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Abstract

We consider the two-species particle system introduced by Stevens [22] related to the doubly
parabolic Keller-Segel equation. It consists of V cells and of a varying number of chemoattractant
particles. Cells diffuse in the plane and follow the (mollified) empirical gradient of concentration
of chemoattractant. Chemoattractant particles are produced by cells at some constant rate,
diffuse and disappear at some constant rate. We show that when the sensitivity of cells to the
chemoattractant is small enough, under some rather weak condition on the family of mollifiers,
this system approximates the parabolic-parabolic Keller-Segel equation as N — oco. We also
prove that when N is fixed and when the production rate of chemoattractant particles tends
to infinity, this system approximates the (non-Markovian) one-species system introduced in [25]
and further studied in [12].

Keywords and phrases: Stochastic particle systems; Singular interaction; Mean-field limit; Keller-
Segel equation; Chemotaxis.
MSC 2020 classification: 60K35, 60H30, 35K40.

1 Introduction

Motivation. Chemotaxis is a fundamental biological process that allows cells and organisms to
navigate their environment by moving toward favorable conditions and away from harmful ones.
Found across a wide range of life forms, from bacteria to human cells, it involves two key steps.
First, a chemical spreads via diffusion, creating a concentration gradient. Second, each cell or or-
ganism detects this gradient and adjusts its movement accordingly, either advancing toward higher
concentrations (in the case of a chemoattractant) or retreating from them (in the case of a chemore-
pellent). This biological mechanism can be formalized mathematically through the Keller—Segel
model, which provides a macroscopic description of chemotaxis. Rather than tracking individual
cells, the model assumes a large-population regime in which the number of cells is sufficiently high
to justify a continuum description in terms of a cell density. It captures how this density evolves
under the combined effects of diffusion and directed motion along chemical gradients. Within this
framework, cells both diffuse and attract each other in response to the chemical signals they sense
or produce. For the original motivation and detailed biological background, we refer to the foun-
dational works of Keller and Segel [16, 17, 18]. The aim of the present article is to revisit the
corresponding microscopic description and to bridge the gap between two distinct approaches that
have emerged in the probabilistic literature. One is based on a two-species particle system intro-
duced by Stevens [22], while the other relies on a single-species non-Markovian system proposed
more recently by Talay-Tomasevi¢ [25] and further analyzed in [15] 27, 12].
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The Keller-Segel equation. The so-called minimal model couples the evolution of the cell
density (p¢(2)):>0 zer2 and chemoattractant concentration (c¢(x));>0 zer2 in the following way

Opt(x) = Ape(x) — XV - (pe(2) Ve (z)), t>0, zeR?

1

00;ct(x) = Acy(x) — Aer(x) + pe(z), t>0, z€R% @
with pp and cg given. We will assume that py is a probability measure on R? and that ¢y €
LY'(R?) N L*°(R?) is nonnegative. The parameters y > 0, § > 0 and A > 0 respectively stand
for the sensitivity of cells to the chemoattractant, the ratio between the diffusion time scales of
bacteria and chemoattractant, and the decay rate of the chemoattractant. For a thorough review
on this model, see the paper of Horstmann [I4]. A notable feature of the Keller—Segel model is its
ability to produce singular behavior in finite time. This phenomenon reflects the tendency of cells
to self-organize into sharply concentrated clusters under the influence of chemotactic attraction. In
particular, for sufficiently regular initial data, the parabolic—elliptic case (corresponding to 6 = 0)
displays a critical threshold: At least for A = 0, when x exceeds 8, solutions undergo finite-time
blow-up, whereas for x < 8w, solutions remain globally well-defined. This was first rigorously
established by Nagai [20] (x < 8w, radial case), Blanchet-Dolbeault-Perthame [3] (x < 87) and
Biler-Karch-Laurengot-Nadzieja [2] (x < 8, radial case). In the parabolic-parabolic case where
6 > 0, the global well-posedness still holds for xy < 87 and any reasonable initial data, see Calvez-
Corrias [5]. However, in the special case of ¢y = 0 and for any x > 0, the global well-posedness
holds true when 6 > 0 is large enough, see Biler-Guerra-Karch [I], and this was extended to a more
general class of initial concentrations ¢y (with a smallness condition depending on #) by Corrias-
Escobedo-Matos [§]. Concerning explosion, the situation is still largely open, let us mention that
radial solutions on a disk in R? blowing-up for x > 87 have been exhibited by Herrero-Velasquez [13].
In addition, a criterion for the explosion of radial solutions has been obtained by Mizoguchi [19]:
The conditions are that xy > 87 and an energy condition on the initial data (pg, co).

Particle approximation in the parabolic-elliptic case. In the elliptic case where § = 0, one
naturally approximates the Keller-Segel equation by a finite system of Brownian motions interacting
through a pairwise attraction in 1/r. Such a particle system may explode due to the occurrence
of many collisions, a phenomenon studied in [IT]. It is thus rather challenging to justify this
approximation, but this is now rather well-understood in the subcritical case y < 8, see [9], Bresch-
Jabin-Wang [4] and Tardy [26]. However, a true convergence result (not along subsequences) in the
whole plane (not in the torus) is still unavailable. See also the work [2I] on moderately interacting
particle systems.

A two-species particle approximation in the doubly parabolic case. In the seminal pa-
per [22], Stevens introduces a two species particle approximation of for 6 > 0. Let us describe
informally the variant of this system we will study in the present paper, see Section [2| for a rigorous
description. Fix an integer N > 2 and a real M > 0. We have N cells and a temporally varying
number of chemoattractant particles.

e Initially, the NV cell positions are i.i.d. and po-distributed, and we have around NM/||co|1(g2)
chemoattractant particles with i.i.d. |]00]|Z}(R2)co—distributed positions.

e Each chemoattractant particle disappears at instantaneous rate §~1\.

e Each cell produces chemoattractant particles according to a Poisson process with rate §=1M.
When a chemoattractant particle is born, it takes the position of its mother cell.

e Each chemoattractant particle moves like a Brownian motion with diffusion coefficient v/26-1.



e Each cell moves like a Brownian motion with diffusion coefficient v/2 which drifts according to
the concentration gradient of chemoattractant particles. Since such particles are finitely many, a
mollification ¢. is necessary. Namely, the instantaneous drift of the ¢-th cell at time ¢ is given by
Ve * v} evaluated at the position of the i-th cell and 1 is the empirical concentration at time ¢ of
chemoattractant particles, excluding those produced by the i-th cell and normalized by M (N — 1).

We denote by (XZ’N’M’E)QOJGIN the process describing the cell positions, where Iy = {1,...,N}.
See Assumption [3|for precise conditions on the family of mollifiers (¢, e € (0, 1]), we mainly assume
that ¢-(x) = 5*1¢(5_%a:), for some smooth probability density ¢ on R2.

The result of [22]. Although Stevens works in any dimension and with a more general chemotaxis
PDE, let us specify her results in our context. She considers (a variant of) the particle system
described in the previous paragraph and assumes (i) that the production rate of chemoattractant
particles M does not depend on the number N of cells, (ii) that admits a unique solution
such that both (pt)scjo,r] and (ct)iepo,r) belong to 05’3([0,T] x R?) N CO([0,T], L*(R?)), (iii) a set

of conditions on the mollification parameter implying that, with our notation, limy N 511\?+ = 00
(see [22, Sections 2 and 3], she takes exy = ay” with &y = N%2? with & < ). Under these

conditions, the mollified empirical measures of cells and of chemoattractant particles converge in
probability to (pt)icpo,7) and (ct)iepo,r), as N — oo.

Condition (i) is not very important, it is likely that the case where M varies with N could be
treated by the same method. Although we found no precise reference, condition (ii) seems rather
reasonable and allows one to treat any values of x > 0 and 6 > 0 for which there exists a unique
smooth solution to , up to the maximal existence time of such solution.

Our goal with respect to [22] is mainly to weaken the condition (iii) on the mollification param-
eter. Roughly, we will be able (e.g. in the case M = 1) to include the case where limy N S?VJF = 00.
However, our convergence result is weaker in that it holds only along subsequences and we can only
work with global solutions, hence we need to assume that x > 0 is small enough.

A one-species particle approximation in the doubly parabolic case. Here we present
the alternative microscopic approximation by Talay-Tomasevié [25]. See Section 2| and [12, Sec-
tion 1] for details. It does not involve any smoothing, but it only tracks the cells positions. Using
Duhamel’s formula for the chemoattractant concentration (c;)i>0 with (pt)i>0 as a source term, one
can interpret the equation for (p;);>0 as a Fokker-Plank equation of the following non-linear process:

t t S
X, =Xo+ V2B +y / VO (X,)ds + x / / (VK % po)(Xs)duds, ps = Law(X,), (2)
0 0 0

where, for (t,z) € (0,00) x R?,

1 =2 1
gi(x) == 3¢ T KIMz) = 5¢ 7o se(x), 00N (x) = O(K)™ * co) (). (3)

The process represents the position of a typical cell in a macroscopic population (of infinite
size). A natural discretization of is the following particle system: setting In = {1,..., N},

XN =xpN + V2B + x /0 Vb A (s, X0N)ds (4)

t s
+ﬁ ) /O/OVKgf\u(X;’N—Xi’N)duds, iely.
JEIN,j#1

The rigorous derivation of the Keller-Segel system ([1)) from such a particle system is quite challenging
due to the nature of interaction between the particles which is both non-Markovian and singularly



attractive. Biologically speaking, one may understand the memory in the interaction as follows: at
some current time s, cells feel the chemoattractant produced at all past instants u < s by all of the

other cells, which has evolved (through the heat kernel corrected with the decay rate) between u

and s. It also feels the initial chemoattractant particles through bﬁ‘*”.

In dimension 1, the propagation of chaos of towards (2) (without any restriction on the
parameters) is obtained in [I5] by means of Girsanov transformation.

The main result of [12]. In dimension 2, we have shown that for each 6 > 0, there exists some
x§ > 0 such that for all A > 0, all py € P(R?), all nonnegative co € L>°(R?), all x € (0, x}), there
exists an exchangeable N-Keller-Segel particle system for each N > 2 with i.i.d. pg-distributed
initial cell positions. Moreover, the family of empirical measures

N
1
N _ & )
(,u N Z;é(XZ’N)DO’N 2 2)

is tight in P(C(R,, R?)) and any (possibly random) limit point of (4¥) y>2 a.s. solves the martingale
problem related to .

The threshold xj is recalled in Remark 7| below and we have (see [12, Remark 15] with p = oo)
liminf xj; > 3.28, x}>1.39 and liminf Vx> 1.65. (5)

0—0 0—oc0
This is clearly not optimal, since we expect the result to hold for all x € (0,87) (for all § > 0) and

even for larger values of x if ¢g = 0 and if 4 is large.

We actually suppose a weaker condition than co € L>°(R?) in [12] and some more general initial
conditions for , but this is not very important for the present work.

With respect to [I2], our goal is to obtain the one-species system as a M — oo limit of the
two-species system.

First main result (informal). We first study the link between the two-species and the one-
species particle systems. Assume that pg € P(R?) and cg € L'(R?)NL>®(R?), that > 0, A > 0 and
X € (0,x5). Fix N > 2 and assume that the (0, 1]-valued sequence (£,),>1 and the (0, co)-valued
sequence (My,)n>1 satisfy

1
for some o € (0, ﬂ, (a) li7lln M, = oo, (b) 11711Tl€n =0, (¢ liTILn Muedt? = 0. (6)
Then, the family ((XZ’N’M"’en)tZO,iGIN, n > 1) is tight and any limit point solves (4).

Notice that (6)) holds if e.g. lim,, M,, = oo and &, = M,;® for some a € (0, %)

Second main result (informal). We next study the convergence of the two-species system to
the Keller-Segel equation. Assume that pg € P(R?) and ¢g € L}(RY) N L>(R?), that 6§ > 0, A > 0
and x € (0,x;). Assume that the (0, 1]-valued sequence (en)n>2 and the (0, 0o)-valued sequence
(MnN)N>2 satisfy

1
for some o € (O, 5}, (a) lij{fn en=0, (b li]{[n NMyede =00, (c) lij{fn NMF7e3t? = o0, (7)
Then the family of empirical measures

N
1
N . E )
<” N & Ot eny o N 2 2>
1=

4



is tight in P(C(R4, R?)) and any (possibly random) limit point of (u¥) y>9 a.s. solves the martingale
problem related to .

We emphasize that we do not need My to be bounded from below: Our result requires that
N M, which represents the order of magnitude of the (varying) number of chemoattractant parti-
cles, tends to infinity. If My is bounded from below, then (7)-(c) is implied by (7)-(a)-(b). Although
we can find, using logarithms, some cases where (7))-(a)-(b) hold while (7)-(c) does not, the following
example shows that —(C) is rather harmless.

If My = NP and ey = N~ for some 8 € (—1,00) and some a > 0, then (7)-(b) is satisfied if

and only if a € (0, #) (choose o = (% — 2) A1 > 0), which implies that is entirely satisfied

(choosea:(%—%)/\(lzﬁ:ﬂm)/\%>Oifﬂ<0anda:(%—%)/\%>Oif,820).

Discussion. Let us first mention that we find the same threshold xj as in [I2] when we studied
the one-species system. As already mentioned, this threshold is clearly not optimal, but, at least,
the increased complexity of the two-species system does not lead to a deteriorated threshold.

Let us now discuss the mollification parameter. For (Z;);>1 i.i.d., valued in R?, with a smooth
fast decaying density f and for & = ¢ Zle dz,, it holds that (§,* V¢y,)(z) — V f(z) in probability
as ¢ — oo for all z € R? as soon as e, — 0 and limy Ke‘? = 00, and these conditions are necessary.
This can be easily seen through a bias/variance study, see Stone [23].

In our framework, we need that in some sense, (v x V¢, )(z) approximates Ve (z), where vy is
the empirical concentration of chemoattractant particles. The order of magnitude of the (varying)
number of those particles is NM. Although this is not clear, it might be possible to replace
conditions (b)-(c) in (6) by lim, M,e2 = oo and conditions (b)-(c) in by limy NMye% = oco.
We do not see at all how to reach such a weak condition, mainly due to Step 3 of the proof of
Proposition Leaving aside complex computations, we notice that chemoattractant particles are
far from being i.i.d. Brownian motions as they are correlated through their common ancestor and
their initial positions. This may explain why one could not reach the best possible condition.

With more work, it is likely that we could include, as in [I12]: The case A = 0 (which is actually
slightly simpler), the case where we only have ¢y € LP(R?) for some p > 2 (with a worse threshold
Xap), the case where the initial cell and chemoattractant positions are not i.i.d. but enjoy some
some exchangeability /consistency.

Plan of the paper. In Section [2] we give some precise definitions of the objects presented in this
introduction as well as rigorous statements of our main results, see Theorem

In Section |3 we recall a crucial functional inequality obtained in [I2] as well as some con-
stants introduced in [I2] to define the threshold xj;. We also check an easy It6 formula concerning
chemoattractant particles.

In the two-species system, cells interact indirectly, through chemoattractant particles that they
produce. Hence Section [4] is important: we quantify how far is the drift of the cell particles from
a trajectory-dependent drift (as in the one-species system). This is where the conditions on the
mollification parameter arise.

In Section [b, we obtain a uniform in N, M, e control of the drift of cells in the two-species system
and deduce Theorem (i), i.e. tightness. In the whole section except Lemma we adapt the
computations elaborated in [I2]. Due to the complexity of the present model, these computations
are more involved.

Theorem (ii), i.e. convergence of the two-species system to the one-species system is proved
in Section [6l



The proof of Theorem (iii), i.e. convergence of the two-species system to the Keller-Segel
model, is shown in Section

Finally, Appendix [A]is devoted to some lemmas about mollifiers and the Gaussian kernel.

Acknowledgments. The authors thank Maxence Baccara for his master internship around a
regularised version of the present problem. Our discussions and his preliminary work helped us
better understand the challenges of the present work.

2 Main results

The nonlinear martingale problem. We introduce the set P(C(R4,R?)) of probability mea-
sures on C(R;,R?). As is well-known, one may deal with the nonlinear S.D.E. through the
corresponding nonlinear martingale problem. Recall that K2 (z) and b2 were introduced in @3).

Definition 1. Fiz some pg € P(R?) and some nonnegative co € L>°(R?). Consider the canonical
space C(Ry,R?) equipped with its canonical process (wi)i>o and its canonical filtration. Let Q €
P(C(R4+,R?)) and denote (Q¢)i>o its family of one-dimensional time marginals. We say that Q
solves the non-linear martingale problem (MP)(po,co) if

/0 /IR2 /Os /R2 (ng’_)\u(x - y) + |VK59’_>\U(33 — y)|)@u(dy)dUQs(d.’E)ds < o0, (8)

and if for any ¢ € C%(R?), the process

M7 = gluw) — )~ [ [Btwa) + 1ot (V500w + [ (VKL Q) wn)ar) | 9

1s a Q-martingale.

As shown in [I0} Section 1], implies that everything makes sense in @; and for QQ a solution
to (MP)(po, co), setting ¢, = b + fg(Kfj\s * Q) ds, it holds that (Q, ¢;)i>0 is a weak solution
to in the sense of [10, Definition 1].

A single-species particle system.

Definition 2. Fizx N > 2, py € P(R?) and some nonnegative ¢y € L®(R?). Consider some
i.i.d. family (B})i>04e1y of 2D-Brownian motion, as well as i.i.d. family (X{)ier, of R%-valued
po-distributed random variables, independent of the family of Brownian motions. A family of contin-
uous R?-valued processes (XZ’N)tzo,ieIN is said to be a (po,co, N)-1SKS (Single Species Keller-Segel)
particle system if a.s., for all t >0, all 1,5 € In with i # j,

t s
/ / VK (XEN — XENY|duds < oo (10)
0 JO
and if a.s., we have forallt >0, alli € Iy.

A two-species particle system. We fix py € P(R?) and ¢y € L®(R?) N L}(R?), as well as an
integer N > 2 and two real numbers M > 0 and ¢ € (0, 1].

We have N cells indexed by Iy = {1,..., N} and a varying number of chemoattractant particles
indexed by Uy ar = leRLM UUR;, where, with Ly = [(N — D)M|[coll 1 w2y ]
LIRLM := {0} x {1,..., Ly} labels the chemoattractant particles present at time 0,

a=(a1,az) € U}V := Iy X N labels the ao-th chemoattractant particle produced by the cell a;.



We then consider a family of mutually independent random elements:
° X(])“‘ for k € I, with law po,

a 0 . ___Cc
° }/0 for a € uN,M’ with law HCOHLl(RQ)’

° (Bf)tzo for k € In and (W{)¢>0 for a € Un, ps some 2D-Brownian motions,
f’M)tzo for k € Iy a Poisson process with rate %, we write Wf’M =D i1 :H.{Tik,]\/lgt},
o (A?)i>0 for a € Uy, a Poisson process with rate %, we write Af =7, Ligecy.
We introduce, for each a € Uy s, the birth instant M and death instant Cév M defined by
ifa € L{R/,M, then 7™ = 0 and "M = 5¢,
if a = (a1,a2) € Uy, then 70°M = T2M and (M = min{S¢ : i > 1,5 > "M},

We next consider a family of mollifiers as follows.

Assumption 3. Let ¢ be a smooth probability density on R? with D¢, D*¢, D3¢ € L*(R?)NL>(R?)
and satisfying ¢(—z) = ¢(x). For ¢ € (0,1] and x € R?, we set

de(x) = 6_1¢(€_%{I)).
For ¢ € (0, 1] fixed, we consider the following particle system:

XPNME = X 2BE 4+ x [y (N M v (XS RYds, >0, ke I,

Y = v 4 Vgt te(0.GM), a €Uy, (11)

e = XM+ VR0T (W - Wy ), telnm MM, acul,
k7N7M75 J— 1

vy = oM ZaGZ/{N,M,aﬁék ]].{te[Té\/,]V[’Cé\T,M)}(S}/ta,N,M,E, t>0, kely.

We also introduce

1 1 1
N,Me _ 5 NMe _ Z 5 EN,Me ‘
= § : ; == and = — E 5 )
K N (XPNMey oy N XEN M. My N_1 ' XM e
i€l icln icIn itk

The set of birth and death instants S = {72""™, (M . a € Un v} is well and uniquely defined
from the Poisson processes ((ﬂf’M)tZO tk e ly)and ((Af)i>0 : a € Unar). It is discrete: it can be
written as S = {Uy : k > 0} with 0 = Uy < U; < .... Since V¢, is Lipschitz continuous, one easily
shows the following result, working by induction on the time intervals [U;, U;11).

Remark 4. For any py € P(R?), any co € L>®(R?) N LY (R?), any x > 0, A > 0, 6 > 0, any
integer N > 2, any M > 0 and any € € (0,1], the above system has a pathwise unique solution.
We say that (XZ”N’M’E)QO,Z-GIN is a (po,co, N, M,e)-2SKS particle system. It holds that the family

((XE’N’M’S, VZ’N’M’a)tZO 1 € Iy) is exchangeable.

Main result. We fix py € P(R?) and ¢y € L>®(R?) N LY(R?), as well as x > 0, A > 0 and 6 > 0.
We consider, for each integer N > 2, each M > 0, each € € (0, 1], the (po, co, N, M, £)-2SKS system
(XZ’N’M"E)QOJ-GIN with some € € (0, 1]. Consider also the threshold xj > 0 defined in Remark We
endow C(R, R?) with the topology of uniform convergence on compact intervals and P(C(R,R?))
with the weak convergence topology.



Theorem 5. Suppose Assumptz’on@ and that x < x5. Fiz o € (0, %]
(i) Set
Ay ={(N,M,e): N >2,M > 0,e € (0,1], NMe*"7 > 1, NM 727 > 1}, (12)
The family ((X;’N’M’E)tzo : (N, M,e) € A,) is tight in C(Ry,R?).

(it) Fix N > 2 and consider (M,)n>1 valued in (0,00) and (e,)n>1 valued in (0,1] such that

lim M, =co, lime,=0 and lim M,e>™ = cc. (13)
n—oo n—o0 n—oo

Then the family ((Xf’N’M"’s”)tzo’ke]N :n > 1) s tight in C(Ry, (R)N) and any limit point
((Xf’N)tZ(Lng as M — oo is a (po,co, N)-15KS system.

(111) Consider (Mn)n>2 valued in (0,00) and (en)n>2 valued in (0,1] such that

Jim ex =0, lim NMyeX =00 and Jim_ NMnT 37 = oo (14)

Then the family (u™M~ . N > 2) is tight in P(C(Ry,R?)) and any (possibly random) limit  a.s.
solves (MP)(po,co)-

As a consequence of the last point, there exists, under the same assumptions, a subsequence
N,, — oo such that (,uiv no M )t>0 converges in law to some (possibly random) (p)r>0 and, setting
v = bfo’o’)‘ + fg(Kff; * ) ds, it holds that (u,14)i>0 is a.s. a weak solution of the Keller-Segel
equation (1)) in the sense of [12], Definition 1]. See the introduction for comments about the threshold
Xy, about the assumptions on the initial conditions and about and .

3 Preliminaries

In this section, we present a crucial functional inequality, we then introduce the threshold for the
parameter y and we finally derive an S.D.E. for the chemoattractant empirical measure.

Functional inequality. The following functional inequality is proved in [12].

Lemma 6. Let b > a > 0 and t > 0. For any measurable function f :[0,t] — Ry, we have

/O (t_sf;(s))m < H(a,b)</0 (t_sfjc(s))w)z, where  r(a,b) = a:1 [bi’l}

The threshold. We introduce the same constants as in [12]: for a >0, 5> 0,60 > 0 and v > %,

ColB) = sup Vu(l +Bu)ze™,  Ci(ay) = (v — 1)1 —daly - 1)), (15)
C2(0,,7) := \/OE;};_I)CO(?)/ﬁ(;,'y—l)R(W—;,fy—l). (16)

We now summarize [12, Section 6] in the case where ¢y € L>(R?).

Remark 7. For 60 > 0, set

Xp = sup {ngcm iy € (g,Q),a € (O, 4@1_1))},



where

X6,a,y = SUP {x >0: xCa(0,a,7) + (X\[ZS\(/;(L (3 23)_ ) )2(7_1) < Cl(ow)}-

If x € (0,x}), we can find > 0 and v € (3,2) such that

Ci(a,v)>0, Ci(a,y)>xCa(b,a,7) and (4 —2v) > Xfco(va) ( 771) —. (17)

471—\/&[01 (aa 7) - XC2<97 «, 7)] 261
The set of conditions will be used in Proposition

An S.D.E. formula for the chemoattractant particles. We establish here a formula con-
cerning the chemoattractant particles concentration. For ¢ : R, x R? — R, for 1 a measure on R?
and for ¢t > 0, we write (11, o(t,-)) = [po ©(t, y)u(dy).

Lemma 8. Fiz py € P(R?), co € L®(R?) N LY (R?), as well as x >0, A>0,0>0, N>2, M >0
and € € (0,1]. Consider the (pg,co, N, M,e)-25KS system with all the associated random objects.
For all p € C?(Ry x RY), all t >0,

<t1NM€,<P(t,')> <3NM6 9/ 1NM5 ,-)>d8

t
+/0 (VM (s, ) + 5 (Bp(s, )~ Ag(s, ) )ds
1 a,N,M, a
+ m Z \/7/ {sG[TéV’M,CiV’M)}VSO('S’}/s 6)dVVS

a€Un arra1#l

+ Z / SXZNME)d~zM

zGIN,z;él

! t N,M,
S oOm | L) Vs gy els, Y )AL,
a€Un ar,a1#1 0

i, M M X
where 7™ = ap™ — My and A¢ = A — 3t

Proof. We remove the superscripts N, M and N, M, e for simplicity. Multiplying the target formula
by N(M — 1), decompensating and using the expressions of v} and u}, we have to show that
Hy = Ho + I} + I} + I}, where

Hy = Z Litera,care(t: Y1),
a€Un, v ,a1#1
1 ¢ o 1 “ 2 . .
L= 3 ( Oﬂ{se[m,ca}(@tw(s,lé)ds+5A<p(s,Ys)ds+ ng(S,Ys)dWs>,

a€UN, a1 71

Z / s, X’ dﬂ'l’M

i€ln,i#l

IE) == Z / ]l{se(Ta Ca]}so 85 Y )dAa

a€Un, v,a1#1

We consider the discrete sets Sp = {7, : a € Z/I}V} of birth instants and Sp = {(, : a € Un m} of
death instants. We order all these instants chronologically, i.e. we write Sp USp = {Uy : k > 1},
with 0 < Uy < Uy < ---. We also set Uy = 0.



Recall . We have 7, > Uy for all a € L{}V, Co > Uy foralla € Uy p and Y = Y+ V201V

for all a € U]%’M, all t € [0,U;). By Itd’s formula, for t € [0,U),

t 1 2
Ht = Z gp(l%Y?) = Z (‘P((LYE)Q) + /0 (8t§0(5¢ Ysa)ds + EAQO(sa Y;a)ds + \/;VQD(S, }/;a)dws)

0 0
aGZ/{NYM aGMN’M

Since s € |74, (,) for all s € [0,U1), all @ € UY, ,, since 7, > Uy for all a € UL, and since IZ = I} = 0
for all ¢ € [0,U;), we conclude that H; = Hy + I} + I? + I} for t € [0,U).

We now assume that H; = Hy + Itl + It2 + It?’ for t € [U,—1,U,) and we prove that the same
formula holds on [U,, U,+1). If first U,, € Sp, i.e. if U, = 7 for some b = (by,bs) € Z/{}V, then

Hy, = Hy,— + g&(Un,X[b]ln) = Hy, - —1—/{ }@(S,Xgl)dﬂ'gl’M =Hy, _ + A]?]n7
s=Up

where AI? = I? — I? . We used that a.s., Aﬁ}iw = 0 for all ¢ # b;. For the same reason, AI(?}n =0
and, of course, AI}JW = 0. Since Hy,,— = Ho + Illjnf + Ig,nf + Ignf by induction assumption,

Hy, = Hy,— + Al = Ho+ I}, + 15 + I . (18)
If next U,, € Sp, i.e. if U, = (, for some b € Uy pr (with necessarily 7, < Up,), then
HUn = HUn— - SO(UT“ Y[?n—) = HUn_ - A U } H{SE(’T[”C[)}}SO(S? }/:Sb—)dAg = HUn_ + AI(?}TL7
s§=Un

since a.s., AAf; =0 for all a # b. But Afén = Alg,n =0 a.s., so that we also have .

Now we fix t € (U, Up+1) and use Itd’s formula to write

Hy = Z Litelra,cay (6 YY)
a€Un nr,a1#1
t

a ! a 1 a 2 a a
= Y tuepen (v [ (8tso<s,m+9Aso<s,n>)ds+\/; Vip(s, V)W)
Un Un

a€UN a1 71
1 1
=Hy, +1; — IUna

since for each a € Un s such that 7, <t < (,, we have 7, < U, < Upq1 < (o, whence s € [14,(,)
for all s € (Up,t). Since moreover If = If, and I} = Ij} , we end with

Hy=Hy, +1I} -1} +I} - I}, +I} I} .

By , we end with Hy = Ho + I} + I? + I} as desired. O

4 From chemotactic attraction to path-guided attraction in 2SKS

In this section, we fix pg € P(R?) and cg € L=(R?) N L' (R?), as well as x > 0, A > 0 and 6 > 0.
We consider, for each integer N > 2, each M > 0, each ¢ € (0, 1], the (po, co, N, M, €)-2SKS particle
system (XZ’N’M’E)QO,Z-GIN together with all the associated random objects. Our goal is to prove the
following proposition which shows that the dynamics of the 2SKS system is not far from that of the
1SKS system: The drift of the cells in ((11)) resembles the drift in ({4).

10



Proposition 9. Consider the process (Utl’N’M’E)t>0 defined by
Utl,N,M,E :( 1NM€*V¢5)( 1NM8) (v¢g*b6070’A)(X17N’M78)
0.\ 1,N,M c
v X[ (Ve s AR g,
GINJ#:[

For any o € (0, %], any T > 0, there exists a constant A, (also depending on X,0,co) such that
for all N > 2, all M >0, all € € (0,1],

A T A T A T
E U11N7M75 2 < g, g, a, .
teS[%pT} [|U; 1] < (NMeé)Q + N Me3to + NM1+oz2+0

Proof. We fix o € (0, ] and we set r = % € (2,4]. We remove the superscripts N, M and N, M, e
for simplicity.
Step 1. We fix t > 0 and = € R? and we apply Lemma (at time t) to the function
0,\
Pra(s,y) = 0(Voe x Ki7)(x —y),

of which the properties are given in Lemma Observe that (v}, 5 ,(t,-)) = (v} *V¢:)(x) because
©f o (t,y) = Voe(r —y), see (46) and that Os¢f, + (Aygpt z — ApE,) = 0, see also . We find

(v * Vo) (@) =L(x) + Ji(x) + M (z) + M{ () + M (x), (19)
where

Ii(w) =15, 95.4(0, ),

9/ s, 08 ds—iN_ > /nga*Kf’;)(x—XJ)d

JEIN,j#1

1 a a
M} (z) :m Z \/>/ Lfselrasca)y VyPiz(s, Y AW,

a€Un pra1#1

M) =t Y / % o5, X1,

ZEIN,Z;él
1 a
Mtg(x> = (N—1M Z / ]1{86 ra,ca]}%x(s Yy )dA .
( ) aclU a1#1
N,M A1
Applying this formula with z = X}, we conclude that
Ul = DX + M (X)) + MA(X)) + MP(X)), where A(x) = I(a) — (Vo. x b0 (x).

We next write Ay(x) = Al (x) + A?(x), where

L
1 _ N.M _ co,0,A
i T e MG )

L
2 _ _ N,M co,0,A
At (%) _It(l‘) (N* 1)M||CO||L1(R2)V(¢E*bt )(ﬂj)

To complete the proof, we will show that there exists a constant A, 7 such that
Aa T
sup [|A;|[Foe(ge) < —
tel0.1] )T (NMez)?
AO’,T

E[ > IIMF]3- A2 )| < 2 .
tes[lé%‘] ;H t||L (R2)+H t||L (R2)| = NM€3+J+NM1+O-82+U

11



To study ||MtkHLoo(R2) and ||A%HLO®(R2), we will use a variant of the methods of [21], see also [6].
Recall the following Gagliardo-Nirenberg inequality: For any r > 2, there exists A, such that for
all u: R? = R,

2 1—2
ulloo < AT||VU||£T(R2)||U||LT(ER2)7 (20)

2
=

Step 2. Recalling that Ly = [(NV — 1)M||col[1(gr2)] and that N —1 > %, there exists a
constant A (depending on ¢, #) such that, see ,
1
(N = 1) M|[col| 1 (w2

see e.g. Cazenave [7, Theorem 1.3.7 with N =2, j=0,m=1,p=00,¢q=r>2,r=randa =

. A
V(6. » B0 | oo 2y < 1

AL poo 2y < < .
EHIL R NMes

Step 3. Here we study HMtlHLoo(]R2). Recall that » > 2. By independence of the Brownian
motions W% by the Burkholder-Davies-Gundy inequality and since N —1 > %,

, Ar - t u r
BIVM @ <GB (X [ 9t P e ds) ]
) (ZGUN’A{,CLl?fl 0

IN

_ t T
Bl X tesn [ 9oVt ¥Ras) ]

a€lUn,m

o _ t e asir r_
(M]g)rE< Z ]1{Ta<t}/0 ’vay<pt7x(s,y;)| dS)Lf 1]7

a€Un,m

IN

where L; = ZaeuN,M 1, <¢y- Integrating in z, we deduce from that for all t € [0, 77,

AT‘,T 5 AT,T
] S r 5r_o°

E[||V M|, S
[” t HL (RQ)] (MN)TE%_Q T (MN)QE 2

We used that Ly = LN,M + Zp, with LN,M = Zaeung ]l{ragt} = L(N — 1)M||CO||L1(R2)J and where

Zr = Zaeu}v Ir, <4y follows a Poisson(%)—distribu‘cion, whence E[Lé] < A.7(NM)2. By the
very same arguments, using instead of ,

B[] )] € i —

2

Using now and the Holder inequality with p = &, p/ = 2(:7;) and p” = 15 (recall that r > 2),
we get, for all ¢ € [0, 7],

4 9_4
| M 1 ) SAE ||V M1 gy | M2 oy % 1]
2(r—2)

SA,,EDWMgHgT(W)}’éE[IIMEIIZwR?J :

Using the previous estimates, this precisely gives (recall that r = %)

ArT AU’T
sup E[||M}|? < = = —
t€[0,7] AL (Rz)] MNet=7  MNe¥to

Step 4. Here we prove that for a € [1,2], there exists A, > 0 such that for (/V¢);>0 a Poisson
process with parameter A > 0, for (ay);>0 a nonnegative predictable process and for H; = fg asdNg,

s

E[HE] < A1 + (A)*) / " Efa]ds.
0

12



To this end, we write H; = D; + M;, where D; = )\fg agds and M; = fg asdN;. By the Holder
inequality, E[D¢] < \%~1 f E[a?]ds. By the Burkholder-Davies-Gundy inequality,

a t t
E[|M,|%] < Aa]EK/ angs)ﬂ < AGE[/ angs} :AaA/ E[a%ds.
0 0 0
We used that § € [0,1] for the second inequality. The conclusion follows.

Step 5. We now study || M?|| Loo(r2)- Since N —1 > %, by independence of the Poisson measures
M and by the Burkholder-Davies-Gundy inequality,

BIVM@I] <y El( 2 / Vgt (s, XD Pari ) ]
1€l ,i#1
A, N34 v\ 5
< % i,
B zg / Voo, X0) P ]

= B[ 19t XD Par )]

by exchangeability. We now use Step 4, recalling that r € (2,4), that (ﬂ't’M)tzo has for parameter
M and noting that 2 (1 + (M4)371)) < Ap(M + M3) for t € [0,T]. We get, for all ¢ € [0, T,

T AT, Ng(M—i_M%) ! £ T
BIVMF@)) < “ R [ 9t X0

Integrating in x and using , we find

A, r N2 (M + M32) - A
(NM)re?r=2 = (N[M A M2 7])ze2r2

E[| VM7 g2y] <

We check similarly that

AT‘,T
3r

E[[| M|} g2y] < : :
A ) (N[M A M2 ])3e5 2

Exactly as in Step 3,

2(r—2)
2

4
B2 e y) < AE VMG )| B[ IMAIN )

As a conclusion,

A T A T A T
sup || MZ|[} o) < T S 25T
te[0,T) N[M AN M~ 7]e NMe>=r NM* re "~
Since r = %, this gives
A T A T A T A T
M . o, o, o, o, )
tes[%%] E[|] tHL RQ)] N Me2+to + NMl+oz2+o = N])[e3+o + NM+oz2+0

Step 6. Here we study || M|} (r2)- By the Burkholder-Davies-Gundy inequality,

EVMP@)]'] < (Nf\;) B[( 5 [ 9arao VO  rann?) ]

a€Un M

Z / IL{se ‘ra,Ca]}dA ) Z / ’v:c@tx(s Y )‘ IL{se ‘ra,ga]}dA

a€UN, M a€Un, M

| /\

13



Integrating in x thanks to , we find

1
3 {s€(7a;Cal} a
BNV ) < ipr Bl [ teemandst) 3 [ el o],

aEZ/{N M aeuN

By definition of 7, and (,, we have fg Lise(racayAAS < 17, <4y Thus

A r_
B M e < Bl 2 L)’ B TR / )

aEZ/{N,M CLEZ/{N M

Using now that ((A{)i>0 : @ € Un,nr) is independent of (7, : a € Uy ar) and that (Af);>o has for
A

parameter 7, we get

A, 51 ' ds
B{[VMIlL-w2) < iy Bl( X ts) X Il{T"St}/o (e+(t—s)>1)

aEMNyM GEUN’]M

Thus for all ¢ € [0,T7], since 2r — 1 > 1,

T AT‘ 3 A7"7
BV ) < trapresaEl( 3 Limsn)'| < rpims

aEZ/[N,M
since we have already seen in Step 3 that E[(3_, <. ., H{Tagt})%] <A, 7(MN )2. One finds similarly

r AT‘T
E[|| M7 || g2y] < (NaD)E T2

and we conclude as in Step 5 (replacing [M A M2~ ] by M) that

ATT AO’T AO’T
E[|| M) |2 o gey] < Fael : 310
tGS[léI;] [l t”L ]R2)] NMe3—2  NMe*to = NMedto

Step 7. We finally study ||A?]] e (r2). Since Y{' ~ Hconll(RQ)co(y)dy for all a € L{R,,M and since
0 2(0,y) = 0(Ve * Kf’/\)(x —y), we have

E[f (0, Y] = \|cO||;}(R2)e<v¢g w KN % o) (@) = [[col| 7 oy V(e % 520 (),

recall (3). Since moreover vj = (N YT Zaeuo dyg with #(Z/{N ) = L v, we find

1 Ly v 'BY
A2 = € Ya _ > bc()v s
i(z) N 1M Z ©1,.(0,Y5") N — 1) M||co|| 112 V(e = b,"77") ()
aEZ/IR,M (R2)
>, Zi
—1) (N - 1)M
aEI/{NM

where Z{(z) = ¢§,(0,Yg") — Elg5 .(0,Y§")]. Since E[Z{(z)] = 0 for all z € R?, it also holds true
that E[VZ{(xz)] = 0. We now fix » > 2. By the discrete Burkholder-Davies-Gundy inequality and
since the family (VZta(sc))aeu]ov ., s iid,

A (Ly)?

(L0) (|7
ane EIvZ @y

E[[VA}(2)]'] <

14



But for any random variable Y with mean m, E[|Y —m|"] < A (E[|Y|"] +m
moreover Ly < ANM,

BIVA @I <

Integrating in z and using and that ¢y € L'(R?), we find

/ V050 (0,9 col)dy.

A, _ A,
(NM)z(t+¢)2r—1 = (NM)ze2r—1’

E[|[VAZ| |7 g2y) <

One finds similarly
E[| A7 2] <

As in Step 3, we get

4 2(r—2)
-z 2

EfA21B o ga)) < AE[IVAZL, )| “E[I1A2 1 o)

This gives
A, A,

2112
E|AT |7 00 r2)] < NS S N

5 Main estimates and tightness of 2SKS

This section is devoted to some uniform in N, M, e estimates and to tightness.

") < A.E[]Y|"]. Since

More precisely, (21))

shows that, despite the attraction, cells do not spend too much time close to each other, while
allows us to control the drift of the cells, which will imply tightness. Moreover, shows that
the target drift in 1SKS, see , is well-behaved. Finally, is an intermediate step to get ,

see . Recall that A, is defined in .

Proposition 10. Let v € (%, 2) and o > 0. Assume that x >0 and 0 > 0 are

such that holds

true. For all o € (0, %], all T > 0, there exist a constant Ay 1 (also depending on x, A\, «,7,6,co)

such that for all (N, M,e) € A,,

T
1
IE / /RQ |X1,N,M,a _ xZNMe — JeyP6- ¢(y)dyds} < Ao, (21)
dyduds| < A, 1, 22
/ //Rz S—u—}-’XlNM‘E_ 2,N,M e \/»y’) ()yus}_ T ( )
2(v=

[/ ‘( LNME 4 7 ) (X 1N-Me) ds} < Ay, (23)

277

R

In the whole section, we remove the superscripts N, M and N, M, e for simplicity. We also set

R =Xi— X! and Dj= (v} % Ve.)(XD).

We start the proof of Proposition [10| with the following lemma where we bound the drift of the cell

particles in the 2SKS system by a quantity which does not depend anymore
particles, but which rather involves the trajectories of the cells.

15
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Lemma 11. For any o € (0, %], any o > 0, any v € (%,2), any T > 0, any n > 0, there exists a
constant Ay n 1 (also depending on X, 0,7, o, co) such that if (N, M,s) € Ay, for allu € [0,T],

u B 2'y 2 dydsdt
E D224t <((1+1)C4(0, e, / / / + Agnts
[/0 Dy }_(( 1) Ca( ’Y - t_8+a‘R xfy\Q)”] n.T

where Cy(0, a,y) = C3(6, a)“(%a’Y - 1)'

Proof. We set 8 =2y — 2 € (1,2). Notice that D} = V (¢, * bco’e’)‘)(th) + Vit + U}, where

Z /wg*Kt (X} — XT)ds

JGINJ#
and with supyy 7 E[|U}?] < A, by Proposition |§|, because (N, M,e) € Ay, see (12)), which also
implies that NMe? > NMe3t® > 1. For n > 0, there exists 4, > 0 (also depending on 3) such

that (a3 + a2 +a3)’ < (1 + n)ﬁa{f + An(ag + ag) for all a1, a2, a3z > 0. Thus for all u € [0, 7], using
that supp 7 E[|U}P] < A, ,

s [Ciptpar] <aoens [ WPal 4, [ 19006 gt + Ay (29
By and since ( € (1,2), there exists Ap (also depending on ¢, 0, ) such that

T
/0 [1V(6e 5 b ") oo 2yt < Ar. (26)

Since 8 > 1, we have

BV <y X E[([ 1090 w00 - xdias) ]
JeIN,j#1

=E|( /Ot (Voo * K[2)(X] - X?)IdSﬁ

by exchangeability. Using next (52)) and integrating in ¢ € [0,u], we get

/ E[|V;' Yt <(C3(0. a)) / /R/ (= s+ alX! — X2 — Veyl2)~Sdsoly )dy) at]

<(03(0.0) //R /t—s—l—a\th 2 V) Hs) oly)dyd]

by Hoélder’s inequality, since 3 > 1 and since ¢ is a probability density. Using finally Lemma [6] with
a:%andb:’y—1>a, we get

u o 5 1 B v t 1 2 2\—

B[ [ VHPat] < (G50,005(5.v—1)) E] (t=s+alX} - X2 = VEyl?) Tdse(y)dydt .
0 2 o Jr2.Jo

Inserting and this last inequality into completes the proof. O

The rest of the section closely follows [12]. We start with a specific It6 formula.

Lemma 12. Let F : Ry x R? = R be of class CZ(Ry x R?). For all u >0,

E[/ Fu—sR”ds _E / FOR”ds +IE / / (OF + AF)(t — s, Ry?)dsdt
0
+XE| ( "VE(t— 5, R?)ds) - D!
X (t —s,Ryy)ds) - Dpdt|.
0 0

16



Proof. 1t suffices to use the arguments of [I2, Lemma 10], replacing the drift of (X})i>0 therein,
namely Vb0 X1 + L ZjVZQ D} by the drift of (X});>0 here, namely D}. O

Once we have bounded in Lemma [11] the drift of the 2SKS cell particles by a quantity involving
trajectorial interactions (as in the drift of the 1SKS system), we are in a position to adapt [12]
Proposition 11] to our situation: We can bound these trajectorial interactions by a term involving
only instantaneous interactions.

Lemma 13. Fiz o > 0 and v € (3,2). Assume that x > 0 and 6 > 0 are such that C1(c,y) > 0
and Cy(a,7y) > xC2(0,a,7). For all T > 0, all o € (0, %] and all { > 0, there exists a constant
Ag e (also depending on x,0,co,7v, o) such that if (N, M,e) € A,, then for all v € [0,T],

E[/u /t /RQ t_s+apﬁ,2 - fmzwé(y)dydsdt]

ey
= dyds| + Agcr.
~Ci(a,y) — xCa(0, 0, ) R2 ’Rss fy|2(7 ¢(y)dy 8} (T

Proof. We set

¢
5% = [ [ 6= s+ alREZ = Va7 ol)dyas
0
and we define F: Ry x R? — R_ by F(t,z) = —(t + ajz|[*)!™7. We have as in [12]

VE(t,z) = 2a(y — 1)(t + a|z|?) Yz, whence |VF(tz)| <2vValy—1)(t+ a|z?)2 7,
(O,F + AF)(t,x) > Cy(a,y)(t + alz*) 7

We next set Fe(t,x) = (F(t,-) * ¢<)(x), which satisfies
F0.0) =~ [ FO2-y)ondy = ~a17 [ o= VeI o)dy,
R2 R2
VE(o)] < [ IVF(ta - oy <2vat - 1) [ (¢4 alo = Va6,

O+ AF)(t2) = [ (OF + AP)(ta = 0)6uu)dy > Calay) | (¢+ale = Va7 0l)dy.

Applying Lemma [12] to F., we get

Ib =12+ 1I3+ 1, (27)
where, using the above estimates concerning Fr,

I ::E—/ Folu— s,Riﬁ)ds} <0, (28)
12:B[ [* R0 R0 = B [ [ R - Ve etdns], o

0 JR2
3 .=E / / (O F. + AFL)(t — Ri;f)dsdt} ZCl(a,'y)E[ / S}th}, (30)

0
I ::XE[/ (/ VE(t - Rij)ds) -D}dt]
0 b

We write I; > —xE[ ;" |D}|T;dt], where, by the above estimate on V¢,
t t
T, = / VE(t— s, RE)|dt < 2V/a(y - 1)/ / (t— s+ alRE? — VEy)E 6(y)dyds.
0 0 JR2
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By Lemma |§| with a = v — % and b=y — 1, setting

Cs(a) = 2v/aly — Dy~ 5y~ 1), (31)

we have

t
7, <Co(n) [ ([ (0= s+ alRiZ = VEuP)as) T oty

(N[V)

~y—

<sto ) [ [+ alRl2 - Vo) dsgt)

5
by Holder’s inequality with respect to ¢(y)dy. Thus T; < Cs(a, 7)(53’2)%, so that

U ~—3
1> = xCofeE[ [ 1D} e

7—3

> —XC5(a,ry)E[/0u\Dgy272dt}2”121[«:[/0 Sk 2dt] i

by Holder’s inequality with p = 2y —2 and p’ = M By Lemma (11} for n > 0 to be chosen later,
for all uw € [0, 7],

” 1 u 2y-3
1,3 >_ XCE)(CY,’Y)([(l + ?7)04(9,04,’)’)]27_21[2[/0 Stl,th] + Ao’,’r],T) 2w—2E|:/O Stl’thi| 2w—2.

Since 2y — 2 > 1 and n > 0, there exists A, > 0 such that for all a;,az,a3 >0

9 9 1 2v-—3 1 1 2v—3 1 2v-—-3
y— 5= 27—2 2y—2 372\ 2v_2 372 2y-2
(a]" “az +a3)2ay"" <(a1ay" " +a3” N )ay" T =ataz+as’ "ay" " < (a1 +n)az + Apas

by Young’s inequality. Thus for all u € [0,T], with A, , 7 also depending on ¥,
12 = \Cs(a (14 m)Ci(0,0,0) + afE] [ S2a] = Ay (32)
Plugging (28] . . into ( , we get
(cl<a,w—xc5<a,v>[<1+n>o4<e o)+ )B[ [ )]
<ol [ [ [ RS2 - VAR 6()auds] + Arr
Recalling , Lemma and , one sees that Cs(a,v)Cy(0,a,7v) = Co(0,a,7y). Recall

also that Ci(a,v) > xC2(6,,v) by assumption. Thus for ( > 0 fixed, we can find n > 0 small
enough such that

Ci(a,y) = xCa(0,a,7)

> 0.
1+¢

(€1(e ) =xCs(a, N[+ Ca(6, 0 7)+1]) =

As a conclusion, for all u € [0, 7],

/ Sb 2dt 7(1+¢) / / y)dyds ]+ (L4 QAscr
= C1(a, 7) xCa(0, a,7) r? |RY2 \fyPW D1 Ci(a,y) — xCa(8, . y)’

which was our goal. O
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We can finally handle the

Proof of Proposition [1(. We follow the arguments of [12, Proof of Proposition 8.
Define o(r) := (14 r277)"4277 on R, and set ¥ (z,y) = ¢(jx — y|?) for 2,y € R%. As in [12],
for all n > 0, there exists A, > 0 (also depending on ) such that for all z,y € R?,

_12=2
Vobla,y) = (4 29) 2 YT

(14 |z —y|+—27)2 (z —y), whence |V,u(z,y)| < (4—2v)|z—y]>?,

Apth(z,y) > ((4—27) = )|z — y[* 727 — A,

We define, using the symmetry of ¢., see Assumption
velos) = [ 0l 2)0ely = 202 = v(3.2)
Notice that, using again the symmetry of ¢,
Vatela) < [ | IVabo2)locly = 22 < (4=29) [ Jo =y = Ve 26(:)d
Botbela) = [ Al 2)only =) = (=207 =n) [ o=y VEL0(:)dz — A

By the It6 formula starting from the first line of , by symmetry and exchangeability, recalling
that D} = (v} x* Ve )(X}),

T
WJE(XT7XT)] [%(Xo,Xo +2E / Aoﬂ/’a X317X32)d8:| +2XE[/ waa(Xsl,Xg) ' D;ds .
0
Using that 1. takes values in [0, 1] and the above lowerbound of A,., we conclude that

1>2((4 —27)? / / ]R \@z|2“’_2¢(z)dzds} —2A,T + 2xHr,

i.e. that
1
(4 — 27)? / / IR \@z|27—2¢(z)dzds} +XHr < 5+ AT, (33)

where
T T
tr = B[ [ Vo0 0xx2) - Dlds] >~ 28] [ [ |02 - Ve (el nlds].
0 0 R2

By the Holder inequality (for E[fOT Jg2 - #(2)dzds]) with p = 27 2 and p/ =2y -2,

-3 1

T 2~ T
iy = (@=28[ [ [ IR - Ve To(azas R ] [l ptas]

By Lemmas [11] and [13| (which is licit since C;(a,7y) > xC2(0, o, y) by assumption), for n > 0 to be
chosen later,

T
E[/ \D;W—?ds] (1+1)Cs(x. 0, @, ) E //\R \/gz|2—27¢(z)dzds]+AmT,
0

(Ca(0, , 7)) 2l
Ci(o,y) —xCa(6, 0, 7v)

where  Cs(x, 0, ’Y) (34)
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Thus

2v-3
Hr > —(4-2y)E / / |RY?2 \@z|2_27¢(z)dzds} o2
g 1,2 2-2 »
X ((1 + n)C6(x,9,a,v)E[ 1R = Vez| W(Z)dzdS} + Aa,n,T) :
0o JRr
Since 2y — 2 > 1 and 7 > 0, there exists A, > 0 such that for all a1, a2,a3 > 0,

2v—=3 1 1 2v—=3 1 1
2y —2 5~ 5 2y—2 2y—2 2v—2 27—2
a;" " (agar +a3)2 <ay" Car+ay" Cag’ T < (ay" T +1n)ar + Ajas

by Young’s inequality. Thus

1 T
r = ~(1 = 20 ({0 +0)Co(x. 0,077 +n)E[ [ [ RI2 = VB H0(:)dads] ~ A
o Jr
Inserting this estimate in , we find, for all ¢ € [0, 77,
9 1
((4 —29)" —n—x(4—27) ([(1 +m)C6(x, 0, ,7)]772 + n))
T
<E[ [ [ 182 - VEPeduds] < Agr. (39
0o Jr2
Recalling , Lemma |11) and , we have

XVOCo () r(5.7 — 1)
471—\/&[01 (av 7) - X02(0> o, 7)] 26D

by assumption, see . Thus if choosing 1 > 0 small enough,

(4—27)%—X(4—27)[Co(x, 6, 0, 7)] 5% = (4—27) [(4—27)— } >0

1
((4 =292 == (4=2)(10 +MCo(x.0, 0,772 +1n) ) > 0.
Thus follows from .
By Lemma implies that

T ot
E{/ / / (t—s—+a|lRj2 - \/§z|2)*7¢(z)dzdsdt} <Ay o
o Jo Jr2 '
From this last estimate, we deduce (directly), (through Lemma recall that D} =
(v} % Vo.)(X})) and (through (51))). O
Finally, we follow the main ideas of [9, Lemma 11] to prove tightness.

Proof of Theorem [3}-(i). By Remark @ and since x < xj, we can find o > 0 and v € (%,2) such
that holds true. By Proposition for all T > 0, there exists A7 > 0 such that for all
(Na M? 5) S AO’a

T
E[ / |D§’N’M’€|27’2ds} < Ap, where DINMe _ () LNMe gy y(xLNMey  (36)
0
Recall from ([11f) that X1 M. = X§ +V2B} + XHtl’N’M’a, where Htl’N’M’8 = fg DINMeEds. To
show the tlghtness of (X} NME) >0 1 (N,M,e) € A,) in C(R;,R?), it suffices to show that for

each T > 0, the family ((H;"""),cio.1: (N, M, e) € A,) is tight in C([0, T], R?).
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By Holder’s inequality with p = 2y — 2 and p/ = we see that forall 0 < s <t < T,

3’

1,N,M,e 1,N,M,e 2928 1 N,Me 1,N,M,e r 1.N.M.c|2v—2 2v1—2

|H, " — Ho e < (t— )22, where Zp ™ :< | D, du) .
0

But E[Z%’N’M’E] <1+ Ar by and since 2y — 2 > 1. Thus for K7 1 the set of continuous
2v—3
functions z : [0, 7] — R? such that x(0) = 0 and |z(t) — x(s)| < L|t — s 22 forall0<s<t< T,

1—|—AT

sup P((Htl’N’M’E)te[o,T] ¢Krp)< sup P(ZpNME>1)< T 0
(N,M,e)eA, (N,M,e)eA,
as L — oo. Since K7z, is compact in C([0, T], R?) for each L > 1, the conclusion follows. O

6 From the two-species system to the one-species system
Following the lines of [9, Theorem 5] and [12], Proposition 13|, we handle the

Proof of Theorem [3}-(ii). We fix N > 2, as well as § > 0, A > 0 and x € (0,x}). By Remark we
can find a > 0 and v € (2,2) such that holds true. We also consider some sequences (£5,)p>1
valued in (0, 1] and (M,,)p>1 valued in (0, 00) satisfying for some o > 0 fixed. For all n large
enough, we have NM!t9¢2t9 > NM, 3t > 1, so that (N, M,,e,) € A,. For each n > 1, we
consider the (pg, co, N, My, e,)-2SKS system (Xf’n)tzo,k:eIN-

Step 1. By (i), the family ((X/")i>0,n > 1) is tight in C(Ry,R?), so that by exchange-
ability, the family ((XZ’ )i>0iely,n > 1) is tight in C(R4, (R?)Y). This of course implies that
((xpm, Bi)i>0.icry,n > 1) is tight in C(Ry, (R? x R?)Y) and we consider a (not relabeled) subse-
quence that (X", B})i>0.ic1y converges in law in C(Ry, (R? x R2)N) as n — oo.

By the Skorokhod representation theorem, we can find, for each n > 1, a (pg, co, N, My, p)-
2SKS system (XZ’")DOZE[N associated to some Brownian motions (BZ"")DO icly, in such a way
that (X", B{")i>0.cry a-s. goes to some (X!, Bi)i>0icry, as n — oo, in C(Ry, (R? x R2)N). Of
course, (X )t>0,icry inherits the exchangeability property. It remains to prove that (X ’N)tzo,ze In
is a (po, co, N)-1SKS system, recall Definition [2]

We let F; = U((Xéagi)se[o,t},ieIN), to which (X{)i>04ery is adapted. One proves as in [9]
Theorem 5] that (Bg)tzo,ie[N is a 2/N-dimensional (F;)¢>0-Brownian motion.

Let us show that (X})¢>0.cry satisfies (10). By exchangeability, it suffices to study (i, ) = (1,2).
By the Fatou lemma (and since VK? is continuous on R? for all r > 0), we see that for all 7" > 0,

/ / VK (X! - X2)|3duds = / / R2|VK“ (X! - )\2?7¢(y)dyduds}
<hm1anE/ //RQWK@’\ (X1 — Xg»"_\/ay)ﬁ%(p(y)dyduds],

which is finite by . Since 2% > 1, the conclusion follows.

We finally verify (X'f’N)thke]N satisfies with the Brownian motions (Bf’N)tZleIN , le.
that for each k € I, each t > 0,

XF =Xt +V2BF +xVF +

>, 4

1€l N i#£k
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where

t . ~ .
vk = / Vool (XF)ds and ZP = / / VK (XF — X1)duds.
0
We start from , i.e.

t
Khn = 5+¢zﬁ"+x/k " Ve, ) (XEM)ds, (37)

where we write 1/3 " for the chemoattractant empirical concentration corresponding to the 2SKS
system (Xf i>0.kely- By Proposmlon@ (and exchangeability), it holds that

t
/ (I;L]:’n * V¢€n)(X§7n)ds _/ Uk! ndS—f—an + - Z Zk,z,n
0 0

zGIN,z;zék

where U™ is as in Proposition |§| and
t . t s .
Vi = / (Voe, * b2 (XF™)ds and ZP" = / / (Voe, * KO ) (XF" — XY duds.
0 0 Jo

We now take the limit n — oo in probability in .
By construction, (X", X&™ BF") a.s. tends to (XF, Xk, BF).
By Proposition [9]

’/ Uk”ds

which tends to 0 as n — oo by (13). Indeed, lim, M,e3*® = oo and M,ey 12 M,e3*? and
M2t > M,e319 for all n large enough such that M,, > 1. Thus fo UF"ds — 0 in probability.

kmni211
<T sup E[U,” \]2 <T
t€[0,T

AO‘T AO‘T AJ,T %
<(NM 61/2) NMn 3+o + NM71L+U€2L+U)

Next, Vtk’n a.s. tends to V}* by dominated convergence, because:
e by (53), [|[Voe, * b§°’9’A\|Lw(R2) < As~'/2_ which is time-integrable;

o for all s >0, (V. *b" ) (XE™) as. tends to Vb2 O (X1 by (B5).
Finally,

ziin= [ [ [ wmi e - % - amowududs
RQ
9,)\ k 3
—>/ / VK (XF — X)) o(y)dyduds = Z
0 Jo JR2

in L'(Q), because (recall that = — VK,?’A(x) is smooth for r > 0 fixed)

* the family (VKG (XX \/ay) n > 1) is uniformly integrable with respect to the measure
fo fo f]R2 - ¢(y)dyduds] by (24]) and since = > 1;
o for all s >u >0, all y € R?, VKffu(Xﬁ’" — ijn — /Eny) a.s. tends to VKf’_/\u(Xf _ X&) ]

7 From the two-species system to the nonlinear model

Following the proofs of [9, Theorem 6] and [12, Theorem 14], we finally give the
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Proof of Theorem [3}(iii). We use the shortened notation C' = C(R4,R?). We fix § > 0, A > 0

and x € (0,x5). By Remark |7, there are o > 0 and v € (%,2) such that holds true. We
consider some sequences (en)n>2 and (My)n>2 satisfying . For each N > 2, we consider the

(po, co, N, My, EN)—QSKS system (Xf’N)tZO,kGIN and ,U,N = % ZkGIN )

X£ M)z

Step 1. By , for all N large enough, (N, My,en) € A,. Thus by Point i), the family
((th ’N)tzo : N > 2) is tight in C(R,R?). Together with exchangeability, this classically implies
the tightness of (4, N > 2) in P(C), see Sznitman [24) Proposition 2.2]. We now consider a (not
relabeled) subsequence of N converging in law to some (possibly random) p € P(C) as N — oo.
We have to show that u a.s. solves (MP)(po, co)-

We denote by (1)¢>0 the family of time-marginals of p. Since pf’ = + > kely 6X8 goes to po
because the family (X¢);>1 is i.i.d. with common law pg, we have ug = py a.s.

Since V' converges in law to y, it also holds true that u~ ® p”¥ and ¥ © p¥ both converge in
law to g ® p in P(C x C), where

1
N N_ 1 , ,
WORN = ST 2 S s o)
1,JEIN i#]

Step 2. Here we show that p a.s. satisfies . By the Fatou lemma, for all ¢ > 0,

() [ L L e L e e s
L] L e nea)

<liminf E /////R2 S—u—|—|x3d—ug(jj— 6NZ|2),Y¢>(Z)dz(MNQMN)(dx,dy)]
_Hmzvian(J\fl—l) 2 F ///Rz (s —u+| XN o )dz)((ig’%s— ENZ|2)7} =

i,jEIN,i#]

. 0 0
by and exchangeability. By (50)-(51), |Ks Ma)| < ﬁ and |VK?M(z)] < W. Hence

E| /Ot /0 /R /R (1B = )+ IVED, (= )] B (s (da)duds| < oo (39)

Since v > %, follows.

Step 3. We finally check that a.s., for any ¢ € C2(R?), the process (M;’);>o defined in () (with
Q, replaced by pu,) is a p-martingale. It suffices that for all ¢ > s > 0, all continuous bounded
function ® : C' — R, we have O(pu ® p) = 0 a.s., where for IT € P(C x C),

O = [ @l(an)eco) (o)~ o) [ [Aotea) +xTeolon) - V1502 (z)
+ X V() - /0 VKO (20 yo)do|du) T(dz, dy).

To this end, we will prove that E[|©(u ® u)|] = 0.
We introduce O, defined as © replacing VK~ o » by V(¢e * K ) and first verify that

lim B0z (1 © u™)[] = 0. (39)
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We have
Ocy (1N © uY)

% 2 BV )i (POXE) — 0Y) [ [ApEN) A T(X) - VR OA )

ZE]N $

N 20 Vel [V KOG - X an]an)

JEIN,JF#i

1 i i i : i
- Z (I)((X/N)TE[OJ])(O{N - OS7N + VtZ N Vs’N)a

i€ln

where, with (V;’N)tzoﬂ'ejN the empirical chemoattractant concentrations corresponding to 2SKS
N
system (X;" )i>0,iery

O™ =p(xp™) - /0 Ap(X,;N)du — x /0 Vo(XyN) - (Vey xv™) (XN )du,

. t . .
Vit =x / V(XY Z5N du,

ZoN =(Ve, * EN)(XENY — wpeo 02 (X BN Z / V(gey * KA )(XEN — XIN)dw.
JEIN JF
Thus by exchangeability, for some constant A (depending on ® and ),
1 : 3
B[O (0" © pM)) B[ (5 D ((XiV)reo)OFY = 0F) ] + 4 / 13N Jdu.  (40)
i€l
The It6 formula, starting from the first line of , tells us that
01 = (X§) + V2 | Vpl(Xi)-dB.
0
Since ® and V¢ are bounded and since B!,..., BY are independent, one easily checks that
1 i i, N i 2 A
E[(5 2 @XM = 02M)) | < T (41)
N N
i€lN
Next, we write Ztlt’N = U&’N + qujN, where
U, —(wm # ) (X)) =V (e # 0PN (X)
0,\ , i,
e Y / V(gey * KIA) XN = X3V)do,

JEIN,j#1
Ry =V (ey # b ") (X, ) = Vbt (),

Applying Proposition [9] we get

t 1 1 1 1 3
E[US N Jdu<t( sup BULYP))* <4 + + )% @)
/o “ welod (NMyeh?)2  NMye)t”  NMyoeR

which tends to 0 as N — oo by (and since NMNs}\{Q > NMyeXt?). Finally, E[fot IRYN|du] = 0
as N — oo by . This, together with , and implies .
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Next we introduce, for € (0, 1], ©; defined as © with VK??(x) replaced by the continuous and
bounded kernel VKS”\’"(Q:) = ﬁVKg’A(Q:), recall . As in [12] proof of Theorem 14, Step 2.2],
IT — ©),(II) is continuous and bounded from P(C x C) to R. Since p¥ ® p goes in law to u ® p,

E[|0; (1 ® p)l] = im E[|6], (1" © pu™)|]. (43)
As in [12] proof of Theorem 14, Step 2.3], implies that
lim E{O(u @ ) — Oy @ w] = 0. (44)
We finally verify that

lim lim sup E[|O., (¢ © p?) — @%(MN ®pM) =o0. (45)
n—0 N

We write, using exchangeability,
Ay v =E[|8cy (1™ 0 p™) = 07, © pM)]

t u
<CE[ [ [ 1900y « KEZ)EEY = X3Y) = VRIIOXE = X3 duda

<CA} x +CA? v,
where, using that V(¢., * Kﬁ Avn( ) = (u( P V(gey * KS /\v( )
1 U)Q 0, 1,N 2,N
A =] [ [ (1= ) 96 ¢ KA = X2V

Al =B /0 JA KSQ”)(X;’N - X2N) = VR XY = X2Y)|dodu]

Fix 5 € (0,1]. Since VKZ" and V(6. * Ko are bounded (uniformly in v > u > 0 and N > 2)

and since limpy HV(%N *Kg A W KPM| = 0 for cach v > u > 0 (because VKO is uniformly
continuous on R?), we get lim sup An, ~ = 0 by dominated convergence. Next,

v)? 0\ (1N 2,N
<E 1 — L ) VE (XY - X2 dydvd
// /R2 u—v+17)>| utol \/STvy)IMy)yvu}
i
R2
by Holder’s inequality, where py = fo fo - #i)n)?) = dvdu] o . Using (|2 , we conclude that

sup y An, N < Cpy, which tends to 0 as n — 0 by dominated convergence. We have shown .
To complete the proof, we notice that for all N > 2, all n € (0,1],

E[[0(u & p)l]l <E[0(1 @ n) — 6, (1@ )]
+ [E[167,(1 @ w)] = E[16;, (1™ © pM)]]
+E[|07 (1" © 1Y) = Oy (1 © p)]]
+E[|0: (1™ © u™)]].
Taking the limsup as N — oo and then the limit as 7 — 0, we conclude that E[|O(u ® p)|] =

0
by (39)-[@3)-(E4)-(@3). O

25



A Technical lemmas

We first study the function ¢f , used in Proposition @ Recall that g; and K were defined in
while ¢. was introduced in Assumpt1on Bl

Lemma 14. Fore >0, x € R? and t > 0 fized and for s € [0,t] and y € R?, set
5 0(5,y) = 0(Voe x K{y)(w — y) € R%,
It holds that (these are equalities in R?)

0507 (5,y) + 5(Ayia(s,y) = Apio(5,9)) =0, s €0ty € R, (46)
th,x(tvy) - v¢5( )7 yE R2'
For all v > 2, there exists A, (also depending on 0) such that for all t > s >0, all y € R,
A,

i o(s,y)]"dx < - and / Vi (s,9)| de < —————, 47
I i = [ Vediaenlide € P (D)

r A ! () T AT
\sotx s,y)["deds < ——  and \Vm,x(s,y)! dzds < 5=, (48)

£2

' . , A, . A,

o Jr2 ‘Vy@t,x(say)’ dzds < 527n,2 and |v Vy% m(s y)| dzds < ﬁ—Q (49)

Proof. First, follows from the facts that 8,5Kt7 (x) = %(AKS’)‘(@’)—)\KE’)‘(@) and that GKg”\ =
go = &. Next, we have ¢f ,(s,y) = ¢~ 'V (e * gag_s);0) (@ — ), 50 that

L, ials )l de <IVG. < gyl e

< min {||¢€||21(R2) | |V92(t—s)/9’|£r(Rr)a ||v¢€||2T(R2) | |92(t—s)/(9”21(Rr)}

by Young’s convolution inequality. Easy computations show that ||¢c||11(r2) = |[g2¢—s)/6ll 21 ®r) = 1,
_sr _ar
that ||V92(t,s)/9]|zr(w) < A, (t—s)17% and that HV(;SEHTLT(RQ) < A,e'=%. Hence

/ ials, )l de < Armin{(t =)' "% T} S A(e+t—s)' 77,
R2

This shows the first inequality in which, integrated in s € [0,¢], implies the first inequality
in . Similarly,

L, Vel do <D (6 gl

< min {111 gy 10202150l |\D2¢a||zr(R2)\|gz<t,s)/e||zl(m}.

But HDQQQ(t_S)/QHE,«(R,«) < A (t—5)?" and || D?¢. < A,e'7?" whence

HLr ]RQ)
/ Vi . (s,9)"dr < Ap min{ (¢ — I T < A(e+t—5)T
R2

This shows the second inequality in which, integrated in s € [0, ¢], implies the second inequality
in . The first inequality in is shown similarly. Finally,

/11@2 IV V50 (5,9)["dz <[| D (de * ga1—s) /o) |1 m2)

< min {"¢6"21(R2)HDggZ(t—s)/OHZT(RT)v |’D3¢€‘|ET(R2)Hg2(t—s)/9”21(RT)}'

26



57 5r
But |\D392(t_3)/9||;(w) < A (t—s)177, and ]|D3¢€|IET(R2) < A,e'= % whence

1_57‘

[ Vaials )l de < Ay minf(t - )% S F) <A (et - 0) %
RQ

which, integrated in s € [0, ¢], yields the last inequality in (49). O

We next establish some more estimates and properties related to Kf A and bfo’e’)‘, that were
defined in and to ¢., which was introduced in Assumption

Lemma 15. We fiz cg € L®(R?*) N LY (R?) and 0 > 0, A > 0. There exists a constant A such that
for allt >0, all z € R?, all £ € [0,1],

K@) < At + o)™ and [(ge x K (2)] < A /R [t = VEy)ey)dy.  (50)

For any o> 0, any t > 0, any v € R?, any e € [0,1],

0C, (4o
VKM 2)| <C5(0,a)(t + alz|?) "2,  where cg(a,a):w, (51)

V(6 KP) (@) <Ca(0.0) [ ¢+ ale = VES)H o). (52

There exists A > 0 depending on 0, ¢y and ¢ such that for any t > 0, any € € [0,1],

S
—~
ot
w
N—

1V(ge # b M) | Lorey < Al +1) 72,
For all t > 0, it holds that
t
lim /0 Ve % 520N — VB O | oo g2y ds = 0. (54)
For all s >0, if x,, »> x and €, — 0, then

(Ve b0 () = VOO (). (55)

Proof. The first inequality in has been checked in [12, proof of Theorem 14, Step 1], and
the second inequality in follows, recalling that ¢.(y) = 6*1¢(6_%y) and proceeding to the
substitution u = a_%y. Next, has been checked in [12, Remark 9], and follows, using that
IV(¢e * KPMY ()| < (¢e * [VK??)(2), recalling that ¢(y) = 5*1¢(€_%y) and proceeding to the
substitution u = 5_%y.

We turn to (53]). Recalling , we have V(¢. * bf‘)’e’)‘) = efgtV(gba * gt /6 * Co), whence

N

IV (e * bfo’e’A)HLw(R% < IV (@e * garyo)l| L1 w2 llcol | oo r2) < At +6)72,

because by Young’s inequality,

IV (e * g21/0)|| L1 (R2) < min{"v¢€"L1(R2)H92t/9HL1(R2)= H¢e\|L1(R2)HV92t/9|’Ll(ﬂ@)}

<A min{s_%, t_%},

which is smaller than A(e 4+ t)_%. This shows (53)).
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We next verify (54). Since ||V, * peobA Vb§°’0’>‘||Loo(R2) < As™Y/2 by (53), it suffices, by
dominated convergence, to show that for each s > 0, lim._ ||V * o0 ngo’e”\HLoo(Rg) =0.
But as previously,

Ve x b2 0% = Voo

oo 2y < llcoll oo (m2) 1@ * Vgas/0 — Vgasollr m2),

which classically tends to 0 as € — 0 becauseVgy, /g € L'(R?).

If s >0, x, = x and &, — 0, then
[(V6e,, 020 (@n) = VOO ()] < |[Voe, b0 — VB oo + VB (@) — VOO (2)].

We have seen 5 lines above that the first term on the RHS tends to 0. The second one also tends
to 0, since y — ngo’e’)‘(x) = e_)‘t(Vth/g % co)(y) is continuous. O
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