t > 0 the operator A; defined for ¢ € C2 and
v € R? by

(4.32) At(,b /ft (dvy) Ad)(v Uy )

We will prove that for any pu € Po(R?), there exists at most one g € L>([0, T], Po(R?)) such that
forall t >0, all ¢ € 02

(4.33) v)g¢(dv) /(,b (dv) / d,s/]RgS (dv)A

Since by assumption, f and g solve this equation with p = fy, this will conclude the proof.

Step 1. Let u € P2(R3). A cadlag adapted R3-valued stochastic process (Vi)teqo, ) on some filtered
probability space (Q, F, (Ft)icjo,r], P) is said to solve the martingale problem MP((.,th)te[o,T],,u)
if PoVy ! =y and if for all ¢ € C?, (Mt(b)te[o,T] is a (2, F, (Ft)tejo,r), P)-martingale, where

(4.34) MY = (Vi) — /0 Asb(Vy)ds
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Assume for a moment that:

(i) there exists a countable subset (¢x)k>1 C C2 such that for all ¢ € [0,T], the closure (for the
bounded pointwise convergence) of { (¢, A:¢r), k > 1} contains {(¢, A;¢), ¢ € C2},

(ii) for each vy € R3, there exists a solution to MP((At)tE[QT],éyO),

(iii) for each vy € R?, uniqueness (in law) holds for MP((At)te[O,T],évo).

Then, due to Bhatt-Karandikar [2 Theorem 5.2] (see also Remark 3.1 and Theorem 5.1 in [2] and
Theorem B.1 in [12]), uniqueness for ([33)) holds.

Step 2. First, (i) holds: consider any countable subset (¢)x>1 C C2 dense in C2, in the sense that
for 1 € C? with supp ¢ C {|v| < z}, there exists a subsequence ¢y, such that supp ¢, C {|v| <

293}7 and 11mn~>00(||w - ¢kn 0 T ||1/)/ - QS;{;" 0 T ||1/)” - d)gn oo) =0.
We then have to prove that, for ¢ € [0, T7,

(a) A;¢y, (v) tends to Auh(v) for all v € R3,

(b) and that sup,, ||Aid, || < c0.

First, using Lemma P23 (ii) and (A4)(7), we get, for v € R3,

[Atr, (v) = A (v)| = | At[or, — ¥](v)]
(4.35) < CO(IY" = P, Moo + (19" = i, Iloc) /Rﬁft(dv*)ﬂv — v+ o = v P)w - w7,

which tends to 0 as n tends to infinity, provided oy := /ft(dv*)(|v — 0|+ v — v v — v, < 0.
R3

But a; < /ft(dv*)(l +2[v — v )| — i Y < T (fe) + Z/ft(dv*)h) — v, |*T7. If y € [-2,0], then
RS RS

v — v, ?2T7 < 14 20]? + 2|v]?, so that oy < J,(ft) + C(ma(fi) + 1+ |v|?) < oo by assumption.
If v € (=3,-2), then |v — v, > < 14 |v — .|, so that oy < 3J,(f;) + 1 < oo. Thus (a)
holds, and it remains to prove (b). Set M := sup,(|[¢k,|lco + |9}, lloo + ¢} lloo). If v €
(—3,—2], then one easily deduces from (A4)(y) and Lemma 3 (ii) that for all ¢, all n, all v,
|As ¢, (v)| < CM(1+ J,(fi)), which implies (b). If v € (=2, 0], we use Lemma B2 (iii), and get,
since v — v, |*TY < 14 2[]? + 2|v. |2,

. 24y |v — U*|2+7
[Agr, (v)] < CM Rgft(dv*) Lt o = 0 [T 7 Ly <aay + TH{MZME}
< OM [ fildo) [+ a4 42721 o )]
R3
(4.36) < OM(1+ 2%+ 272 +mo(fi)(1 +272)).

Step 3. Classical arguments (see e.g. Tanaka [I6] Section 4] or Desvillettes-Graham-Méléard [
Theorem 3.8]) yield that a process (V;)¢c[o,7] on some filtered probability space (2, F, (Ft)iecjo, 1), P)
is a solution to M P((At)te[O,T]vévg) if and only if there exists, on a possibly enlarged probability
space, a (ft)te[oyT]—adapted f-Poisson measure N (dt,dv,dz,dp) such that (recall the expression

&3) of A, and that N stands for the compensated Poisson measure)

t [e’e) 27
W=m+//J}/ (Vi v, 5, 9)N (ds, dv, dz, dp)
0 RY0 0

(4.37) fno/o ds Réfs(d’u)fb(ﬂ/'S — ) (Vs — o).
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We thus just have to prove the existence and uniqueness in law for solutions to ([E31).
Step 4. We now check that for (V;)ic(o,r) a solution to (EE3T),

(4.38) E |sup |V;|?

(0,77

We introduce, for n > 1, the stopping time 7,, = inf{¢t > 0,|V;|] > n}. Using the Doob and
Cauchy-Schwarz inequalities, thanks to ) and (A4)(y) we get

t/\T—,L 27
< Clwl* +CE {/ s(dv) / dz/ dple(Vs— ,vscp)|]
0

Separating as usual the cases v € (—3,—2], v € (—2,—1] and v € (—1,0] (see e.g. the proof of
Lemma F3]), we obtain in any case

E | sup |V5|2

[0,tATs]

t/\T—,L
(4.39) VCrE / Fd0)8( Ve — oD[Vee — ]|
0 R3

tATH

tATH
< Clw*+CE [/ ds/fé (dv)|Vs —u|2+7} +COrE

ds/fé (dv)|Vy —v|1+7

tATh T
B| s Vp| <P+ con | [ avE| +or [ nas
[0,6ATn] 0 0
T 2 T
Lo </ Jv(fs)ds> +CT/ dsma(f.)
0 0
t
(4.40) < Cr(vo, f) + CT/ dsE | sup |V,|?
0 [0,5ATh]

The Gronwall Lemma ensures us that for alln > 1, E |:Sup[07T/\Tn] |Vé|2} < Op(vo, f)eTCr. We
immediately deduce that a.s., lim,, 7, = oo, and then that (38 holds.

Step 5. Let (Vi)icjo,r) be a cadlag adapted solution to ([BE3M), for some f-Poisson measure N.

Recall Lemma 2 and define (f/tk )telo, 7] as the solution (which clearly exists and is unique since
Ii.<pyN(ds,dv,dz,dp) is a.s. finite)

2
(4.41) vk = v0+/ /J / VE v, 2,0+ 0o(Vae — v, VE —0))N(ds,dv,dz, dp).

The map <p0(V —oVE — v) being predictable, we deduce from Lemma FA] that Ny defined by

ki 6—
fo Jzs fo Tla(s,v, 2,04+ @o(Var — v, VFE —0))N(ds,dv,dz,dy) is still a f-Poisson
measure. Hence (V;5 )te[o 71 is nothing but the (vo, f, k, No)-process, and its law is entirely deter-
mined by vg and f, see Notation EET1

We will now show that (f/tk)tzo goes in probability to (V;);>0, which will yield the uniqueness of
the law of (V4);>0 and thus will end the proof of (iii). To this end, we first observe that due to
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Step 4 and Lemma E3]

(4.42) C(T, f,v) :=F |

sup [V;|? < 0.

s

+sup £
k

sup [V*
(0,7
Then, we may rewrite, recalling (1))
5 t k p2m B B
VE = —|—/ // / c(VE v, 2,04+ 0o(Vie — v, VFE —0))N(ds,dv,dz, dp)
o JrYo Jo
t
(4.43) +/ ds | fo(dv)h§(|VE —o)(VF —v).
0 R3

This is due to the fact that fok dz 0277 doc(V,v,z,0) = —(V — v)hE(|]V — v]). Hence,

(4.44) Vi =V} = Ap" 4+ APF + APF AT,
where
t k 27 B N B
Az,k = //// [c(‘/sfavazacp)76(‘/?—7'0727904’500(‘/5777}7‘/516—7”))]N(d5advadzad90)a
o Jr¥o Jo
t e’} 27 B
Af’k = / // / (Vi ,v,2,0)N(ds, dv,dz, dp),
o JRYK Jo
t
APF = /Ods Réfs(dv)[h’gqu—v|)(VS—v)—h’g(|vj—v|)(vs’“—v)],

4.k
At

/O ds st(dv)[ﬁo¢(|% = o))(Vs =) = hg(|Vs = o) (Vi = v)].

First, we immediately deduce from the Doob inequality, ) and (A4)(y), that

E |sup |ALF?

0,2]

IN

t
¢ [ ds [ fu(av) [V~ VIRV — o+ |V = op)
0 R3

(4.45)

IN

C/Ot dsE [|Ve = VER| 1o(f,):

Next, Doob’s inequality, [ZI2) and (A4)(y) yield

(4.46) E |sup |A%*|?

T
<c [ ds [ faldn)B IV, - oP (V- o) -0
[0,] 0 R3

as k tends to infinity, since due to Lemma P4l £ is bounded and tends simply to 0, and since
|Vi — v|**7 belongs to L!(dsfs(dv)P(dw)) (as usual, if 2+~ > 0, this follows from @ZZ) and the
fact that f € L>°([0, T, P2(R?)), while if 2+ < 0, we just use that f € L([0,T], 7))
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Using [ZT3)), (A4)(y), and then the Cauchy-Schwarz inequality, we obtain

+ 2
E |suplastp| < < [as] fs<dv>|vsVf|<|vsvw+|vaw>”
[0,4] 0 R3
+ 2
< cr (/ dSI‘/;—‘lliv(fs))]
0
(4.47) < (/ dsE[|V, — V¥ )(/ dsJ( f5>.

Finally, (ZT4) and (A4)(y) allow us to obtain,

(4.48)  E |sup|Ab*F?

[0,2]

2
T
< CE (/ s fs(dv)I‘/;—v|1+”€'8(|‘/;—v|)> ~0
0 R3

using similar arguments as for the study of A"¥. We thus obtain, for some 7, going to 0, some
constant C(T), f),

t
(4.49) B (V= VAP] <t CT.5) [ dsBIV. = VAP (1)
0

The generalized Gronwall Lemma Bl and the fact that f € L'([0,T], 7,) by assumption allow us
to conclude that

(4.50) E |sup |V, — V}¥)?

[0,T]

T
< e explC(T, ) /O ds.1,(f2)] — 0

as k tends to infinity. Hence (‘zk)te[O,T] goes in probability to (V;):e[o,17-

Step 6. It remains to prove (ii), i.e. the existence for MP((At)te[O7T];5vo)~ We use to this aim a
Picard iteration. Let N be a f-Poisson measure as in Step 2. We consider the constant process
V0 = vy, we set f = 0 and we define recursively

Vit = +/ // /27r L0, 2,0 + @ (s,0))N(ds, dv, dz, dp)
(4.51) o / ds / S @)V = o)V~ ),

and ¢}, 1 (s,v) = @i (s,v) + @o (V" — v,V —v), where ¢ is defined by Lemma 24 A compu-
tation based on Doob’s inequality using (E:ﬂ) and that |z®(z) — y®(y)| < min(z, y)|®(z) — D(y)|+
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|z —y|(@(z) + ®(y)) < Clz — y|(x¥ + y7) yields that for all t € [0,T], all n > 1,

t
E |swp Vet —vep| < c / ds [ Fu(do) B[V — VI PV — ot 4 (VI — o]
[0,¢] 0 R3
t 2
n _ ymn—1 no_ 0 n—1_ v
vo |([ s [ gaotv - vemtive - op vt - >])]
t
< c / dsE(VE — VI P ()
0
T t
n _ yn—12
e ( / dsz(fs)> < / dSE[[VI — V. I]Jw(fs)>
t
(4.52) < o f) / dsE(VI — VIR (f):

Using Lemma@l we deduce that )~ F [Sup[o,T] [Vl Vsnﬂ < 00, so that there exists a cadlag
adapted process (V;)¢cjo,7) such that

(4.53) lim E

n

sup [V — V,'[?
0.7]

=0 and F < 00.

sup |V;|?
0.7]

To show that (V;)>¢ satisfies MP((At)tE[QT],éyO)), we need to check that for all 0 < s; < ... <
51 <s<t<T, all ¢1,....,¢ € C.(R?), and all ¢ € C?,

l t ~
(ilj[lm(v;i)) (aﬂ(vt)rzs(vs) / Aud)(Vu)duﬂ =0.

But we know from X)) that for all n > 1,

| t A n _
(1_1 qsi(v::)) (o) = o) = [ Awot; )duﬂ o

It remains to pass to the limit in (EBRH) to obtain EBR). It suffices to use EDRJ), and to observe
that the map (vu)uepo,r] = K((Vu)uejo,r]) = (Hé:1 qbi(vs%)) (¢(Ut) — ¢(vs) — f; Auqb(Vu)du) is

continuous on D (endowed here with the uniform convergence) and bounded. First, we have
shown in Step 2-(b) that A;¢ is bounded by Cy(1 + ma(fi) + J,(f:)), and we easily deduce that
K is bounded since f € L°°([0,T],P2(R3)) N L*([0,T], J,). Next, the only difficulty concerning
the continuity of K is to check that of (vy)uep,r) — fst dsAu¢(vy)du. Since A, ¢ is bounded by
Cy(1+ma(fu)+Jy(fu)) € L*([0,T)), it suffices to check that for each u € [0, 7], A,¢ is continuous
on R3. This follows from Lemma A g

(4.54) E

(4.55) E

We finally conclude the section with the

Proof of Lemma {4 The proof is actually almost contained in that of Lemma EE8 Indeed,
consider a weak solution f € L*([0,T],P2(R3)) N L1([0,T],J,) to ), and define, for each
t € [0,T), the operator A, by [@3J). We have checked in Step 6 the existence of a solution to
M P((At)te[O,T]a Ju, ). Of course, the same arguments allow us to prove the existence of a solution
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(Vi)teo,m) to MP((At)te[oyT},fO), since fo € P2(R?). Consider now the law g; of V;. Then taking
expectations in (BE34), one easily deduces that (g:).e[o,r) solves @3], so that due to Lemma BB
g = f. Hence for each ¢t € [0,T], the law of V; is nothing but f;. Next, using Steps 3 and 5,
we have shown how to build some f-Poisson measures N* in such a way that for (f/tk)te[O,T] the
(Vo, f, k, N¥)-process, limy, Elsupg 71 [Vi — V¥|?] = 0. Denoting by fF the law of V}*, this of course
implies that limy, supyg 7 Wal(fi, fF) = 0, which was our goal. |

5. APPLICATIONS

We now prove our well-posedness results. We start with the case of regularized velocity cross
sections.

Proof of Corollary[[J} We assume (A1-A2-A3-A4(0)). We oberve that for any g € P2(R?),
Jo(g) < 1. Hence for any pair of solutions (f;) and (ft)te[O,Tb and such that one of them has a
density for all times, ([C22) follows immediately from Theorem

Let us now prove the existence result. We found no reference about such an existence result,
but it is completely standard. The case where fy € P2(R®) has a finite entropy, that is when

/fo(v) log(1 4 fo(v))dv < oo can be treated following the line of Villani [I8 (and is much more
R3

easy since we assume here that ® is bounded, while true soft potentials were treated there). The
obtained solution has furthermore a finite entropy (and thus a density) for all times. Then the
existence result for any fo € P2(R?) is a straightforward consequence of ([CZ): it suffices to
consider a sequence f§ € Po(R3) with finite entropy, tending to fo for the distance Wa, and the
associated weak solutions (f{")¢cjo,r] to (CID). Then (C22) ensures us that there exists (f¢)ie(o,7]
such that limy, .. supyy 7 Wa(fl, ft) = 0. Tt is then not hard to pass to the limit in (CI7), and to
deduce that (f)epo,r] is indeed a weak solution to (ICIT).

Let us now extend ([LZJ) to any pair of solutions (f;):eo,17, ( ft)te[oj]), without assuming that f;
(or f;) has a density for all times: consider f¢ with a finite entropy, such that Wa(fo, f) tends to
0, and the associated solution (f{*);c[o,r]. Since f{* has a finite entropy (and thus a density) for
all times, we deduce that for all n > 1, all ¢ € [0, T7,

Wa(fe, 1) + Wa (£ fo) < [Wa(fo, o) + Walfe', fo)le™"
2Wa(fo, £3') + Wa(fo, fo)]e™!

Walfe, fr) <
(5.1) <

by the triangular inequality. Letting n tend to infinity, we obtain (C22). The uniqueness result is
now straightforward. O

We now study the case of soft potentials.
Proof of Corollary A We consider v € (—3,0), and assume (A1)-(A2)-(A3)-(A4)(y).

First note that we consider only solutions with densities here, since we work in LP with p >
3/(3+7) > 1.
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We also observe that for o € (—3,0), and for p € (3/(3 + «), 0], there exists a constant Cy, , such
that for any g € P2(R3) N LP(R3), any v € RY,

Talg) = sup [ glo) v v.|* dv.
vER3 JR3
< sup / g(vs) [v — v|¥ dvy + sup / g(vs) duy
vERS J|v, —v|<1 vERS J v, —v|>1
(5.2) < Coplgllrms +1,
where Cop = suDyeps[[[,, <y [V — 0|/ P Vv JED/P = [f o[/~ Ddv,]P=D/P < oo,

since by assumption, ap/(p — 1) > —3.

Step 1. We first observe that point (i) is an immediate consequence of Theorem and (&3,
since we deal with solutions with densities.

Step 2. We now check point (ii). We only have to prove the existence of solutions, since uniqueness
follows from point (i). Using some results of Villani [I8, Theorems 1 and 3], we know that for
€ (—3,0), for any fo € P(R?) satisfying

(5.3) /Rgfo(v) log(1 + fo(v))dv < oo,

there exists a weak solution (f)i>0 € L°°([0,00), L*(R3, (1 + [v|?) dv)) to ([T starting from fo.
Recall that if fo € Po(R?) N LP(R3) for some p > 1, then (B3)) holds. Then the existence result
of point (ii) follows immediately from the following a priori estimate, which guarantees that if
fo € LP(R?) for some p > 3/(3 + «), then this bound propagates locally (in time): there exists
C = C(p,~, K1, k2, k3) such that any weak solution to ([LIl) a priori satisfies

d
(5-4) I fillee < C(U+ [1fillZ zs))-
This will guarantee that for 0 <t < T, := & (/2 — arctan || fo||»), we have
(5.5) I ftlle < tan (arctan || fol|r + C't).
Thus point (ii) will be proved.

To obtain ([&4l), we follow the method of Desvillettes-Mouhot, see [B, Proposition 3.2]. First, one

classically may replace, in A¢ taken in the form ([LIF), 5(0) by 3(9) = [B(0)+B(m—0)]Mioe(0,x/2]}
see e.g. [Il Introduction] or [l Section 2]. This relies on the use of [(LIH). Next, following the line
of [A, proof of Proposition 3.2], we get

/2 27
6.0 5 [1h0lrdo< o=1) [ ftsdo. [ aso—o)) [ o) [ el - o),

where v’ is given by ([LI3). Using now the cancelation Lemma of Alexandre-Desvillettes-Villani-
Wennberg [1, Lemma 1] (with N = 3, f given by fF, and B(|v — v.|,cos0) sinf = 3(0)®(|v — v.|)),

we obtain
%/let(vﬂpdv <2n(p— 1)/R§ft(v*)dv* dv/ B0

(5.7) |cos™3(6/2)®(|v — vs| cos™'(6/2)) — (Jv — v )] -
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Due to (A4)(7), we know that |®(z) — ®(y)| < k3(z” + y7)|z — y|/ min(z,y). One easily deduces
that for some constant C' = C(k3), for all z € Ry, all 6 € (0,7/2],

‘COS73(9/2)@(1’ cos 1(6/2)) — <I>(:c)‘ < |cos*3(9/2) — 1| ®(2)
+cos™3(0/2) |®(xcos™1(6/2)) — <I>(:c)‘
< OO + Clrcos™(0/2) — x| (z7 + (zcos™(0/2)))/x
(5.8) < OO0,

we used here that |cos™3(0/2) — 1| + | cos™1(0/2) — 1| < csth? for all 6 € (0, 7/2].

Since fw/Q B(0)d0 < k1, we finally get, with C' = C(v, p, k1, k2, K3),
G [lnwrar < c [ g [ o opae)a
dt R3 R3 R3
1+1/p
(5.9) < C ( ffw)dv + Cyp [/ ff(v)dv] )
R3 R3

the last inequality using (B22). This yields

d
(5.10) llfellzr < C (I1fellzr + Cypllfellis)

from which (&3 immediately follows. O

6. APPENDIX

We start this annex by recalling the generalized Gronwall Lemma and the associated Picard
Lemma.

Lemma 6.1. Let T > 0 and a nonnegative function v on [0,T] such that fo s)ds < 0.
(i) Any nonnegative bounded function on [0,T] satisfying u(t) < a+ fo )ds for allt € [0,T]

also satisfies u(t) < aexp fo s)ds) for all t € [0,T).
(zz) C’onsz’der a sequence of nonnegative functions u, on [0,T], with uy bounded and un+1(t) <

fo un(s)v(s)ds for alln >0, all t € [0,T]. Then 3, ~osupj 1) un(t) < ||uolleo exp fo (s)ds).

We carry on with the

Proof of Lemma Ll We first prove (i). Recall that H(# fe x)dz, that G is its inverse
function, and that c0='7" < 3(0) < CO~1~" for some v € (0 2). Slnce H(H) <a(0~V—m"") (with
a = C/v), we deduce that G(z) < (z/a + ﬂ_”)_l/”. Now for 0 < z < w

<[ o= [ i c o

/ (ufa+77") 171/”SA{(z/a+777y)71/y—(w/a—f—ﬂ’”)’l/”

0<G(z) — G(w)
1
< g

(6.11) < B{l—i—ez “1v (1 4 ew)™ 1/”}

for some constants A, B, e > 0. We set « = 1/v > 1/2, and first treat the
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Case o € (1/2,1]. Let thus > y > 0, and z € (0,00). Using the inequality |u®* — v*| < cst
|u — v|/(ul =% + v1~%), we obtain, the value of B changing from line to line,

G(z/2) = G(z/y)l* < Bl(L+ez/a)™" = A +ez/y)  P((L+ez/a)* 7 + (L+ez/y)* )~

2 2-2a

< x _ Y xr+ ez

- r+ez Y+ez T

< B(:L' _ y)222x2a72(x + 62)72a(y + 52)72
(6.12) < Bz —y)%? 2 (x +e2) 72
Integrating this inequality, we get

oo PRY RY
6.13 dz|G(z/z) — G(z/y)|* < B(x— 2932“_2:E1_2“§B(x v) §B(x v)
(6.13) y y - Ty
0

since x > y by assumption.

Case a € [1,00). Let >y > 0. Then
|G(2/2) = G(2/y)I” B|(1 +ez/x)™ = (1 +ez/y) ="

B|(1+ez/z)"" = (L +e2/y) [

and we may use the same computation as previously with o = 1.

<
(6.14) <

We leave the proof (ii) to the reader, and finally prove (iii). We thus assume that ®(z) = 27 for
some vy € (—3,0), and show that (CH) holds with ¥(x) =cst.x”. First, it is of course immediate
that (z — y)*[®(z) + ®(y)] < (z — y)*[z7 +y"]. Next,

1

min(z, y)lo - yl|®(z) - S(y)| < |ylmin(z,y)(z - y)* min(z,y)7~
(6.15) < Pl —y) min(e,y)” < hl(@ - y)* (27 +y7).
Finally,
2 . 2y-2
min($2, y2) |q;)(é));q;((y;)| < |7|2 min($2, y2)(x - )lel;(ff;j
(6.16) < (e —y)? min(z,y)” < @ - y)? @ +y).
As a conclusion, [C3) holds with ¥(z) := (1 + |y| +~?)2". O

Next, we give the

Proof of {LI4). Let thus ¢ € C2%, denote by ¢” its Hessian matrix, and set A = A(v, v, 0, @) =
d(v")+ P(v) — d(v) — p(vs ), where we used the shortened notation [CIJ). Recalling that v/ = v+a
while v, = v, — a, a Taylor expansion yields that for some w1, ws € R®, A = a.[Vé(v) — Vo(v.)] +

1a.[¢" (w1)+¢" (w2)]a. Recall now that fo% adyp = 7#(’071}*), and that |a|? = LQOSHW*’U*F.
Hence
27
1—cosé 1—cosf
[ aae] < I - 90() - To(en + 28l g o -
0
(6.17) < O —cos0)]|0"]|oo|v — vil?,
which yields the desired result, since 1 — cosf < 62. |

Next, we treat the
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Proof of Lemma[Zl First, the second equality in Z3) is obvious, since ¢(v, vy, 2, .) is 2r-peridodic.
Next, we consider ¢ € C2,. We have already seen that A¢ is well-defined (see (LI)), and A¢ is also

well-defined, since, setting ¢ = c(v, v«, 2, ¢) for simplicity, |p(v+c) —p(v) —c. Vo (v)| < |e]?]|d"]]0o/2-
Using the substitution § = G(z/®(|v — v.])), which yields dz = 7<I>(|v —v.])3(0)d6, we get,

oo 2T
[ e [ deletv vz = (o - 0. / s0)0 [ dlav,v..0,0)
0 0
T 2 1 —cosf
(6.18) :¢>(|va*|)/0 ﬂ(@)d@/o dgp|vf’u*|2T §C|v7v*|2<I>(|’ufv*|)

thanks to (A2), where C' depends only on ;. Thus A¢ is well-defined for ¢ € C2%, and if ¢ € CZ,
(6.19) (A (v, v.)| < Cll¢" ool = v 2@ (J0 = va]) + ClI¢||oo 0 — v D(J0 = 04]).

Next, we consider again ¢ € C2 . Using the substitution § = G(z/®(Jv — v.|)), we observe that
(using the shortened notation ((CI3)

(6200 Aot0.02) = oo =) [ [ 5000 [ dsio0/) - 600) - aF00)] ~ oo~ 21560
Using now (CI4) and that [ 3(6)d6 fo% dpa = —rko(v — v,), we obtain

1 1 — v, ™ 2
(o20) Al A t) B ZD P gan [ aglon) + o) - o) — o0

2

which was our goal. O

Proof of Lemma[ZZ3 First (ZH) has already been proved, see ([I8). Using again the substitution
0 = G(z/P(|Jv — vi])), we obtain 7):

o0
/dz
0

27 T 2
/0 dwc(v,v*,z,@'@uvv*n / 5(6)d6 / dga(v, v.,0,0)

(6.22) =m|v — 0| P(Jv — v4|) /OTr B(0)do [1 — cos 8] < Clv — v |P(Jv — vs]).
Next, we observe that
A = (v, 0k, 2,0) — (0, Dy 2, 0 + 00 (V — Vi, D — 1~)*)|2
2
< 4}1COSG(Z/;D('””*'”[<vv*>(f)m])
- 2
a8 G(z/2(|v — 04])) ; cos G(z/P(|Jv — vil)) (5 — 5.))
va |G =D 1y, )~ 00 s+ o0 — 0,8 5))
(6.23) g [SG /(D = o) o sinGe/®(0 = %) 1 _ 5 ot o0 — vay5— 5)
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Using now Lemma[Z2 that |[T'(X, ¢)| = | X|, and easy estimates about cosinus and sinus functions,
we deduce that

A < Ol =v.) = (0= 0.)PG*(2/(lv — vi))
(6.24) +O15 = 0.* |G(=/®(Jv = v.])) = G(z/®(|5 - T.])|*.

On the one hand, the substitution § = G(z/®(|Jv—v.|)) yields that [~ dz OQW deG?(2/®(Jv—v4])) =
21® (v — v.) [y 602B8(0)df = 27k1®(|v — v4), and on the other hand we may use (A3). We thus
get

oS 27
/ dz/ dpA < Cl(v —vi) — (0 — 0.)P®(Jv — v4)
0 0
(@(v — o)) = 2(|7 —5.])*
But using a symmetry argument, we easily deduce that
oo 2
[ [ aen < clw-v) - @ - s)P@( - vul) + @5 - 5.))
0 0

(D(|v = va]) = (|0 — D))
O(jo —vu]) + @(j7 —0.])

(6.25) +Co — o,

(6.26) +C min(|v — v. |2, |0 — 0. [%)
Then ([CH) leads us to
oo 2
(6.27) / w/ dpA < C|(v - v.) — (5 — 5.) [T (jo — v.]) + ©([5 - 5.])
0 0

which yields (). We finally check ([ZH). Integrating first against dy, we get

D::/dz
0

7 [zl = it - cosGz/@(0 )] - (0~ 81 - cos Gle/a(ln - 5.])

2m
/ d(,O[C(’U,’U*,Z,(p) _C(ﬁaﬁ*aza@)]
0

< 7r|(v—v*)—(17—6*)|/Ooodz[1—cosG(z/@(|U—U*|))]
o —@*|/OOO d |cos G(z/ (v — v.])) — cos G(z/ (|5 — 5.]))]
< llo=v) - @-a)| [ dG/B(o )
(6.28) +7r|171~)*|/000 dz‘GQ(z/<I>(|v—v*|)) —GQ(z/<I>(|fD—f)*|))‘.

The monotonicity of G ensures us that for any x,y > 0,
(6.29) / dz‘GQ(z/x) - GQ(Z/y)‘ = ‘/ d2G*(z/x) —/ deQ(z/y)‘.
0 0 0

On the other hand, [;°dzG?(z/x) = wky (recall (A2)), thanks to the substitution § = G(z/x).
We thus obtain

(6.30) D < wrl(v —v.) — (05— 3)|®(|v — vs]) + w17]0 — Bu]| @ (|0 — vs]) — B(|5 — ).
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A symmetry argument and then (CH) thus yields
D < mml(v =) = (0= 0)[(R(Jv = va]) + S(|0 = 0u))
+rimmin([v — ., [0 = 0.[)[@(Jv — va]) = (|0 — 0.])]
(6.31) < Rl =) = (0= 0)[(Y (v —va]) + ¥([0 - 0.)),
from which ZJ) follows.

We have already checked point (ii), see [EId). Let us finally prove point (iii), following the line of
[T2, Lemma 4.1]. We thus consider ¢ € C2, with supp ¢ C {|v| < z}. Recalling ([G20), we see that

[Ag(v,0.)] < wo®(jv — vil)|v = valll¢lloo L gjoj<ay

B(lo — 0D uicany [ O [ delo(w) - o(0) - a Vo)

T 2m
(632) +<I>(|v - v*|)]l{|1,‘221.} /0 6(9)(19/0 d<p|¢)(v’)| =: A1 + As + As.

Recalling that v = v + a, we deduce that |¢p(v') — ¢(v) — a.Vo(v)| < |al?||¢”]|o0/2, and then
recalling [EI8), we deduce that Ay < C|[¢"||oc®(Jv — vs])|[v — v« |* 1| <24}- Next, we observe that
|p(v")] < [|@]loc M jvr|<zy- Since v’ = v + a, we deduce that 1yjy|>o0,|v <z} < Lfjo|>20,]a|>|0]/2} <

2
ﬂ{|v‘22m}%. Thus, using ([EI8) again,

4||¢||oo " o 2

||¢||oo|v — vl
[v]?

As a conclusion, (I0) holds, which concludes the proof. O

(6.33) < CP(Jv — v ) o >0y

Let us now give the

Proof of Lemma[2 First, similarly to (&I8), we get
0o 27 Glk/®(Jv—v«])] 27
|t [ detetv. vz 0 = 00— | 560 [ dola(o,v..0,0)P
k 0 0 0

Glk/@(lv—v«])] 1—
:27T(I>(|U—U*|)|U—U*|2/ ﬁ(@)%sede
0

(6.34) < Clv = v ®(jv — val)eg (Jo — vel)

by definition of €f, and since (1 — cosf) < §2. This is nothing but [ZIZ). Next, one easily gets
|zhk (2)—yhk(y)| < |z—y|(hE(x)+hE(y))+min(z, y)|h§ (z)—h (y )| On the one hand, the definition
of hf and the substitution 6 = G(z/®(z)) yields hf(z) < 7®(z) [; (1 — cos0)3(0)df < wr1P(z),
and on the other hand, |hk (z)—h& (y)| < wfooo dz|cos G(z/®(x )) cos G(z/®(y))| < C|P(z)—P(y),
recall the computations in (EZREZMEI0). Hence [CI) yields |xhl (x) —yhk(y)] < Clr —y|(®(z) +
D(y)) + Cmin(z, y)|P(x) — P(y)| < Clx —y|(¥(z) + (y)), i.e. @IT). Next, an easy computation
shows that hk(z) = 7®(x fG[k/‘I’(x)]( —cos0)3()df. Hence, recalling @), |kox®(z) — zhf(z)| =

2®(@)r [P Z cos 0)B(0)do < 2 (w)meh (x).
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Finally, the fact that ¢} is bounded by k1 is obvious from (A2), and for = > 0 fixed, k/®(z) tends
to infinity, so that G[k/®(x)] tends to 0, and thus £X(x) tends to 0. O

We conclude the paper with the

Proof of Lemma[ZZ3. We thus assume (A1-A2-A3-A4)(y) for some v € (—3,0], and consider
¢ € C? and g € P2(R®) N J,. We consider a sequence v, — v in R3, and we have to show
that h(v,) — h(v), where h(v) == [, g(dv,) A¢(v,v,). Recalling BZ0), we write h(v) = hi(v) —
KoV d(v).ha(v), with

T 2
me) = [ o@)eo—v)) [ 60 [ deae..0.0).
A(v,vs,0,0) = v+ alv,vs,0,0)) — d(v) —a(v,v., 0, 0).Vo(v),
(6.35) ha(v) = /Rgg(dv*)(v — 0, )®(v — vy).

First, due to (A4)(7), one has [z®(z) —yP(y)| < |z —y|(P(z) + ®(y)) + min(x, y)|P(z) — D(y)| <
Clr — y|(2” +y7). Thus,

(6.36)  |h2(vn) = ha(v)] < C/y(dv*)lvn = 0f(Jon = 0" + v = 0.]7) < Clon — 0| J5(g) = 0
R3

as n tends to infinity, since g € J, by assumption. Next, we use the map ¢ introduced in Lemma
22 and write

(6.37) ha(vn) = /ﬂgmg«p(@n — ) /OW 5(9)d9/0 " Ao (Um0 0,5 + P00 — Vs v — %)),

We now introduce, for € > 0, h§, which is defined as h; but replacing ® by ®.(z) := ®(max(z,¢)).
First, lim,, h{(v,) = h§(v) for each € > 0, due to the Lebesgue Theorem and the following facts:
(i) ®. is continuous and bounded due to (A4)(y) ;

(ii) limy, A(vn, s, 0, © + o (v — Vs, Uy — V%)) = A(v, 04, 0, p) for all v, 6, p (because due to Lemma
m lim,, a(vnav*; 9; w+ SDO(U — Vs, Un — U*)) = a(U,'U*, 9; 50) )a

(i) [A(vn, v, 0, 0+ @0 (v —0i, vy, — %)) < Cplvn, — 0,202 < Cy(sup,, [vn | +[v«]?)6? which belongs
to L(g(dv.)B(0)dOdy) due to (A2) and since g € L>°([0, T], Po(R?)).

We thus just have to prove that lim._,¢ lim sup,, |h1(v,)—h5(v,)| = 0 and lim._,q |h1 (v)—h5(v)| = 0.
Using point (iii) above and then (A2)-(A4)(y),

T 2
(o) =il < Co [ a(@o)B(lvn = 0.0 icey [ 8O0 [ delun, —v. 6

IN

(6.38)

IN

C¢ Ag(dv*)|vn - U*|2+’Y]]-{|'un—v*\§a} < C¢Jv(g)€2'

This implies that limsup,, |h1(v,) — 7§ (v,)] < Cpdy(g)e? — 0 as e — 0. The same computation
shows that lim._,o |h1(v) — h5(v)| = 0, and this concludes the proof. O
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