SIMULATION AND APPROXIMATION OF LEVY-DRIVEN
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ABSTRACT. We consider the approximate Euler scheme for Lévy-driven sto-
chastic differential equations. We study the rate of convergence in law of the
paths. We show that when approximating the small jumps by Gaussian vari-
ables, the convergence is much faster than when simply neglecting them. For
example, when the Lévy measure of the driving process behaves like |z| 71 ~%dz
near 0, for some a € (1,2), we obtain an error of order 1/y/n with a computa-
tional cost of order n®. For a similar error when neglecting the small jumps,
see [14], the computational cost is of order no‘/(2*°‘)7 which is huge when « is
close to 2.

In the same spirit, we study the problem of the approximation of a Lévy-driven
S.D.E. by a Brownian S.D.E. when the Lévy process has no large jumps.

Our results rely on some results of Rio [13] about the central limit theorem,
in the spirit of the famous paper by Komldés-Major-Tsunddy [11].
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1. INTRODUCTION

Let (Z;)i>0 be a one-dimensional square integrable Lévy process. Then for some
a € R, b € Ry and some measure v on R, := R\{0} satisfying [, 2?v(dz) < oo,

t
(1) Zt:at—i—bBt—i—// 2N (ds, dz),
o Jr.

where (By)¢>0 is a standard Brownian motion, independent of a Poisson measure
N(ds,dz) on [0,00) x R, with intensity measure dsv(dz) and where N is its com-
pensated Poisson measure, see Jacod-Shiryaev [10].

We consider, for some x € R and some function ¢ : R — R, the S.D.E.

(2) Xt:x—l—/oto(Xs_)dZs.

Using some classical results (see e.g. Ikeda-Watanabe [5]), there is strong existence
and uniqueness for (2) as soon as o is Lipschitz continuous: for any given couple
(B, N), there exists an unique cadlag adapted solution (X;);>0 to (2). By adapted,
we mean adapted to the filtration (F;);>¢ generated by (B, N).

We consider two related problems in this paper. The first one deals with the
numerical approximation of the solution (X;);>o. It is discussed in the next section
in the case where o is bounded and Lipschitz continuous. We extend our study in
Section 7 to the case where o is locally Lipschitz continuous with at most linear
growth, and where the Lévy measure v satisfies only [, min(2?, 1)r(dz) < oo.
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The second problem concerns the approximation of (X;):>0 by the solution to a
Brownian S.D.E., when Z has only small jumps, and is discussed in Section 3.

Our results are based on a recent work of Rio [13] that concerns the rate of conver-
gence in the central limit theorem, when using the quadratic Wasserstein distance.
This result and its application to Lévy processes, is exposed in Section 4.

The proofs are handled in Sections 5 and 6. We give some numerical illustrations
in Section 8.

2. NUMERICAL SIMULATION

The first goal of this paper is to study a numerical scheme to solve (2). The first idea
is to perform an Euler scheme (X}, )n>0 with time-step 1/n, see Jacod [6], Jacod-
Protter [9], Protter-Talay [12] for rates of convergence. However, this is generally
not a good scheme in practise, unless one knows how to simulate the increments of
the underlying Lévy process, which is the case e.g. when Z is a stable process.

We assume here that the Lévy measure v is known explicitly: one can thus simulate
random variables with law v(dz)14(z)/v(A), for any A such that v(A4) < co.

The first idea is to approximate the increments of Z by 8?6 =251 = Ziic1y/n -
where Z§ is the same Lévy process as Z without its (compensated) jumps smaller
than e. However, Asmussen-Rosinski [1] have shown that for a Lévy process with
many small jumps, it is more convenient to approximate small jumps by some
Gaussian variables than to neglect them. We thus introduce A" = 376 + UM,
where U;" is Gaussian with same mean and variance as the neglected jumps and
is independent of 376 The arguments of [1] concern only Lévy processes and rely
on explicit computations.

Let us write ()?[Zf]/n)tzo (resp. (X["n’:]/n)tzo) for the Euler scheme using the ap-

proximate increments (A7);>1 (resp. (A™%);>1). They of course have a similar
computational cost.

Jacod-Kurtz-Méléard-Protter [8] have computed systematically the weak error for
the approximate Euler scheme. In particular, they prove some very precise estimates
of E[g(X[?l:]/n)] —E[g(X;)] for g smooth enough. The obtained rate of convergence
is very satisfying.

Assume now that the goal is to approximate some functional of the path of the
solution (e.g. supyep, 7] |X¢|). Then we have to estimate the error between the laws
of the paths of the processes (not only between the laws of the time marginals).
A common way to perform such an analysis is to introduce a suitable coupling
between the numerical scheme (X[T;’f]/n)tzo and the true solution (X;);>0 and to
estimate the (discretized) strong error E[sup;co 1) |X["n’t€]/n — Xpnij/nl?]. We refer to
Jacod-Jakubowski-Mémin [7] for the speed of convergence of the discretized process
(X[nt]/n)t=>0 to the whole process (X¢):>o.

Rubenthaler [14] has studied the strong error when neglecting small jumps. He ob-

tains roughly E[sup,c(o 7 |)A([7:nf]/n = Xnt)/nl?] = Cr(n? +f|z|§e 22v(dz)) (if b # 0).

For v very singular near 0, the obtained precision is very low. Let us mention that
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in some particular cases, a more efficient method was introduced in Rubenthaler-
Wiktorsson [15].

n,e

Our aim here is to prove that the strong error is much lower when using X (nt] /n

see Subsection 2.4 and Section 8 below.

The main difficulty is to find a suitable coupling between the true increments (Z; /,, —
Z(i—1)/n)i>1 and the approximate increments (A;");>1: clearly, one considers Z,
then one erases its jumps smaller than e, but how to build the additional Gaussian
variable in such a way that it is a.s. close to the erased jumps? We will use a
recent result of Rio [13], which gives some very precise rate of convergence for the
standard central limit theorem in Wasserstein distance, in the spirit of Komlds-
Major-Tsunddy [11].

2.1. Notation. We introduce, for € € (0,1), k € N,

(3) F(v) = /| ), i) = / 12/ (dz),

m416(1/).
mg,e(u)

mk,e(l/)/l|< |z|kl/(dz), Be(v) =

Observe that we always have (v) < €2 and F.(v) < e 2ma(v).

For n € N and ¢t > 0, we set p,(t) = [nt]/n, where [z] is the integer part of x.

2.2. Numerical scheme. Let n € Nand € € (0,1) be fixed. We introduce an i.i.d.
sequence (A]");>1 of random variables, with

Nn,e
(4) AP =ap e+ b G+ > Y,
i=1
where a, . = (a — f‘z‘>€ zv(dz))/n, where b2 = = (b + ma.(v))/n, where G is

Gaussian with mean 0 and variance 1, where NV, . is Poisson distributed with mean
F.(v)/n and where YY", Y5, ... are i.i.d. with law v(dz)1).|>¢/Fe(v). All these ran-
dom variables are assumed to be independent. Then we introduce the scheme

®) Xt = X{iyy, = X+ oKDY, (2 0)

Remark 1. (i) The cost of simulation of AT is of order 1+E[N,, | = 14+ F.(v)/n,
whence that of (X;lrle(t)>t€[07T] is of order Tn(l 4+ Fc(v)/n) = T(n + F.(v)), as in
[14].

(i) A5 has the same law as Z§, ., — Z5),, + Ui, where U;"* is Gaussian with
same mean and variance as f.(iH)/n f\z\<e zN(ds, dz) and where Z{ = at + bB; +

i/n
fot f‘z‘>€ zN(ds,dz).

(iii) The key argument of the paper is to use a suitable coupling between U, and

fi(/i:l)/n f\z\<e zN(ds,dz). As shown in Lemma 8, there exists such a coupling
satisfying E[|U"¢ — 1.(;:1)/” f|z|<6 2N (ds,dz)[?] < CB.(v). Then we will choose
AN =25y — 2 H U
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2.3. Main result. We may now state our main result.

Theorem 2. Assume that o : R — R is bounded and Lipschitz continuous. Let
€€ (0,1) and n € N. There is a coupling between a solution (Xi)i>o to (2) and an
approximated solution (Xg’e(t))tzo as in Subsection 2.2 such that for all T >0,

E | sup |X,, ) — X;f(t)|2 <Cr(n~ ' +nB(v)),
t€[0,T]

where the constant Ct depends only on T, 0,a,b,ma(v).

The first bound n~? is due to the time discretization (Euler scheme) and the second
bound ng.(v) is due to the approximation of the increments of the Lévy process.
As noted by Jacod [6], the first bound may be improved if there is no Brownian
motion b = 0 (but we have to work with some weaker norm).

2.4. Optimization. Choose ¢ = 1/n. Then recalling that ((v) < €2, we get

E| sup |X W (t) — AXn’l/n|2

S CT/nv
t€[0,T] pn(t)

for a mean cost to simulate (ng(,{;l)te[o,T] of order T'(n + Fy,(v)).

e We always have F.(v) < ma(v)e~2, so that the cost is always smaller than C'T'n?.
o If v(dz) = |z|71=2dz for some « € (0,2), then F.(v) ~ ¢~ so that the cost is
of order T'(n + n®).

When neglecting the small jumps, one gets, for a mean cost of order T'(n + Fi.(v)),

E | sup |X n(t) — X;:E(t)|2

te[0,T)

< Or(1/n+my(e)),

see [14]. In the case where v(dz) =0 |z|717%dz for some a € (0,2), we have
ma(€) ~ €27% and F.(v) ~ ¢~%. Thus to get an mean squared error of order 1/n,
one has to choose € = n~ /(2= which yields a cost of order T'(n4n®/(2=®)). This
is huge when « is close to 2.

2.5. Discussion. The computational cost to get a given precision does not explode
when the Lévy measure becomes very singular near 0. The more v is singular at
0, the more there are jumps greater than e, which costs many simulations. But
the more it is singular, the more the jumps smaller than e are well-approximated
by Gaussian random variables. These two phenomena are in competition and we
prove that the second one compensates (partly) the first one.

Our result involves a suitable coupling between the solution (X;):>o and its approx-
imation (X;"“);>0. This might seem uninteresting in practise, since by assumption,
(Xt)i>0 is completely unknown. But this is always the case when dealing with
strong errors. In our opinion, this is just an artificial way to estimate the rate of
convergence of the paths in law, using a Wasserstein type distance. For example,
our result allows us to estimate the error when approximating E[F((X,, ())¢ejo,1])]

by E[F((ng(t))te[o,T])]a for some Lipschitz functional F.

Recall that Theorem 2 is extended in Section 7 to the case where o is locally
Lipschitz with at most linear growth and where msy(v) might be infinite.
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Let us finally mention that the simulation algorithm can easily be adapted to the
case of dimension d > 2. We believe that the result still holds. However, the result
of Rio [13] is not known in the multidimensional setting. We could use instead the
results of Einmahl [3] or Zaitsev [19]. This would be much more technical.

3. BROWNIAN APPROXIMATION

It is classical in applied sciences to approximate discontinuous phenomena by con-
tinuous ones. Here, we examine how far the solution to (2) is from the solution of
a continuous Brownian SDE. Let us mention some more complicated models where
such a problem occurs.

(a) The Boltzmann equation is a P.D.E. that can be related to a Poisson-driven
S.D.E. (see Tanaka [16]), while the Landau equation can be related to a Brownian
S.D.E. (see Guérin [4]). In the grazing collision limit, the Boltzmann equation is
known to converge to the Landau equation (see Villani [17]). However, no conver-
gence rate is known.

(b) In [18], Walsh approximates a Poisson-driven stochastic heat equation by a
white-noise driven S.P.D.E. He proves some convergence results, without rate.

Here, we consider only the simple case of one-dimensional Lévy-driven S.D.E.s, but
we hope that the main ideas of our proof might apply to more complicated models.

Consider the Lévy process introduced in (1), consider € R, o : R +— R Lipschitz
continuous, and the unique solution (X;)¢>o to (2). Recall (3), consider a Brownian
motion (Wy);>o and set

(6) Zy = at 4+ /b2 + my(v) W,

which has the same mean and variance as Z;. Let (Xt)tzo be the unique solution
to

(7) X, =z+ /Ot o(Xs_)dZ,.

Theorem 3. Assume that o is Lipschitz continuous and bounded. Then it is pos-
sible to couple the solutions (X¢)i>o to (2) and (Xi)i>o to (7) in such a way that
forallp>4,allT >0, alln>1,

E| sup [X,— X,
t€[0,T]

<Crp (nwp*l + mp(u)Q/p + nm4(y)) ,

where Cr,, depends only on p, T, 0,a,b, ma(v).

If we only know that m4(v) < oo , then we choose n = [my(r)~?/3] + 1 and to get
E [supyepo.r 1Xi = Xil?| < Cr(ma()V/* +ma(v).

Consider a sequence of Lévy processes (Zf)i>0 with drift a, diffusion coefficient b
and Lévy measure v, such that z?v.(dz) tends weakly to the Dirac mass dop(dz).
Then lim,_,o ma(ve) = 1, while in almost all cases, lim¢_,o m,(ve) = 0 for some (or
all) p > 2.

Consider the solution to X{ =z + fg o(X¢_)dZ<. Then it is well-known and easy
to show that (Xf);>0 tends in law to the solution of a Brownian S.D.E. Theorem 3
provides a rate of convergence (for some Wasserstein distance). To our knowledge,
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it is the first result in that direction. For example, we will immediately deduce the
following corollary.

Corollary 4. Assume that o is Lipschitz continuous and bounded. Assume that
v({lz| > €}) = 0 for some e € (0,1]. Then it is possible to couple the solutions
(Xt)i>0 to (2) and (Xy)i>0 to (7) in such a way that for alln € (0,1), all T > 0,

E | sup |X; — Xif?| < Crye'™"

te[0,T)

where Cr,, depends only on n,T,0,a,b,ms(v).

4. COUPLING RESULTS

Consider two laws P, () on R with finite variance. The Wasserstein distance W, is
defined by

W3(P,Q)=inf{E[|X —Y*], L(X)=P,LY)=Q}.

With an abuse of notation, we also write Wh(X,Y) = WQ(X,Q) = Wh(P,Q) if
L(X)=P and L(Y) = Q. We recall the following result of Rio [13, Theorem 4.1].

Theorem 5. There is an universal constant C such that for any sequence of i.i.d.
random variables (Y;)i>1 with mean 0 and variance 6%, for any n > 1,

2 1 - 2 Y14
W3 <%;}Q,N(O,9 )) <C [92]

Here N(0,6?) is the Gaussian distribution with mean 0 and variance 2. Recall
now (3).

Corollary 6. Consider a pure jump centered Lévy process (Y;)i>o with Lévy mea-
sure . In other words Y; = fot fR zM(ds, dz), where M is a compensated Poisson
measure with intensity dsp(dz). There is an universal constant C' such that

VE>0, W (YN0, tma(n) < cm‘g

Proof. Let t > 0. For n > 1,4 > 1, write Y;* = n!/2 f(zzt/Y)t/n Iz zM(ds, dz),

whence V; = n=1/23"" | V*. The Y;* are i.i.d., centered, E[(Y")?] = tma(u), and

E[(Y{")"] =n’E (/ / M (ds dz>2
_’E ( / / (s, d2) (t/n>mz(u>>2

02 [tma()/n + (tma() /n)?] = ntma () + 2ma(p).
Using Theorem 5, we get

ntma(p) + t2>ma(p) — Cm4(M)
ntma(p) ma (k)
which concludes the proof. ([

W3 (Yi, N (0, tma(p))) < C
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This result is quite surprising at first glance: since the variances of the involved
variables are tma(p), it would be natural to get a bound that decreases to 0 as ¢
decreases to 0 (and that explodes for large t). Of course, we deduce the bound
W3 (Y, N(0,tmz(p))) < Cmin(my(p)/ma(p), tma(p)), but this is now optimal, as
shown in the following example.

Example. Consider, for ¢ > 0, g = (2¢2)7*(6c + 6—) and the corresponding
pure jump (centered) Lévy process (Y,)i>0. It takes its values in €Z. Observe that
ma(pe) = 1 and my(ue) = €. There is ¢ > 0 such that for all t > 0, all € > 0,
W3(YE,N(0,t)) > emin(e?, t) = cmin(ma(pe)/ma(pe), tma(pe)). Indeed,

o if t < €2, then P(Yf = 0) > e <®) = ¢=t/< > 1 /e, from which the lower-bound
W3(YE,N(0,t)) > ct = cmin(t, €?) is easily deduced;

o if t > €2, use that W3(Y,5, N(0,t)) > E[min,ez [t'/2G — ne|?] = tE[min,cz |G —
net~1/2|2], where G is Gaussian with mean 0 and variance 1. Tedious computa-
tions show that there is ¢ > 0 such that for any a € (0,1], E[min,cz |G — nal?] >
(a/4)’P(G € Upez[(n + 1/4)a, (n + 3/4)a]) > ca®. Hence W3(Y,N(0,t)) >
ct(et™1/?)? = ce? = cmin(t, €?).

5. PROOF OF THEOREM 2

We recall elementary results about the Euler scheme for (2) in Subsection 5.1. We
introduce our coupling in Subsection 5.2, which allows us to compare our scheme
with the Euler scheme in Subsection 5.3. We conclude in Subsection 5.4. We assume
in the whole section that ¢ is bounded and Lipschitz continuous.

5.1. Euler scheme. We introduce the Euler scheme with step 1/n associated to
(2). Let

(8) Al =Zijm = Zii—ym  (12>1),
©) Xg = Xy =X +0 (Xu) M (20).
The following result is classical.

Proposition 7. Consider a Lévy process (Z;)i>o as in (1). For (X)i>o the solu-
tion to (2) and for (Xin/n)izo defined in (8)-(9),

E | sup [X, ;?n(t)|2 < Cr/n,

te[0,T)

where Cr depends only on T, a,b,mz(v) and o.
We give a proof for the sake of completeness.

Proof. Using the Doob and Cauchy-Schwarz inequalities, we get, for 0 < s <t < T,

< CE] (a/: |0(Xu)|du)2+usel[1£t] (b/u U(Xv)dBv)
+ (/ / _)2N(ds dv))Q}

t
< cT/ (a + B + mo(v))lo|Pudv < Cr(t — s).

2
(10) E| sup |X, — X,

u€(s,t]
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Observe now that X ) = :E+f0p"(t) o(X dZs. Setting A} = supg 4 [ X, (s5)—

gn(s)_>
n n n (s n :

Xpn(s)|2, we thus get A} = supjy 4| [ )(U(Xu,) —o(X) (u)f))dZu|2. Using the

same arguments as in (10), then the Lipschitz property of o and (10), we get

n

pn

Blap) < or [ " 0 8 4 a0 (X,) — o(X )P)ds
<Cr /OtE[(Xs = Xp())? + (Xpa(s) = Xp, ()]s
<0 [ (s puls) + B4 8.
We conclude using that |s — p,(s)] < 1/n and the Gronwall Lemma. O

5.2. Coupling. We now introduce a suitable coupling between the Euler scheme
(see Subsection 5.1) and our numerical scheme (see Subsection 2.2). Recall (3).

Lemma 8. Letn € N and € > 0. There exist two coupled families of i.i.d. random
variables (A');>1 and (A} );>1, distributed respectively as in (8) and (4) in such
a way that for each i > 1,

E[(A} — AT)?] < CBe(v),
where C is an universal constant. Furthermore, for alle >0, alln € N, alli > 1,

b2
E[A7] = BAM] = £, Var[A7] = Varjare] = ZHm20)
n n
Proof. Tt of course suffices to build (A, A]"°) and then to take independent copies.

Consider a Poisson measure N(ds,dz) with intensity measure dsv(dz)1{j.|<c} on
[0,00) x {]z] < €}. Observe that fot f|2|§6 2N(ds,dz) is a centered pure jump Lévy
process with Lévy measure vc(dz) = 1|, <.v(dz). Then we use Corollary 6 and
enlarge the underlying probability space if necessary: there is a Gaussian ran-
dom variable G}"° with mean 0 and variance ms(v.)/n = mgo(v)/n such that

E 1o/ .z 2N (ds,d2) = G“[2] < Cma(ve) fma(ve) = CB(v).

We consider a Brownian motion (By);>o and a Poisson measure N with inten-
sity measure dsv(dz)1yjzjsep on [0,00) x {|z| > ¢}, independent of the couple

(G, Ol/n f\z\<e 2N(ds,dz)) and we set
o AV :=a/n+bBy, + fol/n f\z\ge zN(ds,dz) + fol/n f\z\>e 2N(ds,dz),

e AV :=a/n+0bBy, + G+ Ol/n f\z\>e zN(ds, dz).
Then AT has obviously the same law as Zy,, — Zo (see (1) and (8)), while AT

has also the desired law (see (4)). Indeed, bBj, + G7*“ has a centered Gaussian

law with variance b*/n + ma(v)/n = b} and a/n + fol/n f\z\>e zN(ds,dz) =
n,e —l—fol/n f|2|>6 zN(ds, dz). This last integral can be represented as in (4). Finally
E[(A7T-AT)?] <E [| fol/n lelSé zN(ds,dz) — G’f’e|2] < Cf(v) and the mean and
variance estimates are obvious. (]
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5.3. Estimates. We now compare our scheme with the Euler scheme. To this
end, we introduce some notation. First, we consider the sequence (A, AT i>1
introduced in Lemma 8. Then we consider (Xz.”/n)po and (X i/n Vi>0 defined in (9)
and (5). We introduce the filtration F;"° = o(A}, A",k < i) and the processes,
for i > 0 (with V" = 0)

Yn € Xl/n - Xﬁ,e _ ¢ Z Xk/n - k/n)] M'n,e _ Yn,e - Vn,e.

i/n’ i i %

Lemma 9. There is a constant C, depending only on o,a,b, ma(v) such that for
all N > 1,

E [_supN m"ﬂ < OnB(v)(1 +C/m)N (1 + N?/n?).

Proof. We divide the proof into four steps.
Step 1. We prove that for all i > 0, E [|Y;"|?] < CnB(v)(1 + C/n)". First,

E[[Y7111%) = B[] + El(0(X]),) Al — (X5 A%5)%)
+ 2B [V (0 (X[, ) Al — o(XTALS)| = BV P+ 1 + g
Now, using Lemma 8 and that (A}, ;, A7) is independent of F;"¢, we deduce that
n,e __ 2@ n,e n n,e C n,e|2
T = TR [V (X)) — o (X )] < S EIYP,

since o is Lipschitz continuous. Using now the Lipschitz continuity and the bound-
edness of o, together with Lemma 8 and the independence of (A}, A7) with
respect to F;"¢, we get

Q

LM < CE[YV (AL + CEI(AY — Aln)®) < — B[] + C(v).

Finally, we get
E[Y71P < (1 + C/n)EY "] + CB(v).

Since Y, = 0, this entails that E[|Y;"“*] < CA(w)[14+ (1+C/n) + ...+ (1 +
C/n)i =1 < CnpB(v)(1 + C/n)’.

Step 2. We check that for N > 1, E[sup, _  [V;"“|*] < Cnfc(v)(1+C/n)NN?/n?.
It suffices to use the Lipschitz property of o, the Cauchy-Schwarz inequality and
then Step 1:

L N2 2
E [ sup IVZ-"‘IQ} < CE (— > ISQ-"‘|> <C
N "=

yeeny

Y’HE

3|2
M

2
< C%nﬁe(u)(l +Cn)N

Step 3. We now verify that (M;"“)i>o is a (F;")i>o-martingale. We have M]}{ —

M = o(X]), )AL —a/n] — U(X;;;)[A?fl a/n]. The step is finished, since the

variables A}, ; —a/n and A} —a/n are centered and independent of F;"
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Step 4. Using the Doob inequality and then Steps 1 and 2, we get

E [ sup |MZ"E|2] <C sup E[M"]

i=0,...,N i=0,...,N
<C sup E[YPP]+C sup E[V;"P]
i=0,...,N i=0,...,N

< Cnf(v)(1+C/n)N (1 + N?/n?).
But now, since Y, = M" 4+ V",
B| s 7P| <CB| sw prrep| e | s v
1=0,...,N i=0,...,N i=0,...,N

which allows us to conclude. O

Let us rewrite these estimates in terms of X™ and X™¢.

Lemma 10. Consider the sequence (A", AT");>1 introduced in Lemma 8 and then
(Xi’}n)izo and (X-T;’:l)izo defined in (9) and (5). For all T >0,

K2

E | sup |X;‘n(t)—X;lf(t)|2 < Crnfe(v),

te[0,T)

where Cr depends only on T, a,b,ma(v), 0.

Proof. With the previous notation, sup;cjo 1) | X} =X, (1| = supizo___fury "

1€|-
Thus using Lemma 9, we get the bound Cnf.(v)(1 + C/n)"TI(1 + [nT)?/n?) <
CnB.(v)e€T (14 T?), which ends the proof. O

5.4. Conclusion. We finally give the

Proof of Theorem 2. Fix n € N and € > 0. Denote by Q(du,dv) the joint law of
(AT, A7) built in Lemma 8 and write Q(du, dv) = Q1(du)R(u, dv), where Q1 (du)
is the law of A7 and where R(u,dv) is the law of A]" conditionally to A} = w.

Consider a Lévy process (Z;):>0 as in (1) and (X;);>o0 the corresponding solution to
(2). Set, for i > 0, A} = Z;/,, — Z(;—1)/n and consider the Euler scheme (XZ}n)iZO
as in (9). For each i > 1, let A" be distributed according to R(A?, dv), in such a
way that (A}"“);>q is an i.i.d. sequence. Finally, let (Xz-n/’:})z‘zo as in (5).

By this way, the processes (X¢)¢>0, (X;},,)i>o0 and (XZ}’;)QO are coupled in such a

way that we may apply Proposition 7 and Lemma 10. We get

E[ sup | X — X" 2}
te[O,T]| pn(t) pn(t)|

<2E

sup | X, 1) — X" o+ sup [ X7 — X0
t€[01T1| o) = Xpu 0 tem” p®) = Xpr )|

< Crn™t +nB(v)).

This concludes the proof. ([
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6. PROOFS OF THEOREM 3 AND COROLLARY 4

We assume in the whole section that ¢ is bounded and Lipschtiz continuous. We
start with a technical lemma.

Lemma 11. Let (X;)¢>0 and (X;)i>o0 be solutions to (2) and (7). Then forp > 2,
for all tg >0, all h € (0,1],

E sup X — Xy, [P | < Cp(hp/2 + hmp(v)),
te[to,t(r‘rh]
E| sup |X,—X,["| <Cphr2

te [to,to +h]

where C), depends only on p,o,a,b,ma(v).

Proof. Tt clearly suffices to treat the case of (X¢):>0, because (Xt)tzo solves the

same equation (with v replaced by 0 and b replaced by b+ ma(v)). Let thus p > 2.

Using the Burkholder-Davies-Gundy inequality and the boundedness of o, we get
sup X — X |”

to+h p
/ lao(Xs)|ds
te[to,to+h] to
toth »/2 toth »/2
+ C,E / b2o?(X,)ds + C,E / / V22N (ds, dz)
t() t()

to+h
< CohP + Coh?/? + O E </ / N(ds dz)) < Coh?? + CE[UP),

E < C,E

where Uy = fo f]R N(ds,dz). It remains to check that for ¢ > 0, IE[Utp/Q] <
Cyp(t?/2 4 tm,(v)). But, with C, depending on ma(v),

E[UP/?] = / ds/ (d2)E[(U, + 22)P/? — UP/?]
t
<G, / ds / v(d2)E[Z2UP271 4 |2P] < C, / E[UP/2~Yds + Cym, (v)t
0 R 0

t
< Cp/ E[US/Q]G_ldS + Cp(epm_l +mp ()L,
0

for any € > 0. Hence E[Utp/Q] < Cp(eP2 1 4my(v)t)eCrt/ by the Gronwall Lemma.
Choosing € = ¢, we conclude that E[Utp/z] < Cp(tP/? +my (v)t). O

Proof of Theorem 8. We fixn >1,T >0 and p > 4.

Step 1. Using Lemma 6 (see also Lemma 8) we deduce that we may couple two
ii.d. families (A?);>1 and (A?);>1, in such a way that:

o (A})i>1 has the same law as the increments (Z;/, — Z(;—1)/n)i>1 of the Lévy
process (1);

) (A?)i21 has the same law as the increments ( ijn — (z 1)/n)l>1 of the Lévy
process (6);

o for all i > 1, E[(A? — A?)?] < Cmy(v) (we allow constants to depend on my(v)).
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Step 2. We then set X = Xé’ =z and for ¢ > 1, X;}n = X@il)/n +0(X871)/H)A?
and X;}n = X("Z.fl)/n + U(X(’Ll)/n)A?. Using exactly the same arguments as in
Lemmas 9 and 10, we deduce that E [SUPte[o,T] X7 ) — X/?n(t)ﬂ < Crnmy(v),
where Cr depends only on T, 0, a,b, ma(v).

Step 3. But (X,’fn(t>)t20 is the Euler discretization of (2), while (X/’;n(t))tzo is
the Euler discretization of (7). Hence using Step 2, Proposition 7 and a suit-
able coupling as in the final proof of Theorem 2, E [SUpte[o,T} | Xp, ) — Xpn(t) |2} <

Cr(1/n 4+ nmy(v)).

Step 4. We now prove that E {Supte[O,T] | X — Xpn(t)ﬂ < CTﬁp(nQ/Pfl +mp(y)2/p)_

We set I'i = supci/m,(i41)/n) [ Xt = Xp, ()] = SUPiefin,(i41)/m) [ Xt — Xisnl. By
Lemma 11, E[I?] < C,[(1/n)P/% + my,(v)/n]. Thus, since p > 2,

2/p mr] 137
E| sup |X;—X, | <E| sup T} <E| sup I?| <E|Y T?
t€[0,T] 1,...,[nT] 1,...,[nT] i—1
2/p
< Crpn®® [(1/m)"2 4 my(v) n]

which ends the step.

Step 5. Exactly as in Step 4, we get E |:Supt€[0,T] | X, — Xpn(t)ﬂ < Cppn?/P71,
Step 6. Using Steps 3, 4 and 5, we deduce that with a suitable coupling, we have
IE[SuPte[O,T] | X — Xt|2] < CT,p(TLQ/p_1 + mp(V)Q/p + 07t nmy(v)). U
We conclude this section with the

Proof of Corollary 4. Since v({|z] > €}) = 0, we deduce that m,(v) < ma(v)eP2,
for any p > 2. Applying Theorem 3 and choosing n = [¢=?/(?=D]  we get the bound

Cr,p (6(1—2/17)(17/(19—1)) + (P=22/p) 62—17/(17—1)) < CTp(el_l/(p_l) + 62—4/17).

Hence for n € (0,1), it is possible to get the bound Cr,e'™", choosing p large
enough. [l

7. GENERALIZATION

The goal of this section is to generalize Theorem 2 by using a standard localization
argument. In the important case where the driving Lévy process behaves like a
stable process, it does not hold that ma(v) < co. We want here to treat the most
general case, that is fR* min(z2, 1)v(dz) < co. We will also show how to deal with
the case where o is only locally Lipschitz continuous with at most linear growth.
Of course, we can not work in L? any more, so that we will only prove a tightness
result. This will also determine the rate of convergence in law of the paths, but in
a weaker sense.

We thus consider a general one-dimensional Lévy process with Lévy measure v:

¢ ¢
(11) Zy =at +bB, + / / ZN(ds,dz) + / / zN (ds,dz),
0 J[-1,1]\{0} 0 JR\[-1,1]
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where (By)i>0 is a standard Brownian motion, independent of a Poisson measure
N(ds,dz) on [0,00) x R, with intensity measure dsv(dz) and where N is its com-
pensated Poisson measure. Assuming that o is locally Lipschitz continuous with at
most linear growth, it is well-known that (2) has a unique cadlag adapted strong
solution (X¢)¢>o.

For n > 1 and € € (0,1), we introduce, as in (4), a sequence of i.i.d. random

variables (A]");>1, with

Nn,e
(12) AP =ape+bn G+ DY,
i=1
where a,. = (a — f€<‘z‘<1zu(dz))/n, where b2 . = (b* 4+ ma,(v))/n, where G

is Gaussian with mean 0 and variance 1, where N, . is Poisson distributed with
mean F(v)/n and where Y, Y5, ... are i.i.d. with law v(dz)1,s./Fe(v). All these
random variables are assumed to be independent. The only difference with (4) is

,€

the value of a, . Then we introduce the approximated solution (XZ ( t)>t20 as in
(5).
Theorem 12. Assume that o : R — R is locally Lipschitz continuous with at most

linear growth and that fR* min(z2,1)v(dz) < co. For anyn € N and e € (0,1), there

exists a coupling between a solution (Xi)i>o to (2) and an approximated solution
(Xgﬁe(t))tZO such that for all T > 0, recall (3),

(13)  Jim s P((n1+nﬁe(V))1/2 up |Xpn<t>—X;’;2t>|zA>=o.
> neN,ee(0,1) [0,7]

Proof. The proof relies on a standard localization argument, and we only give the
main steps. We fix the terminal time 7" > 0.

Step 1. First we define, for K > 1, the Lévy process

t t
ZE = at + bB; +/ / zN(ds,dz)+/ / 2N (ds, dz),
0 Jiz|<1 0 J1<|z|<K

whose Lévy measure v (dz) = 1. <xyv(dz) satisfies ma(vkx) < oo. We also
introduce the sequence of i.i.d. random variables (A?’“K)izl as previously, using
vk instead of v. We denote by (XX);>0 the solution to (2) with ZX instead
of Z, and by (X;:e(’tl)()tzo the approximated solution with (A7“®);>; instead of
(A7);>1. One easily checks that

P ((XtK)te[o,T] = (Xt)eeo,1); (X,?f(’t;(

> P(N([0,T] x {|2]| > K}) = 0) = e~ Tv{I:I2KD)

Jeelo,T] = (X,?f(t))te[o,ﬂ)

Step 2. Since o has at most linear growth and since mo(vg) < 0o, one easily checks
that

sup R [sup (|X,5K|2 + |XZ,:€(;:€(|2) < Ckr,

neN,e€(0,1) [0,7] )

where the constant Ck 1 possibly explodes when K increases to infinity.
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Step 8. For L > 0, we introduce or(x) = o((z V —L) A L) and we denote by

(X5),50 and by (X;’:(’tl)(’L)tzo the solutions to (2) and (5) with ZX instead of

Z, (A?’“K)Z—Zl instead of (A]"“);>1, and with o, instead of o. Using Step 2, it is
easily deduced that

n,e n,e CK,T
P ((XtK7L)t€[O,T] = (X{)iefo.11; (Xpyl(’t;(’L)te[o,T] = (Xpyl(f)()te[o,T]) 21-—7

Step 4. Since ma(vk) < oo and since oy, is bounded and Lipschitz continuous, we
may applying Theorem 2: for each K, L, there exists a constant C'x 1,7 such that
with a suitable coupling,

E _ Xn,e,K,L|2

on(t) < Cr.pr(n™ +B(vr)).

K,L
sup | X
(0,7T] pn(t)

Since L > 1 > €, we obviously have S.(vr) = Gc(v).
Step 5. Using Steps 1,3 and 4, we get, forall A >0, K > 1, L > 0,n € N,e € (0,1),

P

(n_l + 6&(7/14))_1/2 [S()u% |Xpn(t) - X;:E(t)| > A

C c
Tv({|z|>K}) K, T K,L,T
<l-e {H—}+—2 5

Consequently, for all K > 1, all L > 0,

limsup sup P
A—oo neN,e€(0,1)

(W + Be(ve)) 2 sup [ X, ) — X0, > A
[O,T] pn( )

C
_ _—Tv({|z|>K}) K,T
<l-e {z12K3}) 4 T3
Taking the limit as L — oo and then the limit as K — oo, the conclusion follows.
O

8. NUMERICAL ILLUSTRATION

To illustrate our result, we consider the case of a stable driving Lévy process, of
which the increments may be simulated exactly, see Chambers-Mallows-Stuck [2].
We consider the Lévy process (11) with a = b = 0 and v(dz) = |2|~* dz, for
a = 1.8, and the stochastic differential equation (2) starting from = = 0, with
a(y) = (1+9?)/(1 4+ y*). We are interested in the law of V = sup,co 1 X:-

We introduce the ezact Euler scheme (X7}, )i—o,....,n With time-step 1/n, which can

be simulated exactly in this particular case.

.....

(4)-(5), and we denote by (X[ )i=o
e are simply neglected [14]. We also set

Vt= sup X[, V™= sup X7, V™ = sup X°.
i—0 / =0 i/n 0 i/n
1=0,...,n i=0,...,n i=0,...,n

.....

In all the simulations, we have chosen n = 1000. Using a Monte-Carlo method
(with 105 simulations) and have estimated the density of V1990, This density is
drawn on all the figures (its shape is slightly surprising). Next, we have performed
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171000, 1//1000,¢

10° simulations of and for different values of €, and we have drawn

a histogram.

As we can see from figures 1 to 3, the law of 1/1000.€ g really much more close to
the law of V1090 than the law of V/1000:¢,

Finally, the time (in seconds) needed for each simulation of V1090¢ and V1000 jg
as follows:

V1000 | 361074 2.71073 | 9.5 1072
V1000 | 66104 (311073 | 9.5 102

One observes that for € very small, the additional cost to simulate V™€ is insignifi-
cant. This is natural: the simulation schemes of V"¢ and V™€ are the same, except
that one needs to simulate additionally n Gaussian random variables for V™ ¢. Thus
the additional cost does not depend on €, and becomes insignificant when ¢ is small.

It took about 66 seconds to obtain Figure 1-(b), and about 9500 seconds to get
Figure 3-(a). Clearly, Figure 1-(b) is much more convincing. As a conclusion, it is
really better to approximate the small jumps by Gaussian random variables than
to neglect them, both from a theoretical and numerical point of view.

The shape of the density of V is quite surprising. Numerical simulations with other
values of a (or even with Z replaced by a standard Brownian motion) produces
similar shapes. This seems to be due to the fact o is not monotonous. On figure
4, we have drawn simulations with o(y) = +/1 + y2, for which the density of V'
has a more classical shape. But on figure 5, we have considered the oscillating case
o(y) = 1.2+ sin(4y), which seems to produce infinitely many modes for the density
of V.

Acknowledgement. I wish to thank Jean Jacod for fruitful discussions. I am also
grateful to the anonymous referees for their constructive observations.
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