MEAN-FIELD THEORY VIA DISSOCIATED ARRAYS FOR PARTICLE
SYSTEMS INTERACTING THROUGH NOISY WEIGHTS

NICOLAS FOURNIER AND DATONG ZHOU

ABSTRACT. We study a mean-field limit for a N-particle system in which each particle follows a
diffusion and interacts with other particles through a weight on each directed edge. Each weight
evolves according to its own nonlinear SDE driven by a Brownian motion, with coefficients involving
the states of the two endpoint particles of the edge. The initial vertex and edge variables are assumed
to have a dissociated Aldous—Hoover form. We construct the limiting nonlinear SDE by averaging the
interaction over an independent neighbor and an edge input, prove its well-posedness, and show that
the dissociated vertex-edge structure is propagated by the dynamics. This propagation property is
an analogue of propagation of chaos in the case where the weight of each edge may remain correlated
with the states of the two endpoint particles. Under either a bounded-observable assumption or a
sub-Gaussian edge-input condition, the finite system converges to this limit through quantitative
coupling estimates for a typical particle and a typical edge. We also prove the convergence of the
empirical measure of particle’s state pairs and their interaction weights.

1. DESCRIPTION OF THE MODEL AND MAIN RESULT

1.1. Motivation. In its classical exchangeable form, mean-field theory describes the large-population
limit of an interacting particle system through one typical particle, of which the state solves a nonlinear
SDE, see the seminal works of Kac [22], McKean [27], Sznitman [30], Méléard [28].

A first way to incorporate heterogeneity is to keep the interaction structure fixed: the interaction
kernel is prescribed in advance. Graphon and graph-kernel mean-field limits describe such system,
see for instance Chiba and Medvedev [9], Kaliuzhnyi-Verbovetskyi and Medvedev [23], Bayraktar,
Chakraborty and Wu [3] and Jabin and co-authors [18, 20, 19]. In all these works, the interaction
weights remain fixed along the dynamics.

However, in many adaptive network models, the interaction strength between two particles is itself
a dynamical variable, depending on the states of the two particles and possibly driven by its own noise.
Such feedback is natural in co-evolutionary network models and in synaptic plasticity, see Gross and
Blasius [16] and Bi and Poo [5].

Mathematical works on genuine co-evolutionary dynamics include deterministic continuum limits
for pairwise adaptive networks, see Gkogkas, Kuehn and Xu [14, 15], as well as probabilistic models
with intrinsic stochasticity and dynamically evolving edge variables, see Bayraktar and Wu [4] and
Ganguly, Spiliopoulos and Sussman [13]. The companion work [31] develops a structural metric and
sampling viewpoint for linear weight adaptation.

The goal of the present paper is to treat a class of particle systems with fully noisy and nonlinear
real-valued edge weights. We keep track not only of a one-particle law, but of a vertex-edge array
whose dissociated structure has to be propagated by the dynamics.
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1.2. The interacting particle system. We fix d > 1 and m > 1. For each N > 2, we set Iy =
{1,..., N} and consider the system

. . t . t . . 1 t .. . .
1 xN=xi+ / b(XPN)ds + / a(X;vN)dB;+—N . § / H(UTN Yy (XEN | XN ds,
0 0 -4 ., J0
JEIN,jF1

2) U =uy +/ a(XyN, XN U7 N)ds +/ BN, XIN, UZN)aw 7.
0 0
The first equation (1) has to hold for all i € Iy, the second one (2) for all ¢,j € Iy with i # j.

1.3. Hypotheses. Concerning randomness, we suppose the following.

Assumption 1. The following random objects are independent:

an i.4.d. family (&)i>1 with common law 7 valued in some measurable space (E,E),

an i.i.d. family (52})1‘,3‘21,#;‘ with common law w1 valued in some measurable space (ET,ET),

e some i.i.d. m-dimensional Brownian motions (B})t>0,i>1,
e some i.i.d. 1-dimensional Brownian motions (W )i>0.i,j>1,i;-

There are some measurable functions F : E — R? and G : E? x Ef — R such that, for all i > 1,
Xi=F(&) and, for alli,j > 1 withi # j, Uy = G(&,&,&))-

This is the standard dissociated Aldous—Hoover form for the initial edge weights: each edge ij has
its own mark §Zj, independent of the vertex variables §; and &; and of the other edge marks. For
the representation-theoretic background, see Aldous [1], Hoover [17] and Kallenberg[24, 25]; for the
connection with graph limits, see Janson and Diaconis [21]. In the present nonlinear setting, the edge
mark is not merely a technical decoration: it records edge-level randomness which can be seen by

nonlinear functions of the weight and which later evolves together with the edge Brownian motion.

We will assume at least the following moment condition.
Assumption 2. For 51,52,512 independent with &,& ~ 7 and 512 ~ 7t it holds that
E[|F (&) + (G(&1, &2, €12))°] < oo.

Concerning the coefficients, we assume the following.

Assumption 3. The functionsb: R — R o : R = Mgum(R), v : RIxR? — R?, o : RIxRIxR —
R and B : R4 x RY xR — R are bounded and globally Lipschitz continuous, while ¢ : R — R is globally
Lipschitz continuous.

We keep ¢ merely Lipschitz at this stage, in order to include the natural choice ¢(u) = u. Additional
boundedness or moment assumptions are stated explicitly in the results below.

Remark 4. Under Assumptions 1, 2 and 3, the system (1)-(2) has a pathwise unique strong solution,
because it can be written as an SDE in RNHNWN =1 with locally Lipschitz continuous coefficients with
at most linear growth.

1.4. The mean-field limit. We aim to study what happens as N tends to infinity. The mean-field
limit is described by a nonlinear SDE coupled with an averaged edge interaction. To rigorously define
a limit process, we need the following result, that will be proved in Section 3 using some arguments
found in Karandikar [26]. It provides a measurable solution map for the edge equation.

Lemma 5. Grant Assumptions 1, 2 and 3 and set C; = C(Ry,RY). There is a measurable map

F:(Ft)tzotEXCdXEXCdXETXcl—>cl



MEAN-FIELD THEORY VIA DISSOCIATED ARRAYS 3

such that for any space (Q, F, (Fi)i>0,P), any triple (&,&',€Y) of independent Fo-measurable variables
with £,& ~ 7 and " ~ 7, any pair of continuous (F;)i>0-adapted R¥-valued processes X = (Xt)i>0,
Y = (Yi)i>0 such that

(3) VYT>0,3Ar>0suchthatV0<s<t<s+1<T+1, E[|X;— X?] < Ap(t—s),

and such that Y satisfies the same condition, any 1-dimensional (Fi)i>o-Brownian motion W =
(Wi)e>o0, the pathwise unique solution U = (Up)i>o to

t t
(4) U, = G, ¢ €1 + / a(Xs, Yy, Uy)ds + / B(X,, Yy, Uy)dW,
0 0

satisfies U = T'(€, X, &', Y, €1, W) in the sense that a.s., for allt >0, Uy = T'y(&, X, €Y, 61, W). One
may moreover build T in such a way that for all random sextuplet (£, X,&',Y, &1, W) as above, a.s.,

(5) forallt >0, Ty(&X, &Y, W) =Ty(& (Xont)s>0,&, Y, W),

We call a pair (£, X) admissible if it is defined on some filtered probability space, if £ ~ 7 is Fo-
measurable, and if X = (X;);>¢ is continuous, adapted and satisfies (3). A probability measure y on
E x Cy4 is called admissible if it is the law of an admissible pair.

The next lemma, to be proved in Section 3, introduces the averaged edge-interaction operator.
Informally, this operator takes the edge contribution seen from an admissible input (£, X), computed
through the map I" from Lemma 5 and the nonlinearity ¢, and averages it over an independent neighbor
with law g and over the fixed edge input law 7f ® W, where W is the Wiener measure on C;.

Lemma 6. Grant Assumptions 1, 2 and 3 and suppose either that ¢ is bounded or that
(6) sup / |G(a,b,c)|*n(de) < oo.
a,beE JET

For any admissible probability measure pn on E X Cq, we use the pointwise notation, for t > 0 and
(a,x) € E x Cq,

Au(tia,z) = [E . /E Oy o) ()W)l ).

(i) For each admissible pair (§,X), the map t — A, (t,€,X) is a.s. continuous.
(i) If (&, X) is admissible with respect to (Fi)e>o0, then (Au(t, €, X))i>0 is (Fi)i>0-adapted.

For (¢, X) an admissible pair, we use the shorthand

Ae x(t,a,2) := Apaw(e, x)(t, a, ).

In particular, A¢ x(t,§, X) means that the law in the operator is Law(§, X) and that the operator is
evaluated at (£, X). We now introduce the limiting nonlinear SDE corresponding to (1)-(2).

Definition 7. Grant Assumptions 1, 2 and 3 and suppose either that ¢ is bounded or that (6) holds. We
say that (&, X) defined on some (Q, F, (Fi)i>0,P) solves the nonlinear SDE if § ~ w is Fo-measurable,
if X = (Xy)i>0 is continuous, R -valued, (F;)i>0-adapted and satisfies (3), and if there is a m-
dimensional (Fy)y>o0-Brownian motion B = (By)i>o such that a.s., for allt >0,

(7) X, :F(g)+/0 b(Xs)ds+/O a(Xs)dBSJr/O Ae.x (5,6 X)ds.

In words, X is the limiting trajectory of a typical particle. Its dynamics contains the local drift
b, the Brownian noise odB, and the averaged interaction field A¢ x, which is obtained by averaging
over an independent typical neighbor, together with an additional independent edge variable and an
independent edge Brownian motion.
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1.5. Results. Our first main result establishes well-posedness for the limiting equation before any
finite- IV comparison is made. The averaged operator A¢ x depends on the law of the candidate process
itself, so the statement is a McKean—Vlasov well-posedness result for the vertex component.

Theorem 8. Grant Assumptions 1, 2 and 3 and suppose that either ¢ is bounded or (6).

(i) For any stochastic basis (Q, F, (Fi)i>0,P), any Fo-measurable random variable § with law 7, and
any m-dimensional (F;)i>0-Brownian motion B, there exists a pathwise unique continuous adapted
process X such that (&, X) solves the nonlinear SDE driven by B.

(it) Uniqueness in law holds: if (£, X) and (€, X) are two solutions, possibly defined on different
stochastic bases, then Law(§, X) = Law(§, X).

Our second result concerns the limit NV — oco. The comparison process is obtained by solving the
nonlinear SDE for each vertex input (&;, Bi) and then, for each directed edge, solving the edge equation
driven by the corresponding edge input (§”,Wij ). Thus the limiting object is an explicit dissociated
vertex-edge array, built on the same sources of randomness as the particle system. The theorem first
gives pathwise coupling estimates for a typical particle and a typical edge, and then projects this
coupling to the empirical law of triples (XZ’N, Xg’N, Utij’N).

Theorem 9. Grant Assumptions 1, 2 and 3 and suppose that either ¢ is bounded or (6) and
(8) there is 8y > 0 such that / exp (60|G(a, b, c)|*)m(da)m(db)n' (de) < oo
E2xEt

For each i > 1, consider the solution X' = (X} N0 to the nonlinear SDE corresponding to & and B.
Fori,j > 1 with i # j, consider the pathwise unique solution U = (U}?);>¢ to

t
(9) U = (gl,g],gw) / X X, 09 ds+/ B(XE, X, USY AW,
0
(i) If ¢ is bounded, then for all T > 0, there is a constant Cp > 0 such that for all N > 2,
_ C
E[ swp (IX0N = X2+ 0N - 02 <

te[0,T]
(i) If (6) and (8) hold, then for all T > 0, there is Cr > 0 such that for all N > 2,

Cr exp(Cry/log N )
NT

E[ swp (IXPY = XF+ 10N - 02)] <
t€[0,T]

(iii) In either case above, introduce f; = Law(X}, X2,Ut2). For all T > 0, there is Cr > 0 such
that for all N > 3,

sup E[Wl(m Z 5(X“VXJN LJN),ft):| Cr

t€[0,T] i €I i) N2d+1 '
The Wasserstein distance W, between two probability measures f,g on R x R x R is defined by

The first propagation estimate is in L? and uses the boundedness of . When ¢ is unbounded but
Lipschitz, the proof instead uses a sub-Gaussian control of the edge variable and yields the weaker L'
rate in (ii). The same truncation strategy could be adapted to an L? estimate, but this would produce
a much worse rate than in the L! estimate above. We therefore state only the L! bound. Point (iii)
then translates these couplings into the edge time-marginals analogue of classical propagation of chaos.
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1.6. Propagation of dissociatedness. In the classical setting, propagation of chaos is represented
by independent copies of a single nonlinear process. Here the limiting object is an array: subarrays
supported on disjoint vertex sets are independent, but an edge remains coupled with its two endpoints.
The next remark makes explicit how this Aldous—Hoover structure is propagated by the limiting
dynamics.
Remark 10. After firing measurable versions of the strong solution maps, we may write
where F : E x C,, — Cq 1s the solution map for the nonlinear SDE and

G(a7 v,b,9, ¢, w) - F(a’a F(a7 ’U), b, F(bv 'D)a ¢, w)'

The dissociatedness (Aldous—Hoover representation) of Assumption 1 is therefore propagated by the
limit dynamics: wvertices carry (&, B%) and directed edges carry (ﬁL,W”) Hence, for any t > 0,
for any collection C C {(i,j) : 4 > 1,5 > 1,i # j} such that for all (i,5),(¢',j') € C distinct, the
four numbers i,35,1',j' are distinct, the variables ()_(f,)_(g,ljfj)(i’j)ec are i.i.d. This propagation of
dissociatedness is the analogue of the classical propagation of chaos.

1.7. Comments. One line of non-exchangeable mean-field theory starts from a fixed graph kernel or
graphon and derives an extended Vlasov or McKean—Vlasov equation, see for instance the works cited
above [9, 23, 3, 18, 20]. This is particularly well-suited to non-adaptive interaction structures, with
fixed interaction weights. Here the fixed-label picture means the following type of representation: one
embeds the vertices into a predetermined latent space D and represents the edge structure at time ¢
by a deterministic kernel w; : D x D — R, evaluated at the two labels. The label of a vertex is chosen
once and for all, and the random evolution is not allowed to enlarge the domain by adding new vertex
or edge randomness.

A second line studies dynamic random networks using exchangeable arrays and graph limits, closely
connected with the Aldous-Hoover viewpoint; see Crane [10, 11], Cerny and Klimovsky [8], Athreya,
Den Hollander and Réllin [2] and Braunsteins, den Hollander and Mandjes [7, 6]. These papers actually
study some graph-valued Markov processes. There are no underlying particles.

Closer to our setting are works on genuine co-evolutionary dynamics, where the edge variables and
the vertex states influence each other. In the deterministic case, Gkogkas, Kuehn and Xu [14, 15] estab-
lish continuum and mean-field limits for adaptive Kuramoto-type networks through evolving kernels,
graph measures, or signed digraph measures. These models share the pairwise feedback mechanism
with ours, but they are fully deterministic systems.

Probabilistic models with intrinsic stochasticity have also been considered. Bayraktar and Wu [4]
study a continuous-time model in which both the vertex and edge states take values in some countable
spaces, while Ganguly, Spiliopoulos and Sussman [13] analyze a discrete-time latent-variable model
with binary dynamic edges, feedback effects, and graphon/multiplexon limits.

The companion work [31] develops a structural metric and sampling viewpoint for the same sys-
tem (1)-(2) when the weight adaptation is linear and non noisy (that is when ¢(u) = u, a(x,y,u) =
a(z,y) + b(z,y)u and B(x,y,u) = 0). In that setting, weight fluctuations can be absorbed at the level
of the empirical state-weight structure. The main stability estimate in [31] controls the evolution in a
hybrid Wasserstein and cut distance by the initial structural error and the graphon sampling error.

Here we allow a more general edge dynamics, where the averaging reduction is no longer available.
The edge variables solve their own noisy dynamics and enter the particle equation nonlinearly, so the
full edge law and its correlation with the endpoint trajectories have to be retained in the mean-field
description. To our knowledge, this is the first mean-field result for fully nonlinear and noisy adaptive
weights.
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1.8. Technical comments. We finish with a few comments on possible extensions and on the rates
obtained above. First, it would be natural to relax the boundedness assumptions on the coefficients,
while keeping global Lipschitz continuity. This should be possible under suitable additional moment
assumptions, but would require more involved estimates.

The convergence rate in Theorem 9-(iii) is not intended to be optimal. Our proof partitions the
directed edges, so that each independent subsample has only order N (independent) elements. Applying
the standard empirical W estimate in dimension 2d+1, see [12, Theorem 1], gives the rate N—1/@d+1),
In the idealized situation where the N (NN —1) edge triples were independent, the same general empirical
Wi estimate would give a rate of order N—2/(4+1)  We do not know what the optimal rate should be.

A related extension would be to replace the diffusive particle dynamics by jump-type dynamics, as
in integrate-and-fire models from mathematical neuroscience. Such models are often driven by Poisson
events rather than Brownian noises, see for instance [19, 20]. We expect that the same dissociated
vertex-edge viewpoint should remain useful.

1.9. Plan of the paper. Section 2 collects the estimates needed for the nonlinear operator A and
then proves the well-posedness and propagation results. Section 3 proves the measurability and non-
anticipativity statements for the edge solution map I" and the averaged operator A.

2. MAIN PROOFS

2.1. Estimates. The purpose of this subsection is to keep the inequality estimates separate from the
fixed-point and propagation arguments. We use the map I' from Lemma 5 and the definition of A;
the estimates collected here will then be used in the proof of Lemma 6. We first record estimates for
the edge map T', with one auxiliary space for the edge mark ¢ and another one for the Brownian input
W. We then derive the corresponding estimates for the averaged operator A,,.

Proposition 11. Grant Assumptions 1, 2 and 3. For all T > 0, there is Cr > 0, depending only on
T, «a, 3, such that the following estimates hold.

(i) For every pair of independent admissible inputs (£,X) and (¢',Y) defined on a probability
space (0, F,P), every auziliary edge-mark probability space (QF, FT,P) carrying an ET-valued ran-
dom wvariable & with law 7%, and every auziliary Brownian space (Q7,F7, (Ff)tZO,IP’#) carrying a
one-dimensional Brownian motion W, all independent of each other,

E'[E#| sup P&, X,€,Y,¢T, W)2]| < 2B [|G(¢, €', €N)] + Cr.
t€[0,T]
(i1) For every pair of vertez-side triples (§, X, X) and (€',Y,Y) such that (¢, X), (£,X), (¢/,Y) and

(€,Y) are admissible and such that (£, X, X) is independent of (¢',Y,Y), and every pair of auziliary
spaces as in (i), independent of these triples, for allt € [0,T],

B [B# [ sup |Du(6X,€,Y,€1,W) —Ty(6, X, €, 7,61, W) |

u€[0,t]

SCT< sup | X, — X% + Sup |Ys — Y|)
s€[0,t] s€[0,t

Proof. For (i), set Uy = T'1(&,X,€,Y, 61, W), t > 0. Lemma 5 gives

t t
—Ge. e e+ / a(Xs, Yy, Uy)ds + / B(X,, Yy, Uy)dW,.
0 0

Since a and § are bounded, the Cauchy-Schwarz inequality for the drift term, and the Burkholder-
Davies-Gundy inequality for the martingale term, give

B#| sup U= G(e.¢,¢N7] < Or.
te[0,T
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Hence

E#{ sup |Ut|2} <2/G(, ¢, NP + Cr,
te[0,T7]

and applying ET allows us to conclude.
For (ii), set
Up=T(6X,€,Y,6W), U =T (X.¢, 7.6 w),  r=>0

Recalling Lemma 5, we see that
T T
Ur—Urz/ [a(XS,YS,US)—a(Xs,Y;,Us)]ds+/ B(X0, Yo, Us) — B(X,, Y, O)]dWV,.
0 0

Using the Lipschitz continuity of «,, the Cauchy—Schwarz inequality for the drift term, and the
Burkholder-Davies-Gundy inequality for the martingale term, we get, for r < T',

E*| sup |U, - O] < C’T/ (1 = K2+ ¥y = Va2 + B#| sup [0, — 0[] )ds.
u€l0,r] 0 u€l0,s]
Thanks to Gronwall’s lemma,
IE#{ sup |U, — Uuﬂ < C’T( sup |X, — Xs|2 + sup |Y; — }73|2)
u€[0,r] s€[0,t] s€[0,t]

Applying Ef allows us to conclude. O

Proposition 12. Grant Assumptions 1, 2 and 3 and suppose either that ¢ is bounded or that (6)
holds. For oll T > 0, there is Cp > 0 such that the following estimates hold.

(i) For any admissible probability measure u on E x Cq, any admissible pair (§,X), any t € [0,T],
AL(t, 6, X)) < Cr  a.s.

(i1) Let (2, F, (Fi)i>0,P) support an Fo-measurable random variable § and continuous adapted pro-
cesses X = (Xy)i>0 and X = (Xy)i>0 such that (&, X) and (§,X) are admissible. Write A¢ x :=
Avaw(e,x) and Mg == Ay, x)- Then, for all't € [0, 7],

E[‘AE,X(tagaX) - Ag,)z(tafaX)|2:| S CTE[ Sl[lop] |Xs - Xs|2 .
se[0,t

Proof. We start with (i). Additionally to (2, F, (F¢)¢>0,P) on which is defined (&, X), we introduce a
probability space (2%, F*, (F})i>0,P*) endowed with an admissible pair (¢/,Y) with law u, a proba-
bility space (QF, FT,P') endowed with an Ef-valued random variable ¢t with law 7f, and a probability

space (0#, F# (FI);50,P*) endowed with a one-dimensional Brownian motion W. The three auxil-
iary spaces are taken independent of (Q, F, (F;)¢>0,P) and of each other. Recalling Lemma 6,

Aut,€ X) = E*[ET[E# [0(T(&, X, €, 6", W)X, 17) .
Define

V(6 X) =B [B1[EF| sup (T, X&' Yo", W]

If ¢ is bounded, then ¥, r(§,X) < |[¢|/sc. If (6) holds, then we use that [p(u)] < C(1 + |u]),
Proposition 11-(i), together with the Cauchy—Schwarz inequality. This gives

W, (6, X) < O+ CE [E [B#[ sup |Nu(e, x,€,v,¢",W)]]]] < €+ Crir[EGe, €, €123,
te[0,T)
This last quantity is bounded by some constant Cp thanks to (6).

Then (i) follows from |A, (¢, &, X)| < |[|V||leo¥p,r (€, X).
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We now prove (ii). Additionally to (Q,F, (F¢)t>0,P), we introduce a second probability space
(Q*, F*, (Ff)i>0,P*) endowed with a copy (£*, X*, X*) of (£,X,X), as well as a third probability

space (QF, FT,P") endowed with an Ef-valued random variable ¢ with law 7t and a fourth probability
space (Q#, F# (F7)i>0,P#) endowed with a one-dimensional Brownian motion W. On

(Q, F, (F)iz0,P) = (QXQ*XQTXQ# FRF*QF @F* (FiF; ®.7:T®]:t )t>O7P®P*®PT®P#)

the four families (~§ X, X), (€%, X*, X*), €' and W are independent. We consider the pathwise unique
solutions U and U to

t
=G(¢, ¢, ¢ X, X Uy)d (X, X2, U 55
€660+ [ o s+/6 U,)aw,
t
_ * ¢t % ok * T7
Gle.e' ¢+ [ ol X0.0, ds+/BX X2, 0,)dW,.
By Lemma 5, U = I'(¢, X, €%, X*, 6, W) and U = T(¢, X, €, X*, £F,W). Thus, as in (i),
Aex(t,€,X) = E* [E[E# [o(Du(¢, X,€*, X", €1, W)(Xe, X)) ] | = B [BY [E# [0(U0) (X, X)) ]
Similarly, A, g (¢, X) = E*[ET[E#[6(U,)v (X, X)), so that
E[lAex (8,6, X) = Ac 5 (6 X)F| =E|
<E[E" [ [E# [[6(Ur(Xe, X7) = 6(00) (Ko, X7)
]

Case 1: ¢ bounded. Using that ¢,~ are bounded and Lipschitz continuous, (10) implies that

E* [EF[B# | 6(U)7 (X0, X7) — (007X, X

(10) —E[[o(U)1(X1, X7) = 6(00)7(%s, X7)

(1) E[[Aex(t6X) = A x(t,€ X)| <CEIU; - Oif*) + CE[X, - X2 + |X; - X; 2]
By Proposition 11-(ii),
(12) El|U, - 0, < CrE| sup (1X, - X2 +[X: - X:P)].

s€0,t]

Inserting (12) into (11), we find

E[Aex (8,6 X) = Ag 5 (4,6 X)P| < CoB[ sup (IX,— X +1X: - X2%)| < CrE| sup |X,—X,J?
s€[0,t] s€[0,t]

as desired, because (X*, X*) has the same law as (X, X).

Case 2: (6) holds. Since ¢ has linear growth, since ¢, are Lipschitz continuous and since v is
bounded, (10) implies that

E[lAex (8,6 X) = Ag 5 (1.6, D)2 <CE[U, - T
(13) +CE[(1+ [P (1%, — Xl + X7 - X7 %))
Moreover, (12) still holds, while Proposition 11-(i) and (6) give, uniformly in (w,w*) € Q x Q*,
ET[E#*[1 + |U)?])] < Cr.
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Consequently,
E[(1+ |02 (1% - Xl + X7 = X72)]
= E[E"[(IXe - Xl? +1X; — X2V [E#[1 +|Us] |
< CrE[E*[|1X, - %2 + |X; - %; 2]
(14) < CrE| sup |X, - X[
s€[0,t]
The conclusion follows by inserting (12) and (14) into (13). O

2.2. Proof of Theorem 8.

Proof of Theorem 8. We first prove (i). We start with pathwise uniqueness and consider two solutions
(€, X) and (£, X) to the nonlinear SDE, defined on the same probability space and driven by the same
Brownian motion. Since b and o are bounded and Lipschitz continuous, we obtain, for all ¢ € [0, 77,

t t
B sup X, ~ K] <Op [ EIX,— XoPds + O [ Bl (6% ~ A g6 )P
s€|0,

t

SCT/ ]E{ sup |Xu _Xu|2:|du
0 u€l0,s]

by Proposition 12-(ii). One completes the uniqueness proof using the Gronwall lemma.

We next check existence by a Picard iteration. We fix (Q, F, (F)¢>0,P) on which are defined ¢ and
B. We define X° = (X?);>0 by X? = F(£). Then X° satisfies (3) with Az = 0. Once X" = (X}")i>0
(continuous, adapted and satisfying (3)) is built, we set

t t t
15 Xt = f b(X™)d X™dB, Ae xn (5,6, X™)d
(15) : <£>+/0<s>s+/oa<s> +/O e xe (5,6, X)ds

First, X"+ = (X;**1);>¢ is continuous and satisfies (3) for some constant A which does not depend
on n, because b,o and A¢ x» are bounded, see Proposition 12-(i). Indeed, when computing, for
0<s<t<s+1<T+1, the quantity E[| X[ — X7+ 2], the two drift terms are bounded in L? by
Cr(t —s)? < Cr(t — s), while Itd’s isometry gives

EH /Sta(xm

The same computation as in the uniqueness proof shows that for all n > 1, all ¢ € [0, T7,

. 2} < Op(t—s).

¢
IE[ sup | X! —XS"\Q} SCT/ [ sup | X — X;‘_lﬂdu.
s€[0,t] 0 u€(0,s]

The usual Picard argument implies that there is a continuous adapted process X = (X;);>¢ such that
(16) limE[ sup | X} — Xtﬂ =0.
n te[0,T)

Since X" satisfies (3) for some constant Ay which does not depend on n, the limit X satisfies (3).
Taking the limit n — oo in (15), we find that (X;);>0 solves the nonlinear SDE, because

t L
X X, / b(X™) ds—)/ / U(X?)st%/ o(Xs)dBs,
0 0

t
and /AgVXn(s,f,X")dS%/ Ae x(s,&,X)ds
0 0
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in L?(Q2). The first three convergences follow from (16) and the Lipschitz continuity of b and o, while
the last one follows from Proposition 12-(ii) and (16).

We now prove (ii). The law of the solution (£, X) to the nonlinear SDE built above by Picard
iteration does not depend on the choice of the probability space, nor on the choices of £ and B.
Indeed, one can check by induction that the law of (&, X™, B) does not depend on these choices for
all n > 1, because A¢ xn is shorthand for Ay.y(¢, xn), which depends only on the law of (£, X™); see
Lemma 6. The limit (£, X, B) inherits this property. In particular, the law of (£, X) does not depend
on the probability space nor on the choices of £ and B.

Consider now, on some space (Q,F,(F;)i>0,P), a solution X = (X;);>0 to the nonlinear SDE
corresponding to some Fy-measurable { ~ 7 and to some m-dimensional (F;)¢>o-Brownian motion
B = (B;)¢>0. On this space, consider the solution (&, X) built by Picard iteration with ¢ and B. By
the pathwise uniqueness proved in (i), (€, X) = (¢, X) a.s. The conclusion follows. O

2.3. Proof of Theorem 9.

Proof of Theorem 9. We first prove (i). Recall that (X™)i>0.ic1y and (Utij’N)tZO,i,je]N,i# were de-
fined in (1)-(2). For all i > 1, we denote by (X})t>0 the solution to the nonlinear SDE corresponding
to & and B*, i.e.

t t t
(17) Xi=F(&)+ / b(X?)ds + / o(X%)dBi + / Ne. s (5 €, X1)ds,
0 0 0

and, for ¢,5 > 1 with ¢ # j, we consider (Utij)tzo solving (9). As a strong solution, X* is o(&;, BY)-
measurable. Using moreover Theorem 8-(ii) and Assumption 1, we conclude that

(18) the family ((¢;, X"),i > 1) is i.i.d. and independent of (€], W™),4,j > 1,i # j).

Since « and f are bounded and Lipschitz continuous, we have, for all ¢ € [0, T],
t
[ sup [UY - O122] <Cr [ BIXIN - TP+ X3 - 2P 4 UIBY - O12Pds
s€[0,t] 0

t
<Cr [ BXIN - XIP 4 UY - T2 Plas
0
by exchangeability. Thanks to the Gronwall lemma, for all ¢ € [0, T,

t
(19) E[ sup |[U12N — U;?ﬂ gcT/ E[|X5N — X12ds < CTE[ sup |XIN - X;ﬂ.
s€[0,t] 0 s€[0,¢]

Since b and o are Lipschitz continuous, for all ¢ € [0, T7,
t

t
(20) E[ sup | X1V —Xsﬂ < CT/ E[|Xj’N—Xsl|2}ds+CT/ I,ds,
s€[0,t] 0 0

where, setting p = Law (&1, X1),
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We write I; < 2J; + 2K, where .J; is the stability error and K; is the empirical fluctuation error:
N , . N2

> (UM XN = @ (R D),

j=2

Ko =E[| iaﬁﬁwu‘dﬂ Al &, X[

“E[| 5=

By the Cauchy—Schwarz inequality and since ¢ and « are bounded and Lipschitz continuous,

_ .12
X1, x))| ]

H¢> NN, XEN) = (0,7

C 15,N rrlj 1,N v 1, N v
<7 LE[UPY = OF P Y - X2 1Y - X

N
=2
N .

Z [sup (XN - X124 | X2V X§|2)}
o s€[0,t]

re]
s€10,t]

by (19) and exchangeability. Since U7 = Ft(fl,)_(l,fj,)_(j,ﬂj, W17) by Lemma 5,

K= HN Z(b ¢ gl’X vaXj flg’le))’Y(than) —Au(t,fl,)_(l)r]

By independence of (fl,Xl) and (fj,XJ7flj, W), see (18), The family
(¢(Ft(§17 Xla §j5 va gij? le))’}/(tha th))jZQ
is i.i.d. conditionally on (1, X'). Moreover, by definition of A,,,
El |:¢(Ft(§1a le §2a X27 5-{27 W12))7(X1517 XtQ):| = AH(t7 51, Xl)v

where E; = E[-|(¢1, X1)]. Hence, abusively writing Var; Z = E,[|Z — E,[Z]|?] for Z valued in Rd,

1_1V8“r1 ((b(rt(glvxl,ngX??girz;W12)) (Xl XQ))] M < —

Kt:E[ N_1 *N

N
We used that N > 2 in the last inequality.
All in all, we have proved that for all ¢ € [0, T,

I, <2J,+ 2K, < CTE[ sup | XDV — X;ﬂ +

s€[0,t] N

Recalling (20), we get, for all ¢ € [0, T7,
¢
S - C
]E[ sup |X51’N—X51|2] gCT/ IE[ sup | X1V — X ]d + =L
s€(0,t] 0 u€(0,s] N
Using finally the Gronwall lemma, we find as desired that

- C Cr
]E[ sup |X;’N—Xt1|2} < =T whence also E[ sup |UFN — Utwﬂ < ~

te[0,T] N te[0,T)
by (19).
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We now prove (ii). We adopt the same notation as above and observe that we still have (18). We
fix T > 0 and divide the proof into several steps.

Step 1 : Gaussian moment for the edge. There are 07 > 0 and Cp > 0 such that

ele o, 0 <0

Recall (9): setting Gro = G(&1,62,&l,) and R, = [} B(X}, X2,U12)dW ]2,

sup |U}?| < |Gra| + T|la]|eo + Ry, where Ry = sup |Ry|.

te[0,T] te[0,T]
By (8), G12 has a Gaussian moment. By the Dubins-Schwarz theorem, see e.g. Revuz-Yor [29,
Theorem 1.6 p 181], we can find a Brownian motion M such that a.s., for all ¢ > 0, Ry = May,,
with A; = fo B2(X{, X2,UL%)ds. Thus Ry < sup,cpo, HB\ 2 7] |Mt\ Hence R} has a Gaussian moment.
Choosing 67 > 0 small enough and using (z + y + 2)? < 3(2? + y2 + 2?) together with the Cauchy—
Schwarz inequality, we get the conclusion.

Step 2: Empirical fluctuation. Set p = Law (&1, X1). There is Cr > 0 such that for all ¢ € [0, T,
Cr
-

2

At :EHN Z(b 1J thﬂXJ) #(taglaXl)H S
As in the proof of (i) (study of K;) we have A; = E[E;], where, setting E; = E[-|(&1, X1)],
N
1 _ _ o .
o= B [| 5 D o(u(e, X6, X7, €], W) (X, XE) = Al 0, X1
j=2

We have
N

1 o 2
Eu <Ea[| 57 D2 6(Te(6n, X165, X, €], W) (XE XD) = At &0, X))
j=2
1 B B _ _ 1
< Van (906, X1 &, X2 el W)y (X), XD) ) )
as in the proof of (i). Thus, recalling that Ft(gl,)‘(l,@,)‘(?,gg, W12) = U2, for all N > 2,
2 _ o C
A <\ FEIGT2) (X XP)?) < T

We used that ¢ has at most linear growth, that + is bounded, and that supy, 7 E[(U}?)?] < oo.
Step 3 : Notation. For i,j € In with i # j and 0 < s < ¢, set

iN _ i,N i iy, N _ i, N _ [7id
Y;,t = Sup ‘Xu - Xul and Zs,t = Ssup |qu - qu|
uE(s,t] u€|[s,t]

D=

C B[+ (012 <

1
2

Step 4. Edge stability. In this step we establish a short-time estimate for the edge error Z'>V. Fix
0<S<S§ <TandtelS, S Recalling (2) and (9), we see that Zéth < ZéQSN +Ig, + I%,, where

t
I, = / a(XEN XN [12N) o (X1 X2 012)ds,
S

IZ, = sup
’ re[S,t]

/ (BOXIN X2V [7128) - g(X1 X2 012)awi2|.
S

Using that « is Lipschitz continuous, we find

E[I4,] < C(t - SB[ + Y5\ + 25N < (9 = SB[V, + Z5 "]
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by exchangeability. Using the Burkholder-Davis—Gundy inequality and that [ is Lipschitz continuous,
(73 < o( [ (BN, XEN U1N) - B(x1, X2,012)as) ] < €8 - SRV + 237
by exchangeability again. Combining the bounds on I, and I3, we get, for all 0 < S <t < 8" <T,

E[Zg}"] <EIZ%5" 1+ mlS' = 8 + (5"~ 5)NENg] + Z55"]

for some k1 > 0 depending only on « and .

Step 5: Particle stability. Here we establish a short-time estimate for Y1V, Fix 0 < § < 8 < T
and t € [S,S']. Recalling (1) and (17), we have Yslv’tN <Yoo + J§, +J§, + J§,, where

t
Bo= [ N < bEhids, 2= s | [ o(xiY) - o(xhpaz)
S

re[S,t]
t
3
.
S

The terms .J& 5, and J2 5. are the drift and martingale contributions coming from the single-particle
coefficients b and o, while .J2 5, is the interaction contribution. Exactly as in Step 4, using the Lipschitz
continuity of b and o and the Burkholder-Davis— Gundy inequality, we find that

N
1 ] .

mZWU;LN)V(X;’Nan’N) (s, 6, X ’dS
=

E[J§, +J3,] < O[S = S+ (8" - §)2|EYe Y + 253N,
Recalling Step 2, we write
t N t
B3 < [ |5y X (oW ) — o) 5 ) | as+ [ A
Jj=2
t
< /S E[l$(U2N )y (XN, X2V) = g(012)y(X), X2)|ds + Cr N~

by exchangeability and Step 2. We now set HY = (XN — X1 A1)+ (|X2N — X2| A 1). Since v and
¢ are Lipschitz continuous, with v bounded, for t e[S, 5],

t
E[72,) gc/ E[(1+ [T2)EHY + |U22N — 712)]ds + Cp N~
S

t
<C / E[|U2|HNds + C(S' = S)E[Ye}Y + Z&N] + CrN~2.
S

Combining these estimates (and using exchangeability), we get, for all 0 < S <t < S < T,

t
E[Yg;,'] <E[Yg:s]+ CrN™7% + k]S — S+ (S — 5)%]E[Y;,;N + 23N + ko /S E[|UX2|HN]ds

for some ko > 0 depending only on b, o, v and ¢.

Step 6: Truncation and recursion. Gathering Steps 4 and 5, we find k3 > 0 such that for all
0<S<S<T allte]S 5],

E[YSt + Zé?tN] <E[Yss + Zé*QSN] +CpN7% + K3[S" =S+ (9 - S)%]E[YSt + Zé?tN]

t
+ / E[|022HN]ds
S
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Let § > 0 such that x3(6+07) = 3 and x4 = 2r3. Then for all 0 < S < 8" < TA(S+9), all t € [S, 5],

t
BlgyY + 285" 2RV + 235+ Cov b [ ENOHY s

The only remaining difficulty is the unbounded factor U'? in the last integral. We handle it by
truncating at a suitable level A. For any A > 0 and s > S, using exchangeability and Step 1,

E[|U2HY] < AB[|X;N = XJ| + [ X2 — X2+ 2E(|U;% 10125 3]
< 2AE[YgN] 4 Cpe 747
In the last line, we used that uly,~a} < C’Te’eTAQeQGT“2 and the Gaussian moment from Step 1.

Plugging this into the preceding inequality, we get that for all 0 < S < S < T A(S+6), allt € [S, 5]
and all A >0,

t
EVe, + 25N <2E[Ved + 252 ]+ Cr(N"2 4+ e7074%) 4 245, /S E[Yg) + Zg3N]ds.

Using the Gronwall lemma, we find that for all 0 < .S < 8" <T A (S +6), for all A >0,
E[Yg S + 2575 <(2BIVS + Z5%5Y) + Co(V=h 4 om0 ),
Choosing A = (%)%7 this gives, for all 0 < S < S" < T A (S +9),

EYsd +28%") < (2EIYss + 28%5") + CrN~# ) K,
(21)

5 ) )

Step 7: Conclusion. Set k = [T/d] and ty = €6 AT, for £ = 0,...,k. Set uno = 0 and, for
0=0,... k-1,

where Ky 71 =exp (2/@46(

o 1,N 12,N
UNe+1 = E[Y;e,t/zH + Ztl7tl+1}'

By (21), for all £ =0,...,k — 1,

_1
un 41 < Qune+CrN72)Kn 7.

Indeed, the error at the left endpoint of the ¢-th block is bounded by uy . We classically conclude
that, modifying the value of C7r,

UN ¢ < CTKJ]%yTNié
for all £=1,...,k. All in all, modifying again the value of Cr,
k
E[ sup (IXIV-XI+URN-02)] <3 une < OrKl N
s€[0,T] /=1

Since

Kb = exp (2rats(EN) ),

the conclusion of (ii) follows.

We finally prove (iii). Under the standing alternative in the statement, either the assumption of
Theorem 9-(i) or that of Theorem 9-(ii) holds. We let Py := {(i,j) € In,i # j}. As already seen,
X' is o(&;, BY)-measurable and U¥ is a(fi,Bi,ﬁj,Bj,fgj,Wij)—measurable. Using Theorem 8 and
Assumption 1, we see that all the random variables 2 = (X}, X/,U;’) are f;-distributed and that
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for C' C Py, the family (Ztij7 (i,5) € C) is i.i.d. as soon as for all (i,7), (i, ') € C distinct, the four
numbers ¢, j, 4, j’ are distinct. We set

1 1
N _ ) . . N o
P = NN -1 > O xpr sy and iy = NN 1) > dsixiony
(i,5)€EPN (i,j)€PN
We write Wy (1, fi) < Wi (ud, aN) + Wi (il f). We classically have

Cr
N 2d1+1

1
EWi (', )] <

SN o B XY - 0 <

(i,5)EPN

by Theorem 9-(i) (since N=2 < N_TIH) or Theorem 9-(ii) (since N2 exp(Cpy/Iog N) < C’TN_TIH),
using Cauchy-Schwarz in the first case to pass from the L? estimate to L'.

We next write Py = iﬁo‘l P where, for k=0,...,N —1,
PY ={(i,j)€In:i+j=Fk mod N,i<j} and PY"F ={(i,j) € Iy :i+j=k mod N,i > j}.

Easy considerations show that for all k =0,...,2N — 1, all (i, j), (i, j') € PY with (i,5) # (i,5'), the
four numbers 7,4, j, j' are distinct, so that the family (2,7, (i,j) € Pk ) is i.i.d. Moreover,

% if NV is odd,
#(Pr) =<~ if N is even and k is odd,
% —1 if N is even and k is even.

Assuming now that N > 3 is odd, we have

2
_ 7N,k_7 [
By =5y g ", where g, = N1 Z O(xi, %7017
k=0 (i.)EPk
Using the joint convexity of W in its measure arguments, we have

2N—-1

Z Wl(ﬁfsv’k»ft)

k=0

1

Wiy, fo) < N

For each £ = 0,...,2N — 1, ,aiv’k is the empirical measure of % i.i.d. random variables with law
fi € P(RY x R? x R). Using the defining equations, Assumption 2, the standing alternative in the
theorem, and the boundedness of the coefficients, one easily checks that for all T > 0,

sup E[|X}2 + X2 + |07 < oc.
t€[0,T]

By [12, Theorem 1] with (p, d, q) replaced by (1,2d + 1,2), for all t € [0,T], all k =0,...,2N — 1,
EWi (", fo)] < Cp N~ =5,
All this shows that if N > 3 is odd,
EWi (i, fi)] < OpN™75, whence  EWi(uy', /1)) < CrN ™~ =+

The case where N > 4 is even is treated similarly, with light complications. Taking the supremum
over t € [0, 7] gives the claim. O
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3. MEASURABILITY
We first prove Lemma 5, using arguments found in Karandikar [26].

Proof of Lemma 5. We set X = E x Cq x E x Cyq x ET x C;.

Step 1: Euler scheme. Fix n > 1. For (a,z,b,y,c,w) € X, we denote by (I'}(a,z,b,y,c,w))i>o the
Euler scheme with step 27" for the equation u; = G(a,b,c) + fot a(zs,ys, us)ds + fot B(zxs, ys, us)dws:
we set go = G(a,b,¢) and, for k& > 0,

q(k+1)2-n = Qr2-—n + 27" a(Tpon, Yo ri") + (w(k—o—l)Q*" — Wra—n ) B(Tha—n, Yuo—n, Gra—n)-

Finally, for all ¢ > 0, choose k = |2"t]| and set

F?((L.’II, b7yaca ’U)) = gg2—n + (t - k2_n)a(xk2_"7yk2_"a Qk2—") + (wt - wk?‘")ﬂ(l‘kQ—"ayk2_"7q}€2_")'

The map I'™ : X — C; is measurable, because it is a continuous function of (G(a,b,c),z,y,w). By
construction, it holds that for all (a,z,b,y,c,w) € X, all t > 0,

(22) F? (CL, €, b7 Y, ¢, U}) = F?(a, (xs/\t)8207 ba Y, c, ’LU)

Step 2: Convergence to the edge SDE. Here we prove that for any space (Q,F,(F)i>0,P), any
independent Fy-measurable triple (£, &, ¢T) with &, ~ 7 and &7 ~ 7T, any pair of continuous (F;)s>0-
adapted processes X = (X;)i>0 and Y = (¥;);>0 valued in R? both satisfying (3), any 1-dimensional
(Ft)e>0-Brownian motion W = (W;);>0, the pathwise unique solution U = (U;);>o to (4) satisfies

(23) forall T >0, lim sup |U, —T7(&, X, &Y, 60 W)2=0 as.
" tel0,T]
Since a and (8 are bounded, there is a constant C' > 0 such that for all 0 < s <t < s+ 1,
(24) E[|U; — Uy?] < C(t — s).

We next set U = T} (&, X, &Y, &1, W), which classically satisfies, introducing p,, (t) = 277 2"¢],

t t
Ur =G(,¢. ¢ +/0 O‘(Xpn<s)7an<s>vUZl(s))ds+/0 B(Xp (512 Yon(s): Up () AW,

Since a and S are bounded and Lipschitz continuous, we have, for all ¢ € [0, T,

t
E| sup |U, - UZ?] gOT/ E[1X, = Xpo (0 + 1Y = Yo, (0> + Uy = Up 2] ds
s€[0,t] 0

¢
<Crern+ C’T/ E[ sup |U, — U{fﬂ ds,
0 u€[0,s]
where .
R / E[‘XS = Xl + Ve =Yoo +1Us = U n(sﬂds < Cr2
0
by (24), since X and Y satisfy (3) and since 0 < s — p,(s) < 27" for all s > 0. By Gronwall’s lemma,
E[ sup |Us — Ugﬂ < Cr2m.
s€[0,T]

Thus the series >, sup,e(o 7 [Us — U? a.s. converges, whence lim,, supgepo, 1] 1Us — Ur? =0 as.
Taking the intersection of the corresponding probability-one events over integer T° > 1, we also have
U" = U in (C1,0) as. where 0(z,2") = 33,5, 2741 A SUPe(o,q [2(t) — 2/(t)]] classically metrizes the
topology of uniform convergence on compact time intervals.

Step 8: Measurability of the limit map. Since (C1,0) is complete, the set

A={(a,z,b,y,c,w) € X :limT'"(a,x,b,y,c,w) exists in (C1,0)}
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is measurable. We then set
F(aa z, b7 Y, ¢, w) = h’rILn 1{(a,w,b,y,c,w)6A}Fn(a7 z, ba Y, w)

for all (a,z,b,y,c,w) € X. This map I' : X — C; is measurable.

Step 4: Identification with the SDE. Consider a space (2, F, (F;)i>0,P), a pair of independent -
distributed Fy-measurable random variables &, &’ valued in E, an Fy-measurable Ef-valued random
variable ¢ independent of (£,¢’) and with law 7', a pair of continuous (F;);>o-adapted processes
X = (X¢)i»0 and Y = (V3);>0 valued in R? both satisfying (3), a 1-dimensional (F;);>o-Brownian
motion W = (W;)¢>0, and the pathwise unique solution U = (Uy)>0 to (4). Consider the event A =
{(6,X,¢,Y,&1, W) € A}, which has probability 1 by Step 2. On A, we have U = I'(¢, X, ¢, Y, ¢0, W)
(in the sense that for all ¢t > 0, U; = I';(&, X, €', Y, &1, W)) again by Step 2 and by definition of T'.

Step 5: Non-anticipativity. With the same notation as in Step 4, on A, we have that for all ¢ > 0,
Ly(€, X, €Y. €1, W) =lim Iy (¢, X, V.61, W)
n

= im T}, (Xont)sz0, €', Y.L, W)

= Ft(§7 (Xs/\t)3207 gla K §T7 W)
by (22). The last equality is legitimate because (X;a¢)s>0 satisfies the conditions of Steps 2 and 3.
This implies (5). O

We now turn to Lemma 6, using the non-anticipativity of I' from Lemma 5 and the domination
estimate from Proposition 11.

Proof of Lemma 6. Fix an admissible probability measure ;1 and an admissible pair (£, X) defined on
(QF, (Ft)i>o0,P). Let (O, F*, (F; )0, P*) carry an admissible pair (¢/,Y) with law p, let (QF, 7T, PT)
carry an Ef-valued random variable ¢ with law #f, and let (Q#, F#, (}"ILI#)QO,P#) carry a one-

dimensional Brownian motion W. These auxiliary spaces are taken independent of (Q, F, (Fi)t>0,P)
and of each other. As in the proof of Lemma 12, we have

Ault, €, X) = E* [ET[E# [6(Tu(&, X, €, Y, €F, W))(Xi, v ] .
For all T > 0, there is a constant C'r such that a.s.,
(25) W€ X) =B [E[E#| sup |o(Tu(e, X, ¢, Y., )] [] < cr.
t€[0,T]

If ¢ is bounded, this is obvious. Else, this follows from Proposition 11-(i), the fact that ¢ has at most
linear growth and (6).

Point (i), i.e. continuity of (A,(¢,&, X))¢>0, follows from dominated convergence by (25), the con-
tinuity and boundedness of v, the continuity of ¢ and the facts that I is valued in C; while X and Y
are valued in Cy.

For (ii), i.e. (F¢)i>o-adaptedness of (A, (t,&, X))i>0, it suffices to use (5): we have

Al X) = E* [EN[E# [6(Tu(€, (Xont)szo, € V€L, W)y(Xe, V)| ]

which is of course F;-measurable. O
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