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Introdution
Cette th�ese est onsar�ee au alul des variations stohastiques pour des proessus de saut, �a sesappliations aux �equations aux d�eriv�ees partielles stohastiques paraboliques ave sauts d'unepart, et aux �equations de Boltzmann spatialement homog�enes sans uto� pour des mol�eulesmaxwelliennes d'autre part.Ce travail est onstitu�e de deux parties, omportant haune trois hapitres. Chaque hapitre estind�ependant des autres, en partiulier pour e qui est des notations, num�erotations des th�eor�emeset des formules,... Cei onduit bien sûr �a des redondanes, mais pr�eserve l'homog�en�eit�e dehaque hapitre.Dans le premier Chapitre, nous nous int�eressons �a une �equation aux d�eriv�ees partielles stohas-tique (E.D.P.S.), onduite par un bruit blan gaussien espae-temps, et par une mesure de Pois-son ompens�ee. Nous prouvons un r�esultat d'existene et d'uniit�e, puis nous �etudions l'absolueontinuit�e de la loi de la solution par rapport �a la mesure de Lebesgue. Le deuxi�eme Chapitreonstitue en quelque sorte un "sous-produit" du premier : nous appliquons ses m�ethodes pourr�esoudre les mêmes questions onernant l'�equation de Volterra stohastique ave sauts. Dans letroisi�eme Chapitre, nous nous int�eressons �a une E.D.P.S. onduite par un bruit blan gaussienespae-temps, et par une mesure de Poisson �nie. Nous arat�erisons le support de la loi de sasolution dans un espae de Skorokhod.Dans le quatri�eme Chapitre, nous utilisons le alul des variations stohastiques sur l'espaede Poisson, a�n de prouver l'existene d'une solution r�eguli�ere d'une �equation de Boltzmannen dimension 2. Nous �etablissons un rit�ere de strite positivit�e de la densit�e pour des solu-tions d'E.D.S. ave sauts dans le inqui�eme Chapitre. Cei nous permet de prouver la stritepositivit�e de la solution d'une �equation de Ka ("ariature" unidimensionelle de l'�equation deBoltzmann) dans le Chapitre 6.Dans ette introdution, nous allons d'abord rappeler quelques d�e�nitions et r�esultats �a proposdes mesures de Poisson, et du alul de Malliavin sur l'espae de Poisson. Nous d�erirons ensuiteles di��erents travaux onstituant ette th�ese, en essayant d'en d�egager le ontexte, les r�esultats,et les prinipales nouveaut�es. 4



1. MESURES PONCTUELLES DE POISSON : RAPPELS. 51 Mesures pontuelles de Poisson : rappels.Dans tous les Chapitres de ette th�ese, les �equations �etudi�ees omportent une int�egrale parrapport �a une mesure de Poisson, le plus souvent ompens�ee. Rappelons don les prinipalesd�e�nitions que nous allons utiliser, qui �gurent par exemple dans Jaod, Shiryaev, [23℄, ou Ikeda,Watanabe, [20℄.Soit (E; E) un espae de Blakwell (par exemple un espae Polonais, voir [23℄), soit T > 0, etsoit (
;F ; P ) un espae de probabilit�es. Une mesure al�eatoire N(!; dt; dz) sur [0; T ℄�E est unemesure de Poisson (homog�ene) si les onditions suivantes sont v�eri��ees :1. Pour tout ! 2 
, N(!; f0g � E) = 0. Pour tout t 2℄0; T ℄, tout ! 2 
, N(!; ftg � E) 2f0; 1g.2. Si A et B sont deux �el�ements disjoints de B([0; T ℄)
E , alors les variables al�eatoires N(A)et N(B) sont ind�ependantes.3. La mesure �(A) = E(N(A)) sur ([0; T ℄�E;B([0; T ℄)
E) est de la forme dtq(dz), o�u q estune mesure positive �-�nie. La mesure � est appel�ee "intensit�e" de N .On peut v�eri�er que, si N est une telle mesure al�eatoire, si A est un �el�ement de E v�eri�antq(A) < 1, alors le proessus Nt(A) = N([0; t℄ � A) est un proessus de Poisson standard deparam�etre q(A).Rappelons que la �ltration anonique assoi�ee �a la mesure N est donn�ee parFt = � fN(A) ; A 2 B([0; t℄) 
 Eg (1)Cei permet de d�e�nir les tribus pr�evisible et optionnelle (sur 
� [0; T ℄) :P = � fX ; Xt(!) proessus �ag fFtg � adapt�e sur [0; T ℄g (2)O = � fX ; Xt(!) proessus �ad fFtg � adapt�e sur [0; T ℄g (3)Toute mesure de Poisson peut s'�erire sous la formeN(!; dt; dz) = Xs2[0;T ℄ 1ID(!)(s)Æ(s;�s(!))(dt; dz) (4)o�u � est un proessus optionnel (O-mesurable) �a valeurs dans E, et D est un sous-ensembleal�eatoire maigre de [0; T ℄, 'est �a dire que D(!) = [fTn(!)g est une union au plus d�enombrablede temps d'arrêt.Mesures �nies.Dans le as o�u q(E) <1, l'ensemble D(!) est p.s. �ni. La mesure de Poisson N est alors dite"�nie", et peut s'�erire omme une somme �nie de masses de Dira :N(!; dt; dz) = �(!)Xi=1 Æ(Ti(!);Zi(!))(dt; dz) (5)



6 INTRODUCTIONo�u les temps d'arrêt 0 < T1 < ::: < T� sont les instants de saut du proessus de Poisson Nt(E).On sait que les variables al�eatoires Ti � Ti�1 sont i.i.d. de loi exponentielle de param�etre q(E),et que � = N([0; T ℄ � E) suit une loi de Poisson de param�etre Tq(E). Conditionnellement �a�; T1; :::; T�, les Zi sont i.i.d. de loi q(dz)=q(E).Mesures in�nies.Si q(E) = 1, l'ensemble D est p.s. dense dans [0; T ℄. En revanhe, on peut onsid�erer unesuite roissante de sous-ensembles Ep tels que [Ep = E et pour haque p, q(Ep) < 1. Alorsla restrition N j[0;T ℄�Ep est une mesure de Poisson �nie. De plus, ette approximation estsouvent pratique, ar N = N j[0;T ℄�Ep +N j[0;T ℄�EnEp est la somme de deux mesures de Poissonind�ependantes, et la deuxi�eme tend vers 0 (dans un ertain sens) quand p tend vers l'in�ni.On peut aussi �erire, si D = [n2INfTng, en posant Zi = �Ti ,N(!; dt; dz) = 1Xi=1 Æ(Ti(!);Zi(!))(dt; dz) (6)mais ette fois, on ne peut plus ordonner les temps d'arrêt Tn selon l'ordre usuel sur [0; T ℄.Compensateur.La mesure de Poisson N admet pour ompensateur son intensit�e �(ds; dz) = dsq(dz), 'est �adire que pour toute fontion W (!; s; z) pr�evisible (i.e. P 
 E-mesurable) sur 
 � [0; T ℄ � E,v�eri�ant E �Z t0 ZE jW (s; z)jq(dz)ds� <1 (7)le proessus Mt = Z t0 ZEW (s; z)N(ds; dz) � Z t0 ZEW (s; z)q(dz)ds (8)est une fFtg-martingale �adl�ag (l'int�egrale par rapport �a N i-dessus est une int�egrale de Stieljes,d�e�nie ! par !). Si de plus, E �Z t0 ZEW 2(s; z)q(dz)ds� <1 (9)alors M est de arr�e int�egrable, admet pour variation quadratique :[M ℄t = Z t0 ZEW 2(s; z)N(ds; dz) (10)et pour variation quadratique pr�evisible :hMit = Z t0 ZEW 2(s; z)q(dz)ds (11)



2. CALCUL DES VARIATIONS STOCHASTIQUES SUR L'ESPACE DE POISSON. 7Int�egrale stohastique.Posons ~N(ds; dz) = N(ds; dz) � q(dz)ds. Il est possible d'int�egrer ontre ette \mesure" desfontions pr�evisibles qui ne sont pas int�egrables pour dsq(dz). Soit W (!; s; z) une fontionpr�evisible sur 
 � [0; T ℄ � E de arr�e int�egrable pour P (d!)dsq(dz), i.e. v�eri�ant (9). Siq(E) = 1, l'int�egrale R t0 REW (s; z)N(ds; dz) n'a en g�en�eral pas de sens. Consid�erons don unesuite roissante de sous-ensembles Ep tels que [Ep = E et pour haque p, q(Ep) < 1. Pourhaque p, on peut d�e�nir la fFtg-martingale �adl�ag de arr�e int�egrableMpt = Z t0 ZEpW (s; z)N(ds; dz) � Z t0 ZEp W (s; z)q(dz)ds (12)Il est possible de v�eri�er (voir [20℄) que Mp onverge uniform�ement sur [0; T ℄ dans L2 vers unemartingale �adl�ag de arr�e int�egrable Mt, que nous noteronsMt = Z t0 ZEW (s; z) ~N (ds; dz) (13)On peut aussi d�e�nir (voir [23℄) Mt omme l'unique martingale purement disontinue dont lessauts sont donn�es par �Mt = 1ID(t)W (t; �t) (14)Cette int�egrale s'appelle "int�egrale stohastique" par rapport �a la mesure de Poisson "om-pens�ee". Les rohets de M sont enore donn�es par (10) et (11). On obtient en partiulierl'isom�etrie L2 : pour toute fontion pr�evisible W ,E "�Z t0 ZEW (s; z) ~N (ds; dz)�2# = E �Z t0 ZEW 2(s; z)q(dz)ds� (15)Rappelons en�n l'in�egalit�e de Burkholder pour ette int�egrale : pour tout p � 2, il existe uneonstante Cp telle que pour tout fontion pr�evisible W ,E " supu2[0;t℄ ����Z u0 ZEW (s; z) ~N(ds; dz)����p# � CpE "����Z t0 ZEW 2(s; z)N(ds; dz)����p=2# (16)2 Calul des variations stohastiques sur l'espae de Poisson.A l'exeption du Chapitre 3, toutes les parties de ette th�ese font intervenir e domaine. Lealul de Malliavin, qui tente de d�e�nir une "d�eriv�ee par rapport �a l'alea", a d'abord �et�e introduitsur l'espae de Wiener, voir Malliavin, [25℄. Initialement, l'id�ee �etait de r�esoudre le probl�emede H�ormander par des m�ethodes probabilistes, e qui revient �a r�esoudre le probl�eme suivant.Consid�erons le proessus de di�usionXxt = x + Z t0 b(Xxs )ds+ Z t0 �(Xxs )dWs (17)A quelles onditions sur les oeÆients b et � les lois des variables al�eatoires Xxt admettent-t-elles des densit�es pt(x; y) par rapport �a la mesure de Lebesgue, �eventuellement r�eguli�eres en y,en (x; y), ou en (t; x; y) ?



8 INTRODUCTIONLe alul de Malliavin a permis de r�esoudre e probl�eme, mais aussi des questions similaires on-ernant bien d'autres fontionnelles de Wiener ; il a d�ebouh�e sur un vaste domaine de reherhe,voir Malliavin, [26℄, ou Nualart, [30℄, pour des expos�es omplets sur le sujet.Int�eressons-nous maintenant �a un proessus de di�usion ave sauts Poissonniens :Xxt = x+ Z t0 b(Xxs )ds+ Z t0 �(Xxs )dWs + Z t0 ZE (Xxs�; z) ~N (ds; dz) (18)Bismut, [8℄, puis Bihteler, Jaod, [7℄ et Bihteler, Gravereaux, Jaod, [6℄, ont d�evelopp�e unem�ethode, onsistant �a "d�eriver" la mesure de Poisson par rapport �a la taille de ses sauts, a�nd'�etudier l'existene de densit�es, �eventuellement r�eguli�eres, pour des variables al�eatoires surl'espae de Poisson. Cette m�ethode parâ�t la plus naturelle, mais elle pr�esente un inonv�enientmajeur : elle ne permet de traiter que le as des mesures de Poisson dont l'intensit�e admet unedensit�e r�eguli�ere par rapport �a la mesure de Lebesgue.Deux approhes du alul de Malliavin sur l'espae de Poisson ont en fait �et�e d�evelopp�ees parBihteler, Gravereaux, et Jaod dans [6℄. Les auteurs de et artile �etudient l'existene et lar�egularit�e de densit�es pour des proessus de di�usion ave sauts. L'une de es m�ethodes onsiste�a d�e�nir un op�erateur de "arr�e du hamp" sur un domaine de variables al�eatoires s'�erivantomme limites d'une suite de fontionnelles "simples" de la mesure de Poisson, puis �a prouverdes formules d'int�egration par parties sur e domaine. La seonde approhe onsiste �a "per-turber" la mesure de Poisson �a l'aide de fontions pr�evisibles, �a d�e�nir des "d�eriv�ees" dans L2de variables al�eatoires perturb�ees, a�n d'en d�eduire des formules d'int�egration par parties. Tousles r�esultats obtenus d�eoulent d'une aumulation de "petits sauts".Dans toute ette th�ese, �a l'exeption du Chapitre 3, nous adapterons, �etendrons, ou raÆneronsselon nos besoins es m�ethodes, a�n d'obtenir des r�esultats d'existene et de r�egularit�e d'autresfontionnelles de Poisson, mais aussi pour �etudier la strite positivit�e des densit�es obtenues.Mentionons en�n d'autres approhes du alul de Malliavin sur l'espae de Poisson. Pardoux,Carlen, [13℄, puis Denis, [14℄, ont onstruit un alul variationnel par rapport aux instants desaut. Piard, [34℄, [35℄, onstruit une "d�eriv�ee disr�ete", en ajoutant ou en retirant des sauts.Ces approhes permettent de traiter le as o�u l'intensit�e de la mesure de Poisson n'est plus ab-solument ontinue par rapport �a la mesure de Lebesgue. Citons en�n Privault, [37℄, qui �etudieles fontionnelles du proessus de Poisson standard. Il onstruit un alul variationnel �a l'aidede "l'espae exponentiel", en exploitant le fait que les d�elais entre les sauts sont ind�ependantset identiquement distribu�es, de lois exponentielles.3 E.D.P.S. paraboliques ave sauts.Les E.D.P.S. paraboliques ont �et�e introduites par Walsh, dans [46℄, a�n de mod�eliser les po-tentiels �eletriques de membranes nerveuses. On s'int�eresse aux potentiels des membranes d'unylindre, et, pour des raisons de sym�etrie, on peut se ramener �a une �etude sur le segment [0; 1℄.Notons V (x; t) le potentiel en un point x 2 [0; 1℄ �a l'instant t. En l'absene de stimulations, V



3. E.D.P.S. PARABOLIQUES AVEC SAUTS. 9satisfait l'�equation : �V�t = �2V�x2 � V (19)Consid�erons maintenant le as o�u il y a des stimulations. Soit don F (x; t) l'impulsion (l'arriv�eeou le d�epart d'un ion, par exemple) au point x �a l'instant t. Alors V satisfait :�V�t = �2V�x2 � V + F (20)Walsh explique que F peut être mod�elis�e par un proessus pontuel de Poisson : F (x; t) est lataille du saut au point t; x d'une mesure de Poisson N(dt; dx; dz) sur [0; T ℄� [0; 1℄� IR. A�n der�esoudre (20), Walsh utilise la fontion de Green Gt(x; y) assoi�ee, i.e. la solution fondamentalede (19) ave pour ondition initiale une masse de Dira en y (et ave des onditions au bord�x�ees) : V (x; t) = Z 10 Gt(x; y)V0(y)dy + Z t0 Z 10 ZIRGt�s(x; y)N(ds; dy; dz) (21)Dans [46℄, Walsh prouve aussi un r�esultat de onvergene, qui permet d'approximer la mesurede Poisson par un bruit blan espae-temps W (dx; ds), ar les sauts (stimuli) sont tr�es petitset tr�es nombreux. Rappelons que W est d�e�ni omme un proessus Gaussien fW (A) ; A 2B([0; T ℄� [0; 1℄)g, index�e par les boreliens de [0; T ℄ � [0; 1℄, de ovariane :E(W (A)W (B)) = ZZA\B ds�(dz) (22)o�u � est une mesure positive �nie sur [0; 1℄, le plus souvent hoisie �egale �a la mesure de Lebesgue.Dans [47℄, Walsh �etudie une E.D.P.S. de la forme :�V�t = �2V�x2 + g(V ) + f(V )W (23)Les solutions faibles sont d�e�nies omme des proessus V (x; t), adapt�es pour la �ltration dubruit blan, et v�eri�ant l'�equation d'�evolution :V (x; t) = Z 10 Gt(x; y)V0(y)dy + Z t0 Z 10 Gt�s(x; y)g(V (y; s))dyds+ Z t0 Z 10 Gt�s(x; y)f(V (y; s))W (dy; ds) (24)o�u G est le noyau de Green assoi�e �a l'E.D.P. �tV = �x2V , ave des onditions au bord detype Neumann ou Dirihlet. Dans [47℄, Walsh prouve un th�eor�eme d'existene et d'uniit�e enadaptant les m�ethodes habituelles (Lemmes de Gronwall et Piard). Walsh prouve ensuite quesa solution est h�olderienne en x; t, en appliquant le Lemme de Kolmogorov au membre de droitede (24). Depuis, ette �equation a �et�e largement explor�ee, voir par exemple [3℄, [4℄, [27℄, [33℄...



10 INTRODUCTIONR�esum�e du Chapitre 1Dans le premier Chapitre, nous onsid�erons l'E.D.P.S. sur [0; T ℄� [0; 1℄ :�V�t = �2V�x2 + g(V ) + f(V )W + h(V; :) � ~N (25)o�u W est un bruit blan gaussien, et ~N est la mesure ompens�ee d'une mesure de Poissonsur [0; T ℄� [0; 1℄ � IR, ind�ependante de W , d'intensit�e dsdyq(dz), o�u q est �-�nie sur IR. CetteE.D.P.S., qui g�en�eralise (20) et (23), permet de modeliser les ph�enom�enes d�erits par Walsh, dansle as o�u plusieurs types d'impulsions interviennent (des \tailles" et des \fr�equenes" di��erentes).L'�equation d'�evolution assoi�ee s'�erit :V (x; t) = Z 10 Gt(x; y)V0(y)dy + Z t0 Z 10 Gt�s(x; y)g(V (y; s))dyds+ Z t0 Z 10 Gt�s(x; y)f(V (y; s))W (dy; ds)+ Z t0 Z 10 ZIRGt�s(x; y)h(V (y; s); z) ~N (ds; dy; dz) (26)La ondition initiale V0 est suppos�ee d�eterministe, mesurable, et born�ee sur [0; 1℄. Le noyaude Green G est elui de Walsh, assoi�e �a l'E.D.P. �tV = �x2V , ave des onditions au bord deNeumann : on sait que Gt(x; y) se omporte en gros omme1pt exp �(x� y)24t ! (27)Nous supposons que f et g sont Lipshitziennes de IR dans IR, et que h : IR� IR 7! IR v�eri�e,pour une ertaine fontion � 2 L2(IR; q),jh(0; z)j � �(z) ; jh(x; z) � h(y; z)j � jx� yj�(z) (28)Nous prouvons dans une premi�ere partie l'existene d'une unique solution faible V (x; t) pour(25), admettant une version (dans un sens faible) pr�evisible, et satisfaisant :sup[0;1℄�[0;T ℄E �V 2(x; t)� <1 (29)Ce th�eor�eme d'existene et d'uniit�e est tr�es simple �a prouver, en utilisant les m�ethodes deWalsh, une fois que la validit�e des int�egrales stohastiques a �et�e �etablie. Par exemple, pourappliquer une it�eration de Piard, il faut être sûr que si Y est pr�evisible et born�e dans L2 sur[0; 1℄ � [0; T ℄, alors le proessusU(x; t) = Z t0 Z 10 ZIRGt�s(x; y)h(Y (y; s); z) ~N (ds; dy; dz) (30)admet une version (faible) pr�evisible. Cei n'est pas trivial, �a ause de la pr�esene du noyau.Nous r�esolvons e probl�eme de mesurabilit�e en approhant le semi-groupe G, de fa�on que U soitune limite dxdt 
 dP -presque partout de proessus pr�evisibles. Remarquons que nous sommes



3. E.D.P.S. PARABOLIQUES AVEC SAUTS. 11oblig�es de d�e�nir une solution admettant une version (faible) pr�evisible : nous v�eri�ons, �a l'aided'un exemple, que la solution n'a auune hane d'avoir des trajetoires limit�ees �a droite.Le seul r�esultat de r�egularit�e \jointe" que nous avons obtenu est le suivant : si f est born�ee etsi � 2 L1(IR; q), alors l'appliation t 7! V (x; t)dx (31)est p.s. �agl�ad de [0; T ℄ dans l'espae Mb des mesures born�ees (sign�ees) sur [0; 1℄, muni de latopologie de la onvergene �etroite. On prouve aussi que ei n'est en g�en�eral plus vrai si onremplae Mb par L1([0; 1℄).Nous nous int�eressons ensuite �a l'absolue ontinuit�e de la loi de notre solution V (x; t), pourx 2 [0; 1℄ et t > 0. Nous supposons d'abord que q(dz) = 1IO(z)'(z)dz, o�u O est un ouvert deIR et ' est une fontion r�eguli�ere sur O. Nous supposons aussi que les fontions f , g, et h sontsuÆsamment r�eguli�eres. Nous �emettons en�n une hypoth�ese onernant le omportement de �et ' au bord de O, et une ondition de non-d�eg�eneresene du type8 x 2 IR; f(x) 6= 0 ou ZO 1Ifz2IR =h0z(x;z)6=0 8 x2IRg'(z)dz = 1 (32)(notre deuxi�eme hypoth�ese est en v�erit�e plus forte, ar elle fait intervenir, de mani�ere impliite,le noyau de Green). Nous prouvons que sous es hypoth�eses, la loi de V (x; t) admet une densit�ed�es que t > 0.A�n de d�emontrer un tel r�esultat, nous onstruisons un alul de Malliavin \partiel" sur l'espaede Poisson, et nous utilisons le alul de Malliavin lassique sur l'espae de Wiener assoi�e aubruit blan (voir Nualart, Zakai, [32℄, ou Nualart, [30℄). Nous d�e�nissons don deux op�erateurs ded�erivation, sur l'espae anonique produit. Le premier,D1;0�;� , assoi�e au bruit blan, est standard.Le seond, D0;1�;�;� , li�e �a la mesure de Poisson, tente de d�e�nir \proprement" la d�eriv�ee suivante :si X est une variable sur l'espae anonique 
 assoi�e �a N , si ! 2 
, et si (�; �; �) 2 supp !(rappelons que tout ! 2 
 est une mesure de omptage sur [0; T ℄ � [0; 1℄ � O et que O estouvert) : D0;1�;�;�X(!) = ���X(! � Æ(�;�;�) + Æ(�;�;�+�))�����=0 (33)Pour ela, nous d�e�nissons un domaine S0;1 de variables simples, i.e. s'exprimant de mani�eresimple en fontion de la mesure de Poisson, sur lequel D0;1�;�;� est naturellement bien d�e�ni. Ensuivant le Chapitre 4 de Bihteler, Gravereaux, Jaod, [6℄, nous d�e�nissons un op�erateur L0;1sur S0;1, dont les prinipales propri�et�es sont les suivantes :1. L0;1 est auto-adjoint dans L2, i.e. si X et Y appartiennent �a S0;1, alorsE(XL0;1Y ) = E(Y L0;1X) (34)2. Il existe une fontion born�ee stritement positive � 2 L1(IR; q) telle que pour tous X et Ydans S0;1, �0;1(X;Y ) = L0;1(XY )�XL0;1Y � Y L0;1X= Z T0 Z 10 ZOD0;1�;�;�XD0;1�;�;�Y �(�)N(d�; d�; d�) (35)



12 INTRODUCTIONOn onsid�ere ensuite sur S0;1 la normejjjXjjj2 = E �X2�12 +E  Z T0 Z 10 ZOD0;1�;�;�XD0;1�;�;�Y �(�)N(d�; d�; d�)! 12 (36)Les propri�et�es 1 et 2 de L0;1 permettent de fermer l'op�erateur D0;1�;�;� , i.e. de l'�etendre au domaineD0;1 = S0;1jjj jjj2, bien que L0;1 ne soit pas d�e�ni sur tout e domaine.On onstruit de même les objets S1;0 et D1;0 assoi�es au bruit blan. Nous obtenons ainsi un do-maine D de variables al�eatoires sur l'espae anonique produit, d�erivables au sens des op�erateursD1;0�;� et D0;1�;�;� .Il est alors possible de prouver le rit�ere suivant : si X 2 D, et si, p.s.,Z T0 Z 10 �D1;0�;�X�2 d�d� + Z T0 Z 10 ZO �D0;1�;�;�X�2 �(�)N(d�; d�; d�) > 0 (37)alors la loi deX admet une densit�e par rapport �a la mesure de Lebesgue. Pour ela, nous utilisonsune m�ethode du type Bouleau, Hirsh, [9℄, dont la preuve a �et�e simpli��ee par Nualart, Zakai, [32℄.Nous �etudions es op�erateurs en d�etail, a�n d'en exploiter les prinipales propri�et�es, pour pou-voir v�eri�er que V (x; t) est "d�erivable". Cei est tr�es tehnique, en partiulier pare que V (x; t)n'appartient pas �a un espae Lp pour p > 2. N�eanmoins, le th�eor�eme de onvergene domin�eede Lebesgue permet la plupart du temps de ontourner e d�efaut d'int�egrabilit�e. Il faut de plustoujours prendre garde de n'int�egrer que des proessus pr�evisibles ontre W et N . En�n, noussommes oblig�es de prouver une \isom�etrie" L2 assoi�ee �a notre op�erateur D0;1�;�;� .Une fois alul�ees les d�eriv�ees de la solution, il reste �a v�eri�er que p.s., �(x; t) > 0, o�u�(x; t) = Z T0 Z 10 �D1;0�;�V (x; t)�2 d�d�+ Z T0 Z 10 ZO �D0;1�;�;�V (x; t)�2 �(�)N(d�; d�; d�) (38)Vu la di��erene de nature entre les deux int�egrales i-dessus, nous prouvons en fait que sousla premi�ere (resp. deuxi�eme) hypoth�ese de non-d�eg�eneresene, la premi�ere (resp. deuxi�eme)int�egrale est p.s. stritement positive.Pour ela, nous loalisons es int�egrales, 'est �a dire que nous ne onsid�erons que des int�egralesau voisinage de t, a�n d'exploiter l'explosion du noyau Gt�s(x; y) en s = t.Les nouveaut�es par rapport au travail de Bihteler, Gravereaux, Jaod, [6℄, sont les suivantes.Dans [6℄, la fontion ' est toujours suppos�ee onstante. De plus, Bihteler et al. ne d�e�nissentpas d'op�erateur de d�erivation. Ils travaillent diretement �a l'aide de �0;1. Cei oasionne unegrosse perte d'information : on voit bien que la onnaissane de D0;1 est plus instrutive queelle de �0;1. Dans les as des E.D.S., ei n'a pas d'importane, ar les d�eriv�ees (ou �) satisfontdes E.D.S. lin�eaires, qu'on sait r�esoudre expliitement. Par ontre, dans le as des E.D.P.S., on



3. E.D.P.S. PARABOLIQUES AVEC SAUTS. 13ne sait plus aluler expliitement les d�eriv�ees. Il est alors n�eessaire de loaliser les int�egrales,e qui est impossible en utilisant l'op�erateur global �.En utilisant des m�ethodes similaires �a elles de Bihteler et al., [6℄, il parâ�t impossible d'�etablirla strite positivit�e de �(x; t), sauf en supposant que V est un proessus �a variations �nies, i.e.f = 0, � 2 L1(O;'(z)dz), f Saint Loubert Bi�e, [40℄.En�n, nous n'utilisons pas de formules d'int�egration par parties pour prouver notre rit�ered'absolue ontinuit�e : nous n'exploitons que l'uniit�e des d�eriv�ees. En fait, nous avons �etendunos op�erateurs de d�erivation �a un domaine "trop grand", au sens o�u L n'est en g�en�eral pas d�e�nisur D. Or toutes les formules d'int�egration par parties donn�ees dans [6℄ onernent l'op�erateurL. Mais la solution V ne semble pas appartenir �a un espae plus restreint.L'avantage de ette m�ethode est laire : elle permet de traiter le as d'un grand nombre defontionnelles de Poisson, sous des hypoth�eses assez faibles. L'inonv�enient majeur est �evident :on ne peut pas, ave ette m�ethode, �etudier la r�egularit�e des densit�es, faute d'int�egration parparties sur l'espae D.La prinipale nouveaut�e de e travail est don la onstrution et l'utilisation de e alul deMalliavin sur l'espae de Poisson, partiel et moins fort que elui de [6℄, mais plus pr�eis.R�esum�e du Chapitre 2Dans le seond hapitre, nous onsid�erons l'�equation de Volterra stohastique ave sauts :Xt = x0 + Z t0 �(s; t;Xs)dWs + Z t0 b(s; t;Xs)ds+ Z t0 ZO h(s; t;Xs) ~N(ds; dz) (39)W est un mouvement brownien unidimensionel standard, et ~N est une mesure de Poisson om-pens�ee, d'intensit�e '(z)dzds sur [0; T ℄�O, o�u O est un ouvert de IR.Les probl�emes qui se posent (validit�e des int�egrales stohastiques, existene, uniit�e d'une so-lution, alul de Malliavin,...) sont exatement les mêmes que pour les E.D.P.S. : l'obstalemajeur est la pr�esene du "t" dans les int�egrales, e qui implique en partiulier que X n'est pasune semi-martingale. C'est pourquoi nous "v�eri�ons" bri�evement que les r�esultats du hapitre1 s'adaptent.Remarquons que dans ette �etude, nous am�eliorons aussi le r�esultat d'absolue ontinuit�e deBihteler, Jaod, [7℄ pour les di�usions ave saut (les fontions �, b, h ne d�ependent pas de s; t) :notre m�ethode permet de supposer moins de r�egularit�e et d'int�egrabilit�e, et permet d'�etendre ler�esultat au as o�u ' n'est plus onstante.R�esum�e du Chapitre 3Dans le dernier hapitre de ette premi�ere Partie, nous onsid�erons deux objets ind�ependants :un bruit blan gaussien W et une mesure de Poisson �nie N sur [0; T ℄�E, o�u E est un espaePolonais, et l'intensit�e de N est de la forme dtq(dz), o�u q est une mesure �nie sur E. Consid�eronsl'E.D.P.S. dont l'�equation d'�evolution s'�erit :X(t; x) = Z 10 Gt(x; y)X0(y)dy + Z t0 Z 10 Gt�s(x; y)b(X(s; y))dyds



14 INTRODUCTION
+ Z t0 Z 10 Gt�s(x; y)�(X(s; y))W (dy; ds)+ Z t0 ZE Z 10 Gt�s(x; y)g(X(s�; y); z)dy N(ds; dz) (40)La ondition initiale X0 est suppos�ee d�eterministe et ontinue sur [0; 1℄. Le noyau de Green Gest elui de Walsh, (f r�esum�e du Chapitre 1), assoi�e �a l'E.D.P. �tV = �x2V , ave des onditionsau bord de Neumann. Nous supposons que b et � sont Lipshitziennes de IR dans IR, et que� est de lasse C3. La fontion g : IR � E 7! IR est suppos�ee aussi r�eguli�ere qu'un produit defontions ontinues �(x)�(z).Dans une premi�ere partie, nous esquissons la preuve d'un th�eor�eme d'existene et d'uniit�e :il existe un unique proessus adapt�e X(t; x) �a valeurs dans ID([0; T ℄;C([0; 1℄)) et satisfaisant(40). Les probl�emes de mesurabilit�e du Chapitre 1 n'apparaissent pas ii, puisque la solutionreherh�ee est relativement r�eguli�ere.Notre but est ensuite de arat�eriser le support de la loi de X dans l'espae ID([0; T ℄;C([0; 1℄))muni de la topologie de Skorokhod. Pour ela, nous onsid�erons l'espae de Cameron-Martinassoi�e au bruit blan,H = �h(t; x) = Z t0 Z x0 _h(s; y)dyds� _h 2 L2([0; T ℄ � [0; 1℄)� (41)et l'ensemble des mesures de omptage assoi�e �a N ,M = 8><>:m(dt; dz) = nXi=1 Æ(ti;zi)(dt; dz) , n 2 IN; 0 < t1 < ::: < tn < T;z1; :::; zn 2 supp q 9>=>; (42)On d�e�nit ensuite le squelette assoi�e �a notre �equation. Si h 2 H et si m 2M, on note S(h;m)la solution de l'�equation d'�evolution (d�eterministe) o�u l'on a rempla�e dans (40) W (dy; ds) par_h(s; y)dyds et N(ds; dz) par m(ds; dz). Notre r�esultat prinipal est le suivant :supp P ÆX�1 = fS(h;m) / h 2 H ; m 2Mg (43)o�u le support et l'adh�erene sont relatifs �a la topologie de Skorokhod sur ID([0; T ℄;C([0; 1℄)).La preuve de e r�esultat est onstitu�ee de quatre �etapes. D'abord, un argument de loalisationpermet de supposer que � est de lasse C3b et que g est born�ee et uniform�ement ontinue en x.Dans la deuxi�eme �etape, nous v�eri�ons qu'il suÆt de arat�eriser les supports de Xm et Xh pourtous h 2 H, m 2 M, o�u Xm (resp. Xh) est la solution de (40) o�u on a rempla�e N(ds; dz) parm(ds; dz) (resp. W (dy; ds) par _h(s; y)dyds). Pour d�eomposer le probl�eme de la sorte, nousexploitons le fait que p.s., N 2M, et nous utilisons l'esp�erane onditionnelle par rapport �a N .La troisi�eme �etape est d�edi�ee �a la arat�erisation du support de Xh, pour un h 2 H �x�e. Pourela, nous suivons la m�ethode de Simon, qui s'int�eresse �a des E.D.S. onduites uniquement par



3. E.D.P.S. PARABOLIQUES AVEC SAUTS. 15une mesure de Poisson (ompens�ee ou non). L'inlusion direte est imm�ediate. Pour prouverl'inlusion diÆile, nous �xons m 2M. Nous onstruisons un ensemble 
(m; �), de probabilit�estritement positive, sur lequel "N est prohe de m �a � pr�es". Pour haque ! 2 
(m; �), nousexhibons ensuite un hangement de temps � : [0; T ℄ 7! [0; T ℄ tel quesupt;x jXh(�(t); x) � S(h;m)(t; x)j � � (44)e qui permet de onlure. Bien sur, une multitude de probl�emes tehniques apparaissent. Ilfaut g�erer l'explosion du semi-groupe, le fait que _h 2 L2(dyds) n'est pas born�e ; la distane quenous utilisons n'est pas simple �a manier, et... Comme toujours, l'�etude des E.D.P.S. est plustehnique que elle des E.D.S.Dans la quatri�eme �etape, nous arat�erisons le support de Xm. Nous remarquons d'abord quel'�equation satisfaite par Xm ressemble beauoup �a elle de Walsh : on y a juste ajout�e une"d�erive disontinue". Notre m�ethode onsiste don �a appliquer le th�eor�eme de support de Bally,Millet, Sanz, [3℄ (qui onerne l'�equation de Walsh) entre les sauts de ette d�erive. En fait, nousappliquons e th�eor�eme de support �a des lois onditionnelles, puisque les "onditions initiales"ne sont plus d�eterministes. Nous d�e�nissons don des squelettes "onditionnels", et nous "reol-lons les moreaux", essentiellement �a l'aide du raisonnement suivant : si le squelette est prohede la solution entre les sauts i et i + 1, alors le squelette onditionnel est prohe du squeletteentre les sauts i+ 1 et i+ 2. Si de plus le squelette onditionnel est prohe de la solution entreles sauts i+1 et i+2, la solution est don prohe du "vrai" squelette entre les sauts i+1 et i+2.Dans une derni�ere partie, nous �etendons notre r�esultat au as o�u la mesure de Poisson est in�nie,mais seulement quand le oeÆient de di�usion � est onstant.Les nouveaut�es de e hapitre sont les suivantes. Le seul th�eor�eme de support pour des proessusde sauts a �et�e prouv�e par Simon, [41℄, qui s'int�eresse �a des E.D.S. dirig�ees uniquement par unemesure de Poisson. Notre r�esultat semble don onstituer le seul th�eor�eme de support pour desE.D.P.S. ave sauts, et semble aussi être le seul th�eor�eme de support pour une �equation onduitepar deux objets ind�ependants mais di��erents.ConlusionD�egageons pour onlure quelques voies de reherhe possibles.Int�eressons-nous d'abord �a l'E.D.P.S. du Chapitre 1. La premi�ere question porte sur un probl�emerest�e assez ou : y a t-il un moyen plus simple de d�e�nir les solutions faibles. L'obstale majeurest la r�egularit�e tr�es faible d'�eventuelles solutions.La question suivante onerne la r�egularit�e de la densit�e obtenue, question tehniquement diÆ-ile, ar la solution de ette E.D.P.S. n'appartient �a auun espae Lp pour p > 2 (ou du moinspour p � 3).En�n, peut-on arat�eriser le support de la solution dans l'espae des fontions �agl�ad sur [0; T ℄�a valeurs dans l'espae des mesures born�ees (sign�ees) sur [0; 1℄, muni de la topologie de la on-vergene �etroite ?



16 INTRODUCTIONInt�eressons-nous maintenant �a l'�equation du Chapitre 3. Il serait int�eressant, apr�es avoir prouv�el'existene d'une densit�e ontinue pour la loi de X(t; x), e qui doit être tr�es faile si � ne s'annulejamais, d'essayer de arat�eriser l'ensemble des points de strite positivit�e de ette densit�e de lamani�ere suivante : si X(t; x) a pour loi pt;x(y)dy, si z 2 IR,pt;x(z) > 0 () 9 h 2 H; m 2M; z = S(h;m)(t; x)Peut-on, omme Millet, Sanz dans [28℄, utiliser le Th�eor�eme de Girsanov pour simpli�er lespreuves des Th�eor�emes de support pour des proessus de sauts ?Dans [41℄, Simon s'int�eresse �a des E.D.S. onduites par une mesure de Poisson ompens�ee. Sinous parvenions �a v�eri�er l'existene d'une solution de l'E.D.P.S. du hapitre 6 vivant dansID ([0; T ℄;C([0; 1℄)), en rempla�ant N par une mesure de Poisson ompens�ee, �eventuellementsans bruit blan, pourrait-on prouver un Th�eor�eme de support ? La m�ethode de Simon parâ�tdans e as diÆile �a utiliser, ar il utilise fortement la struture Markovienne de sa solution.4 Equations de Boltzmann spatialement homog�enes.L'�equation de Boltzmann spatialement homog�ene d�erit la densit�e f(t; v) de partiules ayant lavitesse v �a l'instant t, dans un gaz suÆsament dilu�e. Dans le as de partiules Maxwelliennes,une telle densit�e satisfait l'�equation aux d�eriv�ees partielles :�f�t = Zv�2IR3 Z ��=0 Z 2��=0 �f(t; v0)f(t; v0�)� f(t; v)f(t; v�)	 �(�)d�d�dv� (45)o�u v0 = v + v�2 � k v � v� k2 � ; v0� = v + v�2 + k v � v� k2 � (46)le veteur unitaire � ayant pour oordonn�ees � et � dans le syst�eme de oordonn�ees sph�eriquesdont l'axe polaire a pour diretion v � v�. La "setion eÆae" � est une fontion paire etpositive. Le membre de droite de ette �equation est souvent appel�e noyau de ollision, et not�eK(f; f). Il "ompte" les vitesses apparues apr�es ollision (f(t; v0)f(t; v0�)) et les vitesses dis-parues �a ause d'une ollision (�f(t; v)f(t; v�)). En e�et, v0 et v0� repr�esentent les vitesses dedeux partiules apr�es une ollision d'angles � et �, si es partiules avaient pour vitesses v et v�avant la ollision.Nous renvoyons �a l'introdution de la th�ese de Villani, [45℄, et au livre de Cerignani, Illner,Pulverenti, [11℄, pour plus de d�etails.A�n d'�etudier les �equations de Boltzmann, nous utiliserons une approhe probabiliste d�evelopp�eeinitialement par Tanaka, [44℄, puis par Desvillettes, Graham, M�el�eard, [17℄ et [19℄ : il est possiblede onstruire un proessus Vt(!), solution (faiblement Markovienne) d'une �equation di��erentiellenon lassique onduite par une mesure de Poisson, dont la loi Pt = P ÆV �1t est solution "mesure"de (45). Cela entrâ�ne que si pour tout t > 0, Pt admet une densit�e f(t; v) par rapport �a lamesure de Lebesgue, alors la fontion f satisfait (45).En g�en�eral, les analystes e�etuent l'hypoth�ese de "uto� angulaire de Grad" sur la setioneÆae (voir Villani, [45℄, p 15) : Z �0 �(�)d� <1 (47)



4. EQUATIONS DE BOLTZMANN SPATIALEMENT HOMOG�ENES. 17Cette hypoth�ese n'est pas r�ealiste d'un point de vue physique : dans le as d'interations en1=rs, ave s > 2, la setion eÆae se omporte omme �(�) � �� s+1s�1 pr�es de 0, d'o�u l'hypoth�esenaturelle Z �0 �2�(�)d� <1 (48)Notre approhe probabiliste permet ette hypoth�ese, grâe au alul stohastique "L2".Un autre avantage de l'approhe probabiliste porte sur la ondition initiale. Nous autorisons lesonditions initiales \mesure", d�es que ette mesure harge au moins deux points, e qui est tr�esfaible. Les analystes onsid�erent en g�en�eral des distributions initiales ayant une densit�e.R�esum�e du Chapitre 4Consid�erons l'�equation de Boltzmann bidimensionelle suivante :�f�t (t; v) = Zv�2IR2 Z ��=�� �f(t; v0)f(t; v0�)� f(t; v)f(t; v�)	 �(�)d�dv� (49)o�u, si R� est la rotation d'angle �,v0 = v + v�2 +R� �v � v�2 � ; v0� = v + v�2 �R� �v � v�2 � (50)La setion eÆae � satisfait (48).En suivant la m�ethode de Desvillettes, Graham, M�el�eard, [17℄, nous assoions �a ette �equationune E.D.S. non lin�eaire. Pour ela, nous onsid�erons une mesure de Poisson N(d�; d�; ds) sur[0; T ℄�[0; 1℄�[��; �℄, d'intensit�e �(�)d�d�ds. Le terme [0; 1℄ (qui orrespond �a d� dans la mesurede Poisson) joue le rôle d'un espae de probabilit�es auxiliaire, mod�elisant la non lin�earit�e, surlequel l'esp�erane sera not�ee E�, et les lois L�. Consid�erons la matrieA(�) = 12 � os � � 1 � sin �sin � os � � 1� (51)Si Vt(!) et Wt(�) sont des proessus (�adl�ag, adapt�es, et �a valeurs dans IR2) sur les espae 
et [0; 1℄ respetivement, on dira que (V;W ) est solution de l'E.D.S. non lin�eaire issue de V0 sid'une part L(V ) = L�(W ), et d'autre partVt = V0 + Z t0 Z 10 Z ��� A(�)(Vs� �Ws�(�)) ~N (d�; d�; ds)� b2 Z t0 Z 10 (Vs� �Ws�(�))d�ds (52)o�u b = R ���(1� os �)�(�)d�.Il est alors possible de v�eri�er que, si pour haque t > 0, la loi de Vt (et don elle de Wt) admetune densit�e f(t; :) par rapport �a la mesure de Lebesgue sur IR2, alors f est solution de (49),



18 INTRODUCTIONissue de P0 = L(V0).En �etendant les m�ethodes de Desvillettes, Graham, M�el�eard, [17℄, nous prouvons l'existened'un ouple (V;W ) solution de l'E.D.S. non lin�eaire. Nous �etablissons aussi l'uniit�e en loi d'unetelle solution.Nous e�etuons alors des hypoth�eses du type :1. P0 admet des moments de tous ordres, et n'est pas une masse de Dira.2. La setion eÆae v�eri�e (48), et, pour des onstantes k0 > 0, r 2℄1; 3[, et �0 2℄0; �[,�(�) � k0j�jr 1Ifj�j��0g (53)3. La setion eÆae est tr�es petite au voisinage de �.Le r�esultat prinipal du Chapitre 4 aÆrme que sous es onditions, (49) admet une solutionf(t; v), ontinue sur ℄0; T ℄� IR2, et de lasse C1 en v 2 IR2.Remarquons que le meilleur r�esultat obtenu par les analystes semble être elui de Desvillettes,[16℄, qui prouve l'existene d'une solution g(t; v), de lasse H1�� en v (pour tout � > 0, toutt > 0), dans le as o�u la distribution initiale admet une densit�e. L'approhe probabiliste sembledon tr�es eÆae.A�n d'�etablir un tel r�esultat, nous utilisons une approhe de type Bismut du alul de Malliavinsur l'espae de Poisson, pour v�eri�er que Vt admet une densit�e C1. Nous adaptons don �anotre ontexte les m�ethodes d�evelopp�ees par Bihteler, Gravereaux, Jaod, [6℄, qui onsistent �aperturber la mesure de Poisson, et don le proessus Vt, a d�eriver l'expression obtenue dans L2,puis �a prouver que le determinant de l'expression obtenue admet des moments inverses de tousordres. La ontinuit�e jointe de f d�eoule aussi du alul de Malliavin.Tout le d�ebut de e travail (d�e�nition de l'E.D.S. non lin�eaire, des proessus \perturb�es", et...)ressemble beauoup aux travaux de Desvillettes, Graham, et M�el�eard, [17℄, [19℄, qui �etudient unmod�ele unidimensionel. En revanhe, le hoix de la perturbation, et l'inversibilit�e dans tous lesLp de la matrie d�eriv�ee n�eessitent beauoup plus de tehnique. Nous devons vraiment utiliserles partiularit�es de l'�equation bidimensionelle de Boltzmann, en partiulier pour ontournernotre \ignorane" du proessus W . Nous utilisons par exemple les onservations de l'�energiein�etique et de la quantit�e de mouvement.Dans une derni�ere partie, nous simulons un syst�eme interatif de partiules, dont la mesureempirique approhe la "solution mesure" de l'�equation de Boltzmann �etudi�ee pr�e�edemment.Nous �etendons ainsi l'approhe Monte-Carlo de Graham, M�el�eard, [18℄, �a ette situation sansuto�.R�esum�e des Chapitres 5 et 6Dans le sixi�eme Chapitre, nous nous int�eressons �a l'�equation de Ka (\ariature" unidimen-sionelle de l'equation de Boltzmann homog�ene) :�f�t (t; v) = Zv�2IR Z ��=�� �f(t; v0)f(t; v0�)� f(t; v)f(t; v�)	 �(�)d�dv� (54)



4. EQUATIONS DE BOLTZMANN SPATIALEMENT HOMOG�ENES. 19o�u v0 = v os � � v� sin � ; v0� = v sin � + v� os � (55)La setion eÆae � satisfait (48).Cette fois, l'E.D.S. non lin�eaire assoi�ee est donn�ee par : L(V ) = L�(W ), etVt = V0 + Z t0 Z 10 Z ���((os � � 1)Vs� � sin �Ws�(�)) ~N (d�; d�; ds) � b2 Z t0 Vs�ds (56)o�u b = R ���(1 � os �)�(�)d�, et o�u N , E�, et L� sont d�e�nis omme au Chapitre 4. Grahamet M�el�eard, [19℄, ont prouv�e, sous onditions, l'existene d'une solution f(t; v), de lasse C1 env 2 IR, pour (54). Cette solution f(t; :) est la densit�e de Vt.Nous �emettons les hypoth�eses suivantes :1. La ondition initiale P0 admet des moments de tous ordres, et n'est pas une masse deDira en 0.2. La setion eÆae v�eri�e (48), et, pour des onstantes k0 > 0, r 2 [2; 3[, et �0 2℄0; �[,�(�) � k0j�jr 1Ifj�j��0g (57)Sous es onditions, nous prouvons que pour tout t > 0, tout v 2 IR, f(t; v) est stritementpositive. Ce r�esultat semble inonnu des analystes dans le as sans uto�, et pourrait peut-êtreservir �a justi�er la validit�e de ertaines manipulations faisant intervenir l'entropie (dans laquelleapparâ�t le terme lnf(t; v)).Pour ela, nous utilisons enore le alul de Malliavin sur l'espae de Poisson assoi�e �a N :nous prouvons et utilisons un rit�ere de strite positivit�e de la densit�e pour des fontionnellesde Poisson, en suivant essentiellement les m�ethodes de Ben Arous, L�eandre, [5℄, Bally, Pardoux,[4℄ (qui s'int�eressent �a l'espae de Wiener), et Bihteler, Jaod, [7℄ (qui �etablissent des rit�eresd'existene et de r�egularit�e des densit�es pour des fontionnelles de Poisson).Il paraissait don naturel de s'int�eresser d'abord �a des E.D.S. lassiques onduites par desmesures de Poisson : au Chapitre 5, nous onsid�erons l'�equationXt = x0 + Z t0 g(Xs�)ds+ Z t0 ZO h(Xs�; z) ~N (ds; dz) (58)o�u N est une mesure de Poisson sur [0; T ℄ � O, d'intensit�e '(z)dzds, o�u O est un ouvert deIR, et o�u ' est une fontion C1 stritement positive sur O. Supposons que g et h soient su�-isamment r�eguli�eres, h born�ee et suÆsamment int�egrable. L'id�ee prinipale du Chapitre 5 estde prouver que si jh0z(x; z)j � (x)Æ(z), o�u  > 0 est ontinue sur IR, o�u Æ est ontinue surO, et o�u Æ n'appartient pas �a L1(O;'(z)dz), alors pour haque t > 0, (sous des onditionstehniques suppl�ementaires) la loi de Xt est minor�ee par une mesure admettant une densit�eontinue stritement positive partout.



20 INTRODUCTIONCe r�esultat semble nouveau : tous les travaux e�etu�es dans ette diretion trâ�tent du tempspetit, voir L�eandre, [24℄, Ishikawa, [21℄, et Piard, [36℄.D�erivons bri�evement notre m�ethode. L'id�ee de base est de onstruire, �a l'aide du Th�eor�emede Girsanov pour les mesures al�eatoires, des proessus "perturb�es" Xt(�) et des hangementsde probabilit�e P � = G(�):P , pour � dans un voisinage de 0 (par exemple [�1; 1℄), v�eri�ant lespropri�et�es suivantes :1. Xt(0) = Xt et G(0) = 1,2. pour tout � 2 [�1; 1℄, la loi de X(�) sous P � est la même que elle de X sous P ,3. pour haque !, haque t, les fontions� 7! Xt(!; �) et � 7! G(!; �) (59)sont r�eguli�eres.On peut alors �erire l'�egalit�e, valable pour toute f 2 C+b (IR),E(f(Xt)) = 12E �Z 1�1 f(Xt(�))G(�)d�� (60)Fixons maintenant y0 dans IR et t > 0. Nous prouvons que sous ertaines onditions (portantsur les d�eriv�ees premi�ere et seonde de l'appliation � 7! Xt(!; �), don sur le hoix de la per-turbation), il existe un ensemble 
0 de probabilit�e stritement positive, sur lequel Xt est prohede y0, et sur lequel on peut utiliser un th�eor�eme d'uniforme inversion loale, a�n d'e�etuer,pour haque ! 2 
0, le hangement de variable y = Xt(�) dans (60). De la sorte, nous obtenonsl'existene d'un proessus Z(y) sur un voisinage de y0, v�eri�ant :E(f(Xt)) � 12 Z f(y)E (Z(y)1I
0) dy (61)En�n, nous prouvons que la quantit�e E (Z(y)1I
0) est ontinue en y et stritement positive eny = y0. En e�etuant e raisonnement pour haque y0 2 IR, nous onluons failement.Comparons maintenant notre m�ethode �a elle de Bally, Pardoux, [4℄, qui s'int�eressent �a la stritepositivit�e de la densit�e pour une E.D.P.S. parabolique onduite par un bruit blan gaussien. Lapreuve du rit�ere s'adapte tr�es failement, la diÆult�e essentielle est son �enon�e : il faut biend�e�nir les perturbations, d�eriv�ees, hangements de probabilit�e, et... D'autant plus que nous nepouvons plus nous ontenter de perturbations d�eterministes.En revanhe, l'appliation du rit�ere est beauoup plus tehnique : le hoix de la perturbation,en partiulier, s'est av�er�e tr�es d�eliat. Nous devons utiliser des temps d'arrêt au lieu de tempsd�eterministes, et... Tout est tr�es \juste", et nous obtenons des hypoth�eses ontraignantes etpeu expliites (dans le as de l'�equation (58)).Grâe �a son expression expliite, l'appliation de ette m�ethode �a l'�equation de Ka s'est av�er�eebeauoup moins tehnique : malgr�e quelques diÆult�es dues �a l'ignorane du proessus W , il



4. EQUATIONS DE BOLTZMANN SPATIALEMENT HOMOG�ENES. 21est plus agr�eable de travailler ave la fontion sin � qu'ave une fontion C3b quelonque.Remarquons en�n que, bien que le rit�ere de strite positivit�e s'adapte de mani�ere triviale �ades fontionnelles n-dimensionelles de Poisson, son appliation �a des proessus n-dimensionelssolutions d'E.D.S. semble tr�es d�eliate.ConlusionLa question naturelle portant sur le Chapitre 4 est l'extension �a la dimension 3.On peut aussi s'int�eresser au as de partiules non maxwelliennes. Dans e as, l'�equation s'�erit,en dimension 1 par exemple,�f�t (t; v) = Zv�2IR3 Z ��=�� �f(t; v0)f(t; v0�)� f(t; v)f(t; v�)	B(jv � v�j)�(�)d�dv�o�u v0 = v os � � v� sin � ; v0� = v os � + v� sin �Dans le as o�u R �0 ��(�)d� <1, on peut assoier �a ette �equation l'E.D.S. non lin�eaire :Vt = V0 + Z t0 Z 10 Z ��� Z B(jVs��Ws�(�)j)0 [Vs�(1� os �) +Ws�(�) sin �℄N(dz; d�; d�; dt) (62)L(V ) = L�(W )o�u la mesure de Poisson N sur [0; T ℄ � [0; 1℄ � [��; �℄ � IR+ a pour intensit�e �(�)dzd�d�dt.Cette �equation pose un probl�eme fondammental : la fontion 1Ifz�B(jxj)g qui y apparâ�t n'estpas Lipshitzienne en x. De plus, en admettant l'existene d'une solution (V;W ), ette fontionindiatrie rendrait diÆile le alul de Malliavin. N�eanmoins, es probl�emes sont peut-êtreontournables. De plus, l'�equation (62) pourrait en fait être rempla�ee par n'importe quelleE.D.S. non lin�eaire du typeVt = V0 + Z t0 Z 10 Z ��� [Vs�(1� os �) +Ws�(�) sin �℄M(d�; d�; dt)L(V ) = L�(W ) (63)o�u M(d�; d�; ds) est une mesure al�eatoire de omptage (non Poissonnienne) sur [0; T ℄� [0; 1℄�[��; �℄ de ompensateur B(jVs��Ws�(�)j)�(�)d�d�ds. Notre mod�elisation n'est peut-être pasla bonne...Nous nous int�eressons aussi �a une �equation de type Boltzmann, onsid�erablement simpli��ee maisnon spatialement homog�ene :�f�t (t; x; v) + v:�f�x (t; x; v) = Z ��=�� ff(t; x; v + �)� f(t; x; v)g �(t; x)�(�)d��(t; x) = Zv2IR f(t; x; v)dv (64)



22 INTRODUCTIONCette fois, nous herhons f sous la forme de la densit�e d'un ouple de proessus (Xt; Vt)satisfaisant les �equations (si R �0 ��(�)d� <1) :Vt = V0 + Z t0 Z �(s;Xs�)0 Z ��� �N(d�; dz; ds)Xt = X0 + Z t0 Vsds (65)L(Xt)(dx) = �(t; x)dxL'existene d'une solution (V;X) pose un ertain nombre de probl�emes. En partiulier, il fautmanifestement, quelle que soit la suite de proessus que nous voulons faire onverger, utiliser lealul de Malliavin �a haque �etape. Nous sommes parvenus �a onstruire des approximations detype "Euler", mais la onvergene s'av�ere extrêmement ompliqu�ee.Int�eressons-nous maintenant aux Chapitres 5 et 6 : il serait int�eressant de r�esoudre le mêmeprobl�eme en dimension n. L'obstale prinipal est le suivant. Nous utilisons un Th�eor�eme"d'uniforme inversion loale". C'est �a dire qu'on applique uniform�ement le th�eor�eme d'inversionloale �a des fontions d'un ensemble du type (mais plus ompliqu�e) :�g : IR 7! IR Æ � ��g0(0)�� � K 	 (66)en dimension 1. Mais en dimension 2 (ou plus), et ensemble doit être rempla�e parng : IR2 7! IR2 Æ��det g0(0)�� �  ; k g0(0) k� ko (67)C'est ette di��erene qui est la ause de notre �ehe : en dimension 1, le d�eterminant et la normesont des quantit�es semblables, alors qu'il en va bien di��eremment en dimension 2. Cei nousbloque ar nous utilisons, en dimension 1, un temps d'arrêt du type� = infft > 0 ; jX 0t(0)j � g (68)On obtient ainsi jX 0� (0)j �  p.s., et, pour une autre onstante K, jX 0� (0)j � K p.s. En dimen-sion 2, on peut d�e�nir le temps d'arrêt soit pour assurer que jdetX 0� (0)j � , soit pour assurerque k X 0� (0) k� K, mais l'un n'implique pas l'autre.Dans le as partiulier de l'�equation de Boltzmann bidimensionnelle du Chapitre 4, nous sommesn�eanmoins parvenus, dans un travail en pr�eparation, �a prouver un r�esultat de strite positivit�e,sous des onditions similaires �a elles du Chapitre 6, ave toutefois une restrition : le supportde la distribution initiale P0 doit être suÆsamment grand.
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Chapitre 1Calul de Malliavin pour uneE.D.P.S. parabolique ave sautsPoissonniens
R�esum�e : Nous �etudions une �equation aux d�eriv�ees partielles stohastique de type paraboli-que, onduite par un bruit blan gaussien et une mesure de Poisson. Apr�es avoir d�e�niles solutions faibles, nous v�eri�ons un r�esultat d'existene et d'uniit�e. Nous onstruisonsensuite un alul des variations stohastiques, a�n de v�eri�er que sous ertaines hypoth�esesde non-d�egeneresene, la loi de la solution est absolument ontinue par rapport �a la mesurede Lebesgue. Pour ela, nous introduisons deux op�erateurs de d�erivation, l'un li�e au BruitBlan, l'autre �a la mesure de Poisson. Le seond est �etudi�e en d�etail.Une version ourte de e travail a �et�e aept�ee pour publiationdans la revue Stohasti Proesses and their Appliations.1 Introdution.Soit (
;F ; (Ft); P ) un espae probabilis�e �ltr�e, et L un r�eel positif. Munissons IR+ � [0; L℄ etIR+ � [0; L℄ � IR de leurs tribus Boreliennes. Nous travaillerons dans presque tout e travaildans le ontexte suivant :Hypoth�ese (I) :1. W est un Bruit Blan espae-temps sur IR+ � [0; L℄ bas�e sur dxdt (f Walsh[47℄) ; 25



26 CHAPITRE 1 : CALCUL DE MALLIAVIN POUR UNE EDPS DISCONTINUE2. N est une mesure de Poisson sur IR+ � [0; L℄ � IR d'intensit�e �(dt; dx; dz) =dtdxq(dz), o�u q est une mesure �-�nie positive sur IR ;3. fFtgt�0 est la �ltration anonique ompl�ete et �ad assoi�ee aux objets ind�ependantsW et N .On notera ~N = N � � la mesure de Poisson ompens�ee de N .On s'int�eresse �a l' E.D.P.S. suivante :8>>>>>>>><>>>>>>>>:
�V�t (x; t) = �2V�x2 (x; t) + g(V (x; t)) + f(V (x; t)) _Wx;t + ZIR h(V (x; t); z) _~Nx;t(dz)�V�x (0; t) = �V�x (L; t) = 0 8t > 0V (x; 0) = V0(x) 8x 2 [0; L℄ (1.1)

o�u f et g sont deux fontions de IR dans IR, h est une fontion de IR� IR dans IR, et V0 est unefontion al�eatoire de [0; L℄ dans IR. Les symboles _Wx;t et _~Nx;t(dz) repr�esentent les d�eriv�ees deRadon-Nikodym heuristiques de W (dx; dt) et ~N(dt; dx; dz) par rapport �a la mesure de Lebesguedxdt.Les E.D.P.S. paraboliques onduites par un bruit blan (i.e. (1.1) ave h � 0) ont �et�e introduitespar Walsh dans [46℄ et [47℄. Depuis, bien des travaux ont �et�e r�ealis�es dans e domaine. Parontre, les propri�et�es des E.D.P.S. ave sauts sont tr�es peu onnues. Pourtant, dans [46℄, Walshexplique omment mod�eliser un ph�enom�ene neurophysiologique, e qui l'a onduit a �etudier lesE.D.P.S. Il en ressort que l'�equation qu'il propose, donn�ee par�V�t = �2V�x2 � V +W (1.2)est obtenue en approximant une �equation similaire onduite par un proessus pontuel de Pois-son. Cette approximation est r�ealiste, ar les sauts sont petits et nombreux, mais en auun as,le ph�enom�ene mod�elis�e n'est ontinu. C'est pourquoi il parâ�t naturel d'�etudier l'�equation (1.1).Dans la deuxi�eme setion, on s'int�eressera �a la d�e�nition de solutions faibles de (1.1). On prou-vera dans la troisi�eme setion un th�eor�eme d'existene et d'uniit�e. Ces deux parties ne fontque g�en�eraliser l'�etude d'une E.D.P.S. d�ej�a trait�ee par Walsh dans [47℄ : la diÆult�e vient de equ'on a ajout�e le terme Poissonnien. Il est alors plus diÆile de d�e�nir les solutions faibles de(1.1), ar il faut faire attention de n'int�egrer que des proessus pr�evisibles.La quatri�eme setion traite le probl�eme de l'existene d'une densit�e pour la loi de la solutionde (1.1), quand l'intensit�e de N est "r�eguli�ere". Cette partie est inspir�ee des artiles de Bally,Pardoux, [4℄, de Bihteler, Gravereaux, Jaod, [6℄, et du livre de Nualart [30℄. Bally et Par-doux prouvent l'existene d'une densit�e de lasse C1 pour la solution de (1.1) dans le as o�uh = 0. Bihteler, Gravereaux, et Jaod s'int�eressent au alul de Malliavin pour les proessusde di�usion ave sauts Poissonniens. En�n, le livre de Nualart, bien qu'il ne traite du alulde Malliavin que dans un adre purement Gaussien, a permis ii de prouver une multitude de



2. D�EFINITION DES SOLUTIONS FAIBLES. 27r�esultats tehniques.En�n, la derni�ere setion est onstitu�ee de quelques extensions de notre prinipal r�esultat.Saint Loubert Bi�e s'int�eresse dans sa th�ese [40℄ �a deux �equations ressemblant �a (1.1) : es�equations sont onduites par un bruit Poissonnien ompens�e ou non, et ne omportent pasd'int�egrales stohastiques par rapport au Bruit Blan. Dans le as non ompens�e, il prouveplusieurs r�esultats remarquables �a propos de la r�egularit�e de sa solution. Il parvient de plus �av�eri�er que la solution de son �equation ompens�ee est spatialement r�eguli�ere (r�esultat qui s'�etend�a (1.1)).Saint Loubert Bi�e onstruit aussi un alul variationnel stohastique assoi�e �a son �equationompens�ee, a�n d'�etudier l'existene d'une densit�e pour la loi de sa solution. Sa m�ethodeonduit �a des r�esultats relativement restreints, et ne peuvent pas s'�etendre �a (1.1), de par lapr�esene du Bruit Blan. Notre approhe pour le alul de Malliavin est assez di��erente, enpartiulier pare que nous n'utilisons pas de formule d'int�egration par parties. Nous obtenonsun th�eor�eme plus g�en�eral et plus pr�eis (nous omparerons es r�esultats plus pr�eis�ement aud�ebut de la Setion 4).2 D�e�nition des solutions faibles.On ne d�e�nira �evidemment que des solutions au sens faible de (1.1), ar une �eventuelle solutionn'a auune hane d'être di��erentiable. Commen�ons par rappeler la d�e�nition suivante :D�e�nition 2.1 Soit Y = fY (y; s)g un proessus sur [0; L℄ � IR+. On dira que Y est� mesurable s'il est F 
 B([0; L℄� IR+)-mesurable.� pr�evisible s'il est Pred
 B([0; L℄)-mesurable, o�uPred = � �X / X proessus �ag adapt�e sur IR+	est une tribu sur 
� IR+.� une version faible de X = fX(y; s)g[0;L℄�[0;T ℄ si dP (!)dyds-presque partout, Y (y; s)(!) =X(y; s)(!).Ces d�e�nitions s'adaptent de mani�ere �evidente aux proessus sur [0; L℄ � [0; T ℄, o�u T > 0.Pr�eisons ensuite les d�e�nitions des int�egrales stohastiques qu'on utilisera.D�e�nition 2.2 Soit Y un proessus admettant une version faible pr�evisible Y�. Soit � unefontion mesurable telle queZ T0 Z L0 ZIRE ��2(Y (y; s); s; y; z)� q(dz)dyds <1 (2.1)Alors on poseZ T0 Z L0 ZIR �(Y (y; s); s; y; z) ~N (ds; dy; dz) = Z T0 Z L0 ZIR �(Y�(y; s); s; y; z) ~N (ds; dy; dz) (2.2)La variable al�eatoire obtenue ne d�epend pas du hoix de la version pr�evisible, �a un ensembleP (d!)-n�egligeable pr�es. On d�e�nit l'int�egrale stohastique par rapport au bruit blan de la mêmemani�ere.



28 CHAPITRE 1 : CALCUL DE MALLIAVIN POUR UNE EDPS DISCONTINUEEn utilisant la th�eorie lassique de l'int�egration stohastique, (voir Jaod, Shiryaev, [23℄ p 71-74,et Walsh, [47℄ p 292-298), on en d�eduit, puisque Y� = Y dPdyds-presque partout, que :E 24 Z T0 Z L0 ZIR �(Y (y; s); s; y; z) ~N (ds; dy; dz)!235 = Z T0 Z L0 ZIRE ��2(Y (y; s); s; y; z)� q(dz)dyds(2.3)E 24 Z T0 Z L0 �(Y (y; s); s; y)W (dy; ds)!235 = Z T0 Z L0 E ��2(Y (y; s); s; y)� dyds (2.4)E 24 Z T0 Z L0 �(Y (y; s); s; y)dyds!235 � TL Z T0 Z L0 E ��2(Y (y; s); s; y)� dyds (2.5)D�e�nissons maintenant les solutions faibles de (1.1). On suit ii le raisonnement de Walsh dans[47℄ (qui s'int�eresse �a la même �equation ave h = 0). Les hypoth�eses suivantes, suÆsantes pourprouver l'existene et l'uniit�e d'une solution faible de (1.1), assurent en partiulier la validit�edes int�egrales i-dessous.Hypoth�ese (H) : f et g sont globalement lipshitziennes sur IR. h est mesurable surIR � IR, et il existe une fontion � 2 L2(IR; q) positive sur IR telle que :8x; y; z 2 IR jh(x; z) � h(y; z)j � �(z)jx � yj et jh(0; z)j � �(z)Hypoth�ese (H2) : V0 est F0
B([0; L℄)-mesurable, et est born�ee dans L2, 'est �a direque supx2[0;L℄E(V20 (x)) <1.D�e�nition 2.3 Soit fV (x; t)gx2[0;L℄; t�0 un proessus admettant une version faible pr�evisible,et born�e dans L2 sur [0; L℄ � [0; T ℄ pour tout T > 0, 'est �a dire tel que8T > 0; sup[0;L℄�[0;T ℄E �V 2(y; s)� <1Alors V est solution faible de (1.1) si pour tout � 2 C1([0; L℄) v�eri�ant �0(0) = �0(L) = 0, pourtout t > 0, p.s., (on utilise les notations de la D�e�nition 2.2)Z L0 V (x; t)�(x)dx = Z L0 V0(x)�(x)dx + Z t0 Z L0 V (x; s)�00(x)dxds+ Z t0 Z L0 f(V (x; s))�(x)W (dx; ds) + Z t0 Z L0 g(V (x; s))�(x)dxds+ Z t0 Z L0 ZIR h(V (x; s); z)�(x) ~N (ds; dx; dz) (2.6)La justi�ation de ette d�e�nition est la suivante : si on multiplie l'�equation (1.1) �a droite et �agauhe par une fontion test � de la forme de elles qui apparaissent dans la d�e�nition, si onint�egre l'expression obtenue sur [0; t℄� [0; L℄, et si on utilise la formule usuelle d'int�egration parparties, on tombe sur l'�egalit�e (2.6).



2. D�EFINITION DES SOLUTIONS FAIBLES. 29D'autre part, on herhe une solution admettant une version faible pr�evisible (et non �adl�ag),pour des raisons qui �gurent dans la remarque �nale de ette setion.Cherhons maintenant une �equation d'�evolution assoi�ee �a (1.1). Soit Gt(x; y) la fontion deGreen assoi�ee au syst�eme d�eterministe :�u�t = �2u�x2 ; �u�x (0; t) = �u�x (L; t) = 0 (2.7)Cei signi�e que Gt(x; y) est la solution du syst�eme ave pour ondition initiale une masse deDira au point y. On peut aluler G expliitement :Gt(x; y) = 1p4�t Xn2Z "exp �(y � x� 2nL)24t !+ exp �(y + x� 2nL)24t !# (2.8)Les propri�et�es de G qu'on utilisera sont toutes dans l'Appendie.Le lemme qui suit est fondamental pour la suite de e travail (les fontions f , g, et h qui y�gurent satisfont l'hypoth�ese (H)) :Lemme 2.4 Soit fV (y; s)g un proessus admettant une version faible pr�evisible, born�e dans L2sur [0; L℄� [0; T ℄. Alors les proessus suivants admettent des versions faibles pr�evisibles :U1(x; t) = Z t0 Z L0 Gt�s(x; y)f(V (y; s))W (dy; ds)U2(x; t) = Z t0 Z L0 Gt�s(x; y)g(V (y; s))dydsU3(x; t) = Z t0 Z L0 ZIRGt�s(x; y)h(V (y; s); z) ~N (ds; dy; dz)De plus, es proessus sont born�es dans L2 sur [0; L℄� [0; T ℄.Preuve du Lemme 2.4 : int�eressons-nous par exemple �a U3. On peut approher (f Walsh [47℄,p 323) Gt(x; y) de la mani�ere suivante :supx2[0;L℄ Z T0 Z L0  Gt(x; y)� NXk=0�k(x)�k(y)e��kt!2 dydt �!N!1 0o�u, �0 = 1pL , �k(x) = q 2L os �k�xL �, et �k = � �L�2 k2. Consid�erons don la suite de proessuspr�evisibles d�e�nie par : UN3 (x; t) = NXk=0�k(x)e��ktMkt�o�u Mk est la martingale �adl�ag de arr�e int�egrable suivante :Mkt = Z t0 Z L0 ZIR �k(y)e�ksh(V (y; s); z) ~N (ds; dy; dz)



30 CHAPITRE 1 : CALCUL DE MALLIAVIN POUR UNE EDPS DISCONTINUEIl est alors faile de voir, �a l'aide de (2.3) et de (H), quesupx;t E ��U3(x; t) � UN3 (x; t)�2�� K supx;t Z t0 Z L0  Gt�s(x; y)� NXk=0�k(x)�k(y)e��k(t�s)!2 dyds� K supx2[0;L℄ Z T0 Z L0  Gt(x; y)� NXk=0�k(x)�k(y)e��kt!2 dydt �!N!1 0D'autre part, UN3 est pr�evisible, pour haque N . La onlusion est alors imm�ediate. Pour v�eri�erque U3 est born�e dans L2 sur [0; L℄ � [0; T ℄, il suÆt d'appliquer la formule (2.3), d'utiliser (H),puis l'Appendie (6.3).Erivons en�n l'�equation d'�evolution assoi�ee �a (1.1) :Proposition 2.5 Un proessus V , admettant une version faible pr�evisible, born�e dans L2 sur[0; L℄ � [0; T ℄ pour tout T > 0, est solution faible de (1.1) si et seulement si pour tout x dans[0; L℄, pour tout t � 0, p.s.,V (x; t) = Z L0 V0(y)Gt(x; y)dy + Z t0 Z L0 f(V (y; s))Gt�s(x; y)W (dy; ds)+ Z t0 Z L0 g(V (y; s))Gt�s(x; y)dyds+ Z t0 Z L0 ZIR h(V (y; s); z)Gt�s(x; y) ~N (ds; dy; dz) (2.9)La preuve de ette proposition est la même que dans le as o�u h = 0 (f Walsh, [47℄), le Th�eor�emede Fubini utilis�e s'appliquant en e�et aussi bien �a la mesure martingale assoi�ee �a ~N qu'�a elleassoi�ee �a W .Il n'est pas habituel de travailler ainsi ave des proessus admettant des versions faibles pr�evisibles.Dans un adre "ontinu" (h = 0), es probl�emes n'apparaissent pas. Pour �etudier les di�usionsave sauts, (voir par exemple [6℄), l'habitude est de herher des solutions �a trajetoires �adl�agp.s., et d'int�egrer leurs limites �a gauhe (qui sont pr�evisibles). Ii, il est manifestement im-possible de onstruire une solution de (2.9) dont les trajetoires sont �adl�ag (ou plutôt �agl�ad)en temps sur [0; T ℄ pour haque x dans [0; L℄. En e�et, ei est d�ej�a impossible dans le asde l'�equation onsid�erablement simpli��ee, sans terme de d�erive, sans terme gaussien, ave unemesure de Poisson non ompens�ee dont l'intensit�e dtdxq(dz) v�eri�e q(IR) <1, ave une fontionh de la forme h(x; z) = h(z), et ave ondition initiale V0 � 1. En �erivant N = P�i=1 Æ(Ti;Xi;Zi),ette �equation devient : V (x; t) = 1 + �Xi=1 h(Zi)Gt�Ti(x;Xi)1ft>Tig



3. EXISTENCE ET UNICIT�E. 31Sous ette forme, on voit que pour haque !, l'appliation t 7! V (!;X1(!); t) n'est pas limit�e �adroite, puisque Gt�T1(X1;X1) n'admet pas de limite �nie lorsque t d�eroit vers T1.Dans [40℄, Saint Loubert Bi�e hoisit une autre approhe pour ontourner e probl�eme : il v�eri�eque si Y (x; t) est un proessus progressif, alors le proessus pr�evisibleY�(x; t) = lim infn n22 Z tt� 1n Z x+ 1nx� 1n Y (y; s)dydsest �egal �a Y (x; t) dxdtdP -presque partout, et il hoisit de d�e�nir des solutions progressivementmesurables.3 Existene et uniit�e.On s'int�eresse maintenant �a l'existene et �a l'uniit�e des solutions faibles de (1.1). On ne traitepas e probl�eme dans un espae Lp ave p > 2, ar l'in�egalit�e de Burkholder appliqu�ee au termePoissonnien est diÆile �a manier, et pare qu'il est lair que la solution faible de (1.1) n'a auunehane d'appartenir �a un espae Lp, ave p > 3, puisque R t0 R 10 G3t�s(x; y)dyds = 1.Th�eor�eme 3.1 Sous les hypoth�eses (I), (H2) et (H), il existe une unique solution faible de(1.1) au sens de la D�e�nition 2.3. Pour être plus pr�eis, si V et V 0 sont deux telles solutionsde (1.1), alors pour tout x; t, p.s., V (x; t) = V 0(x; t).Preuve : nous suivons la preuve du Th�eor�eme 3.2 p 313 de Walsh [47℄. L'uniit�e se v�eri�efailement. Pour l'existene, la m�ethode de Walsh est l�egerement plus diÆile �a adapter, arnous herhons une solution admettant une version faible pr�evisible.1) Soit V et V 0 deux solutions faibles de (1.1), et T > 0. SoitF (x; t) = E �(V (x; t)� V 0(x; t))2� ; et �(t) = supx2[0;L℄F (x; t)On va montrer que � est nulle sur [0; T ℄ �a l'aide du lemme de Gronwall. Majorons F (x; t), enutilisant les formules (2.3), (2.4), (2.5), puis (H) ( K est une onstante dont la valeur hanged'une ligne �a l'autre) :F (x; t) � K Z t0 Z L0 F (y; s)G2t�s(x; y)�1 + ZIR �2(z)q(dz)� dyds� K Z t0 �(s) dspt� so�u la derni�ere in�egalit�e provient de l'Appendie (6.2). On obtient don�(t) � K Z t0 �(s) dspt� s



32 CHAPITRE 1 : CALCUL DE MALLIAVIN POUR UNE EDPS DISCONTINUEEn it�erant une fois ette formule, en utilisant le Th�eor�eme de Fubini, puis l'in�egalit�e, valablepour tout 0 � u < t, Z tu dsp(t� s)(s� u) � 4, on obtient :�(t) � K Z t0 �(s)dsDe plus, � est born�ee sur [0; T ℄ par hypoth�ese. Le lemme de Gronwall permet don d'aÆrmerque � � 0 sur [0; T ℄, et omme T est arbitraire, on en d�eduit � � 0, puis V (x; t) = V 0(x; t) p.s.pour tout x; t.2) On va onstruire une solution par la m�ethode de Piard. PosonsV 0(x; t) = Z L0 V0(y)Gt(x; y)dy (3.1)V 0 est un proessus pr�evisible (il est F0-mesurable). De plus, par l'in�egalit�e de Cauhy-Shwarz,par (H2), puis l'Appendie (6.2), V 0 est born�ee dans L2 sur [0; L℄ � [0; T ℄ :E ��V 0(x; t)�2� = E 24 Z L0 V0(y)Gt(x; y)dy!235� E "Z L0 V20 (y)Gt(x; y)dy � Z L0 Gt(x; y)dy#� K  Z L0 Gt(x; y)dy!2 � KCei permet de d�e�nir par r�eurrene, �a l'aide du Lemme 2.4, les approximations de Piard,admettant des versions faibles pr�evisibles, et born�ees dans L2 sur [0; L℄ � [0; T ℄, suivantes :V n+1(x; t) = V 0(x; t) + Z t0 Z L0 f(V n(y; s))Gt�s(x; y)W (dy; ds)+ Z t0 Z L0 g(V n(y; s))Gt�s(x; y)dyds+ Z t0 Z L0 ZIR h(V n(y; s); z)Gt�s(x; y) ~N (ds; dy; dz) (3.2)Nous allons montrer que V n onverge dans L2. PosonsF n(x; t) = E ��V n+1(x; t)� V n(x; t)�2� et �n(t) = supx2[0;L℄F n(x; t)On v�eri�e exatement omme dans 1) que�n+1(t) � K Z t0 �n(s) dspt� s (3.3)



3. EXISTENCE ET UNICIT�E. 33puis �n+2(t) � C Z t0 �n(s)dsProuvons ensuite que �0 est born�ee sur [0; T ℄. On montre toujours de la même mani�ere queF 0(x; t) � K Z t0 Z L0 G2t�s(x; y)E �f2(V 0(y; s)) + g2(V 0(y; s))� dyds+K Z t0 Z L0 ZIRG2t�s(x; y)E �h2(V 0(y; s); z)� dyq(dz)dsMais V 0 est born�ee dans L2 sur [0; L℄ � [0; T ℄. Il est alors faile de v�eri�er que F 0, don �0,puis �1 sont born�ees, �a l'aide de (H), de l'Appendie (6.3), puis (3.3). En utilisant le Lemme dePiard, on en d�eduit que les s�eries Pn ��2n(t)� 12 et Pn ��2n+1(t)� 12 onvergent uniform�ement sur[0; T ℄. Il en est don de même pour Pn (�n(t)) 12 , et la suite V n onverge dans L2, uniform�ementsur [0; L℄ � [0; T ℄, vers une limite V born�ee dans L2 sur [0; L℄ � [0; T ℄, qui admet une versionfaible pr�evisible. En�n, un simple passage �a la limite dans L2 de (3.2) montre que V satisfait(2.9).Terminons ette setion ave quelques remarques sur la r�egularit�e du proessus solution :Remarque 3.2 Supposons (I), (H2), (H), et qu'il existe 1 < p < 2 tel que � 2 Lp(q) (� estla fontion qui apparâ�t dans (H)). Alors, si V est la solution faible de (1.1), et si t > 0,l'appliation x �! V (x; t) admet une version ontinue.Cei d�eoule du Lemme 6.6 de l'Appendie, du �a Saint Loubert Bi�e [40℄. Il suÆt en e�et deremarquer que le premier terme du membre de droite de (2.9) est ontinu (ar t > 0) en espae,puis d'utiliser le lemme de Kolmogorov, et le Lemme 6.6 pour v�eri�er que les autres termes sontontinus. On trouvera plus de pr�eisions dans [40℄.Signalons aussi d'autres r�esultats prouv�es dans [40℄, dans le as o�u la mesure de Poisson n'estplus ompens�ee : supposons (I), (H2), (H), � 2 L1(q), f = 0, et que g est born�ee. Alors pourhaque t > 0, la fontion V (:; t) est p.s. ontinue sur [0; L℄ ; et pour haque x 2 [0; L℄, la fontionV (x; :) est p.s. ontinue sur [0; T ℄. Ces r�esultats s'�etendent failement au as o�u f n'est plusnulle, mais seulement born�ee.Une question subsiste : dans quel espae \vivent" les trajetoires (onjointement en x; t) de lasolution de (1.1). Le r�esultat suivant est tr�es faible, mais les trajetoires ne semblent pas ap-partenir �a un "meilleur" espae. Nous ne sommes pas parvenus �a nous d�ebarrasser de l'hypoth�ese� 2 L1(q). On note Mb l'ensemble des mesures born�ees (sign�ees) sur [0; L℄.Remarque 3.3 Supposons (I), (H2), (H), que � 2 L1(q), et que f est born�ee. Soit V l'uniquesolution faible de (1.1). Alors l'appliation t 7! V (x; t)dx est presque sûrement �agl�ad de [0; T ℄dans Mb muni de la topologie de la onvergene �etroite. De plus,E  sup[0;T ℄ k V (:; t) kL1([0;L℄)! <1



34 CHAPITRE 1 : CALCUL DE MALLIAVIN POUR UNE EDPS DISCONTINUEPar ontre, l'appliation t 7! V (:; t) n'est en g�en�eral pas presque sûrement limit�ee �a droite de[0; T ℄ dans L1([0; L℄) muni de sa topologie forte.Preuve : sous l'hypoth�ese � 2 L1(q), on peut �erire, en posant G(x) = g(x) � ZIR h(x; z)q(dz),V (x; t) = V 0(x; t) + V 1(x; t) + V 2(x; t) + V 3(x; t)o�u V 0(x; t) = Z L0 Gt(x; y)V0(y)dy ; V 1(x; t) = Z t0 Z L0 Gt�s(x; y)f(V (y; s))W (dy; ds)V 2(x; t) = Z t0 Z L0 Gt�s(x; y)G(V (y; s))dydsV 3(x; t) = Z t0 Z L0 ZIRGt�s(x; y)h(V (y; s); z)N(ds; dy; dz)Comme p.s., V0 2 L2([0; L℄) et G(V (y; s)) 2 L2([0; L℄� [0; T ℄), il est onnu que V 0(:; t) et V 2(:; t)sont presque sûrement ontinus de [0; T ℄ dans L1([0; L℄) muni de sa topologie forte, et queE  sup[0;T ℄ k V 0(:; t) kL1([0;L℄)!+E  sup[0;T ℄ k V 2(:; t) kL1([0;L℄)! <1Puisque f est born�ee, il est d'autre part onnu que V 1 est presque sûrement ontinu sur [0; T ℄�[0; L℄ et que E  sup[0;T ℄�[0;L℄ jV 1(x; t)j2! <1e qui nous suÆt amplement. En�n, on s'int�eresse �a V 3. Pour ela, onsid�erons une suiteroissante Ep de sous ensembles de IR v�eri�ant8 p; q(Ep) <1 et [p Ep = IROn pose V 3p (x; t) = Z[0;t[ Z L0 ZEp Gt�s(x; y)h(V (y; s); z)N(ds; dy; dz)Comme q(Ep) < 1, la mesure de Poisson Np = N j[0;T ℄�[0;L℄�Ep peut s'�erire sous la formeNp(dt; dx; dz) = P�i=1 Æ(T pi ;Xpi ;Zpi )(dt; dx; dz). On obtient ainsiV 3p (x; t) = �Xi=1Gt�T pi (x;Xpi )1ft>T pi gh(V (Xpi ; T pi ); Zpi )Il est maintenant lair que pour haque !, la r�egularit�e de la trajetoire V 3p (!; x; t) est la mêmeque elle de la fontion Gt�t0(x; x0)1ft>t0g, o�u t0 > 0 et x0 2 [0; L℄ sont �x�es. Cette fontionest �agl�ad de [0; T ℄ dans Mb muni de la topologie de la onvergene �etroite. Mais elle n'estpas limit�ee �a droite de [0; T ℄ dans L1([0; L℄) muni de sa topologie forte, puisque Gt�t0(x; x0)dx



4. CALCUL DE MALLIAVIN. 35onverge �etroitement vers la masse de Dira en x0 quand t d�eroit vers t0.Il ne reste plus qu'�a v�eri�er la onvergene vers 0 quand p tend vers l'in�ni deE  sup[0;T ℄ k V 3(:; t)� V 3p (:; t) kL1([0;L℄)!Cette onvergene s'obtient failement, �a l'aide de (H), et de l'hypoth�ese � 2 L1(q).4 Calul de Malliavin.On herhe maintenant �a prouver l'existene d'une densit�e pour la loi de V (x; t), o�u V est solu-tion de (1.1) et (x; t) est �x�e dans [0; L℄�℄0;1[. On se plaera sur [0; L℄� [0; T ℄, ave T > 0, equi suÆt puisque t est �x�e.A�n d'�etudier e probl�eme, on �emet des hypoth�eses suppl�ementaires. Tout d'abord, on supposeque l'intensit�e de N est "r�eguli�ere" :Hypoth�ese (M) :1. W est un Bruit Blan espae-temps sur [0; T ℄� [0; L℄ bas�e sur dxdt ;2. N est une mesure de Poisson sur [0; T ℄ � [0; L℄� IR d'intensit�e�(ds; dy; dz) = '(z)1O(z)dsdydzo�u O est un ouvert de IR, et o�u ' est une fontion stritement positive de lasseC1 sur O.3. fFtgt2[0;T ℄ est la �ltration anonique ompl�ete et �ad assoi�ee aux objets ind�ependantsW et N .On impose, a�n de simpli�er, des onditions sur V0 plus fortes que (H)2 :Hypoth�ese (D) : la fontion initiale V0 est d�eterministe, mesurable, et born�ee.D'autre part, nous rempla�ons l'hypoth�ese (H) par la suivante, plus forte :Hypoth�ese (H 0) : f et g sont de lasse C1 sur IR, �a d�eriv�ees born�ees. La fontionh(x; z) sur IR � O admet les d�eriv�ees partielles h0z, h00zx = h00xz, et h0x ; toutes sontontinues sur IR � O ; il existe une onstante K et une fontion � 2 L2(O;'(z)dz)telles que : 8x 2 IR; 8z 2 O; jh0z(0; z)j + jh00xz(x; z)j � K8x 2 IR; 8z 2 O; jh(0; z)j + jh0x(x; z)j � �(z)On travaillera d'autre part ave une fontion � stritement positive et de lasse C1 sur O, born�eeainsi que sa d�eriv�ee, et satisfaisant � 2 L1(O;'(z)dz) (4.1)Ce "poids", qu'on peut hoisir selon les param�etres de (1.1), permet en partiulier aux fontionsborn�ees d'être int�egrables pour �(z)�(ds; dy; dz). La ondition suivante est tehnique.



36 CHAPITRE 1 : CALCUL DE MALLIAVIN POUR UNE EDPS DISCONTINUEHypoth�ese (S) : il existe une famille de fontions K� positives et C1 sur O, �a supportompat (dans O), born�ees par 1, et satisfaisant8 z 2 O;K�(z) �!�!0 1 ; ZO �K 0�(z)�2 �2(z)�(z)'(z)dz �!�!0 0 (4.2)On suppose en�n une des hypoth�eses de non-d�eg�eneresene suivantes :Hypoth�ese (EW ) : pour tout x dans IR, f(x) 6= 0.Hypoth�ese (EP1) : la fontion f est identiquement nulle ; la fontion h0x est positiveou nulle ; il existe une fontion �̂(z) 2 L1(O;'(z)dz) telle que h0x(x; z) � �̂(z) pourtout x dans IR et tout z dans O ; et pour tout x dans IR,ZO 1fh0z(x;z)6=0g'(z)dz = 1Hypoth�ese (EP2) : soit H = nz 2 O .8x 2 IR; (h0z(x; z))2 > 0o. Il existe des on-stantes C0 > 0, r0 2℄34 ; 1[, et 0 � 0 telles que pour tout  � 0,ZH �1� e��(z)�'(z)dz � C0 � r0 (4.3)L'hypoth�ese (EP2) signi�e simplement que l'ensemble H est grand. Dans le as o�u h est dela forme h(x; z) = (x)�(z), (EP2) est v�eri��ee si  ne s'annule jamais et si le support de � estgrand. Le but de ette setion est de v�eri�er le th�eor�eme suivant :Th�eor�eme 4.1 Supposons que (M), (D), (H 0), et (S) soient satisfaites. Soit V l'unique solu-tion faible de (1.1) au sens de la D�e�nition 2.3, et soit (x; t) 2 [0; L℄�℄0; T ℄. Alors sous l'unedes hypoth�eses (EW ), (EP1) ou (EP2), la loi de V (x; t) admet une densit�e par rapport �a lamesure de Lebesgue sur IR.Nous supposerons don dans toute la suite que les hypoth�eses (M), (D), (H 0), et (S)sont satisfaites.Nous allons utiliser deux op�erateurs de d�erivation. Le premier sera l'op�erateur lassique li�e auBruit Blan, voir par exemple Nualart [30℄. Le seond op�erateur, li�e �a la mesure de Poisson, estinspir�e par le Chapitre IV de Bihteler et al., [6℄. Ceux-i s'int�eressent au alul de Malliavinpour les proessus de di�usion ave sauts Poissonniens. Mais ils supposent que N admet uneintensit�e du type 1O(z)dsdydz. De plus, ils ne d�e�nissent pas d'op�erateur de d�erivation. Ilstravaillent �a l'aide d'un "produit salaire de d�erivation", e qui ne onduit ii qu'�a des r�esultatstr�es restreints : on ne pourrait v�eri�er le Th�eor�eme 4.1, en utilisant ette m�ethode, que sousune hypoth�ese du type (EP1).Nous utiliserons un rit�ere d'absolue ontinuit�e du type "Bouleau, Hirsh" (voir [9℄), qui per-met de ne pas utiliser de formule d'int�egration par parties (sauf bien entendu sur le domainedes variables simples, pour v�eri�er que nos op�erateurs sont fermables). Ce rit�ere failite lespreuves, et permet de r�eduire les hypoth�eses de r�egularit�e sur les param�etres de l'E.D.P.S. (1.1).



4. CALCUL DE MALLIAVIN. 37Le Th�eor�eme 4.1 �etablit deux r�esultats distints : la loi de V (x; t) admet une densit�e soit grâeau Bruit Blan, soit grâe �a la mesure de Poisson. Il parâ�t en e�et diÆile de formuler uneondition de non-d�eg�eneresene faisant intervenir �a la fois f et h. Dans le as des E.D.S., eiest possible ar la formule d'Itô, via les exponentielles de Dol�eans-Dade, permet de alulerexpliitement la "d�eriv�ee" du proessus solution.L' hypoth�ese d'elliptiit�e (EW ) parâ�t raisonnable. Dans [33℄, Pardoux et Zhang ont prouv�e,dans le as o�u h = 0 et o�u la ondition initiale est ontinue, l'existene d'une densit�e sous unehypoth�ese tr�es faible : il suÆt qu'il existe y 2 [0; L℄ tel que f(V0(y)) 6= 0. Mais ils utilisentfortement la ontinuit�e de leur solution.L'hypoth�ese (EP1) ontient deux onditions : la premi�ere (f = 0, 0 � h0x � �̂ 2 L1(O;'(z)dz))est assez restritive, mais la seonde (pour tout x 2 IR, RO 1fh0z(x;z)6=0g'(z)dz = 1) semble min-imale, ar elle apparâ�t d�ej�a dans le adre des di�usions ave sauts (voir Bihteler, Jaod, [7℄).En�n, l'hypoth�ese (EP2) est plus raisonnable au sens o�u elle permet la pr�esene d'un bruit blan,d'une mesure de Poisson "vraiment ompens�ee", et n'impose pas de monotonie. Bihteler et al.utilisent dans [6℄ des hypoth�eses qui ressemblent un peu �a (EP2), pour prouver la r�egularit�e de ladensit�e de leurs proessus de di�usion (voir Assumption (SB) et De�nition 2-20 p 13-14 dans [6℄).A�n de lari�er les hypoth�eses (EP2) et (S), pr�eisons quelques exemples d'appliation.Remarque 4.2 Si O = IR, alors (S) est satisfaite pour toutes ', �, et tout hoix de �.Preuve : il suÆt de hoisir une famille de fontions positives et C1 de la formeK�(z) = ( 1 si jzj < 1=�0 si jzj > 1=� + 2telles que jK 0�(z)j � 1fjzj2[1=�;1=�+2g. En utilisant le Th�eor�eme de Lebesgue et le fait que��2 2 L1(IR; '(z)dz), (4.2) est imm�ediat.Exemple 1 : supposons que O = IR, et que ' est une fontion C1 sur IR satisfaisant K > ' > a,pour ertains K > a > 0. Consid�erons une fontion h(x; z) = (x)�(z), o�u  est une fontionstritement positive et C1 sur IR dont la d�eriv�ee est born�ee. � doit être C1 sur IR, appartenir�a L2(IR; '(z)dz), et �0 doit être born�ee. Si pour un ertain b 2 IR, [b;1[� f�0 6= 0g, alors (M),(H 0), (S), et (EP2) sont satisfaites :grâe �a la Remarque 4.2, il suÆt de v�eri�er (EP2). En hoisissant �(z) � z�76 1fz�b_1g, on voitque (4.3) est satisfaite, ar [b;1[� H, en utilisant8 x 2 [0; 1℄; 1� e�x � x=2 (4.4)Exemple 2 : supposons que O =℄0; 1[, et que '(z) = 1=zr, pour un ertain r > 7=4. Consid�eronsune fontion h(x; z) = (x)�(z), o�u  est stritement positive et C1 sur IR, ave 0 born�ee, et o�u�(z) = z�, pour un ertain � > 1 _ r�12 _ 7�r6 . Alors (M), (H 0), (S), et (EP2) sont satisfaites :(M) est satisfaite, ainsi que (H 0), ar � > 1 _ r�12 . Il est lairement possible de hoisir �(z) dela forme �(z) = ( z� si z � 1=4(1� z)Æ si z � 3=4 (4.5)



38 CHAPITRE 1 : CALCUL DE MALLIAVIN POUR UNE EDPS DISCONTINUEave � > 1 _ (r � 1) et Æ � 1. En utilisant (4.4), le fait que H =℄0; 1[ et �(z) � z�1℄0;1=4[(z), onvoit que (EP2) est satisfaite si � < 43(r � 1).Choisissons alors une famille K� de fontions C1 positives sur ℄0; 1[, born�ees par 1, et satisfaisantK�(z) = 8><>: 0 si z < �=21 si � < z < 1� �0 si 1� �=2 < z < 1 ; jK 0�(z)j � 4� 1℄�=2;�[[℄1��;1��=2[(z)Un alul expliite montre que (S) est satisfaite si � > r + 1� 2� et si Æ > 1.Puisque � > 7�r6 et r > 7=4, il est possible de hoisir � dans ℄(r � 1); 43(r � 1)[\℄1;1[\℄r + 1�2�;1[, et la onlusion s'ensuit.Remarquons �nalement que (S) est satisfaite pour tout O, �, �, si � est de lasse C2b , et si�(z) + j�0(z)j �!z!�O 0. Bihteler, Gravereaux et Jaod �emettent e type de ondition sur �dans [6℄.Remarquons d'autre part que sous l'une des hypoth�eses (EP1) ou (EP2), on a for�ementRO '(z)dz = 1 : pour que V (x; t) admette une densit�e grâe �a la mesure de Poisson, il faut queelle-i harge p.s. un nombre in�ni de points.Dans sa th�ese [40℄, Saint Loubert Bi�e s'int�eresse �a une �equation du type (1.1) ave f = 0. Ilparvient �a prouver l'existene d'une densit�e sous des hypoth�eses moins restritives que (M) et(D), et sous les hypoth�eses (h1), et (h2) ou (h3), i-dessous (les notations sont adapt�ees, ainsique le adre).(h1) : f = 0, g admet une d�eriv�ee born�ee et lipshitzienne. h est de lasse C1 en x, et il existe1 � p0 < p1 � 3, et une fontion � 2 \℄p0;p1[Lp(O;'(z)dz) tels quejh(x; z)j � C(1 + jxj)�(z) jh0x(x; z)j � C�(z)jh0x(x; z) � h0x(y; z)j � Cjx� yj�(z)h est de lasse C1 en z, etjh0z(x; z)j � C(1 + jxj) jh0z(x; z) � h0z(y; z)j � Cjy � xj(h2) : h0x = 0 et ZIR 1Ifh0z(z)6=0g'(z)dz = 1(h3) : � 2 L1(O;'(z)dz), h0x � 0, et une hypoth�ese du type (EP1), mais d�ependant diretementdu proessus solution V .L'hypoth�ese (h1) est assez prohe de (H 0). L'hypoth�ese (h2) est tr�es restritive, ar elle signi�eque la fontion h ne d�epend pas de x. (h3), bien qu'en fait omparable �a (EP1), est diÆilementexploitable, ar elle s'exprime �a l'aide du proessus solution. L'existene d'une densit�e pour laloi de V (x; t) sous (h2) ou (h3) (omme sous (EP1)) utilise le fait que N est une mesure positive.Cei ne peut pas s'�etendre �a (1.1) ave f 6= 0, ar le Bruit Blan W est sign�e.C'est pourquoi dans notre travail, l'hypoth�ese la plus int�eressante est lairement (EP2).



4. CALCUL DE MALLIAVIN. 394.1 D�e�nition des op�erateurs de d�erivation.Rappelons que l'on note Cp (IRd) l'ensemble des fontions de lasse Cp �a support ompat surIRd ; et Cpb (IRd) l'ensemble des fontions de lasse Cp sur IRd dont toutes les d�eriv�ees d'ordre1 �a p sont born�ees (es fontions ne sont pas n�eessairement born�ees). Comme nous l'avons ditplus haut, nous allons d�e�nir deux op�erateurs, l'un li�e au Bruit Blan et l'autre �a la mesurePoissonnienne.L'op�erateur li�e �a la mesure de Poisson.Commen�ons par d�e�nir le domaine des variables simples. Soit CL l'ensemble des fontions lmesurables de [0; T ℄� [0; L℄�O dans IR, �a support ompat, C2 sur O (en la troisi�eme variablez), telles que l, l0z, et l00zz soient born�ees sur [0; T ℄ � [0; L℄�O. On d�e�nit alors le domaineS0;1 = nX = F (N(f1); :::; N(fd)) + a.d � 1; F 2 C2 (IRd); fi 2 CL; a 2 IRo (4.6)On a not�e N(fi) = R T0 R L0 RO fi(s; x; z)N(ds; dx; dz). Si X 2 S0;1, si � 2 [0; L℄, � 2 [0; T ℄, et si� 2 O, on pose : D0;1�;�;�X = dXi=1 diF (N(f1); :::; N(fd))(fi)0z(�; �; �) (4.7)Nous verrons dans le Lemme 4.3 i-dessous que l'op�erateur D0;1 n'est d�e�ni qu'�a un ensem-ble N(d�; d�; d�)-n�egligeable pr�es. C'est �a dire que nous pourrions remplaer D0;1�;�;�X(!) parn'importe quoi �a haque fois que N(!; f�; �; �g) = 0.A�n de omprendre le sens de la d�eriv�ee D0;1�;�;� , pla�ons-nous sur l'espae anonique assoi�e�a N : 
 est l'ensemble des mesures de omptage sur [0; T ℄ � [0; L℄ � O. Alors, pour haqueX 2 S0;1 et haque ! 2 
,1If!(f�;�;�g)=1gD0;1�;�;�X(!) = 1If!(f�;�;�g)=1g ���X �! � Æ(�;�;�) + Æ(�;�;�+�)������=0Remarquons aussi qu'on peut d�e�nir ette d�erivation d'une mani�ere prohe des m�ethodes deBismut. On peut trouver une approhe simple des m�ethodes "Bismutiennes" du alul deMalliavin dans Bihteler, Jaod, [7℄. Voir aussi Bismut, [8℄. Soit � un voisinage de 0 dansIR, et soit v(s; y; z) un �el�ement de L2([0; T ℄ � [0; L℄ � O;'(z)dsdydz) tel que pour tout � 2 �,l'appliation �v (s; y; z) = (s; y; z + ��(z)v(s; y; z))soit bijetive de [0; T ℄�[0; L℄�O dans lui-même. On d�e�nit alors la mesure al�eatoire de omptage"perturb�ee"8 A 2 B([0; T ℄� [0; L℄ �O); N�v (A) = Z T0 Z L0 ZO 1A(�v (s; y; z))N(ds; dy; dz)Cei fait penser au Th�eor�eme de Girsanov pour les mesures al�eatoires (voir Jaod, Shiryaev,[23℄, p 157), utile �a la m�ethode de Bismut.Si X = F (N(f1); :::; N(fd)) + a appartient �a S0;1, on poseX�v = F (N�v (f1); :::; N�v (fd)) + a



40 CHAPITRE 1 : CALCUL DE MALLIAVIN POUR UNE EDPS DISCONTINUEIl est alors faile de v�eri�er queZ T0 Z 10 ZOD0;1�;�;�Xv(�; �; �)�(�)N(d�; d�; d�) = dd�X�v �����=0A�n d'�etudier la fermabilit�e de l'op�erateur D0;1�;�;� , nous introduisons un autre op�erateur : pourX 2 S0;1, on poseL0;1X = 12 dXi=1 diF (N(f1); :::; N(fd))N ��:(fi)00zz + ��'0' + �0� :(fi)0z�+12 dXi;j=1didjF (N(f1); :::; N(fd))N ��:(fi)0z :(fj)0z� (4.8)En�n, on d�e�nit le produit salaire suivant : si X et Y sont dans S0;1,DD0;1X;D0;1Y E�N = Z T0 Z L0 ZOD0;1�;�;�XD0;1�;�;�Y �(�)N(d�; d�; d�)= L0;1XY �XL0;1Y � Y L0;1X (4.9)Plus g�en�eralement, si S�;�;�(!) et T�;�;�(!) sont dans L2(P (d!)�(�)N(!; d�; d�; d�)), on noterahS; T i�N = Z T0 Z L0 ZO S�;�;�T�;�;��(�)N(d�; d�; d�) et hSi�N = hS; Si�NRemarquons que si X et Y sont dans S0;1, alors X et Y sont born�es ; et L0;1X, L0;1Y , et
D0;1X;D0;1Y ��N sont dans tous les Lp (p <1), tout ei grâe �a (4.1).V�eri�ons ensuite que L0;1 (et par ons�equent D0;1) est bien d�e�ni : le lemme suivant, �evident�a premi�ere vue, est en fait important, ar un �el�ement de S0;1 peut lairement s'exprimer deplusieurs fa�ons.Lemme 4.3 Si X = F (N(f1); :::; N(fk)) 2 S0;1, et si X � 0, alors L0;1X � 0, et don
D0;1X��N � 0.Preuve : on suit ii quasiment mot pour mot la preuve de Bihteler, Gravereaux, Jaod, [6℄Proposition 9-3, b), p 113. On se plae sur l'espae anonique assoi�e �a N : 
 est l'ensembledes mesures de omptage ! sur [0; T ℄ � [0; L℄ � O. Soit ! un �el�ement �x�e de 
, et soit (t; x; z)un point du support de !. On pose!0 = ! � Æ(t;x;z) et !� = !0 + Æ(t;x;z+�)pour � 2 �, o�u � est un voisinage de 0 dans IR satisfaisant z + � � O (rappelons que O estouvert). Alors !0 2 
 et !� 2 
 pour tout � 2 �. On d�e�nit ensuiteXt;x;z(�) = X(!�) = F (!0(f1) + f1(t; x; z + �); :::; !0(fk) + fk(t; x; z + �))



4. CALCUL DE MALLIAVIN. 41Alors Xt;x;z est identiquement nul, et de lasse C2 (en �). On en d�eduit que1'(z) ��� ��(z + �)'(z + �)� ���Xt;x;z(�)������=0 = 0Cei peut aussi s'�erirekXi=1 diF (!(f1); :::; !(fk)) ��(z):(fi)00zz(t; x; z) + ��(z)'0(z)'(z) + �0(z)� :(fi)0z(t; x; z)�+ kXi;j=1didjF (!(f1); :::; !(fk))�(z):(fi)0z(t; x; z):(fj)0z(t; x; z) = 0Il ne reste plus qu'�a sommer ette �egalit�e sur tous les points (t; x; z) du support de ! pourobtenir L0;1X(!) = 0.Prouvons ensuite que L0;1 est auto-adjoint dans L2 :Lemme 4.4 Si X et Y sont dans S0;1, alorsE(XL0;1Y ) = E(Y L0;1X) = �12E �DD0;1X;D0;1Y E�N� (4.10)Preuve : ei est enore adapt�e de [6℄, Proposition 9-3, d), p 113. On onsid�ere deux �el�ementsde S0;1 : X = F (N(f1); :::; N(fk)) et Y = H(N(h1); :::; N(hq))Soit K un ompat de O tel que les supports de toutes les fontions fi et hj soient inlus dans[0; T ℄� [0; L℄ �K. On note f(Ti;Xi; Zi)g1�i�� les points de [0; T ℄� [0; L℄ �K harg�es par N :N j[0;T ℄�[0;L℄�K = �Xi=1 Æ(Ti;Xi;Zi)On sait que � est une variable al�eatoire de Poisson de param�etre TL RK '(z)dz, et que si G estla tribu engendr�ee par (�; T1; :::; T�), alors :L ((X1; Z1); :::; (X�; Z�)jG) =  1[0;L℄(x)dxL 
 1K(z)'(z)dzRK '(z)dz !
�On va v�eri�er que E �XL0;1Y + 12 DD0;1X;D0;1Y E�N ����G� = 0Mais XL0;1Y + 12 
D0;1X;D0;1Y ��N est �egal �a12F  �Xi=1 f1(Ti;Xi; Zi); :::; �Xi=1 fk(Ti;Xi; Zi)!



42 CHAPITRE 1 : CALCUL DE MALLIAVIN POUR UNE EDPS DISCONTINUE
�8>>>>>>>>>><>>>>>>>>>>:

Pq�;�=1 d�d�H (P�i=1 h1(Ti;Xi; Zi); :::;P�i=1 hq(Ti;Xi; Zi))�P�n=1 �(Zn):(h�)0z(Tn;Xn; Zn):(h�)0z(Tn;Xn; Zn)+Pq�=1 d�H (P�i=1 h1(Ti;Xi; Zi); :::;P�i=1 hq(Ti;Xi; Zi))�P�n=1 h�(Zn):(h�)00zz(Tn;Xn; Zn) + h�0(Zn) + �(Zn)'0(Zn)'(Zn) i :(h�)0z(Tn;Xn; Zn)i
9>>>>>>>>>>=>>>>>>>>>>;+12 kX�=1 qX�=1 d�F  �Xi=1 f1(Ti;Xi; Zi); :::; �Xi=1 fk(Ti;Xi; Zi)!�d�H  �Xi=1 h1(Ti;Xi; Zi); :::; �Xi=1 hq(Ti;Xi; Zi)!� �Xn=1 �(Zn):(f�)0z(Tn;Xn; Zn):(h�)0z(Tn;Xn; Zn)=  (�; (T1;X1; Z1); :::; (T�;X�; Z�))o�u la derni�ere �egalit�e est une d�e�nition. Il suÆt alors de v�eri�er que quels que soient�; T1; :::; T�;X1; :::X�,ZK�  (�; (T1;X1; z1); :::; (T�;X�; z�))� '(z1):::'(z�)dz1:::dz� = 0Si n � �, on pose ẑn = (z1; :::; zn�1; zn+1; :::; z�), etQn̂zn(zn) = F  �Xi=1 f1(Ti;Xi; zi); :::; �Xi=1 fk(Ti;Xi; zi)!� qX�=1 d�H  �Xi=1 h1(Ti;Xi; zi); :::; �Xi=1 hq(Ti;Xi; zi)! �(zn)'(zn):(h�)0z(Tn;Xn; zn)On peut alors v�eri�er que12 �Xn=1 ��zQn̂zn(zn)� '(z1):::'(zn�1)'(zn+1):::'(z�)=  (�; (T1;X1; z1); :::; (T�;X�; z�))� '(z1):::'(z�)Mais si z appartient �a �K, alors Qn̂zn(z) = 0. Don pour haque n,ZK ��zQn̂zn(z)dz = 0et le r�esultat s'ensuit failement.Le lemme suivant montre la fermabilit�e de l'op�erateur D0;1�;�;� :



4. CALCUL DE MALLIAVIN. 43Lemme 4.5 Soit Zn une suite d'�el�ements de S0;1 qui onverge vers 0 dans L2. S'il existeS�;�;�(!) 2 L2(P (d!)�(�)N(!; d�; d�; d�)) tel queE �DD0;1Zn � SE�N� �! 0alors S est nul au sens o�u E(hSi�N ) = 0.Preuve : quel que soit X 2 S0;1, une simple appliation de l'in�egalit�e de Cauhy-Shwarz (pourla mesure P (d!)�(�)N(!; d�; d�; d�)) montre queE �DS;D0;1XE�N� = limn E �DD0;1Zn;D0;1XE�N�Mais d'apr�es le Lemme 4.4, E �
D0;1Zn;D0;1X��N� = �2E(ZnL0;1X). Comme Zn tend vers 0dans L2, il est faile d'en d�eduire que E �
S;D0;1X��N� = 0.En appliquant ei pour X = Zk, et en faisant tendre k vers l'in�ni, on obtient le r�esultatreherh�e.L'op�erateur li�e au Bruit Blan.Le domaine des variables simples est ette fois d�e�ni par :S1;0 = nX = F (W (f1); :::;W (fk)) + a . k � 1; F 2 C2 (IRk);fi 2 L2([0; L℄ � [0; T ℄); a 2 IRo (4.11)Ii, W (fi) = R T0 R L0 fi(�; �)W (d�; d�). Si X est dans S0;1, on pose pour � 2 [0; L℄ et � 2 [0; T ℄ :D1;0�;�X = kXi=1 diF (W (f1); :::;W (fk))fi(�; �) (4.12)On notera DD1;0X;D1;0Y Eleb = Z T0 Z L0 D1;0�;�XD1;0�;�Y d�d� (4.13)Plus g�en�eralement, si S�;� (!) et T�;� (!) sont dans L2(P (d!)d�d�), on noterahS; T ileb = Z T0 Z L0 S�;�T�;�d�d� et hSileb = hS; SilebRemarquons que si X et Y sont dans S1;0, alors X, Y , et 
D1;0X;D1;0Y �leb sont born�es. Lelemme suivant �gure dans le livre de Nualart [30℄ p 26.Lemme 4.6 Soit Zn une suite d'�el�ements de S1;0 qui onverge vers 0 dans L2. S'il existeS�;� (!) 2 L2(P (d!)d�d�) tel que E �DD1;0Zn � SEleb� �! 0alors S est nul au sens o�u E(hSileb) = 0.



44 CHAPITRE 1 : CALCUL DE MALLIAVIN POUR UNE EDPS DISCONTINUEUne interpretation possible de ette notion de d�eriv�ee est la suivante : onsid�erons un �el�ementh de L2([0; L℄� [0; T ℄; dyds), et un voisinage � de 0 dans IR2. On "perturbe" le Bruit Blan enposant W �h (dy; ds) = W (dy; ds) + �h(y; s)dydsIi enore, ette �egalit�e fait penser au Th�eor�eme de Girsanov.Si X = F (W (f1); :::;W (fk)) + a appartient �a S1;0, on poseX�h = F (W �h (f1); :::;W �h (fk)) + aet on obtient : DD1;0X;hEleb = dd�X�h �����=0Les op�erateurs sur l'espae produit.On peut maintenant onstruire l'espae des variables simples assoi�e �a notre probl�eme :S = nY = H(X1; :::;Xd; Z1; :::; Zk)) + a . H 2 C2 (IRd+k); k + d � 1;Xi 2 S1;0; Zj 2 S0;1; a 2 IRo (4.14)Si Y appartient �a S, on d�e�nit D0;1Y et L0;1Y (resp. D1;0Y ) omme dans les paragraphespr�e�edents, en onsid�erant les variables X1; :::;Xd (resp. Z1; :::; Zk) omme des onstantes.Pour être plus pr�eis, pla�ons-nous sur l'espae anonique produit assoi�e �a W et N . Chaque! 2 
 s'�erit ! = (!W ; !N ). Si Y appartient �a S, il est lair que pour haque !N �x�e,Y!N (!W ) = Y (!W ; !N ) est dans S1;0. Nous d�e�nissons alors la d�eriv�ee de Y relative au BruitBlan par D1;0�;�Y (!W ; !N ) = �D1;0�;�Y!N� (!W )On onstruit D0;1�;�;� et L0;1 de la même fa�on.Les produits salaires qui en d�eoulent seront not�es omme auparavant, et on voit que si X et Zsont dans S, alors X, Z, et 
D1;0X;D1;0Z�leb sont born�es, et L0;1X, L0;1Z, et 
D0;1X;D0;1Z��Nsont dans tous les Lp (p <1).Si Z appartient �a S, on posejjjZjjj2 = �E �Z2�+E �DD1;0ZEleb�+E �DD0;1ZE�N�� 12 (4.15)Soit D2 la fermeture de S pour ette norme. Grâe aux deux propositions de fermabilit�e (4.5 et4.6), les op�erateurs D1;0�;� et D0;1�;�;� s'�etendent de mani�ere unique �a l'espae D2.Remarque 4.7 Nous avons �etendu les op�erateurs de d�erivation �a un domaine auquel appartien-dra la solution faible de (1.1). Mais sur e domaine, nous n'aurons pas de formule d'int�egrationpar parties (du type (4.10)), ar l'op�erateur L0;1 ne s'�etend pas �a D2. N�eanmoins, la "d�erivabilit�e"de la solution suÆra pour v�eri�er le Th�eor�eme 4.1. Finalement, L0;1 sert juste �a la preuve dela fermabilit�e.



4. CALCUL DE MALLIAVIN. 45Notation 4.8 On notera f(Tn;Xn; Zn)gn�0 les points de [0; T ℄�[0; L℄�O harg�es par la mesurede Poisson, 'est �a dire queN(dt; dx; dz) = 1Xn=0 Æ(Tn;Xn;Zn)(dt; dx; dz) (4.16)On supposera que pour haque n, Tn est un temps d'arrêt, et (Xn; Zn) est FTn -mesurable.Remarque 4.9 1. Soit S et T deux �el�ements de L2(P (d!)�(�)N(!; d�; d�; d�)). Dans toutela suite, la notation \S�;�;� = T�;�;�" signi�erap:s:; hS � T i�N = 0Cei est enore �equivalent �a8 n 2 IN; SXn;Tn;Zn = TXn;Tn;Zn p:s:2. La fermabilit�e de D0;1 permet d'aÆrmer que si X 2 D2, si Y = X p.s., alors Y 2 D2, etp.s., DD0;1X �D0;1Y E�N = 03. Soit X une variable al�eatoire, �eventuellement d�e�nie p.s. (X peut être une int�egralestohastique, une �esperane onditionnelle, ...) Pour prouver que X 2 D2 et que pourertains S 2 L2(P (d!)d�d�), T 2 L2(P (d!)�(�)N(!; d�; d�; d�)),D1;0�;�X = S�;� et D0;1�;�;�X = T�;�;�il suÆt d'exhiber une suite d'�el�ements Xn de S telle queE �(X �Xn)2�+E �DS �D1;0XnEleb�+E �DT �D0;1XnE�N�tende vers 0.4.2 Propri�et�es des op�erateurs de d�erivation.Enon�ons d'abord une proposition onernant les propri�et�es du domaine D2.Proposition 4.10 D2 muni du produit salairehY;ZiD2 = E(Y Z) +E �DD1;0Y;D1;0ZEleb�+E �DD0;1Y;D0;1ZE�N� (4.17)est un espae de Hilbert.Preuve : par onstrution, D2 est un IR-espae vetoriel ferm�e pour la norme jjj jjj2, et ilest faile de v�eri�er que h ; iD2 est un produit salaire assoi�e �a ette norme. En�n, D2 estomplet ar les espaes L2(
; P ), L2(
 � [0; L℄ � [0; T ℄; P (d!)d�d�) et L2(
� [0; L℄ � [0; T ℄ �O;P (d!)�(�)N(!; d�; d�; d�)) sont omplets.Poursuivons ave une propri�et�e lassique des op�erateurs de d�erivation.



46 CHAPITRE 1 : CALCUL DE MALLIAVIN POUR UNE EDPS DISCONTINUEProposition 4.11 Soit Y = (Y1; :::; Yn) 2 Dn2 , et F 2 C1b (IRn). Alors Z = F (Y ) 2 D2, et :D1;0�;�Z = nXi=1 diF (Y )D1;0�;�Yi et D0;1�;�;�Z = nXi=1 diF (Y )D0;1�;�;�Yi (4.18)Preuve : on supposera n = 1, a�n d'all�eger les �eritures. Cette preuve s'e�etue en deux �etapes :on suppose d'abord que F est de lasse C2b , puis on �etend le r�esultat par approximations.Etape 1 : supposons don que F est de lasse C2b . Soit Yk une suite de S qui onverge vers Yau sens de jjj jjj2, et Zk = F (Yk). Il est lair que Zk 2 S et queD1;0�;�Zk = F 0(Yk)D1;0�;�Yk et D0;1�;�;�Zk = F 0(Yk)D0;1�;�;�Ykpar d�e�nition de S, D1;0�;� et D0;1�;�;� . On pose donD1;0�;�Z = F 0(Y )D1;0�;�Y et D0;1�;�;�Z = F 0(Y )D0;1�;�;�YOn peut supposer, quitte �a extraire une sous-suite, que Yk onverge vers Y p.s. Il suÆt alors deprouver que Zk onverge vers Z au sens de jjj jjj2. Tout d'abord Zk onverge vers Z dans L2,ar jZk � Zj �k F 0 k1 jYk � Y jDe plus, 
D0;1Zk �D0;1Z��N onverge vers 0 dans L1, arE �DF 0(Yk)D0;1Yk � F 0(Y )D0;1Y E�N� � k F 0 k21 E �DD0;1Yk �D0;1Y E�N�+E �DD0;1Y E�N � jF 0(Yk)� F 0(Y )j�et il suÆt d'appliquer le Th�eor�eme de onvergene domin�ee (F 0 est born�ee et ontinue), leshypoth�eses de onvergene de Yk vers Y (p.s., et pour jjj jjj2), et d'utiliser le fait que 
D0;1Y ��Nest dans L1. En�n, 
D1;0Zk �D1;0Z�leb onverge vers 0 dans L1 pour les mêmes raisons.Etape 2 : si F n'est que de lasse C1b , il existe une suite de fontions Fk de lasse C2b telle quepour tout k, k F 0k k1� 2 k F 0 k1, telle que Fk(0) = F (0), et telle que Fk et F 0k onvergentsimplement vers F et F 0. Par l'�etape 1, Fk(Y ) 2 D2 pour tout k, et il est faile de voir que laonvergene dans D2 a lieu.Notons maintenantSb = nZ = F (W (f1); :::;W (fm); N(g1); :::; N(gd)).m+ d � 1; F 2 C1b (IRm+d)fi 2 L2([0; L℄ � [0; T ℄; dxdt); gi 2 CLo (4.19)et prouvons que ette ensemble est inlus dans D2.Proposition 4.12 1. Si Z appartient �a Sb, alors Z 2 D2, etD1;0�;�Z = mXi=1 diF (W (f1); :::;W (fm); N(g1); :::; N(gd))fi(�; �) (4.20)D0;1�;�;�Z = m+dXi=m+1 diF (W (f1); :::;W (fm); N(g1); :::; N(gd))(gi)0z(�; �; �) (4.21)



4. CALCUL DE MALLIAVIN. 472. En partiulier, si f0 2 L2([0; L℄ � [0; T ℄), alors W (f0) appartient �a D2, et on aD1;0�;�W (f0) = f0(�; �) et D0;1�;�;�W (f0) = 0 (4.22)De même, si g0 2 CL, alors N(g0) et ~N(g0) sont dans D2, etD1;0�;�N(g0) = D1;0�;� ~N(g0) = 0 et D0;1�;�;�N(g0) = D0;1�;�;� ~N(g0) = (g0)0z(�; �; �) (4.23)Preuve : omme dans la preuve pr�e�edente, on onsid�ere d'abord un �el�ementZ = F (W (f1); :::;W (fm); N(g1); :::; N(gd))de Sb tel que F soit de lasse C2b . Compati�ons le support de F de la mani�ere suivante : soit K�une suite de fontions de lasse C2 sur IRm+d, born�ees par 1 �a d�eriv�ees uniform�ement born�ees,v�eri�ant : K�(x) = 8><>: 1 si x 2 B(0; 1=�)0 si x =2 B(0; 1 + 1=�)PosonsZ� = F (W (f1); :::;W (fm); N(g1); :::; N(gd))K�(W (f1); :::;W (fm); N(g1); :::; N(gd))Alors Z� 2 S, et on aD1;0�;�Z� = mXi=1(K�diF + FdiK�)(W (f1); :::;W (fm); N(g1); :::; N(gd))� fi(�; �)et D0;1�;�;�Z� = m+dXi=m+1(K�diF + FdiK�)(W (f1); :::;W (fm); N(g1); :::; N(gd))� (gi)0z(�; �; �)Il ne reste plus qu'�a v�eri�er les onvergenes usuelles, e qui est tr�es faile �a l'aide du Th�eor�emede onvergene domin�ee. (Rappelons que si x 2 IRm+d, alors K�(x) tend vers 1, et diK�(x) tendvers 0 pour haque i, quand � tend vers 0).Si F n'est plus que de lasse C1b , il suÆt d'appliquer la Proposition 4.11 aveY = (W (f1); :::;W (fm); N(g1); :::; N(gd)) qui appartient �a Dm+d2 par l'�etape pr�e�edente (parexemple, W (f1) = Id(W (f1)), ave Id 2 C1b ).Pour le 2., W (f0) et N(g0) ne posent pas de probl�eme. Quant �a ~N(g0), il suÆt de remarquerque ~N(g0) = N(g0)��(g0). Comme �(g0) est d�eterministe, on peut traiter ~N(g0) omme N(g0)pour e qui est de la d�erivation.La proposition suivante permet "d'agrandir" l'ensemble CL.Proposition 4.13 Soit � une fontion mesurable sur [0; T ℄� [0; L℄�O, de lasse C1 sur O, �asupport ompat, et v�eri�ant : j�(s; y; z)j + j�0z(s; y; z)j � KAlors N(�) et ~N(�) sont dans D2, et ont pour d�eriv�ees :D1;0�;�N(�) = D1;0�;� ~N(�) = 0 et D0;1�;�;�N(�) = D0;1�;�;� ~N(�) = �0z(�; �; �) (4.24)



48 CHAPITRE 1 : CALCUL DE MALLIAVIN POUR UNE EDPS DISCONTINUELa preuve de ette proposition est tr�es simple : il suÆt de remarquer qu'il existe une suitede fontions �k 2 CL, uniform�ement born�ees ainsi que leurs d�eriv�ees par rapport �a z, dont lesupport est inlus dans elui de �, et telles que �k et (�k)0z onvergent dzdyds-presque partoutvers � et �0z.La proposition suivante montre que l'esp�erane onditionnelle d'une variable simple est enoredans Sb, et permet de aluler ses d�eriv�ees.Proposition 4.14 1. Soit Z un �el�ement de S. On onsid�ere la martingale �adl�ag Zs =E(ZjFs). Alors, pour haque s, Zs appartient �a Sb, est born�e (par le même r�eel que Z),et admet pour d�eriv�ees : D1;0�;�Zs = E �D1;0�;�Z���Fs� 1f��sg (4.25)et D0;1�;�;�Zs = E �D0;1�;�;�Z���Fs� 1f��sg (4.26)La deuxi�eme �egalit�e signi�e que pour haque n � 0,D0;1Xn;Tn;ZnZs = E �D0;1Xn;Tn;ZnZ���Fs� 1fTn�sg (4.27)On en d�eduit que pour tout �; � , tout n 2 IN , les proessus D1;0�;�Zs et D0;1Xn;Tn;ZnZs sont�adl�ag et adapt�es.2. Ave les notations du 1., on aE(Z2s ) � E(Z2) ; E �DD1;0ZsEleb� � E �DD1;0ZEleb�et E �DD1;0ZsE�N� � E �DD1;0ZE�N� (4.28)3. Soit maintenant Y une variable de D2, Fs-mesurable pour un s 2 [0; T ℄. Alors, pourhaque �; � , haque n, on a D1;0�;�Y = D1;0�;�Y 1f��sg et D0;1Xn;Tn;ZnY = D0;1Xn;Tn;ZnY 1fTn�sg,et es variables sont Fs-mesurables.Preuve : 1) Soit s 2 [0; T ℄ etZ = F (W (f1); :::;W (fm); N(g1); :::; N(gd))un �el�ement de S. Posons�fi(�; �) = fi(�; �)1f��sg ; f̂i(�; �) = fi(�; �)1f�>sget �gi(�; �; �) = gi(�; �; �)1f��sg ; ĝi(�; �; �) = gi(�; �; �)1f�>sg



4. CALCUL DE MALLIAVIN. 49Alors, par l'hypoth�ese (M)-3, pour tout i; j, W ( �fi) et N(�gi) sont Fs-mesurables, et W (f̂i) etN(ĝi) sont ind�ependants de Fs. DonZs = E �F (W ( �f1) +W (f̂1); :::; N(�gd) +N(ĝd))���Fs�= Z F (W ( �f1) + x1; :::; N(�gd) + yd))�(dx1; :::; dyd)= H(W ( �f1); :::; N(�gd))si � est la loi de (W (f̂1); :::; N(ĝd)) et siH(X1; :::; Yd) = ZIRm+d F (X1 + x1; :::; Yd + yd))�(dx1; :::; dyd)Or F est de lasse C1 . Don H est born�ee, et, par le Th�eor�eme de Lebesgue, H est de lasseC1. De plus, diH(X1; :::; Yd) = Z diF (X1 + x1; :::; Yd + yd))�(dx1; :::; dyd)et H est de lasse C1b . Don Zs appartient �a Sb, et la Proposition 4.12 implique que pour tout�; � D1;0�;�Zs = mXi=1 diH(W ( �f1); :::; N(�gd)) �fi(�; �)et pour tout n, D0;1Xn;Tn;ZnZs = m+dXi=m+1 diH(W ( �f1); :::; N(�gd))(�gi)0z(Xn; Tn; Zn)Mais diH(W ( �f1); :::; N(�gd)) = E (diF (W (f1); :::; N(gd)) j Fs). On en d�eduit ais�ement (4.25)d'une part, et d'autre part queD0;1Xn;Tn;ZnZs = m+dXi=m+1E [diF (W (f1); :::; N(gd)) j Fs℄ (gi)0z(Xn; Tn; Zn)1fTn�sg= E0� m+dXi=m+1 diF (W (f1); :::; N(gd))(gi)0z(Xn; Tn; Zn)1fTn�sg ������ Fs1A= E �D0;1Xn;Tn;ZnZ���Fs� 1fTn�sg (4.29)2) Prouvons par exemple la derni�ere in�egalit�e, en utilisant la Notation 4.8, l'�egalit�e (4.27),l'in�egalit�e de Jensen, et le Th�eor�eme de Fubini pour int�egrands positifs :E �DD0;1ZsE�N� = E 24Xn�0E nD0;1Xn;Tn;ZnZ ��� Fso2 �(Zn)1fTn�sg35� E 24Xn�0E ��D0;1Xn;Tn;ZnZ�2 ���� Fs� �(Zn)1fTn�sg35



50 CHAPITRE 1 : CALCUL DE MALLIAVIN POUR UNE EDPS DISCONTINUE
= E 24E8<:Xn�0 �D0;1Xn;Tn;ZnZ�2 �(Zn)1fTn�sg ������ Fs9=;35= E 24Xn�0�D0;1Xn;Tn;ZnZ�2 �(Zn)1fTn�sg35= E �DD0;1ZE�N� (4.30)3) Comme Y appartient �a D2, il existe une suite fZkg d'�el�ements de S qui onverge vers Y dansD2. Il est alors faile de voir que la suite Zks est de Cauhy dans D2. En e�et, grâe au 2.,jjjZks � Zk+1s jjjD2 � jjjZk � Zk+1jjjD2D'autre part, Zks onverge vers Y dans L2, toujours grâe �a l'in�egalit�e de Jensen :E �(Zks � Y )2� � E ��E(Zk � Y jFs�2� � E �(Zk � Y )2�Cei implique que Zks onverge vers Y dans D2. La onlusion s'ensuit failement.Dans un adre Gaussien (e qui revient �a poser tout simplement D0;1 � 0 ii), on sait que si Xet Y sont dans D2, et si X et 
D0;1X� sont born�es, alors XY est dans D2, et la formule usuellede d�erivation d'un produit s'applique. Mais ii, 
D0;1X��N n'est que tr�es rarement born�e. Nousontournerons e probl�eme en utilisant la proposition suivante.Proposition 4.15 Soit X et Z deux �el�ements de D2. On suppose que X et Z sont ind�ependants.Alors XZ appartient �a D2, et on peut appliquer la formule usuelle de d�erivation d'un produit :D1;0�;�XZ = XD1;0�;�Z + ZD1;0�;�X et D0;1�;�;�XZ = XD0;1�;�;�Z + ZD0;1�;�;�X (4.31)Preuve : soit G (resp. A) la tribu engendr�ee par X (resp. Z). Par hypoth�ese, es tribus sontind�ependantes. Soit X 0k une suite de S onvergeant vers X dans D2. En adaptant la Proposition4.14, on peut v�eri�er que Xk = E(X 0kjG) 2 Sb, et que ette suite onverge enore vers X dansD2. De plus, les variables X, Xk, 
D1;0X�leb, DD1;0XkEleb, DD1;0(X �Xk)Eleb, et 
D0;1X��N ,DD0;1XkE�N , DD0;1(X �Xk)E�N sont toutes G-mesurables.De même, il existe une suite Zk de Sb onvergeant vers Z dans D2, telle que toutes les variablesassoi�ees �a Z et Zk (remplaer X par Z dans la liste i-dessus) soient A-mesurables.Il est faile de voir que pour haque k, XkZk est enore dans Sb (ar Xk et Zk sont born�es),et que ses d�eriv�ees s'expriment omme dans l'�enon�e (on n'utilise pas ii l'ind�ependane, maisseulement la forme de Sb).Or XkZk onverge vers XZ dans L2, arE �(XkZk �XZ)2� � E �(Xk)2(Zk � Z)2�+E �(Z)2(Xk �X)2�= E �(Xk)2��E �(Zk � Z)2�+E(Z2)�E �(Xk �X)2�



4. CALCUL DE MALLIAVIN. 51par ind�ependane. De plus, on a par exempleE �DXkD0;1Zk �XD0;1ZE�N�� E �(Xk)2 DD0;1Zk �D0;1ZE�N�+E �DD0;1ZE�N (Xk �X)2�= E �(Xk)2��E �DD0;1Zk �D0;1ZE�N�+E(DD0;1ZE�N )�E �(Xk �X)2� �! 0Les autres onvergenes se prouvent de la même fa�on, et la proposition est d�emontr�ee.4.3 Un rit�ere d'absolue ontinuit�e.Enon�ons maintenant le rit�ere qu'on va utiliser pour prouver le Th�eor�eme 4.1. Cei est uneadaptation d'un r�esultat dû initialement �a Bouleau, Hirsh, [9℄, dont la preuve a �et�e simpli��eepar Nualart, Zakai, [32℄. La preuve �gure aussi dans le livre de Nualart [30℄, p 87.Th�eor�eme 4.16 Soit Z 2 D2. Soit� = DD1;0ZEleb + DD0;1ZE�NAlors, si � > 0 p.s., la loi de Z admet une densit�e par rapport �a la mesure de Lebesgue sur IR.Preuve :Etape 1 : supposons que jZj < 1. Soit � une fontion mesurable de ℄� 1; 1[ dans [0; 1℄, telle queZ 1�1 �(y)dy = 0. Le but est de montrer que �(Z) = 0 p.s.On sait qu'il existe une suite f�ng de fontions mesurables de ℄� 1; 1[ dans [0; 1℄, de lasse C1b ,telle que �n onverge vers � dx-p.s. et P Æ Z�1-p.s. Posons	n(y) = Z y�1 �n(x)dx et 	(y) = Z y�1 �(x)dxIl est alors lair que quel que soit n, 	n 2 C2b , don �a l'aide de la Proposition 4.11, 	n(Z) 2 D2et D1;0�;�	n(Z) = �n(Z)D1;0�;�Z et D0;1�;�;�	n(Z) = �n(Z)D0;1�;�;�ZComme �n onverge vers � dx-p.s., 	n(Z) onverge vers 	(Z) p.s., et par onvergene domin�ee,la onvergene a aussi lieu dans L2. De plus, on sait que �n onverge vers � P Æ Z�1-p.s., don�n(Z) onverge vers �(Z) p.s. DonE �D�n(Z)D0;1Z � �(Z)D0;1ZE�N� � E �(�n(Z)� �(Z))2 DD0;1ZE�N�tend vers 0. La onvergene onernant D1;0 se prouve de la même fa�on, et on en d�eduit que	(Z) 2 D2, et D1;0�;�	(Z) = �(Z)D1;0�;�Y et D0;1�;�;�	(Z) = �(Z)D0;1�;�;�Y



52 CHAPITRE 1 : CALCUL DE MALLIAVIN POUR UNE EDPS DISCONTINUE(e qui n'�etait pas a priori �evident, ar 	 n'est pas de lasse C1b ). Or l'hypoth�ese sur � permet dedire que 	(Z) = 0. Ses d�eriv�ees sont don nulles, et l'uniit�e des d�eriv�ees implique que presquesûrement, D�(Z)D1;0ZEleb + D�(Z)D0;1ZE�N = 0soit enore �2(Z)� = 0 p.s. Par ons�equent, �(Z) = 0 p.s., et l'�etape 1 est �nie.Etape 2 : pla�ons nous maintenant dans le as g�en�eral (Z est une variable al�eatoire �a valeursr�eelles). Soit F une bijetion de IR dans ℄ � 1; 1[, de lasse C1b , �a d�eriv�ee stritement positive.Alors F (Z) v�eri�e les hypoth�eses de l'�etape 1, ar par la Proposition 4.11, F (Z) 2 D2, etD1;0�;�F (Z) = F 0(Z)D1;0�;�Z D0;1�;�;�F (Z) = F 0(Z)D0;1�;�;�ZDon F (Z) admet une densit�e, et il en va de même pour Z.4.4 D�erivation et int�egrales stohastiques.Trois int�egrales (al�eatoires) apparaissent dans l'�equation d'�evolution (2.9). A�n de pouvoirutiliser le rit�ere pr�e�edent, il faudra d�eriver la solution de (2.9). Les trois propositions prini-pales de ette partie permettent de d�eriver es int�egrales.Commen�ons par une remarque permettant d'�eviter les onfusions.Remarque 4.17 1. Soit Y et Y 0 deux versions faibles du même proessus. Supposons quepour haque y, haque s, Y (y; s) 2 D2. Alors pour presque tout Then for y, s,Y 0(y; s) 2 D2 ; DDWY (y; s)�DWY 0(y; s)Eleb+DDNY (y; s)�DNY 0(y; s)E�N = 0 a:s:2. Soit Y un proessus tel que pour haque y, s, Y (y; s) 2 D2. Supposons que pour haque�; � , D1;0�;�Y (y; s) = S�;� (y; s) dPdyds-presque partout (i.e. S�;� est une version faible deD1;0�;�Y ), et que pour haque n, DNXn;Tn;ZnY (y; s) = S0Xn;Tn;Zn(y; s) dPdyds-presque partout(i.e. S0Xn;Tn;Zn est une version faible de DNXn;Tn;ZnY ). Alors pour presque tout y, s, p.s.,DDWY (y; s)� S(y; s)Eleb + DDNY (y; s)� S0(y; s)E�N = 0Preuve : 1. Cei est imm�ediat, puisque pour presque tout y, s, p.s., Y (y; s) = Y 0(y; s).2. Par exemple, grâe au Th�eor�eme de Fubini,Z T0 Z L0 E �DDWY (y; s)� S(y; s)Eleb�dyds= Z T0 Z L0 d�d�E  Z T0 Z L0 �D1;0�;�Y (y; s)� S�;� (y; s)�2 dyds! = 0D�e�nissons maintenant une lasse de proessus dont les int�egrales seront dans D2.D�e�nition 4.18 Soit Y un proessus sur [0; L℄� [0; T ℄. On dira que Y est D2-pr�evisible-born�es'il v�eri�e les onditions suivantes :



4. CALCUL DE MALLIAVIN. 531. Y est un proessus pr�evisible.2. Pour haque y; s, Y (y; s) appartient �a D2, et supy;s jjjY (y; s)jjj2 <1.3. Pour haque �; � �x�es, le proessus D1;0�;�Y (y; s) admet une version faible pr�evisible sur[0; L℄ � [0; T ℄ (et est nul pour � > s). L'appliation !; �; �; y; s �! D1;0�;�Y (y; s)(!) estglobalement mesurable.4. Pour haque n � 0 �x�e, le proessus D0;1Xn;Tn;ZnY (y; s) admet une version faible pr�evisible(et est nul pour Tn > s).Remarque 4.19 Soit Z 2 S. Consid�erons la martingale �adl�ag Zs = E(ZjFs). Ce proessusest D2-pr�evisible-born�e, et jjjZsjjj2 � jjjZjjj2.Cei est une ons�equene imm�ediate de la Proposition 4.14-1.La remarque suivante va permettre de "s�eparer" les variables y; s et ! dans les int�egrales stohas-tiques.Remarque 4.20 D2 muni de la norme jjj jjj2 est un espae de Hilbert sur IR, et S en est unsous espae vetoriel dense �a base d�enombrable. Soit fZkgk�0 une base orthonorm�ee de S. Alorstout �el�ement Y de D2 se d�eompose de la mani�ere suivante :Y = Xk�0�kZk ave Xk�0�2k <1 o�u �k = DY;ZkED2 (4.32)Preuve : remarquons d'abord que S est �a base d�enombrable, ar les espaes vetoriels C2 (IRm),L2([0; T ℄ � [0; L℄) et CL le sont.Consid�erons Y 2 D2. Y est limite d'une suite Yn de S. D�eomposons haque Yn suivant la basefZkg : Yn = Xk�0�nkZk ave Xk�0(�nk )2 <1 o�u �nk = DYn; ZkED2Comme la suite Yn est de Cauhy dans D2, il est faile de voir que la suite f�ngn�0 =ff�nkgk�0gn�0 est de Cauhy dans l2 (l'ensemble des suites dont la s�erie des arr�es onverge).En e�et, Xk�0(�nk � �mk )2 = jjjYn � Ymjjj22Mais l2 est omplet, et don �n onverge vers un ertain � = f�kgk�0 dans l2. Cei impliqueque jjjYn �Xk �kZkjjj22 = Xk�0(�nk � �k)2tend vers 0. Yn onverge don dans D2 vers Pk �kZk, et on obtient Y = Pk �kZk par uniit�e dela limite. En�n, �k = limn DYn; ZkED2 = DY;ZkED2 , quel que soit k, et la remarque est prouv�ee.Appliquons alors la remarque 4.20 �a un proessus D2-pr�evisible-born�e :Lemme 4.21 Soit Y (y; s) un proessus D2-pr�evisible-born�e sur [0; L℄� [0; T ℄.



54 CHAPITRE 1 : CALCUL DE MALLIAVIN POUR UNE EDPS DISCONTINUE1. Par la Remarque 4.20, on peut d�eomposer Y dans D2 :Y (y; s) = Xk�0�k(y; s)Zk ave supy;s Xk�0�2k(y; s) <1 (4.33)o�u �k(y; s) = DY (y; s); ZkED2 est B([0; L℄� [0; T ℄)-mesurable.2. Si Zks = E(ZkjFs), alors pour tout N ,jjjY (y; s)� NXk=0�k(y; s)Zks jjj2 � jjjY (y; s)� NXk=0�k(y; s)Zkjjj2 (4.34)En partiulier, Y (y; s) = Xk�0�k(y; s)Zks dans D2.Preuve : 1. �k est mesurable par les propri�et�es des proessus D2-pr�evisibles-born�es, et pareque, omme Zk 2 S, les appliations D1;0�;�Zk(!) et D0;1Xn(!);Tn(!);Zn(!)Zk(!) sont globalementmesurables.2. se prouve exatement de la même mani�ere que la deuxi�eme partie de la Proposition 4.14, enutilisant le fait que pour s > 0 �x�e, Y (y; s) et Zks ainsi que leurs d�eriv�ees sont Fs-mesurables,et que es derni�eres s'annulent pour � > s.Nous avons aussi besoin de la D�e�nition suivante :D�e�nition 4.22 Soit S�;�;�(y; s)(!) une fontion sur 
� ([0; L℄� [0; T ℄�O)� ([0; L℄� [0; T ℄).On dira que S appartient �a la lasse DN si :� S est born�ee dans L2(P (d!)�(�)N(!; d�; d�; d�)), i.e. supy;s E(hS(y; s)i�N ) <1.� Pour haque n � 0, le proessus SXn;Tn;Zn(y; s) admet une version faible pr�evisible, ets'annule quand Tn > s.Ces onditions, lairement satisfaites par la d�eriv�ee relative �a N d'un proessus D2-pr�evisible-born�e, sont n�eessaires pour �etablir le lemme alulatoire (mais fondamental) 4.24.Lemme 4.23 Soit S une fontion de DN . Alors le proessus hS(y; s)i�N admet une versionfaible pr�evisible.Preuve : sous la forme suivante,hS(y; s)i�N = Xn�0S2Xn;Tn;Zn(y; s)�(Zn) = Xn�0S2Xn;Tn;Zn(y; s)�(Zn)1fTn<sgil est lair que hS(y; s)i�N admet une version faible pr�evisible.Le lemme tehnique suivant remplae l'isom�etrie L2 onstamment utilis�ee dans le as des E.D.P.S.onduites par un Bruit Blan. Les fontions f , g, et h qui y �gurent sont les param�etres del'E.D.P.S. (1.1), et v�eri�ent l'hypoth�ese (H 0).



4. CALCUL DE MALLIAVIN. 55Lemme 4.24 Soit Y (y; s) un proessus admettant une version faible pr�evisible sur [0; L℄�[0; T ℄,et S�;�;�(y; s) une fontion de DN . On pose, pour � � t :T a�;�;�(x; t) = Z t0 Z L0 Gt�s(x; y)f 0(Y (y; s))S�;�;�(y; s)W (dy; ds)T b�;�;�(x; t) = Z t0 Z L0 Gt�s(x; y)g0(Y (y; s))S�;�;�(y; s)dydsT �;�;�(x; t) = Z t0 Z L0 ZOGt�s(x; y)h0x(Y (y; s); z)S�;�;�(y; s) ~N(ds; dy; dz) (4.35)et T a�;�;�(x; t) = T b�;�;�(x; t) = T �;�;�(x; t) = 0 si � > t. Ces trois fontions sont enore dans DN ,et on a :E hhT a(x; t)i�N i = Z t0 Z L0 G2t�s(x; y)E h�f 0(Y (y; s))	2 hS(y; s)i�N i dyds (4.36)E �DT b(x; t)E�N� � TL Z t0 Z L0 G2t�s(x; y)E h�g0(Y (y; s))	2 hS(y; s)i�N i dyds (4.37)E hhT (x; t)i�N i = Z t0 Z L0 ZOG2t�s(x; y)E h�h0x(Y (y; s); z)	2 hS(y; s)i�Ni'(z)dzdyds(4.38)Remarquons que les int�egrales dans (4.35) ne sont pas r�eellement d�e�nies pour haque �; �; �.Une fois de plus, nous sous-entendons qu'il faut remplaer �; �; � par Xn; Tn; Zn.Preuve : tout d'abord, il est lair que si les �egalit�es (4.36), (4.37), (4.38) sont v�eri��ees, alors T a,T b, et T  sont dans DN . La mesurabilit�e et la pr�evisibilit�e sont imm�ediates, et (H 0), l'Appendie(6.3), le fait que supy;sE(hS(y; s)i�N ) <1, et es �egalit�es onduisent �asupy;s E �hT a(y; s)i�N�+ supy;s E �DT b(y; s)E�N�+ supy;s E �hT (y; s)i�N� <1Prouvons par exemple l'�egalit�e (4.38). En utilisant la Notation 4.8, puis en appliquant leTh�eor�eme de Fubini pour int�egrands positifs, on obtient :E �hT (x; t)i�N� = E0�Xn�0 �(Zn) hT Xn;Tn;Zn(x; t)i21A= Xn�0E ��(Zn) hT Xn;Tn;Zn(x; t)i2�= Xn�0E 24 Z t0 Z L0 ZOGt�s(x; y)h0x(Y (y; s); z)q�(Zn)SXn;Tn;Zn(y; s) ~N (ds; dy; dz)!235Mais par hypoth�ese, p�(Zn)SXn;Tn;Zn(y; s) = SXn;Tn;Zn(y; s) �p�(Zn)1fTn<sg admet une ver-sion faible pr�evisible pour haque n, et on peut appliquer la formule (2.3) :E �hT (x; t)i�N�
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= Xn�0 Z t0 Z L0 ZOG2t�s(x; y)E ��h0x(Y (y; s); z)	2 �(Zn)S2Xn;Tn;Zn(y; s)�'(z)dzdydsEn�n, une nouvelle appliation du Th�eor�eme de Fubini pour int�egrants positifs permet de on-lure : E �hT (x; t)i�N�= Z t0 Z L0 ZOG2t�s(x; y)E0��h0x(Y (y; s); z)	2 Xn�0 �(Zn)S2Xn;Tn;Zn(y; s)1A'(z)dzdyds= Z t0 Z L0 ZOG2t�s(x; y)E ��h0x(Y (y; s); z)	2 hS(y; s)i�N�'(z)dzdydsLes �equations (4.36) et (4.37) se v�eri�ent de la même fa�on.Nous sommes en�n dans la possibilit�e d'�enoner les trois propositions prinipales de ette sous-setion.Proposition 4.25 Soit fY (x; t)gx2[0;L℄ t2[0;T ℄ un proessus D2-pr�evisible-born�e. On noteU(x; t) = Z t0 Z L0 Gt�s(x; y)f(Y (y; s))W (dy; ds)Alors U est aussi D2-pr�evisible-born�e, et on a, si Y� est une version faible pr�evisible de Y :D1;0�;�U(x; t) = Gt�� (x; �)f(Y�(�; �))1f��tg+ Z t0 Z L0 Gt�s(x; y)f 0(Y (y; s))D1;0�;�Y (y; s)W (dy; ds)D0;1�;�;�U(x; t) = Z t0 Z L0 Gt�s(x; y)f 0(Y (y; s))D0;1�;�;�Y (y; s)W (dy; ds)Proposition 4.26 Soit fY (x; t)gx2[0;L℄ t2[0;T ℄ un proessus D2-pr�evisible-born�e. On noteU(x; t) = Z t0 Z L0 Gt�s(x; y)g(Y (y; s))dydsAlors U est aussi D2-pr�evisible-born�e, et on a :D1;0�;�U(x; t) = Z t0 Z L0 Gt�s(x; y)g0(Y (y; s))D1;0�;�Y (y; s)dydsD0;1�;�;�U(x; t) = Z t0 Z L0 Gt�s(x; y)g0(Y (y; s))D0;1�;�;�Y (y; s)dyds



4. CALCUL DE MALLIAVIN. 57Proposition 4.27 Soit fY (x; t)gx2[0;L℄ t2[0;T ℄ un proessus D2-pr�evisible-born�e. On noteU(x; t) = Z t0 Z L0 ZOGt�s(x; y)h(Y (y; s); z) ~N (ds; dy; dz)Alors U est aussi D2-pr�evisible-born�e, et on a, si Y� est une version faible pr�evisible de Y :D1;0�;�U(x; t) = Z t0 Z L0 ZOGt�s(x; y)h0x(Y (y; s); z)D1;0�;�Y (y; s) ~N(ds; dy; dz)D0;1�;�;�U(x; t) = Gt�� (x; �)h0z(Y�(�; �); �)1f��tg+ Z t0 Z L0 ZOGt�s(x; y)h0x(Y (y; s); z)D0;1�;�;�Y (y; s) ~N(ds; dy; dz)Remarquons que les d�eriv�ees obtenues ne d�ependent pas du hoix de la version faible pr�evisibleY� de Y . En e�et, si Y � est une autre version faible pr�evisible de Y , alors il est lair que pourtout x, t, p.s., Z t0 Z L0 �Gt�� (x; �)f(Y�(�; �)) �Gt�� (x; �)f(Y �(�; �))	2 d�d�+ Z t0 Z L0 ZIR �Gt�� (x; �)h0z(Y�(�; �); �) �Gt�� (x; �)h0z(Y �(�; �); �)	2 �(�)N(d�; d�; d�) = 0Ces trois propositions se ressemblent beauoup. N�eanmoins, la troisi�eme est sensiblement plusdiÆile, 'est pourquoi on ne prouvera que elle-i. Il est d'abord n�eessaire d'�etablir le lemmesuivant, qui utilise l'hypoth�ese (S) :Lemme 4.28 Soit � une fontion mesurable sur [0; T ℄� [0; L℄�O, de lasse C1 sur O (en z),ave �0z born�ee, et telle que j�(s; y; z)j � K�(z)(o�u � 2 L2(O;'(z)dz) est d�e�nie dans l'hypoth�ese (H 0)). Soit (t; x) 2℄0; T ℄� [0; L℄ �x�e, etG(s; y; z) = Gt�s(x; y)�(s; y; z)1fs<tgalors ~N(G) = R T0 R L0 ROG(s; y; z) ~N (ds; dy; dz) est �el�ement de D2, et on peut aluler ses d�eriv�ees :D1;0�;� ~N(G) = 0 et D0;1�;�;� ~N(G) = Gt�� (x; �)�0z(�; �; �)1f�<tgPreuve : a�n d'appliquer la Proposition 4.13, il faut approher G par des fontions born�ees, �asupport ompat, de lasse C1 en z, et �a d�eriv�ee born�ee : il faut tronquer G, et "ompati�er"son support. Soit don fT�g une suite de fontions de tronation de lasse C1 sur IR, �a d�eriv�eespremi�eres born�ees par 1, telles queT�(u) = 8>>>>><>>>>>: u si juj � 1�1 + 1� si u � 2 + 1��1� 1� si u � �2� 1� et jT�(u)j � juj



58 CHAPITRE 1 : CALCUL DE MALLIAVIN POUR UNE EDPS DISCONTINUEPar (S), on sait d'autre part qu'il existe une famille de fontions fK�g sur O, positives et C1,born�ees par 1, �a support ompat dans O, et v�eri�ant8 z 2 O;K�(z) �!�!0 1 ; ZO �K 0�(z)�2 �2(z)�(z)'(z)dz �!�!0 0 (4.39)On pose alors G�(s; y; z) = T�(Gt�s(x; y))T�(�(s; y; z))K�(z)1fs<tgIl est lair que G� satisfait les hypoth�eses de la Proposition 4.13 : G� est born�ee, �a supportompat, C1 en z, et sa d�eriv�ee est born�ee. On a(G�)0z(s; y; z) = T�(Gt�s(x; y))1fs<tg �T 0� (�(s; y; z))�0z(s; y; z)K�(z) + T�(�(s; y; z))K 0�(z)�Don, par la Proposition 4.13, ~N(G�) 2 D2,D1;0�;� ~N(G�) = 0 et D0;1�;�;� ~N(G�) = (G�)0z(�; �; �)V�eri�ons que ~N(G�) onverge vers ~N(G) dans D2 (ave les notations de l'�enon�e, même si onn'est pas enore sûr que es expressions sont bien les d�eriv�ees de ~N(G)). Tout d'abord, par laformule (2.3) :E �� ~N(G�)� ~N(G)�2� = E0� Z T0 Z L0 ZO(G(s; y; z) �G�(s; y; z)) ~N (dsdydz)!21A= Z T0 Z L0 ZO(G(s; y; z)�G�(s; y; z))2'(z)dzdydsCe terme tend vers 0 par onvergene domin�ee. En e�et, pour haque s; y; z, l'int�egrand tendvers 0, et(G(s; y; z)�G�(s; y; z))2 � 4G2(s; y; z) � 4KG2t�s(x; y)�2(z) 2 L1('(z)1O(z)dzdyds)De plus, E �DD1;0 ~N(G)�D1;0 ~N(G�)Eleb� = 0En�n, E �DD0;1 ~N(G)�D0;1 ~N(G�)E�N�= E  Z T0 Z L0 ZO �G0z(�; �; �) � (G�)0z(�; �; �)�2 �(�)N(d�; d�; d�)!= Z T0 Z L0 ZO �G0z(�; �; �)� (G�)0z(�; �; �)�2 �(�)'(�)d�d�d�Cei tend aussi vers 0, par onvergene domin�ee et grâe �a (4.39) . Le lemme tehnique estprouv�e.



4. CALCUL DE MALLIAVIN. 59Preuve de la Proposition 4.27Etape 1 : si z est �x�e, h( : ; z) est de lasse C1b sur IR. Don, par la Proposition 4.11, pour tout(x; t; z) dans [0; L℄ � [0; T ℄� IR, h(Y (x; t); z) 2 D2, et on aD1;0�;�h(Y (x; t); z) = h0x(Y (x; t); z)D1;0�;�Y (x; t)et D0;1�;�;�h(Y (x; t); z) = h0x(Y (x; t); z)D0;1�;�;�Y (x; t)De plus, vue (H 0), on remarque quesupx;t jjjh(Y (x; t); z)jjj2 � K�(z)D�eomposons alors h(Y; z) dans D2, �a l'aide d'une l�eg�ere extension du Lemme 4.21 :h(Y (x; t); z) = Xk�0�k(x; t; z)Zko�u pour haque k, �k est mesurable. On a de plussupx;t Xk �2k(x; t; z) = supx;t jjjh(Y (x; t); z)jjj22 � K�2(z)Par le Th�eor�eme de Lebesgue, omme (par (H 0)) jh0z(x; z)j � K(1 + jxj) et h00zx est born�ee,omme h0z et h00zx sont ontinues,�k(y; s; z) = Dh(Y (y; s); z); ZkED2= E hh(Y (y; s); z)Zki+E hh0x(Y (y; s); z)DD1;0Y (y; s);D1;0ZkElebi+E �h0x(Y (y; s); z)DD0;1Y (y; s);D0;1ZkE�N�est de lasse C1 en z, et sa d�eriv�ee est born�ee. D'autre part, omme h0z( : ; z) est de lasse C1b ,la Proposition 4.11 aÆrme que h0z(Y (y; s); z) appartient �a D2, permet de aluler ses d�eriv�ees,puis de voir que (toujours �a l'aide de (H 0)) :supx;t;zXk �(�k)0z(x; t; z)�2 = supx;t;z jjjh0z(Y (x; t); z)jjj22 <1On a aussi h0z(Y (y; s); z) = Xk�0(�k)0z(y; s; z)Zkdans D2. Toujours grâe au Lemme 4.21, si on pose Zks = E(ZkjFs) et	N (y; s; z) = NXk=0�k(y; s; z)Zks (4.40)



60 CHAPITRE 1 : CALCUL DE MALLIAVIN POUR UNE EDPS DISCONTINUEon a les assertions suivantes :8y; s; z jjj	N (y; s; z)� h(Y (y; s); z)jjj2 �! 0 (4.41)supN supy;s jjj	N (y; s; z) � h(Y (y; s); z)jjj22 � K�2(z) (4.42)8y; s; z jjj(	N )0z(y; s; z) � h0z(Y (y; s); z)jjj2 �! 0 (4.43)supN supy;s;z jjj(	N )0z(y; s; z)� h0z(Y (y; s); z)jjj22 � supy;s;z jjjh0z(Y (y; s); z)jjj22 <1 (4.44)A�n de v�eri�er que U est bien dans D2, nous allons �erire U sous la forme Pk ~Uk, v�eri�er quepour haque k, ~Uk est bien dans D2, puis �etudier la onvergene de la s�erie.Etape 2 : montrons d'abord que pour haque k,~Uk(x; t) = Z t0 Z L0 ZOGt�s(x; y)�k(y; s; z)Zks ~N(dsdydz)appartient �a D2, et alulons ses d�eriv�ees. Il est vraiment n�eessaire d'utiliser la suite Zks , arles proessus �k(y; s; z)Zk n'admettent pas a priori de versions faibles pr�evisibles. On utilise uneapproximation du type P�eano pour Zks . Notons, si 0 � s � Tsn = sup� inT � inT < s� _ 0Approhons ~Uk par~Ukn(x; t) = Z t0 Z L0 ZOGt�s(x; y)�k(y; s; z)Zksn ~N(dsdydz)= n�1Xi=0 ZkinT � Z[0;t℄\℄ inT; i+1n T ℄ Z L0 ZOGt�s(x; y)�k(y; s; z) ~N (dsdydz)Comme ZkinT appartient �a D2 et est F inT -mesurable, omme l'appliation �k satisfait les hy-poth�eses du Lemme 4.28, e lemme et la Proposition 4.15 nous permettent d'aÆrmer que~Ukn(x; t) 2 D2, etD0;1�;�;� ~Ukn(x; t) = n�1Xi=0 Z[0;t℄\℄ inT; i+1n T ℄ Z L0 ZOGt�s(x; y)�k(y; s; z) ~N (dsdydz) �D0;1�;�;�ZkinT+ n�1Xi=0 ZkinT �Gt�� (x; �)(�k)0z(�; �; �)1f�2℄ inT; i+1n T ℄\[0;t[g= Z t0 Z L0 ZOGt�s(x; y)�k(y; s; z)D0;1�;�;�Zksn ~N(dsdydz)+Gt�� (x; �)(�k)0z(�; �; �)Zk�n1f��tg



4. CALCUL DE MALLIAVIN. 61et de même D1;0�;� ~Ukn(x; t) = Z t0 Z L0 ZOGt�s(x; y)�k(y; s; z)D1;0�;�Zksn ~N(dsdydz)On pose donD0;1�;�;� ~Uk(x; t) = Z t0 Z L0 ZOGt�s(x; y)�k(y; s; z)D0;1�;�;�Zks ~N(dsdydz)+Gt�� (x; �)(�k)0z(�; �; �)Zk��1f��tget D1;0�;� ~Uk(x; t) = Z t0 Z L0 ZOGt�s(x; y)�k(y; s; z)D1;0�;�Zks ~N(dsdydz)Il reste �a v�eri�er les onvergenes au sens de D2. D'abord, par la formule (2.3), puis ommej�kj � K�, E h( ~Uk(x; t)� ~Ukn(x; t))2i= Z t0 Z L0 ZOG2t�s(x; y)�2k(y; s; z)E �(Zks � Zksn)2�'(z)dzdyds� K Z t0 Z L0 G2t�s(x; y)E �(Zks � Zksn)2� dydsCei tend vers 0 par double onvergene domin�ee : pour haque s, jZks � Zksn j tend vers 0 p.s.,et est major�e par 2 sup! jZk(!)j < 1. Don le Th�eor�eme de onvergene domin�ee montre quepour haque s, E �(Zks � Zksn)2� tend vers 0. Comme ette esp�erane est d'autre part major�eepar une onstante, et omme G2t�s(x; y) est dans L1(dyds), le Th�eor�eme de onvergene domin�eeappliqu�e �a la mesure dyds permet de onlure.Ensuite, E �DD0;1 ~Uk(x; t)�D0;1 ~Ukn(x; t)E�N�� C Z t0 Z L0 ZOG2t�� (x; �) �(�k)0z(�; �; �)�2E �(Zk�n � Zk��)2� �(�)'(�)d�d�d�+CEh Z t0 Z L0 ZO �Z t0 Z L0 ZOGt�s(x; y)�k(y; s; z)�D0;1�;�;�Zksn �D0;1�;�;�Zks �~N(ds; dy; dz)�2�(�)N(d�; d�; d�)iLe premier terme tend vers 0 omme pr�e�edemment, et une adaptation du Lemme 4.24 permetde majorer le seond parZ t0 Z L0 ZOG2t�s(x; y)�2k(y; s; z)E �DD0;1Zksn �D0;1Zks E�N�'(z)dzdyds



62 CHAPITRE 1 : CALCUL DE MALLIAVIN POUR UNE EDPS DISCONTINUEqui tend vers 0 pour les mêmes raisons (ette fois DD0;1Zksn �D0;1Zks E�N n'est plus major�e parune onstante, mais par la variable al�eatoireXk = 4 sup[0;T ℄E �DD0;1ZkE�N ���� Fs�qui appartient �a L1(
) par l'in�egalit�e de Doob, puisque DD0;1ZkE�N 2 L2(
), ar Zk 2 S).En�n, on prouve de même que E hDD1;0 ~Uk(x; t)�D1;0 ~Ukn(x; t)Elebi tend vers 0, et l'�etape 2 esttermin�ee.Etape 3 : approhons maintenant U(x; t) parUN (x; t) = NXk=0 ~Uk(x; t)Par l'�etape 1, on sait que UN (x; t) appartient �a D2, et on onnait ses d�eriv�ees. Rappelons que	N est d�e�ni par (4.40). On a :D1;0�;�UN (x; t) = Z t0 Z L0 ZOGt�s(x; y)D1;0�;�	N (y; s; z) ~N (dsdydz)et D0;1�;�;�UN (x; t) = Gt�� (x; �)(	N )0z(�; �; �)1f��tg+ Z t0 Z L0 ZOGt�s(x; y)D0;1�;�;�	N (y; s; z) ~N (dsdydz)On notera D1;0�;�U(x; t) et D0;1�;�;�U(x; t) les expressions de l'�enon�e, pour des raisons de notation,même si on n'est pas enore sûr que e sont bien les d�eriv�ees de U(x; t). D'abord, par (2.3),E h(U(x; t) � UN (x; t))2i� Z t0 Z L0 ZOG2t�s(x; y)E �(h(Y (y; s); z) �	N (y; s))2�'(z)dydzds� K Z t0 Z L0 ZOG2t�s(x; y)jjjh(Y (y; s); z)�	N (y; s)jjj22'(z)dydzdsCei tend vers 0 par onvergene domin�ee, grâe aux �equations (4.41) et (4.42). De plus,E �DD0;1U(x; t)�D0;1UN (x; t)E�N�� K Z t0 Z L0 ZOG2t�� (x; �)E �(h0z(Y�(�; �); �) � (	N )0z(�; �; �))2� �(�)'(�)d�d�d�+KEh Z T0 Z L0 ZO �Z t0 Z L0 ZOGt�s(x; y)(D0;1�;�;�h(Y (y; s); z)�D1;0�;�	N (y; s; z))~N(ds; dy; dz)�2�(�)N(d�; d�; d�)i



4. CALCUL DE MALLIAVIN. 63Le premier terme tend vers 0 omme pr�e�edemment (grâe �a (4.43) et (4.44)). Quant au seond,on le majore �a l'aide du Lemme 4.24 parZ t0 Z L0 ZOG2t�s(x; y)E �DD0;1	N (y; s; z)�D0;1h(Y (y; s); z)E�N�'(z)dzdydsqui tend enore vers 0 par onvergene domin�ee.On prouve de même la troisi�eme onvergene, et l'�etape 3 est �nie.Etape 4 : il ne reste plus qu'�a v�eri�er que U(x; t) est D2 pr�evisible-born�e. D'abord, U admet uneversion faible pr�evisible par le Lemme 2.4, ainsi que D1;0�;�U(x; t) si �; � sont �x�es. La mesurabilit�eglobale de D1;0�;�U(x; t) et D0;1�;�;�U(x; t) est v�eri��ee, et D0;1Xn;Tn;ZnU(x; t), pour n � 0 �x�e, admetune version faible pr�evisible. U est born�e dans L2 par le Lemme 2.4, et E(
D0;1U(x; t)��N ) estborn�e par le Lemme 4.24, (H 0), et l'Appendie (6.3). De plus,E �DD1;0U(x; t)Eleb�= E 24Z T0 Z L0  Z t0 Z L0 ZOGt�s(x; y)h0x(Y (y; s); z)D1;0�;�Y (y; s) ~N(ds; dy; dz)!2 d�d�35= Z T0 Z L0 E 24 Z t0 Z L0 ZOGt�s(x; y)h0x(Y (y; s); z)D1;0�;�Y (y; s) ~N(ds; dy; dz)!235 d�d�� Z T0 Z L0 Z t0 Z L0 ZOG2t�s(x; y)�2(z)E �nD1;0�;�Y (y; s)o2�'(z)dzdydsd�d�= Z t0 Z L0 ZOG2t�s(x; y)�2(z)E �DD1;0Y (y; s)Eleb�'(z)dzdydsCei est lairement born�e, ar Y estD2-pr�evisible-born�e, ar � 2 L2(O;'(z)dz), et par l'Appendie(6.3). La preuve est ahev�ee.4.5 D�erivation de la solution.A�n de pouvoir appliquer le Th�eor�eme 4.16, il faut prouver que V est dans D2, et aluler sesd�eriv�ees.Th�eor�eme 4.29 Sous les hypoth�eses (H 0), (M), (D), et (S), si V est l'unique solution faiblede (1.1) au sens de la D�e�nition 2.3, alors V est D2-pr�evisible-born�e, et, si V� est une versionfaible pr'evisible de V ,D1;0�;�V (x; t) = Gt�� (x; �)f(V�(�; �))1ft��g (4.45)+ Z t0 Z L0 Gt�s(x; y)f 0(V (y; s))D1;0�;�V (y; s)W (dy; ds)+ Z t0 Z L0 Gt�s(x; y)g0(V (y; s))D1;0�;�V (y; s)dyds



64 CHAPITRE 1 : CALCUL DE MALLIAVIN POUR UNE EDPS DISCONTINUE
+ Z t0 Z L0 ZOGt�s(x; y)h0x(V (y; s); z)D1;0�;�V (y; s) ~N(ds; dy; dz)D0;1�;�;�V (x; t) = Gt�� (x; �)h0z(V�(�; �); �)1ft��g (4.46)+ Z t0 Z L0 Gt�s(x; y)f 0(V (y; s))D0;1�;�;�V (y; s)W (dy; ds)+ Z t0 Z L0 Gt�s(x; y)g0(V (y; s))D0;1�;�;�V (y; s)dyds+ Z t0 Z L0 ZOGt�s(x; y)h0x(V (y; s); z)D0;1�;�;�V (y; s) ~N (ds; dy; dz)Toute la suite de ette sous-setion est onsar�ee �a la preuve de e th�eor�eme.Nous allons pour ela d�e�nir D1;0�;�V et D0;1�;�;�V omme les solutions respetives de (4.45) et(4.46), puis nous v�eri�erons que e sont bien les d�eriv�ees de V . Il faut don montrer que es�equations ont bien une unique solution haune.Les �equations (4.45) et (4.46) sont en fait des \syst�emes d'�equations". En partiulier, dans leas de l'�equation (4.46), nous ne herhons pas �a r�esoudre l'�equation pour haque �; �; � �x�e,mais pour haque n �x�e, en rempla�ant �; �; � par Xn; Tn; Zn. La solution D0;1V (x; t) doit êtreonsid�er�ee omme �a valeurs dans L2(P (d!)�(�)N(!; d�; d�; d�)), pour haque x; t.Lemme 4.30 1. L'�equation (4.45) admet une unique solutionx; t 7! D1;0V (x; t)[0; L℄� [0; T ℄ 7! L2(P (d!)d�d�)telle que pour tout �; � �x�e, le proessus D1;0�;�V (x; t) admette une version faible pr�evisible.La solution est unique au sens o�u si S et S0 sont deux telles solutions de (4.45), alorssupx;t E �
S(x; t)� S0(x; t)�leb� = 02. L'�equation (4.46) admet une unique solutionx; t 7! D0;1V (x; t)[0; L℄� [0; T ℄ 7! L2(P (d!)�(�)N(!; d�; d�; d�))appartenant �a DN . La solution est unique au sens o�u si T et T 0 sont deux telles solutionsde (4.46), alors supx;t E h
T (x; t)� T 0(x; t)��N i = 0



4. CALCUL DE MALLIAVIN. 65Preuve : prouvons par exemple 2., et ommen�ons par l'uniit�e. Soit S et T deux solutions dansDN . Un alul utilisant le Lemme 4.24 et l'hypoth�ese (H 0) montre queE �hS(x; t)� T (x; t)i�N� � K Z t0 Z L0 G2t�s(x; y)E �hS(x; t)� T (x; t)i�N� dyds� K Z t0 supy E �hS(y; s)� T (y; s)i�N� dspt� so�u la deuxi�eme in�egalit�e provient de l'Appendie (6.2). En r�eiterant ette in�egalit�e, puis enutilisant le lemme de Gronwall, on obtientsupy;s E �hS(y; s)� T (y; s)i�N� = 0L'existene se montre �a l'aide d'une it�eration de Piard. SoitS0�;�;�(x; t) = Gt�� (x; �)h0z(V (�; �); �)1ft>�gAlors S0 appartient �a DN . En e�et, la mesurabilit�e globale est imm�ediate. De plus, si n � 0,le proessus S0Xn;Tn;Zn(x; t) est �ag et adapt�e, don pr�evisible. En�n, omme V� est pr�evisible,supx;t E �DS0(x; t)E�N� = supx;t E  Z t0 Z L0 ZOG2t�� (x; �)(h0z)2(V�(�; �); �)�(�)'(�)d�d�d�!� K supx;t Z t0 Z L0 ZOG2t�� (x; �)E �1 + jV (�; �)j2��(�)'(�)d�d�d� <1par (H 0), ar � 2 L1(O;'(z)dz), ar V est born�e dans L2, et par l'Appendie (6.3).On pose ensuite, pour n � 0 :Sn+1�;�;�(x; t) = S0�;�;�(x; t) + Z t0 Z L0 Gt�s(x; y)f 0(V (y; s))Sn�;�;�(y; s)W (dy; ds)+ Z t0 Z L0 Gt�s(x; y)g0(V (y; s))Sn�;�;�(y; s)dyds+ Z t0 Z L0 ZOGt�s(x; y)h0x(V (y; s); z)Sn�;�;�(y; s) ~N (ds; dy; dz) (4.47)Une r�eurrene utilisant le Lemme 4.24 montre que pour haque n, Sn est dans DN .Le Lemme 4.24 et le Lemme de Piard permettent de v�eri�er que la s�erie de terme g�en�eral"supx;t E �DSn+1(x; t)� Sn(x; t)E�N�# 12onverge. L'existene en d�eoule.Preuve du Th�eor�eme 4.29 : on doit une fois de plus onsid�erer V omme la limite d'une suiteV n, montrer par r�eurrene qu'elle prend ses valeurs dans D2, puis �etudier la onvergene.



66 CHAPITRE 1 : CALCUL DE MALLIAVIN POUR UNE EDPS DISCONTINUEConsid�erons les approximations de Piard de la solution V d�e�nie dans la setion 3 par les�equations (3.1) et (3.2). Comme V0 est d�eterministe et born�e, il est faile de voir que V 0 estD2-pr�evisible-born�e. Un raisonnement par r�eurrene utilisant les Propositions 4.25, 4.26, et4.27 montre que pour tout n, V n est D2-pr�evisible-born�e, et permet de aluler ses d�eriv�ees : siV n� est yune version faible pr�evisible de V n,D1;0�;�V n+1(x; t) = Gt�� (x; �)f(V n� (�; �))1ft��g+ Z t0 Z L0 Gt�s(x; y)f 0(V n(y; s))D1;0�;�V n(y; s)W (dy; ds)+ Z t0 Z L0 Gt�s(x; y)g0(V n(y; s))D1;0�;�V n(y; s)dyds+ Z t0 Z L0 ZOGt�s(x; y)h0x(V n(y; s); z)D1;0�;�V n(y; s) ~N (ds; dy; dz)D0;1�;�;�V n+1(x; t) = Gt�� (x; �)h0z(V n� (�; �); �)1ft��g+ Z t0 Z L0 Gt�s(x; y)f 0(V n(y; s))D0;1�;�;�V n(y; s)W (dy; ds)+ Z t0 Z L0 Gt�s(x; y)g0(V n(y; s))D0;1�;�;�V n(y; s)dyds+ Z t0 Z L0 ZOGt�s(x; y)h0x(V n(y; s); z)D0;1�;�;�V n(y; s) ~N(ds; dy; dz)Il ne reste plus qu'�a v�eri�er que, si D1;0�;�V (x; t) et D0;1�;�;�V (x; t) sont d�e�nies omme solutionsde (4.45) et (4.46), (au sens du Lemme 4.30), alors V n(x; t) onverge vers V (x; t) dans D2. Ona d�ej�a vu dans la preuve du Th�eor�eme 3.1 que V n(x; t) onverge vers V (x; t) dans L2. Posonsdon Gn(x; t) = E �DD0;1V (x; t)�D0;1V n(x; t)E�N� et �n(t) = supx Gn(x; t)Il s'agit de prouver que pour haque (x; t) dans [0; L℄ � [0; T ℄, Gn(x; t) tend vers 0. MajoronsGn+1(x; t) : Gn+1(x; t) � K(In1 (x; t) + :::+ In7 (x; t))o�u :In1 (x; t) = Z t0 Z L0 ZOG2t�� (x; �)E� �h0z(V n(�; �); �) � h0z(V (�; �); �)�2 ��(�)'(�)d�d�d�In2 (x; t) = Eh Z T0 Z L0 ZO � Z t0 Z L0 Gt�s(x; y)[f 0(V (y; s))� f 0(V n(y; s))℄D0;1�;�;�V (y; s)W (dy; ds)�2�(�)N(d�; d�; d�)i



4. CALCUL DE MALLIAVIN. 67In3 (x; t) = Eh Z T0 Z L0 ZO �Z t0 Z L0 Gt�s(x; y)[g0(V (y; s))� g0(V n(y; s))℄D0;1�;�;�V (y; s)dyds�2�(�)N(d�; d�; d�)iIn4 (x; t) = Eh Z T0 Z L0 ZO �Z t0 Z L0 ZOGt�s(x; y)[h0x(V (y; s); z) � h0x(V n(y; s); z)℄D0;1�;�;�V (y; s) ~N(ds; dy; dz)�2�(�)N(d�; d�; d�)iIn5 (x; t) = Eh Z T0 Z L0 ZO �Z t0 Z L0 Gt�s(x; y)f 0(V n(y; s))�[D0;1�;�;�V (y; s)�D0;1�;�;�V n(y; s)℄W (dy; ds)�2�(�)N(d�; d�; d�)iIn6 (x; t) = Eh Z T0 Z L0 ZO �Z t0 Z L0 Gt�s(x; y)g0(V n(y; s))�[D0;1�;�;�V (y; s)�D0;1�;�;�V n(y; s)℄dyds�2�(�)N(d�; d�; d�)iIn7 (x; t) = Eh Z T0 Z L0 ZO �Z t0 Z L0 ZOGt�s(x; y)h0x(V n(y; s); z)�[D0;1�;�;�V (y; s)�D0;1�;�;�V n(y; s)℄ ~N (ds; dy; dz)�2�(�)N(d�; d�; d�)iMajorons es termes un par un : h00zx est born�ee, don�h0z(V n(�; �); �) � h0z(V (�; �); �)�2 � K(V n(�; �)� V (�; �))2Or sup�;� E �(V n(�; �) � V (�; �))2� �! 0Don, par l'Appendie (6.3), In1 (x; t) � Kn �! 0.Le Lemme 4.24 permet d'aÆrmer que In4 (x; t) est �egal �a :Z t0 Z L0 ZOG2t�s(x; y)E �(h0x(V (y; s); z) � h0x(V n(y; s); z))2 � DD0;1V (y; s)E�N�'(z)dzdydsAppliquons alors l'in�egalit�e de H�older (pour la mesure dyds, ave p = 5=4 et q = 5), pourmajorer In4 (x; t) par :"Z t0 Z L0 (Gt�s(x; y))5=2dyds#4=5� "Z T0 Z L0 �ZO E ��h0x(V (y; s); z) � h0x(V n(y; s); z)�2 DD0;1V (y; s)E�N�'(z)dz�5 dyds#1=5



68 CHAPITRE 1 : CALCUL DE MALLIAVIN POUR UNE EDPS DISCONTINUELe premier terme du produit est major�e par une onstante (par l'Appendie (6.3), ar 5=2 < 3),et le seond ne d�epend plus de x; t ('est pourquoi on a appliqu�e l'in�egalit�e de H�older). Notonsdon e terme Kn. Mais Kn tend vers 0 par (triple) onvergene domin�ee. En e�et omme h0x estontinue (en x) et major�ee par �, omme V n(y; s) tend vers V (y; s) dans L2 (don en probabilit�e),et omme 
D0;1V (y; s)��N est dans L1 (pour y; s �x�e), le Th�eor�eme de onvergene domin�eeappliqu�e �a P implique que l'esp�erane tend vers 0 pour haque y; s; z. Mais ette esp�eraneest d'autre part major�ee par (�a une onstante pr�es) �2(z) 2 L1(O;'(z)dz). Le Th�eor�eme deonvergene domin�ee pour la mesure '(z)dz permet don d'aÆrmer que pour haque y; s,�ZOE ��h0x(V (y; s); z) � h0x(V n(y; s); z)�2 DD0;1V (y; s)E�N�'(z)dz�5tend vers 0. Cette quantit�e est en�n born�ee, et une derni�ere appliation du Th�eor�eme deonvergene domin�ee (pour dyds) permet de onlure : Kn tend vers 0.On majore In2 et In3 grâe au même pro�ed�e, et on obtient (C est une onstante) :In2 (x; t) + In3 (x; t) + In4 (x; t) � CKn �! 0Apr�es avoir utilis�e le Lemme 4.24 et (H 0), on voit queIn7 (x; t) � K Z t0 Z L0 G2t�s(x; y)Gn(y; s)dydsLes mêmes majorations s'appliquent �a In5 (x; t) et In6 (x; t), et on obtient �nalement :Gn+1(x; t) � Kn +K Z t0 Z L0 Gn(y; s)G2t�s(x; y)dyds� Kn +K Z t0 �n(s) dspt� save Kn �! 0. On en d�eduit que�n+2(t) � K 0n +K 0 Z t0 �n(s)dso�u K 0n tend enore vers 0. Comme �0 et �1 sont born�ees grâe �a l'�etape 1, on peut appliquer leLemme de Piard (ou plutôt une l�eg�ere extension du Lemme de Piard) :sup[0;T ℄�n(t) �! 0Puis supx;t Gn(x; t) �! 0Un alul similaire montre quesupx;t E hDD1;0V (x; t)�D1;0V n(x; t)Elebitend vers 0, et le Th�eor�eme 4.29 est prouv�e.



4. CALCUL DE MALLIAVIN. 694.6 Existene de la densit�e.Nous sommes en�n arm�es pour prouver le Th�eor�eme 4.1. Soit don (x; t) 2 [0; L℄�℄0; T ℄, etsupposons que les hypoth�eses (M), (D), et (H 0) soient satisfaites. Par les Th�eor�emes 4.16 et4.29, il suÆt de v�eri�er que presque sûrement,�(x; t) = DD1;0V (x; t)Eleb + DD0;1V (x; t)E�N= �1;0(x; t) + �0;1(x; t)est stritement positif sous l'une des hypoth�eses (EW ), (EP1), ou (EP2).On ne sait pas aluler expliitement �(x; t). C'est pourquoi on doit s�eparer les as : nous allonsv�eri�er que sous (EW ), �1;0(x; t) > 0 p.s., et que sous (EP1) ou (EP2), �0;1(x; t) > 0 p.s. Ladi��erene de nature entre les deux produits salaires nous empêhe d'�etablir un r�esultat sousune hypoth�ese de non-d�eg�eneresene onjointe.Existene de la densit�e sous (EP1).Comme pr�evu, nous nous int�eressons �a �0;1. Commen�ons par la remarque suivante.Remarque 4.31 Quel que soit  � 0, on peut supposer que g0 � .Preuve : il suÆt d'utiliser la d�e�nition 2.3 des solutions faibles de (1.1), qui s'�etend (f Walsh[47℄) aux fontions test �(x; t) de lasse C1 sur [0; L℄ � [0; T ℄ v�eri�ant �0x(0; t) = �0x(L; t) = 0pour tout t :Z L0 V (x; t)�(x; t)dx = Z L0 V0(x)�(x; 0)dx + Z t0 Z L0 V (x; s) ��00xx(x; s) + �0t(x; s)� dxds+ Z t0 Z L0 f(V (x; s))�(x; s)W (dx; ds) + Z t0 Z L0 g(V (x; s))�(x; s)dxds+ Z t0 Z L0 ZO h(V (x; s); z)�(x; s) ~N (ds; dx; dz)Cei peut se r�e�erireZ L0 V (x; t)�(x; t)dx = Z L0 V0(x)�(x; 0)dx+ Z t0 Z L0 V (x; s) ��00xx(x; s)� �(x; s) + �0t(x; s)� dxds+ Z t0 Z L0 f(V (x; s))�(x; s)W (dx; ds) + Z t0 Z L0 (g(V (x; s)) + V (x; s))�(x; s)dxds+ Z t0 Z L0 ZO h(V (x; s); z)�(x; s) ~N (ds; dx; dz)



70 CHAPITRE 1 : CALCUL DE MALLIAVIN POUR UNE EDPS DISCONTINUEMais la fontion de Green assoi�ee au syst�eme�u�t = �2u�x2 � u ; �u�x(0; t) = �u�x(L; t) = 0est Ht(x; y) = e�tGt(x; y). La solution faible V de (1.1) (et de mani�ere �equivalente de (2.9)),est don aussi solution de l'�equation (2.9) o�u l'on a rempla�e Gt(x; y) par Ht(x; y) et g(x) parg(x) + x. Comme les deux noyaux G et H se omportent de la même mani�ere, omme lafontion g0 est born�ee, la remarque est prouv�ee.Remarquons ensuite que, omme V est D2-pr�evisible-born�e, D0;1�;�;�V (x; t) = 0 d�es que � > t(voir la Proposition 4.14). De plus, par (EP1), f = 0, et jh0xj � �̂ 2 L1(O;'(z)dz), don enposant G0(x) = g0(x)� RO h0x(x; z)'(z)dz, on obtient :D0;1�;�;�V (x; t) = Gt�� (x; �)h0z(V�(�; �); �)+ Z℄�;t[ Z L0 Gt�s(x; y)G0(V (y; s))D0;1�;�;�V (y; s)dyds+ Z℄�;t[ Z L0 ZOGt�s(x; y)h0x(V (y; s); z)D0;1�;�;�V (y; s)N(ds; dy; dz)si � � tD0;1�;�;�V (x; t) = 0 si � > tSoit S�;� (x; t) l'unique solution (au même sens que dans le Lemme 4.30-2.) de l'�equationS�;� (x; t) = Gt�� (x; �)+ Z℄�;t[ Z L0 Gt�s(x; y)G0(V (y; s))S�;� (y; s)dyds+ Z℄�;t[ Z L0 ZOGt�s(x; y)h0x(V (y; s); z)S�;� (y; s)N(ds; dy; dz)si � � tS�;� (x; t) = 0 si � > tPar uniit�e, on remarque queD0;1�;�;�V (x; t) = h0z(V�(�; �); �))S�;� (x; t)au sens o�u supx;t E �DD0;1V (x; t)� h0z(V�( : ; : ); : )S(x; t)E�N� = 0



4. CALCUL DE MALLIAVIN. 71e qui implique bien entendu que pour haque x; t, presque sûrement,�0;1(x; t) = 
h0z(V�( : ; : ); : )S(x; t)��NPar la Remarque 4.31, on peut supposer G0 � 0 (hoisir g0 sup�erieure �a RO �̂(z)'(z)dz). Commepar hypoth�ese h0x est positive, un raisonnement par r�eurrene sur les approximations de Piardde S�;� (x; t), puis un passage �a la limite montre que pour haque x; t, P (d!)N(!; d�; d�; d�)-presque partout, S�;� (x; t) � Gt�� (x; �)1f�<tget il suÆt de v�eri�er que pour tout t > 0, tout x 2 [0; L℄, p.s.,Z t0 Z L0 ZOG2t�� (x; �)(h0z(V�(�; �); �))2�(�)N(d�; d�; d�) > 0Mais pour tout � 2 [0; t[, tout � 2 [0; L℄ et tout � 2 O, G2t�� (x; �)�(�) > 0. Don il suÆt demontrer que pour tout t > 0, p.s.,Z t0 Z L0 ZO 1fh0z(V�(�;�);�)6=0gN(d�; d�; d�) > 0Consid�erons pour ela le temps d'arrêtR = inf (s > 0 , Z s0 Z L0 ZO 1fh0z(V�(�;�);�)6=0gN(d�; d�; d�) > 0)et prouvons que R = 0 p.s. :E  Z R0 Z L0 ZO 1fh0z(V�(�;�);�)6=0g'(�)d�d�d�!= E  Z R0 Z L0 ZO 1fh0z(V�(�;�);�)6=0gN(d�; d�; d�)! � 1Cei implique Z R0 Z L0 ZO 1fh0z(V�(�;�);�)6=0g'(�)d�d�d� <1p.s., e qui ontredit l'hypoth�ese8x 2 IR; ZO 1fh0z(x;�)6=0g'(�)d� = 1sauf si R = 0 p.s., et le Th�eor�eme 4.1 sous (EP1) est d�emontr�e.Existene de la densit�e sous (EP2).Comme sous (EP1), on ommene par �erireD0;1�;�;�V (x; t) = h0z(V�(�; �); �)S�;� (x; t), o�u S�;� (x; t)est l'unique solution (au sens du Lemme 4.30-2) de l'�equation :S�;� (x; t) = Gt�� (x; �) + Z℄�;t[ Z L0 Gt�s(x; y)f 0(V (y; s))S�;� (y; s)W (dy; ds)



72 CHAPITRE 1 : CALCUL DE MALLIAVIN POUR UNE EDPS DISCONTINUE
+ Z℄�;t[ Z L0 Gt�s(x; y)g0(V (y; s))S�;� (y; s)dyds+ Z℄�;t[ Z L0 ZOGt�s(x; y)h0x(V (y; s); z)S�;� (y; s) ~N (ds; dy; dz)si � � t (4.48)S�;� (x; t) = 0 si � > tPar uniit�e dans L2(P (d!)�(�)N(!; d�; d�; d�)), on obtient l'�egalit�e presque sûre :�0;1(x; t) = Z T0 Z L0 ZO S2�;� (x; t) �h0z(V�(�; �); �)�2 �(�)N(d�; d�; d�)Il est alors lair, par d�e�nition de l'ensemble H (voir (EP2)), que d�es que�(x; t) = Z T0 Z 10 ZH S2�;� (x; t)�(�)N(d�; d�; d�) > 0�0;1(x; t) est aussi stritement positif. A ette �n, on d�eompose S en deux partie : la premi�ereva "exploser" autour de (x; t), alors que la seonde va rester suÆsamment petite.S�;� (x; t) = Gt�� (x; �)1f��tg +Q�;� (x; t)o�u Q�;� (x; t) = 0 pour � > t, et, pour � � t,Q�;� (x; t) = Z℄�;t[ Z L0 Gt�s(x; y)f 0(V (y; s))S�;� (y; s)W (dy; ds)+ Z℄�;t[ Z L0 Gt�s(x; y)g0(V (y; s))S�;� (y; s)dyds+ Z℄�;t[ Z L0 ZOGt�s(x; y)h0x(V (y; s); z)S�;� (y; s) ~N(ds; dy; dz) (4.49)On obtient ainsi, pour tout � > 0 assez petit :�(x; t) � Z tt�� Z L0 ZH S2�;� (x; t)�(�)N(d�; d�; d�)� 23 Z tt�� Z L0 ZHG2t�� (x; �)�(�)N(d�; d�; d�)�2 Z tt�� Z L0 ZHQ2�;� (x; t)�(�)N(d�; d�; d�)= 23A�(x; t)� 2B�(x; t)Le lemme suivant montre que B�(x; t) est petit.



4. CALCUL DE MALLIAVIN. 73Lemme 4.32 Il existe une onstante C1 > 0 telle que pour tout � > 0,E (B�(x; t)) � C1�Preuve : on peut diretement majorer E (B�(x; t)) parKE 24Z tt�� Z L0 ZH  Z℄�;t[ Z L0 Gt�s(x; y)f 0(V (y; s))S�;� (y; s)W (dy; ds)!2 �(�)N(d�; d�; d�)35+KE 24Z tt�� Z L0 ZH  Z℄�;t[ Z L0 Gt�s(x; y)g0(V (y; s))S�;� (y; s)dyds!2 �(�)N(d�; d�; d�)35+KEh Z tt�� Z L0 ZH  Z℄�;t[ Z L0 ZOGt�s(x; y)h0x(V (y; s); z)S�;� (y; s) ~N (ds; dy; dz)!2�(�)N(d�; d�; d�)iEn utilisant le Lemme 4.24 puis (H 0), on obtientE (B�(x; t)) � K Z tt�� Z L0 G2t�s(x; y)E �DS�;� (y; s)1H(�)1[t��;s[(�)E�N� dydsMais pour s 2℄�; t[,E �DS�;� (y; s)1H(�)1[t��;s[(�)E�N� � E �DS�;� (y; s)1H(�)1[s��;s[(�)E�N�� KE  Z ss�� Z L0 ZHG2s�� (y; �)�(�)N(d�; d�; d�)!+KE  Z ss�� Z L0 ZHQ2�;� (y; s)�(�)N(d�; d�; d�)!= K [I�1(y; s) + I�2(y; s)℄Un alul similaire au pr�e�edent montre queI�2(y; s) � K Z ss�� Z L0 G2s�s0(y; y0)E �DS�;� (y0; s0)1H(�)1[s��;s0[(�)E�N� dy0ds0 � Kp�par l'Appendie (6.4), et ar S est d�e�nie omme v�eri�antsupy;s E �hS(y; s)i�N� <1De plus, I�1(y; s) = Z ss�� Z L0 ZHG2s�� (y; �)�(�)'(�)d�d�d� � Kp�



74 CHAPITRE 1 : CALCUL DE MALLIAVIN POUR UNE EDPS DISCONTINUEar � 2 L1(O;'(�)d�), et par l'Appendie (6.4).On obtient ainsi E (B�(x; t)) � Kp� Z tt�� Z L0 G2t�s(x; y)dydset une derni�ere appliation de (6.4) onduit au r�esultat reherh�e.Le prohain lemme montre que E �e��A�(x;t)� est petit (quand � est grand), don que A�(x; t)est grand.Lemme 4.33 Il existe �0 � 0, �0 > 0, et K0 > 0, tels que pour tout � � �0, tout � � �0,Z �0 Z L0 ZH �1� e��G2s(x;y)�(z)�'(z)dzdyds � K0�r0� 3�2r02 (4.50)Preuve : remarquons d'abord que par l'Appendie (6.1), pour tout s 2 [�=2; �℄, tout y 2 [x �p�; x+p�℄, (C > 0 est une onstante) : G2s(x; y) � C�Le membre de gauhe de (4.50) est don minor�e parZH Z ��=2 Z x+p�x�p� �1� e��G2s(x;y)�(z)� dyds '(z)dz� K�p� ZH �1� e�C �� �(z)�'(z)dz � K0� 32 ����r0o�u la derni�ere in�egalit�e, valide d�es que C�=� � 0, provient de l'hypoth�ese (EP2).Nous pouvons maintenant prouver que �(x; t) > 0 p.s. Remarquons que pour tout � > 0, tout� > 0, et tout � > 0,P (�(x; t) > 0) � P �23A�(x; t) > ��+ P (2B�(x; t) < �)� 1� 1� e��E �e� 23�A�(x;t)�� 2�E (B�(x; t))or E (B�(x; t)) � C1�, et si � < �0, si � � 32�0,E �e� 23�A�(x;t)� = exp � Z tt�� Z L0 ZH �1� e� 23�G2t�� (x;�)�(�)�'(�)d�d�d�!= exp � Z �0 Z L0 ZH �1� e� 23�G2� (x;�)�(�)�'(�)d�d�d�!� exp ��C2�r0� 32�r0�



4. CALCUL DE MALLIAVIN. 75par le Lemme 4.33. Ainsi, pour tout � > 0, tout � < �0, tout � � 32�0,P (�(x; t) > 0) � 1� exp ��C2�r0� 32�r0 + ���� 2C1 ��On hoisit � = ��1 = ��� ave � > 0. On obtient, pour tout � > 0 assez petit :P (�(x; t) > 0) � 1� exp 1� C2 �1���r0� 32+r0!� 2C1�1��Comme r0 > 34 , on peut hoisir � > 0 tel que�r0 � 32 + r0 > 0 ; 1� � > 0(prendre � = 3=4r0). En faisant tendre � vers 0, on en d�eduit que �(x; t) > 0 p.s., puis que�0;1(x; t) > 0 p.s., et le Th�eor�eme 4.1 est prouv�e sous (EP2).En omparant les preuves du Th�eor�eme 4.1 sous (EP1) et sous (EP2), on voit �a quel pointl'utilisation d'une d�eriv�ee "loale" est n�eessaire : sous (EP1), on onsid�ere l'objet
D0;1V (x; t)��N , et on n'a pas vraiment besoin de onnaitre D0;1�;�;�V (x; t) pour haque �; �; �.C'est d'une mani�ere �equivalente que travaille Saint Loubert Bi�e dans [40℄. Sous (EP2), on utilisepar ontre les expression loales des d�eriv�ees, e qui permet d'exploiter "l'explosion" du noyaude Green, et don de n'�emettre auune hypoth�ese de nullit�e, de monotonie, ou de positivit�e desfontions f; g; h.Existene de la densit�e sous (EW ).Nous allons prouver ii que �1;0(x; t) > 0 p.s. Le raisonnement qui suit est largement inspir�e deelui de Bally et Pardoux dans [4℄, bien que eux-i utilisent la ontinuit�e de leur solution.Consid�erons l'unique solution S�;� (x; t) de l'�equation (4.48), mais ette fois-i au sens du Lemme4.30-1 (e n'est pas le même objet que dans le paragraphe pr�e�edent). Comme V est D2-pr�evisible-born�e, D1;0�;�V (x; t) = 0 d�es que � > t. Un argument d'uniit�e (voir le Lemme 4.30-1.)onduit �a l'�egalit�e presque sûre :�1;0(x; t) = Z t0 Z L0 (S�;� (x; t))2 f2(V�(�; �))d�d�Don grâe �a l'hypoth�ese (EW ), il suÆt de montrer, pour onlure, que�(x; t) = Z t0 Z L0 (S�;� (x; t))2 d�d� > 0 p:s:D�eomposons S�;� (x; t) : S�;� (x; t) = Gt�� (x; �)1f��tg +Q�;� (x; t)o�u Q�;� (x; y) est d�e�ni par l'�equation (4.49). Alors, pour tout � > 0, suÆsamment petit,�(x; t) � 23 Z tt�� Z L0 G2t�� (x; �)d�d� � 2 Z tt�� Z L0 (Q�;� (x; t))2d�d�= 23J �(x; t)� 2I�(x; t)



76 CHAPITRE 1 : CALCUL DE MALLIAVIN POUR UNE EDPS DISCONTINUEDans l'Appendie (6.5), on peut voir que J �(x; t) � Cp�. De plus, un alul similaire �a la preuvedu Lemme 4.32 montre que E(I�(x; t)) � K�Don P (�(x; t) > 0) � sup�>0 P �2I�(x; t) < 23Cp��� sup�>0 �1� 3E(I�(x; t))Cp� � = 1et le Th�eor�eme 4.1 est prouv�e sous l'hypoth�ese (EW ).5 Extensions.Nous pr�esentons ii deux extensions du Th�eor�eme 4.1. Elles tentent de r�eduire les hypoth�esesportant sur la mesure de Poisson.5.1 Extension par le Th�eor�eme de Girsanov.Le but de la premi�ere extension est d'all�eger l'hypoth�ese portant sur la mesure de Poisson, �al'aide du Th�eor�eme de Girsanov pour les mesures al�eatoires. On herhe surtout �a all�eger l'hypoth�ese de r�egularit�e de la fontion '. Nous allons voir qu'il suÆt en fait que ' soit "tr�esprohe" d'une fontion C1.Emettons les hypoth�eses i-dessous :Hypoth�ese (M)1 :1. et 3. sont les mêmes que dans (M) ;2. N est une mesure de Poisson sur [0; T ℄� [0; L℄� IR d'intensit�e�(ds; dy; dz) = '(z)1O(z)a(z)dsdydzo�u O est un ouvert de IR, et o�u ' est une fontion stritement positive de lasse C1 surO. a est stritement positive, mesurable sur O, et satisfaitZO (a(z)� 1)2 '(z)dz <1Hypoth�ese (H 0)1 : la même hose que (H 0), sauf que � 2 L2(O; a(z)'(z)dz) \ L2(O;'(z)dz).La fontion � satisfait les onditions de la Setion 4, et (EW ), (EP1), et (EP2) ne hangentpas (on ne remplae pas '(z) par a(z)'(z) dans es hypoth�eses).



5. EXTENSIONS. 77Remarque 5.1 Sous (M)1, (D), et (H 0)1, l'�equation (1.1) admet une unique solution faibleV au sens de la D�e�nition 2.3, grâe au Th�eor�eme 3.1. Si de plus (S) est v�eri��ee et si l'unedes hypoth�eses (EW ), (EP1), ou (EP2) est satisfaite, si (x; t) 2 [0; L℄�℄0; T ℄, la loi de V (x; t)admet une densit�e par rapport �a la mesure de Lebesgue sur IR.Preuve : Pla�ons-nous sur l'espae anonique produit 
 assoi�e au Bruit Blan et �a la mesurede Poisson. On onsid�ere sur 
 une probabilit�e P sous laquelle les proessus anoniques W etN satisfont l'hypoth�ese (M). On onsid�ere ensuite l'E.D.P.S. (1.1) assoi�ee �a es objets et auxfontions f , G, et h, o�u G(v) = g(v) � ZO h(v; z)(a(z) � 1)'(z)dzLes fontions f , G et h satisfont (H 0). Cette �equation admet don une unique solution Vpr�evisible et born�ee dans L2. De plus, on sait que (EW ) ou (EP1) ou (EP2) est satisfaite, donsi (x; t) 2 [0; L℄�℄0; T ℄, la loi de V (x; t) (sous P ) admet une densit�e.Int�eressons-nous alors �a la martingale exponentielle de Dol�eans-Dade suivante :Mt = 1 + Z t0 Z L0 ZOMs�(a(z) � 1) ~N(ds; dy; dz)Cette martingale est stritement positive p.s., et de arr�e int�egrable. Posons ensuite P 0 = MT :P ,qui est une probabilit�e �equivalente �a P . Par le Th�eor�eme de Girsanov pour les mesures al�eatoires(f Jaod, Shiryaev, [23℄, p 157), on sait que sous P 0, N est une mesure de Poisson d'intensit�ea(z)'(z)dz. Il est d'autre part imm�ediat que W reste une Bruit Blan bas�e sur dxdt sous P 0(par ind�ependane entre W et MT ). De plus, V satisfait sous P 0 l'�equation suivante :V (x; t) = Z L0 V0(y)Gt(x; y)dy + Z t0 Z L0 Gt�s(x; y)f(V (y; s))W (dy; ds)+ Z t0 Z L0 Gt�s(x; y)G(V (y; s); y; s)dyds+ Z t0 Z L0 ZIRGt�s(x; y)h(V (y; s); z) ~N (ds; dy; dz)+ Z t0 Z L0 ZIRGt�s(x; y)h(V (y; s); z)(a(z) � 1)'(z)dzdydsEn utilisant l'expression de G, on en d�eduit que sous P 0, le proessus V satisfait l'�equationd'�evolution (2.9) assoi�e �a W , N , et f; g; h. Soit en�n (x; t) 2 [0; L℄�℄0; T ℄. Comme P � P 0, etomme la loi de V (x; t) sous P admet une densit�e, on en d�eduit qu'il en va de même pour la loide V (x; t) sous P 0. La remarque est v�eri��ee.5.2 Une deuxi�eme mesure de Poisson.La deuxi�eme extension onsiste �a ajouter une mesure de Poisson ind�ependante de la premi�ere.Elle s'appuie sur l'artile [6℄ de Bihteler et al. Consid�erons l'�equation d'�evolution suivante.V (x; t) = Z L0 V0(y)Gt(x; y)dy + Z t0 Z L0 f(V (y; s))Gt�s(x; y)W (dy; ds)



78 CHAPITRE 1 : CALCUL DE MALLIAVIN POUR UNE EDPS DISCONTINUE
+ Z t0 Z L0 g(V (y; s))Gt�s(x; y)dyds+ Z t0 Z L0 ZIR h(V (y; s); z)Gt�s(x; y) ~N (ds; dy; dz)+ Z[0;t[ Z L0 ZIR �(V (y; s); u)Gt�s(x; y) ~N1(ds; dy; du) (5.1)Enon�ons nos hypoth�eses :Hypoth�ese (M)2 :1. La même hose que dans (M).2. La même hose que dans (M).3. N1 est une mesure de Poisson sur [0; T ℄� [0; L℄� IR d'intensit�e �1(ds; dy; dz) = dsdyq(dz),o�u q est une mesure positive �-�nie sur IR.4. fFtgt2[0;T ℄ est la �ltration anonique ompl�ete et �ad assoi�ee aux objets ind�ependants W ,N et N1.Hypoth�ese (H 0)2 : la même hose que (H 0). De plus, la fontion � est de lasse C1 en x, et ilexiste � 2 L2(IR; q) telle que, pour tout x 2 IR et u 2 IR,j�(0; u)j + j�0x(x; u)j � �(u)Hypoth�ese (EP1)2 : la même hose que (EP1). De plus, �0x est positive, et il existe �̂ 2 L1(IR; q)telle que j�0xj � �̂.La fontion � doit satisfaire les onditions de la Setion 4.Remarque 5.2 Supposons (M)2, (D), (H 0)2, et (S). Soit V l'unique solution faible de (5.1).Sous l'une des hypoth�eses (EW ), (EP1)2, ou (EP2), si (x; t) 2 [0; L℄�℄0; T ℄, la loi de V (x; t)admet une densit�e par rapport �a la mesure de Lebesgue sur IR.Ii, la loi de V (x; t) admet une densit�e soit grâe �a W , soit grâe �a N . La mesure N1, nejoue en fait qu'un rôle minime (omme par exemple N sous (EW )). Elle permet n�eanmoinsd'ajouter un terme non "r�egulier" (l'hypoth�ese sur N1 est assez faible), tant que l'hypoth�ese denon-d�eg�eneresene ne onerne que N . Tehniquement, on d�e�nit les op�erateurs de d�erivationli�es �a W et N omme dans la sous-setion 4.1, et on hoisit l'op�erateur li�e �a N1 identiquementnul (omme nous aurions pu hoisir D0;1 identiquement nul pour prouver le Th�eor�eme 4.1 sous(EW )). L'int�egrale stohastique par rapport �a N1 se omporte alors en gros (pour e qui est dela d�erivation) omme l'int�egrale par rapport �a la mesure de Lebesgue.



6. APPENDICE. 796 Appendie.Les r�esultats qui �gurent ii sont des propri�et�es �el�ementaires du semi-groupe Gt(x; y) d�e�nidans la setion 2 par l'�equation (2.8). Dans la plupart des lemmes qui suivent, les in�egalit�es sontvraies pour (x; t) 2 [0; L℄�℄0; T ℄, et la onstante positive CT ne d�epend que du temps terminalT . Les trois premiers lemmes sont prouv�es dans Walsh, [47℄.Lemme 6.1 On peut estimer le semi-groupe de la mani�ere suivante :1p4�t exp(�(y � x)24t ) � Gt(x; y) � CTpt exp(�(y � x)24t )Lemme 6.2 Si r > 0, alors Z L0 Grt (x; y)dy � CT t 1�r2Lemme 6.3 Si 0 < r < 3, alors Z t0 Z L0 Grs(x; y)dyds � CTLes deux lemmes suivants sont prouv�es par Bally et Pardoux dans l'Appendie de [4℄.Lemme 6.4 Si r 2℄0; 3[ alors pour tout � > 0,Z tt�� Z L0 Grt�s(x; y)dyds � CT � � 3�r2Lemme 6.5 Pour tout � > 0,Z tt�� Z x+p�x�p� G2t�s(x; y)dyds � K �p�En�n, on trouvera une preuve du lemme suivant dans l'Appendie du premier hapitre de lath�ese de St Loubert Bi�e [40℄ (il faut toutefois l'adapter, ar le semi-groupe qui y apparâ�t n'estpas exatement le même qu'ii).Lemme 6.6 Si 1 < r < 2, alors il existe s(r) > 1 tel queZ t0 Z L0 jGt�s(x + h; y)�Gt�s(x; y)jrdyds � Cjhjs(r)



Chapitre 2Existene of the density forstohasti Volterra equations withjumps
Abstrat : We study the solution of a stohasti Volterra equation with jumps. We usethe Malliavin alulus in order to show that under some non-degeneray assumptions, thelaw of this solution admits a density with respet to the Lebesgue measure. To this end,we introdue two derivative operators assoiated with the Brownian motion and the Poissonmeasure.

1 Introdution and statement of the main results.Consider on the time interval [0; T ℄ the stohasti Volterra equation with jumps :Xt = x0 + Z t0 �(s; t;X�s )dWs + Z t0 b(s; t;X�s )ds+ Z t0 ZIR h(s; t;X�s ; z) ~N (ds; dz) (1.1)whereX� is a preditable version ofX, whereW is a standard one-dimensional brownian motion,and ~N is a ompensated Poisson measure. The stohasti Volterra equation (without jumps)has been investigated for example by Nualart, Rovira, [31℄, who prove a large deviation priniple.We establish in this paper a theorem about the existene of a density for the law of Xt. Thisproblem has been investigated by Bihteler and Jaod in [7℄, in the ase of ordinary S.D.E.s, i.e.when �, b, and h do not depend on s; t. Bihteler, Gravereaux and Jaod have extended in [6℄their theory, in order to study the smoothness of the density in any dimension.In [7℄, Bismut's approah of the Malliavin alulus is used. Bihteler et al. use in [6℄ Bismut's80



1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS. 81and Malliavin's approahes, and they ompare the two methods.Our method is not so far from the seond one in [6℄, but we de�ne some "loal" derivatives,whih give more information. We also onsider a more general Poisson measure.At last, we use a riterion of absolute ontinuity looking like that of Bouleau and Hirsh. Thusthe proofs are easier, and we an assume less regularity about �, b, and h.As a matter of fat, this paper has been inspired by Chapter 1. We have studied in Chapter 1 theMalliavin alulus for a paraboli S.P.D.E. driven by a white noise and a ompensated Poissonmeasure, and the lassial methods did fail. We thus had to build a more preise stohastialulus of variations on the Poisson spae. Sine the method we used gives a slightly betterresult than the one of [7℄ in the ase of equation (1.1) when the oeÆients do not depend ons; t, and sine it allows to solve the problem when X is not a semimartingale, we present it here.Let us now state our assumptions :Assumption (M) : W is a standard brownian motion on [0; T ℄. N is a Poisson mea-sure on [0; T ℄ � IR, with intensity measure �(ds; dz) = '(z)1O(z)dsdz, where O isan open subset of IR, and ' is a stritly positive C1 funtion on O. The probabilityspae (
;F ; fFtg; P ) is the anonial produt spae assoiated with the independentrandom elements W and N , and the �ltration is �ad and omplete.Assumption (H) : the funtions � and b are measurable on f0 � s < t � Tg � IR,and are C1 in x, we will denote by �0 and b0 the derivatives of � and b with respetto x. The funtion h is measurable on f0 � s < t � Tg � IR � O, and admits theontinuous in (x; z) partial derivatives h0z, h0x, and h00zx = h00xz. There exists a funtiona(s; t) on f0 � s < t � Tg meetingsup[0;T ℄ Z t0 a2(s; t)ds <1 (1.2)and a funtion � 2 L2(O;'(z)dz) suh that for all s; t; x; z,j�(s; t; 0)j + j�0(s; t; x)j + jb(s; t; 0)j + jb0(s; t; x)j � a(s; t) (1.3)jh0z(s; t; 0)j + jh00zx(s; t; x)j � a(s; t) (1.4)jh(s; t; 0)j + jh0x(s; t; x)j � a(s; t)�(z) (1.5)Assumption (P ) :1. Any sequene ffn(t)g of positive funtions on [0; T ℄ suh that f0 is boundedand suh that fn+1(t) � K Z t0 fn(s)a2(s; t)ds (1.6)satis�es sup[0;T ℄Pnpfn(t) <1.



82 CHAPITRE 2 : STOCHASTIC VOLTERRA EQUATIONS WITH JUMPS2. If Y is a preditable bounded in L2 proess on [0; T ℄, then the following proessesadmit preditable versions (and are bounded in L2 thanks to (H)) :U1t = Z t0 �(s; t; Ys)dWs ; U2t = Z t0 b(s; t; Ys)dsU3t = Z t0 ZO h(s; t; Ys; z) ~N (ds; dz) (1.7)Let us notie that (P )-1 is satis�ed if a2(s; t) � C(t� s)�, with � > �1.Remark also that (P )-2 is satis�ed if (H) holds, and if�(s; t; x) = �(s; t)~�(x) ; b(s; t; x) = �(s; t)~b(x) ; h(s; t; x; z) = (s; t)~h(x; z) (1.8)For example, it suÆes to approximate �(s; t) with Pnk=0 h�(:; t); ek(:)iL2([0;T ℄) ek(s), where fekgis an orthonormal basis of L2([0; T ℄).At last, (P )-2 does also hold if �, b, and h are suÆiently ontinuous in t : approximate �(s; t; x)with �n(s; t; x) = n�1Xi=0 1f inT�sg� �s; inT; x� 1[ inT; i+1n T [(t) (1.9)The following proposition holds (see e.g. Ikeda and Watanabe, [20℄, p 230 for the ase where �,b and h do not depend on s; t.) :Proposition 1.1 Assume (M), (H), and (P ). Then Equation (1.1) admits a unique solutionX (admitting a preditable version X�) suh that sup[0;T ℄E �X2t � <1. If furthermore �, b andh do not depend on s; t, then this solution is a.s. �adl�ag, and we an hoose X�s = Xs�.This proposition an be proved by using a Piard iteration, and a L2-onvergene. Assumption(P )-2 allows the Piard approximations to be well-de�ned, and these approximations onvergethanks to (P )-1.Let us now turn to our problem. We will need a C1 funtion � on O, stritly positive, suh that� and �0 are bounded, and satisfying � 2 L1(O;'(z)dz) (1.10)We also need to state the following tehnial ondition.Assumption (B) : there exists a family of C1 positive funtions K� on O, withompat support (in O), bounded by 1, and suh that8 z 2 O;K�(z) �!�!0 1 ; ZO �K 0�(z)�2 �2(z)�(z)'(z)dz �!�!0 0 (1.11)We will �rst prove a statement slightly more general than that of [7℄.Assumption (S) : �, b, and h do not depend on s; t.



1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS. 83In this ase, we will assume the following non-degeneray ondition :Assumption (NDS) : A [B = IR, whereA = fx 2 IR = �(x) 6= 0g and B = �x 2 IR = ZO 1fh0z(x;z)6=0g'(z)dz = 1�(1.12)Our �rst result is the following :Theorem 1.2 Assume (M), (H), (B), (S), and (NDS). Then for all t > 0, the law of Xtadmits a density with respet to the Lebesgue measure on IR.Bihteler and Jaod establish in [7℄ the same statement as Theorem 1.2 under the assumptions(S), (M 0), (H 0), and (NDS), where (M 0) is the same as (M) with ' � 1, and :Assumption (H 0) : the funtions �(x) and b(x) are twie di�erentiable on IR, and their deriva-tives are bounded. The funtion h(x; z) is twie di�erentiable on IR � O, the partial deriva-tives h0z, h00zz, and h00zx are bounded, and there exists � 2 L2(O; dz) \ L4(O; dz) suh thatjh(0; z)j � �(z), jh0x(x; z)j � �(z), and jh00xx(x; z)j � �(z).In our next statements, we will have to onsider two ases. The law of Xt will admit a densityeither thanks to the Brownian motion, if � is non-degenerated, either thanks to the Poissonmeasure, if h is non-degenerated.We �rst onsider the ase where the non degenerated term an be written as a produt of fun-tions. We �x t > 0, and we assume (M), (H), (P ), (B), and (NDM1(t)) or (NDM2(t)) below: Assumption (NDM1(t)) : �(s; t; x) = �(s; t)~�(x), ~� does never vanish. For everysmall � > 0, R tt�� �2(s; t)ds > 0. At last,�Z tt�� a2(s; t) �Z st�� a2(u; s)du� ds�� �Z tt�� �2(s; t)ds��1 �!�!0 0 (1.13)Assumption (NDM2(t)) : h(s; t; x; z) = �(s; t)~h(x; z). LetH = �z 2 O = ZO 1f~h0z(x;z)6=0g'(z)dz = 1 8x 2 IR� (1.14)There exists a funtion (�) growing to in�nity when � goes to 0, suh that(�) Z tt�� a2(s; t) �Z st�� a2(u; s)du� ds �!�!0 0 (1.15)Z tt�� ZH h1� e�(�)�2(s;t)�(z)i'(z)dzds �!�!0 1 (1.16)



84 CHAPITRE 2 : STOCHASTIC VOLTERRA EQUATIONS WITH JUMPSTheorem 1.3 Let t > 0 be �xed. Assume (M), (H), (P ), (B), and (NDM1(t)) or (NDM2(t)).Then the law of Xt admits a density with respet to the Lebesgue measure on IR.We at last study the general ase. We �x again t > 0. We will assume one of the followingnon-degeneray onditions:Assumption (NDG1(t)) : there exists a funtion  on f0 � s > t � Tg suh thatj�(s; t; x)j � (s; t). For every small � > 0, R tt�� 2(s; t)ds > 0, and�Z tt�� a2(s; t) �Z st�� a2(u; s)du� ds�� �Z tt�� 2(s; t)ds��1 �!�!0 0 (1.17)Assumption (NDG2(t)) : there exists a funtion � on f0 � s > t � Tg and afuntion Æ on O suh that �(z)h0z2(s; t; x; z) � �2(s; t)Æ(z). There exists a funtion(�) inreasing to in�nity when � goes to 0, suh that(�) Z tt�� a2(s; t) �Z st�� a2(u; s)du� ds �!�!0 0 (1.18)Z tt�� ZO h1� e�(�)�2(s;t)Æ(z)i'(z)dzds �!�!0 +1 (1.19)We will prove the following :Theorem 1.4 Let t > 0 be �xed. Assume (M), (H), (P ), (B), and (NDG1(t)) or (NDG2(t)).Then the law of Xt admits a density with respet to the Lebesgue measure on IR.In the next setion, we de�ne our derivative operators, we state some properties, we establisha riterion of absolute ontinuity, and we ompute the derivatives of our solution proess. Thissetion is adapted from Chapter 1. We will thus explain only the main ideas.We prove Theorem 1.2 in the third setion, by heking (in a very simple way, thanks to the"loal" derivatives), that the "salar produt of derivation" assoiated with Xt does never vanisha.s.Theorem 1.3 is proved in Setion 4. At last, we give a proof of Theorem 1.4 in Setion 5.Let us say a word about our assumptions. Of ourse, (NDS) is not surprising, sine Theorem1.2 does only generalises slightly the result of Bihteler, Jaod in [7℄. Assumption (NDM1(t))does not seem so bad, sine it is nearly always satis�ed if � and a behave in the same way, anddo not vanish too muh when s goes to t. Assumption (NDM2(t)) is not so stringent, sine itdeals with H : it means that there exists a "large set" inluded in O on whih ~h0z does not vanish.Assumption (NDG1(t)) orresponds to the usual strong elliptiity assumption ((NDM1(t)) isan elliptiity assumption). At last, (NDG2(t)) is quite stringent, sine it does diretly ask h0zto be large. Nevertheless, Bihteler, Gravereaux and Jaod use in [6℄ similar onditions to studythe regularity of the density (under (S)).The onditions are more and more stringent when �, b and h are more and more general, for thefollowing reasons. In the �rst ase, the derivatives of Xt satisfy a linear standard S.D.E., andthus an be omputed expliitely. In the seond ase, they do not satisfy anymore a S.D.E., butan be written as a produt. At last, we have to deal with their diret expression in the thirdontext.



2. THE DERIVATIVE OPERATORS. 852 The derivative operators.We build in this setion two derivative operators. The �rst one is a "derivative with respet tothe Poisson measure", and the seond one is a "derivative with respet to the Brownian motion".We refer to Chapter 1 for the rigorous proofs of similar results.Reall that Cp (IRd) (resp. Cpb (IRd)) is the set of Cp funtions on IRd with ompat support(resp. of whih the derivatives of order 1 to p are bounded).We begin with the Poisson measure. First, we denote by CL the set of measurable funtionsl(s; z) on [0; T ℄�O, with ompat support, C2 on O (in z), suh that l, l0z, and l00zz are bounded.We de�ne the domain of the "simple variables" byS0;1 = nX = F (N(f1); :::; N(fd)) + a.d � 1; F 2 C2 (IRd); fi 2 CL; a 2 IRo (2.1)If X 2 S0;1, we set :L0;1X = 12 dXi=1 diF (N(f1); :::; N(fd))N ��:(fi)00zz + ��'0' + �0� :(fi)0z�+12 dXi;j=1 didjF (N(f1); :::; N(fd))N ��:(fi)0z:(fj)0z� (2.2)and, for � 2 [0; T ℄, and � 2 O,D0;1�;�X = dXi=1 diF (N(f1); :::; N(fd))(fi)0z(�; �) (2.3)If S�;�(!) and T�;�(!) are in L2(P (d!)�(�)N(!; d�; d�)), we sethS; T i�N = Z T0 ZO S�;�T�;��(�)N(d�; d�) and hSi�N = hS; Si�N (2.4)Then we have to hek the usual properties : �rst, it is immediate thatDD0;1X;D0;1Y E�N = L0;1XY �XL0;1Y � Y L0;1X (2.5)By adapting Bihteler et al., [6℄ Proposition 9-3, p 113, we hek in the two lemmas below thatL0;1 is well-de�ned and self adjoint in L2.Lemma 2.1 If X = F (N(f1); :::; N(fk)) 2 S0;1, and if X � 0, then L0;1X � 0.Lemma 2.2 If X and Y are in S0;1, thenE(XL0;1Y ) = E(Y L0;1X) = �12E �DD0;1X;D0;1Y E�N� (2.6)We dedue from (2.6) the following lemma, whih shows that D0;1 is losable.



86 CHAPITRE 2 : STOCHASTIC VOLTERRA EQUATIONS WITH JUMPSLemma 2.3 Let Zn be a sequene of S0;1 whih goes to 0 in L2. Assume that there existsS�;�(!) 2 L2(P (d!)�(�)N(!; d�; d�)) suh that E �
D0;1Zn � S��N� goes to 0. Then E(hSi�N ) =0.We now de�ne the derivative operator assoiated with the Brownian motion. First, we de�nethe domain of the simple variables :S1;0 = nX = F (W (f1); :::;W (fk)) + a . k � 1; F 2 C2 (IRk); fi 2 L2([0; T ℄); a 2 IRo (2.7)(where W (fi) = R T0 fi(s)dWs). If X is in S0;1, if � 2 [0; T ℄, we set :D1;0� X = kXi=1 diF (W (f1); :::;W (fk))fi(�) (2.8)If S� (!) and T� (!) are in L2(P (d!)d�), we sethS; T ileb = Z T0 S�T�d� and hSileb = hS; SilebThe following lemma an be found in Nualart [30℄ p 26.Lemma 2.4 Let Zn be a sequene of S1;0 that goes to 0 in L2. Assume that there exists S� (!) 2L2(P (d!)d�) suh that E �
D1;0Zn � S�leb� goes to 0. Then E(hSileb) = 0.Now we an build the operator on the produt spae. The smooth variables domain isS = nY = H(X1; :::;Xd; Z1; :::; Zk) + a . k + d � 1; H 2 C2 (IRd+k); Xi 2 S1;0;Zj 2 S0;1; a 2 IRo (2.9)If Y belongs to S, we de�ne D0;1Y and L0;1Y (resp. D1;0Y ) as previously, onsidering thevariables X1; :::;Xd (resp. Z1; :::; Zk) as onstants.The salar produts are denoted as previously, and we see that if X and Z are in S, then X, Z,and 
D1;0X;D1;0Z�leb are bounded ; and L0;1X, L0;1Z, and 
D0;1X;D0;1Z��N are in Lp for allp <1.If Z belongs to S, we setjjjZjjj2 = �E �Z2�+E �DD1;0ZEleb�+E �DD0;1ZE�N�� 12 (2.10)We denote by D2 the losure of S for this norm. Thanks to Lemmas 2.3 and 2.4, the operatorsD1;0� et D0;1�;� an be extended to the spae D2.Remark 2.5 We have extended D1;0 and D0;1 to D2, and our solution will belong to this spae.But no integration by parts formula (like (2.6)) holds on D2, beause L0;1 an not be extendedto this spae. Nevertheless, the "di�erentiability" of our solution will allow us to prove Theorem1.2.



3. ABSOLUTE CONTINUITY UNDER (NDS). 87We now give the usual properties of our derivative operators.Proposition 2.6 D2, endowed with the following salar produt, is Hilbert :hY;ZiD2 = E(Y Z) +E �DD1;0Y;D1;0ZEleb�+E �DD0;1Y;D0;1ZE�N� (2.11)Proposition 2.7 Let Y be in D2 and let F be in C1b (IR). Then Z = F (Y ) belongs to D2,D1;0� Z = F 0(Y )D1;0� Y , and D0;1�;�Z = F 0(Y )D0;1�;�Y .We at last state the absolute ontinuity riterion that we will use. This is adapted from Nualart[30℄, p 87.Theorem 2.8 Assume that Z belongs to D2, and set � = 
D1;0Z�leb + 
D0;1Z��N . Then, if� > 0 a.s., the law of Z admits a density with respet to the Lebesgue measure on IR.In order to apply Theorem 2.8, we have to prove that Xt is in D2, and we need to ompute itsderivatives.Proposition 2.9 Assume (M), (H), (P ), and (B). Then for all t 2 [0; T ℄, Xt is in D2, andits derivatives satisfy the following equations : if � > t, D1;0� Xt = D0;1�;�Xt = 0, and if � � t,D1;0� Xt = �(�; t;X�� ) + Z t� �0(s; t;X�s )D1;0� X�s dWs+ Z t� b0(s; t;X�s )D1;0� X�s ds+ Z t� ZO h0x(s; t;X�s ; z)D1;0� X�s ~N(ds; dz) (2.12)(it is the unique solution of (2.12) satisfying sup[0;T ℄E(
D1;0Xt�leb) <1)),D0;1�;�Xt = h0z(�; t;X�� ; �) + Z t� �0(s; t;X�s )D0;1�;�X�s dWs+ Z t� b0(s; t;X�s )D0;1�;�X�s ds+ Z t� ZO h0x(s; t;X�s ; z)D0;1�;�X�s ~N(ds; dz) (2.13)(it is the unique solution of (2.13) satisfying sup[0;T ℄E(
D0;1Xt��N ) <1)).The rigorous proof of a similar Proposition an be found in Chapter 1.3 Absolute ontinuity under (NDS).We assume (S) in the whole setion. Thanks to Theorem 2.8 and Proposition 2.9, we just haveto prove that under (M), (H), and (NDS), mt > 0 a.s. for all t > 0, wheremt = DD1;0XtEleb + DD0;1XtE�N (3.1)To this end, we �rst rewrite equations (2.12) and (2.13) in suitable forms. Let us onsider thefollowing L2-martingale :Mt = Z t0 �0(Xs�)dWs + Z t0 b0(Xs�)ds+ Z t0 ZO h0x(Xs�; z) ~N (ds; dz) (3.2)



88 CHAPITRE 2 : STOCHASTIC VOLTERRA EQUATIONS WITH JUMPSThen we see that for all 0 � � � t,D1;0� Xt = �(X��) + Z t� D1;0� Xs�dMs (3.3)Thus, using the the Dol�eans-Dade exponential formula (see Jaod, Shiryaev, [23℄), one easilyheks that if Gt;� = eMt�M�� 12 R t� �02(Xs�)ds Y��s�t(1 + �Ms)e��Ms (3.4)then D1;0� Xt = �(X��)Gt;� . We an ompute D0;1�;�Xt in the same way, and we obtain :mt = Z t0 �2(X��)G2t;�d� + Z t0 ZO h0z2(X��; �)G2t;��(�)N(d�; d�) (3.5)Proof of Theorem 1.2 : we �x t > 0. The proess Gt;� is not preditable (in �), sine it is noteven adapted. We thus need to make it disappear. To this end, we onsider the sequene oftotally inaessible stopping-times :S0 = 0 ; Sn = inffs > Sn�1 = �Ms = �1g (3.6)It is lear that for Sn < � < t < Sn+1, Gt;� 6= 0. We will prove that if t 2℄Sn; Sn+1[, then�nt + �nt > 0, where�nt = Z℄Sn;t℄ �2(X��)d� and �nt = Z℄Sn;t℄ ZO 1fh0z(X��;�)6=0gN(d�; d�) (3.7)Let Rn = inffs > Sn = �ns > 0g. Then �nt^Rn � 1, thus E(�nt^Rn ) � 1, and heneZ t^RnSn ZO 1fh0z(X��;�)6=0g'(�)d�d� <1 a:s: (3.8)Then we onsider two ases : �rst, if Rn = Sn, then the de�nition of Rn yields that �nt > 0.Else, we dedue from (3.8) that for all � 2℄Sn; Rn ^ t℄, X�� =2 B (reall that B is de�ned in(NDS)). From Assumption (NDS), it is lear that for all � 2℄Sn; Rn ^ t℄, X�� 2 A whih ofourse implies that �nt > 0.In every ase, Sn < t < Sn+1 implies that �nt +�nt > 0. But it is easy to hek that if �nt +�nt > 0and if t > Sn, then mt > 0. Hene mt = Pnmt1℄Sn;Sn+1[(t) > 0 a.s., whih was our aim.4 Absolute ontinuity under (NDM1(t)) or (NDM2(t)).Here, the use of loal derivatives will be really usefull, beause we an not ompute expliitelythe derivatives of X : they do not satisfy a linear S.D.E. Let t > 0 be �xed. As in the previoussetion, we just have to prove that mt > 0 a.s., where mt is de�ned by equation (3.1).Proof of Theorem 1.3 under (NDM2(t)) : we will prove here that 
D0;1Xt��N > 0 a.s. We �rstwrite D0;1�;�Xt = ~h0z(X�� ; �)S� (t), where S is the unique solution satisfyingsups2[0;T ℄E(hS:(s)i�N ) <1 (4.1)



4. ABSOLUTE CONTINUITY UNDER (NDM1(T )) OR (NDM2(T )). 89of S� (t) = �(�; t) + Z t� �0(s; t;X�s )S�� (s)dWs + Z t� b0(s; t;X�s )S�� (s)ds+ Z t� ZO h0x(s; t;X�s ; z)S�� (s) ~N(ds; dz) if � � t= 0 if � > t (4.2)Consider �t = Z t0 ZH S2� (t)�(�)N(d�; d�)From (NDM2(t)), it is lear that if �t > 0 a.s., then the theorem will be proved. First, if weset S� (t) = �(�; t) +Q� (t),�t � 23 Z tt�� ZH �2(�; t)�(�)N(d�; d�) � 2 Z tt�� ZHQ2� (t)�(�)N(d�; d�) � 23A�(t)� 2B�(t) (4.3)We thus see that for all � > 0, � > 0, and � > 0,P (�t > 0) � P �A�(t) > 32��+ P (B�(t) < 2�) � 1� 1� e 32��E �e��A�(t)�� 12��1E(B�(t)) (4.4)We hoose �� = 1, and � = (�), where  is de�ned in (NDM2(t)). First, by assumption (seeequation (1.16)),E �e��A�(t)� = exp�� Z tt�� ZH h1� e�(�)�2(s;t)�(z)i'(z)dz� �!�!0 0 (4.5)On the other hand, using twie inequalities like (we write here N = Pn Æ(Tn ;Zn)) :E "Z tt�� ZH �Z t� ZO h0x(s; t;X�s ; z)S�� (s) ~N(ds; dz)�2 �(�)N(d�; d�)#= Xn E "�Z tt�� ZO h0x(s; t;X�s ; z)S�Tn(s)q�(Zn)1H(Zn)1ft���Tn<sg ~N(ds; dz)�2#�Xn Zt�� ZO a2(s; t)�2(z)E �S2Tn(s)�(Zn)1H(Zn)1ft���Tn<sg�'(z)dzds� K Z tt�� a2(s; t)E �DS:(s)1H(:)1ft���:<sgE�N� ds (4.6)and the fat that sup[0;T ℄E(hS(s)i�N ) <1, one an hek thatE(B�(t)) � C Z tt�� a2(s; t) Z st�� a2(u; s)du ds (4.7)



90 CHAPITRE 2 : STOCHASTIC VOLTERRA EQUATIONS WITH JUMPSThus, ondition (1.15) yields that (�)E(B�(t)) goes to 0 with �. From this and equations (4.5)and (4.4), we dedue that P (�t > 0) = 1, and thus that mt > 0 a.s.Proof of Theorem 1.3 under (NDM1(t)) : in this ase, our aim is to hek that a.s.,DD1;0XtEleb > 0We �rst write D1;0� Xt = T� (t)~�(X�� ), where T is the unique solution satisfyingsup[0;T ℄E(hT:(s)ileb) <1of T� (t) = �(�; t) + Z t� �0(s; t;X�s )T�� (s)dWs + Z t� b0(s; t;X�s )T�� (s)ds+ Z t� ZO h0x(s; t;X�s ; z)T�� (s) ~N (ds; dz) if � � t= 0 if � > t (4.8)Sine ~� does never vanish, we just have to verify that �t > 0 a.s., where�t = Z t0 T 2� (t)d�First, writing T� (t) = �(�; t) +R� (t),�t � 23 Z tt�� �2(�; t)d� � 2 Z tt��R2� (t)d� � 23C�(t)� 2D�(t)Sine C� is deterministi, we see that for all � > 0,P (�t > 0) � 1� E(D�(t))C�(t)But one an hek, by using a similar (but easier) argument as in the omputation of E(B�(t))above (see the previous proof), thatE (D�(t)) � C Z tt�� a2(s; t) Z st�� a2(u; s)du ds (4.9)Assumption (1.13) in (NDM1(t)) drives us to P (�t > 0) = 1, and the result follows.5 Absolute ontinuity under (NDG1(t)) or (NDG2(t)).This setion is quite similar to the previous one. Let us �rst assume (NDG2(t)). We have tohek that a.s., �1t = Z t0 ZO �D0;1�;�Xt�2 �(�)N(d�; d�) > 0 (5.1)



5. ABSOLUTE CONTINUITY UNDER (NDG1(T )) OR (NDG2(T )). 91The main di�erene with the previous setion is that we an not write D0;1�;�X�t as a produt,this is why our non-degeneray ondition is more stringent in this ase. We write, for � � t,D0;1�;�Xt = h0z(�; t;X�� ; �) + U�;�(t) (5.2)Thus, thanks to Assumption (NDG2(t)),�1t � 23 Z tt�� ZO h0z2(�; t;X�� ; �)�(�)N(d�; d�)� 2 Z tt�� ZO U2�;�(t)�(�)N(d�; d�)� 23 Z tt�� ZO �2(�; t)Æ(�)N(d�; d�) � 2 Z tt�� ZO U2�;�(t)�(�)N(d�; d�) (5.3)and we an onlude exatly as in the proof of Theorem 1.3 under (NDM2(t)).Under (NDG1(t)), we have to show that a.s.,�2t = Z t0 �D1;0� Xt�2 d� > 0 (5.4)We thus split D1;0� Xt into �(�; t;X�� ) + V� (t). Then, from (NDG1(t)),�2t � 23 Z tt�� 2(�; t)d� � 2 Z tt�� V 2� (t)d� (5.5)and we an onlude again as in the proof of Theorem 1.3 under (NDM1(t)).



Chapitre 3Support theorem for the solution ofa white noise driven paraboliS.P.D.E. with temporal Poissonianjumps
Abstrat : We study the weak solution X of a paraboli stohasti partial di�erentialequation driven by two independant proesses : a gaussian white noise, and a �nite Poissonmeasure. We haraterize the support of the law of X as the losure in ID ([0; T ℄;C([0; 1℄)),endowed with its Skorokhod topology, of a set of weak solutions of ordinary partial di�erentialequations.

1 Introdution.Consider on [0; T ℄ � [0; 1℄ a spae-time white noise W (dx; dt) based on dxdt (see Walsh, [47℄,p 269). Denote by (E; d) a Polish spae, endowed with a positive �nite measure q, and byN(dt; dz) a Poisson measure on [0; T ℄ � E, with intensity measure dtq(dz), independant of W .Our purpose is to study the following stohasti partial di�erential equation on [0; T ℄� [0; 1℄�X�t (t; x) = �2X�x2 (t; x) + b(X(t; x)) + �(X(t; x)) _Wx;t + ZE g(X(t�; x); z) _Nt(dz) (1.1)with Neumann boundary onditions�X�x (t; 0) = �X�x (t; 1) = 0 ; 8 t > 0 (1.2)92



1. INTRODUCTION. 93and deterministi initial ondition X0(x) 2 C([0; 1℄). The symbol _Nt(dz) (resp. _Wt;x) standsfor the heuristial Radon-Nikodym density of N(dt; dz) (resp. W (dx; dt)) with respet to theLebesgue measure dt (resp. dtdx). We ould also write, with abusive notations, _Nt(dz)dtdx =dxN(dt; dz) and _Wx;tdtdx = W (dx; dt).We denote by ID ([0; T ℄;C([0; 1℄)) the set of �adl�ag funtions from [0; T ℄ into C([0; 1℄), endowedwith the orresponding Skorokhod topology. In this paper, we haraterize the support of thelaw of a weak solution X of equation (1.1) as the losure of a set of weak solutions of ordinarypartial di�erential equations in ID ([0; T ℄;C([0; 1℄)).Paraboli S.P.D.E.s driven by a white noise, i.e. equation (1.1) with g � 0, have been intro-dued by Walsh, [46℄ and [47℄. In [47℄, he de�nes his weak solutions, then he proves a theoremof existene, uniqueness and regularity. Sine, various properties of Walsh's equation have beeninvestigated : Malliavin alulus, large deviations, support theorem (see Bally, Millet, Sanz-Sol�e,[3℄) ...But Walsh builds his equation in order to model a disontinuous neurophysiologial phenome-nous. In [46℄, he explains that the white noise W approximates a Poisson point proess. Thisapproximation is realisti beause there are many jumps, and the jumps are very small, but inany ase, the observed phenomenous is disontinuous. However, S.P.D.E.s with jumps are muhless known. In the ase of temporal and spatial jumps, Saint Loubert Bi�e has studied in [40℄ theexistene, uniqueness, regularity, and variational alulus. See also Chapter 1 for other resultson the same subjet. Nevertheless, no result about the "joint" regularity of the weak solutionshas been proved in this ase : we do not really know in whih spae the weak solution \lives",thus no support theorem may hold for the moment.In the ase of equation (1.1) with � � 0, but with q(E) = 1, and with a ompensated Poissonmeasure, Albeverio et al. have heked in [2℄ the existene and uniqueness of a \modi�ed �adl�ag"weak solution u(t; x) : a.s., u is ontinuous in x ; and u is right ontinuous and has left limits inL2(
) in the variable t. One more time, we do not know in whih spae lies a.s. the weak solution.Sine Strook and Varadhan established in [42℄ their famous support theorem for di�usion pro-esses, there have been many investigations on the subjet. In partiular, Millet and Sanz haveonsiderably simpli�ed in [28℄ the proof of Strook and Varadhan. But the only support theoremfor jump proesses seems to be that of Simon in [41℄, who studies a stohasti di�erential equa-tion driven by a (ompensated or not) in�nite Poisson measure. In the ase where the solutionof his S.D.E. has �nite variations, the statement and the proof of his main result is quite natural.But in the ompensated ase, the result is more astonishing, and the proof is quite hard.Finally, let us mention that as far as we know, no support theorem seems to be known in thease of equations driven by two independant (but di�erent) random elements.This work is organized as follows. In the seond setion, we de�ne the weak solutions of (1.1),by following the Walsh ideas, [47℄. Using Ikeda and Watanabe's method, see [20℄, and applyingWalsh's results, we sketh the proof of an existene and uniqueness result. We de�ne the\squeleton" assoiated with equation (1.1), by using the Cameron-Martin spae assoiated withW and the set of �nite ounting measures assoiated with N . Finally, we state our supporttheorem.



94 CHAPITRE 3 : SUPPORT THEOREM FOR A DISCONTINUOUS SPDEThe third setion is devoted to a simpli�ation of the problem. First, we use a loalizationargument, in order to obtain weaker assumptions. Then we prove that it suÆes to hek twosimpler support theorems. The �rst one is proved in the fourth setion, and is related to anequation similar to (1.1), but without white noise : _Wt;x is replaed by _h(t; x), where h is anelement of the Cameron-Martin spae assoiated with W . The seond one is proved in the �fthsetion, and deals with an equation without Poisson measure, but with an additional "jumpdrift". This onludes the proof of our main result.The sixth setion is devoted to an extension of our result to the ase where the Poisson measureis a.s. in�nite (q(E) = 1), but where the di�usion oeÆient is onstant (�(x) = �).Finally, one an �nd tehnial results in the Appendix lying at the end of the paper.2 Framework.Let us �rst de�ne the weak solutions of (1.1). To this aim, we need some assumptions :Assumption (H) : the funtions � and b : IR 7! IR, satisfy a global Lipshitzondition. The funtion g : IR � E 7! IR is measurable on IR � E, and for eahz 2 E, the map g(:; z) is ontinuous on IR.We de�ne the weak solutions of (1.1) by following the Walsh ideas, [47℄, p 311-322. Considerthe Green kernel Gt(x; y) assoiated with the deterministi system :�u�t = �2u�x2 ; �u�x(t; 0) = �u�x(t; 1) = 0 (2.1)This kernel an be expliitely omputed :Gt(x; y) = 1p4�t Xn2Z "exp �(y � x� 2nL)24t !+ exp �(y + x� 2nL)24t !# (2.2)If � belongs to C([0; 1℄), we setGt(�; x) = 8>><>>: �(x) if t = 0Z 10 Gt(x; y)�(y)dy if t > 0 (2.3)The Appendix of this work ontains tehnial results about this kernel. We endow our probabilityspae (
;F ; P ) with the anonial �ltration assoiated with the independent random elementsW and N : Ft = � fW (A) ; A 2 B([0; 1℄ � [0; t℄)g _ � fN(B) ; B 2 B([0; t℄�E)g (2.4)A proess X(t; x) on [0; T ℄ � [0; 1℄ is said to be adapted if for all t � 0, all x 2 [0; 1℄, X(t; x) isFt-measurable.As Walsh, see also Saint Loubert Bi�e, [40℄, or Chapter 1, we de�ne the weak solutions of (1.1)in the following sense.



2. FRAMEWORK. 95De�nition 2.1 Consider an adapted proess X(t; x) on [0; T ℄� [0; 1℄, lying a.s. inID ([0; T ℄;C([0; 1℄)). Then X is said to be a weak solution of (1.1) if and only if it satis�es thefollowing evolution equationX(t; x) = Gt(X0; x) + Z t0 Z 10 Gt�s(x; y) [b(X(s; y))dyds + �(X(s; y))W (dy; ds)℄+ Z t0 ZE Z 10 Gt�s(x; y)g(X(s�; y); z)dy N(ds; dz) (2.5)with the onvention Z 10 G0(x; y)g(X(s�; y); z)dy = g(X(s�; x); z) (2.6)We now establish a result of existene and uniqueness of suh a solution. Sine q(E) is �nite,N([0; T ℄�E) is a.s. �nite, and thus N an a.s. be written asN(dt; dz) = �Xi=1 Æ(Ti;Zi)(dt; dz) (2.7)with � 2 IN , 0 < T1 < ::: < T� < T , and Z1; :::; Z� 2 E. Hene, equation (2.5) an be writtenas X(t; x) = Gt(X0; x) + Z t0 Z 10 Gt�s(x; y) [b(X(s; y))dyds + �(X(s; y))W (dy; ds)℄+ �Xi=1 1Ift�Tig Z 10 Gt�Ti(x; y)g(X(Ti�; y); Zi)dy (2.8)Working reursively on the time intervals [0; T1[, [T1; T2[,..., [T�; T ℄, as Ikeda and Watanabe(proof of Theorem 9-1 p 231-232 in [20℄), using Walsh's Theorems of existene, uniqueness, andregularity for equation (1.1) with g � 0 (see [47℄, Theorem 3-2 p 313 and Corollary 3-4 p 317),and using the well-known estimates of the Green kernel stated in the Appendix, one an provethe following proposition :Proposition 2.2 Assume (H). Equation (1.1) admits a unique adapted solution X(t; x) on[0; T ℄� [0; 1℄, lying a.s. in ID ([0; T ℄;C([0; 1℄)). The uniqueness holds in the sense where if Y isanother adapted solution lying in ID ([0; T ℄;C([0; 1℄)), then a.s., k X � Y k1= 0.We are now interested in the support of the law of X. Let us �rst reall the de�nition of theSkorokhod distane on ID ([0; T ℄;C([0; 1℄)). On the set of the \hanges of time",� = f� 2 C([0; T ℄) / �(0) = 0; �(T ) = T; � is stritly inreasingg (2.9)we onsider the following normjjj�jjj = sup0�s<t�T ����ln��(t)� �(s)t� s ����� (2.10)



96 CHAPITRE 3 : SUPPORT THEOREM FOR A DISCONTINUOUS SPDEThe Skorokhod distane between two elements � and  of ID ([0; T ℄;C([0; 1℄)) is given byÆ(�;  ) = inf�2�( sup[0;T ℄�[0;1℄ j�(�(t); x) �  (t; x)j + jjj�jjj) (2.11)ID ([0; T ℄;C([0; 1℄)), endowed with Æ, is a Polish spae (see e.g. Jaod, Shiryaev, [23℄, p 289).We now introdue some notations, desribing the \supports" of W and N : we denote byH = �h(t; x) = Z t0 Z x0 _h(s; y)dyds� _h 2 L2([0; T ℄ � [0; 1℄)� (2.12)the Cameron-Martin spae assoiated with W . We also onsider the set of the �nite ountingmeasures on [0; T ℄�E, of whih the support is ontained in [0; T ℄� supp q :M = 8><>:m(dt; dz) = nXi=1 Æ(ti;zi)(dt; dz) , n 2 IN; 0 < t1 < ::: < tn < T;z1; :::; zn 2 supp q 9>=>; (2.13)with the onvention P0i=1 = 0. Notie that for all ! 2 
, N(!) belongs to M. But in general,(with abusive notation) _W (!) =2 H, sine _W (!) is not even well-de�ned.The following proposition, desribes the \squeleton" assoiated with our evolution equation.Proposition 2.3 Assume (H). Let h 2 H and m 2M be �xed. The following ordinary evolu-tion equation admits a unique solution, whih we denote by S(h;m), lying in ID ([0; T ℄;C([0; 1℄)) :S(h;m)(t; x) = Gt(X0; x) + Z t0 Z 10 Gt�s(x; y)hb(S(h;m)(s; y))dyds+�(S(h;m)(s; y)) _h(s; y)dydsi+ Z t0 ZE Z 10 Gt�s(x; y)g(S(h;m)(s�; y); z)dy m(ds; dz) (2.14)This proposition an be proved as Proposition 2.2. Equation (2.14) is the same as (2.5), but wehave replaed W (dy; ds) and N(ds; dz) by _h(s; y)dyds and m(ds; dz).Finally, we reall the following standard remark :Remark 2.4 Let Z be a random variable with values in a Polish spae A endowed with adistane �. Reall that the support supp� P Æ Z�1 of the law of Z related to the distane � isthe smaller losed subset F of (A;�) satisfying P (Z 2 F ) = 1.Let B be a subset of A, and let B� be its losure in (A;�).1. If a.s., Z 2 B�, then supp� P Æ Z�1 � B� (2.15)



3. SIMPLIFICATION OF THE PROBLEM. 972. If for all b 2 B, all � > 0, P (�(b; Z) < �) > 0 (2.16)then B� � supp� P Æ Z�1 (2.17)In order to establish a support Theorem, we need the following assumptions.Assumption (S1) : the funtion � is C3 on IR.Assumption (S2) : for eah z0 2 E, eah n 2 IN ,supjxj�n jg(x; z) � g(x; z0)j �!d(z;z0)!0 0 (2.18)For eah z0 2 E, eah n 2 IN , there exists a onstant �n(z0) > 0, and a funtion nz0(u) : IR+ 7! IR+, dereasing to 0 when u dereases to 0, suh that for all jxj � n,jyj � n, supd(z;z0)��n(z0) jg(x; z) � g(y; z)j �  nz0(jx� yj) (2.19)Assumption (S1) is nearly the same as that of Bally, Millet, Sanz, [3℄, who prove a supporttheorem in the ase where g � 0, and omes from a Taylor developpement of order 3. In fatthey assume that � is C3b , but a loalisation proedure an be done (see the proof of Proposition3.1 in the next setion).Notie that in the partiular ase where g(x; z) = �(x)�(z), (S2) holds as soon as � is ontinuouson IR, and � is ontinuous on E.Now we an state our main result :Theorem 2.5 Under (H), (S1), and (S2), if X denotes the unique weak solution of equation(1.1), suppÆ P ÆX�1 = fS(h;m) / h 2 H ; m 2MgÆ (2.20)3 Simpli�ation of the problem.First, we "deloalize" (S1) and (S2), by using a standard argument. Consider the followingassumptions, stronger than (S1) and (S2).Assumption (S01) : the funtion � is C3 on IR, bounded with its derivatives.Assumption (S02) : For all z0 2 E,supx2IR jg(x; z0)j <1 ; supx2IR jg(x; z) � g(x; z0)j �!d(z;z0)!0 0 (3.1)For all z0 2 E, there exists �(z0) > 0, and a funtion  z0(u) : IR+ 7! IR+, dereasingto 0 when u dereases to 0, suh that for all x; y 2 IR,supd(z;z0)��(z0) jg(x; z) � g(y; z)j �  z0(jx� yj) (3.2)



98 CHAPITRE 3 : SUPPORT THEOREM FOR A DISCONTINUOUS SPDERemark that in the ase where g(x; z) = �(x)�(z), then (S02) is satis�ed when � is boundedand uniformly oninuous on IR, and when � is ontinuous on E.Proposition 3.1 If Theorem 2.5 holds under (H), (S01) and (S02), then it also holds under(H), (S1) and (S2).We will prove this proposition at the end of the setion.We now would like to hek that Theorem 2.5 holds as soon as two easier support theorems arevalid. The �rst one deals with equation 2.5 with a "deterministi" white noise, and the seondone with a "deterministi" Poisson measure.We �rst introdue some notations. If h 2 H (resp. m 2 M), we denote by Xh (resp. Xm) thesolution of equation (2.5) where we have replaed W (dy; ds) by _h(s; y)dyds (resp. N(dt; dz) bym(dt; dz)). In other words,Xh(t; x) = Gt(X0; x) + Z t0 Z 10 Gt�s(x; y) hb(Xh(s; y))dyds+ �(Xh(s; y)) _h(s; y)dydsi+ Z t0 ZE Z 10 Gt�s(x; y)g(Xh(s�; y); z)dy N(ds; dz) (3.3)Xm(t; x) = Gt(X0; x) + Z t0 Z 10 Gt�s(x; y) [b(Xm(s; y))dyds+ �(Xm(s; y))W (dy; ds)℄+ Z t0 ZE Z 10 Gt�s(x; y)g(Xm(s�; y); z)dy m(ds; dz) (3.4)We ould also write, with abusive notations, Xh = S(h;N), and Xm = S( _W;m). The nextsetions are devoted to the proof of the following propositions.Proposition 3.2 Assume (H) and (S02). Let h 2 H, m 2M, and � > 0 be �xed. ThenP (Æ(S(h;m);Xh) � �) > 0 (3.5)We now denote by k k1 the supremum norm on [0; T ℄� [0; 1℄.Proposition 3.3 Assume (H), (S01) and (S02). Let m 2M be �xed. Thensuppk k1 P ÆX�1m = fS(h;m) / h 2 Hgk k1 (3.6)Let us remark that this seond result implies the weaker one :suppÆ P ÆX�1m = fS(h;m) / h 2 HgÆ (3.7)Assuming for a moment that these propositions hold, we prove our main result.



3. SIMPLIFICATION OF THE PROBLEM. 99Proof of Theorem 2.5 : using Remark 2.4, we break the proof in two parts.1) We �rst hek that a.s., X belongs to fS(h;m) / h 2 H; m 2MgÆ. Consider the map fromM to [0; 1℄, de�ned by �(�) = P �X� 2 fS(h;m) / h 2 H; m 2MgÆ� (3.8)Let us �rst prove that a.s.,P �X 2 fS(h;m) / h 2 H; m 2MgÆ ��� �(N)� = �(N) (3.9)where �(N) = � fN(A) ; A 2 B([0; T ℄ �E)g (3.10)In order to understand (3.9), let us work with the anonial produt spae(
;F ; P ) = (
W ;FW ; PW )
 (
N ;FN ; PN ) (3.11)assoiated with W and N . Every element ! of 
 an be written as (!W ; !N ), where !W 2C([0; T ℄� [0; 1℄) and !N 2M. Thus,P �X 2 fS(h;m) / h 2 H; m 2MgÆ ��� �(N)� (!)= Z 1InX(!W ;!N )2fS(h;m) / h2H; m2MgÆodPW (!W ) (3.12)But obviously, X(!) = X(!W ; !N ) = X!N (!W ), where X� was de�ned by (3.4) for eah � 2M.Thus, P �X 2 fS(h;m) / h 2 H; m 2MgÆ ��� �(N)� (!)= PW �X!N 2 fS(h;m) / h 2 H; m 2MgÆ� (3.13)Now, we notie, sine for eah � 2M, X� is independent of N , that�(�) = PW �X� 2 fS(h;m) / h 2 H; m 2MgÆ� (3.14)Comparing (3.13) and (3.14), we dedue (3.9). Hene, we obtainP �X 2 fS(h;m) / h 2 H; m 2MgÆ� = E(�(N)) (3.15)Finally, it is lear from the de�nition of � and from Proposition 3.3 that � � 1. The onlusionfollows easily.2) We now �x h 2 H, m 2M, and � > 0. We have to hek thatP0 = P (Æ(X;S(h;m)) � �) > 0 (3.16)



100 CHAPITRE 3 : SUPPORT THEOREM FOR A DISCONTINUOUS SPDEFirst, P0 � P (Æ(X;Xh) � �=2 ; Æ(Xh; S(h;m)) � �=2) (3.17)Notiing that Xh is �(N)-measurable, we see thatP0 � E h1IfÆ(Xh; S(h;m)) � �=2gP (Æ(X;Xh) � �=2 j �(N))i (3.18)But we know from Proposition 3.3 that for all m 2M, (m) = P (Æ(Xm; S(h;m)) � �=2) > 0 (3.19)Working on the anonial produt spae as in 1), and notiing that for all ! = (!W ; !N ) 2 
,X(!) = X!N (!W ) and Xh(!) = S(h; !N ) (all of this without abusive notation), we deduethat a.s., P (Æ(X;Xh) � �=2 j �(N)) =  (N) > 0 (3.20)Thus, (3.16) holds as soon as P (Æ(Xh; S(h;m)) � �=2) > 0 (3.21)whih never fails, thanks to Proposition 3.2.Provided we hek Propositions 3.1, 3.2 and 3.3, Theorem 2.5 is be proved.In order to prove Proposition 3.1, we begin with a uniqueness Lemma.Lemma 3.4 Consider some funtions �, b, g (resp. ��, �b and �g) satisfying (H), and denote byX (resp. �X) the orresponding unique weak solution of (1.1). Assume that for some A 2 IR+,8 jxj � A; 8 z 2 E; �(x) = ��(x) ; b(x) = �b(x) and g(x; z) = �g(x; z) (3.22)Then there exists ~
 � 
 suh that P (~
) = 1 andf! 2 
 / k X(!) k1� Ag � n! 2 ~
 Æ k X(!)� �X(!) k1= 0o (3.23)Proof of Lemma 3.4 : we onsider the proess ~X de�ned by~X(!) = 8><>: X(!) if k X(!) k1� A�X(!) else (3.24)Then it is obvious that ~X is solution of (1.1) with the parameters ��, �b, �g. Proposition 2.2yields the existene of a set ~
 � 
 suh that P (~
) = 1 and suh that eah ! 2 ~
 satis�esk ~X(!) � �X(!) k1= 0. In partiular, for eah ! 2 ~
 suh that k X(!) k1� A, we see thatX(!) = ~X(!) = �X(!), whih was our aim.Proof of Proposition 3.1 : we assume that theorem 2.5 holds under (H), (S01) and (S02), andwe onsider funtions b, � and g satisfying only (H), (S1) and (S2). We need a sequene of C1bfuntions �n : IR+ 7! [0; 1℄, satisfying :�n(x) = 8><>: 1 if jxj � n0 if jxj � n+ 1 (3.25)



3. SIMPLIFICATION OF THE PROBLEM. 101Then the funtions �n(x) = �(x)�n(x) and gn(x; z) = g(x; z)�n(x) learly satisfy (S01) and(S02). Denote by Xn the solution of equation (2.5) with �n and gn instead of � and g. Lemma3.4 yields that there exists ~
 � 
 suh that P (~
) = 1 and for all n 2 IN ,f! 2 
 / k X(!) k1� ng � n! 2 ~
 / k X(!)�Xn(!) k1= 0o (3.26)In the same way, we de�ne Sn(h;m), for h 2 H and m 2 M, as the solution of equation (2.14)with �n and gn instead of � and g. We obtain, for all n 2 IN ,if k S(h;m) k1� n or k Sn(h;m) k1� n; then S(h;m) = Sn(h;m) (3.27)Sine Theorem 2.5 holds under (H), (S01), and (S02), we know that for eah n 2 IN ,suppÆ P ÆX�1n = fSn(h;m) / h 2 H ; m 2MgÆ (3.28)Using Remark 2.4, Proposition 3.1 will hold if we hek that on one hand,P �X 2 fS(h;m) / h 2 H ; m 2MgÆ� = 1 (3.29)and on the other hand that for all h 2 H, all m 2M, all � > 0,P (Æ(X;S(h;m)) � �) > 0 (3.30)Let us �rst prove (3.29). Let ! 2 ~
 be �xed. Sine X(!) belongs to ID ([0; T ℄;C([0; 1℄)), it isbounded, and there exists n 2 IN (depending on !) suh thatn �k X(!) k1 +1 (3.31)whih yields X(!) = Xn(!). But for all � > 0, we know from (3.28) that there exist h 2 H andm 2M (depending on !) suh thatÆ(Xn(!); Sn(h;m)) � � (3.32)This and (3.31) yield (if � � 1), that k Sn(h;m) k1� n, and thus that Sn(h;m) = S(h;m).Hene, Æ(X(!); S(h;m)) � � (3.33)whih onludes the proof of (3.29), sine P (~
) = 1.In order to prove (3.30), we �x h 2 H, m 2M, and � > 0. We onsider n 2 IN suh thatn �k S(h;m) k1 +1 (3.34)This way, if � < 1,P (Æ(X;S(h;m)) � �) = P (Æ(X;Sn(h;m)) � �)= P (k X k1� n; Æ(X;Sn(h;m)) � �)= P (Æ(Xn; Sn(h;m)) � �) (3.35)thanks to (3.26). From (3.28), this probability is stritly positive, whih yields (3.30). Proposi-tion 3.1 is proved.



102 CHAPITRE 3 : SUPPORT THEOREM FOR A DISCONTINUOUS SPDE4 The ase where "W is deterministi".This setion is devoted to the proof of Proposition 3.2. We follow here partially the methodof Simon [41℄, who studies the support of Poisson driven S.D.E.s (without Wiener term). Theextension of his method to S.P.D.E.s drives to tehnial problems, essentially beause we haveto ontrol the explosion of the Green kernel Gt(x; y). Another new diÆulty appears, beausewe have to add a seond drift, in whih the term _h(s; y) belongs only to L2([0; T ℄ � [0; 1℄).In the whole setion,h(t; x) = Z t0 Z x0 _h(s; y)dyds 2 H and m(dt; dz) = nXi=1 Æ(ti ;zi)(dt; dz) 2M (4.1)are �xed. We set t0 = 0, tn+1 = T , and�0 = infi=0;:::;n jti+1 � tij > 0 (4.2)For simpliity, we set S = S(h;m). We denote by 0 < T1(!) < ::: < T�(!)(!) the suessivetimes of jump of N(!), and by Z1(!), ..., Z�(!)(!) the size of its jumps. In other words,N(!; dt; dz) = �(!)Xi=1 Æ(Ti(!);Zi(!))(dt; dz) (4.3)We reall that for all � 2℄0; �0[, and all � > 0, the set
(�; �) = f! 2 
 / �(!) = n; ti � � < Ti(!) < ti; d(zi; Zi(!)) � � g (4.4)has a stritly positive probability. We will hek that for all � > 0, there exists � > 0, and � > 0suh that for all ! 2 
(�; �), Æ(Xh(!); S) � � (4.5)whih will imply Proposition 3.2.In the whole setion, the onstant C depends only on h, m, and on the parameters (�; b; g, X0,and T ) of equation (1.1).From now on, we onsider ! 2 
(�; �).First, we hoose 0 < � < �0=4, and 0 < � < �(z1) ^ ::: ^ �(zn), where �(zi) was de�ned inassumption (S02). For some  2℄2�; �0=8[, whih will be hosen later, we de�ne the polygonalhange of time � 2 � by �(0) = 0, �(T ) = T , and for all i 2 f1; :::; ng,�(Ti � ) = Ti �  ; �(Ti) = ti ; �(Ti + ) = ti +  �(Ti + 2) = Ti + 2 (4.6)Notie that all the properties below hold :for all t 2 [Ti; Ti + ℄; �(t)� ti = t� Ti (4.7)



4. THE CASE WHERE "W IS DETERMINISTIC". 103Z T0 1If�(s)6=sgds � 3n (4.8)for all t 2 [0; T ℄; �(t) � t and 1If�(t)�tig = 1Ift�Tig (4.9)k �� I k1� � (4.10)Furthermore, it is easy to hek thatjjj�jjj � jln(1� �=)j _ jln(1 + �=)j � 2�= (4.11)where the last inequality holds beause �= � 1=2. We have to prove that if � > 0 and � > 0are small enough then for some  well hosen,k S(�(t); x) �Xh(t; x) k1 +jjj�jjj � � (4.12)We now set S�(t; x) = S(�(t); x). Then, using (4.9), we see that for any ! 2 
(�; �),S�(t; x)�Xh(t; x) = G�(t)(X0; x)�Gt(X0; x)+ Z t0 Z 10 �G�(t)�s(x; y)�Gt�s(x; y)� hb(S(s; y)) + �(S(s; y)) _h(s; y)i dyds+ Z �(t)t Z 10 G�(t)�s(x; y) hb(S(s; y)) + �(S(s; y)) _h(s; y)i dyds+ Z t0 Z 10 Gt�s(x; y)hfb(S(s; y))� b(S�(s; y))g+f�(S(s; y)) � �(S�(s; y))g _h(s; y)idyds+ Z t0 Z 10 Gt�s(x; y)hfb(S�(s; y)) � b(Xh(s; y))g+f�(S�(s; y))� �(Xh(s; y))g _h(s; y)idyds+ nXi=1 1Ift�Tig Z 10 �G�(t)�ti(x; y)�Gt�Ti(x; y)� g(S(ti�; y); zi)dy+ nXi=1 1Ift�Tig Z 10 Gt�Ti(x; y) [g(S(ti�; y); zi)� g(S(ti�; y); Zi)℄ dy+ nXi=1 1Ift�Tig Z 10 Gt�Ti(x; y) [g(S(ti�; y); Zi)� g(Xh(Ti�; y); Zi)℄ dy= A(t; x) + :::+H(t; x) (4.13)We ompute these terms one by one, still assuming that ! 2 
(�; �).



104 CHAPITRE 3 : SUPPORT THEOREM FOR A DISCONTINUOUS SPDESine �(t) = t for all t � T1 � , and hene for all t � 5�0=8jA(t; x)j � jA(t; x)j1Ift�5�0=8g �k X0 k1 1Ift�5�0=8g Z 10 jG�(t)(x; y)�Gt(x; y)jdy (4.14)Using the Appendix, (7.4), then (4.10), we see thatjA(t; x)j � C �(t)� t(5�0=8) 32 � C k �� I k1� C� (4.15)Using Cauhy-Shwarz's inequality, then the Appendix (7.5), and �nally (4.10), we obtainjB(t; x)j � �Z t0 Z 10 hb(S(s; y)) + �(S(s; y)) _h(s; y)i2 dyds� 12��Z t0 Z 10 hG�(t)�s)(x; y)�Gt�s(x; y)i2 dyds� 12� C �q�(t)� t� 12 � C� 14 (4.16)Exatly in the same way, jC(t; x)j � C� 14 .Using (H), we see thatjD(t; x)j � C Z t0 Z 10 Gt�s(x; y) jS(s; y)� S�(s; y)j �1 + j _h(s; y)j� dyds (4.17)Thanks to Cauhy-Shwarz's inequality, and the Appendix (7.2),jD(t; x)j � C  Z t0 supy2[0;1℄ jS(s; y)� S�(s; y)j2 ds Z 10 G2t�s(x; y)dy! 12� C �Z t0 1If�(s)6=sg dspt� s� 12 (4.18)Using (4.8), we easily dedue thatjD(t; x)j � C �p3n� 12 � C 14 (4.19)The same omputation drives us tojE(t; x)j � C  Z t0 supy2[0;1℄ jS�(s; y)�Xh(s; y)j2 dspt� s!12 (4.20)Using (4.7), and (3.1) in (S02), we see thatjF (t; x)j � C nXi=1 1Ift�Ti+g supx;y2[0;1℄ ���G�(t)�ti(x; y)�Gt�Ti(x; y)��� (4.21)



4. THE CASE WHERE "W IS DETERMINISTIC". 105Thus, thanks to the Appendix (7.4),jF (t; x)j � C nXi=1 1Ift�Ti+g j(�(t)� ti)� (t� Ti)j[(�(t)� ti) ^ (t� Ti)℄ 32 (4.22)But t � Ti +  implies that �(t) � ti � �(Ti + ) � ti = . Hene, thanks to (4.10) and sine! 2 
(�; �), jF (t; x)j � C k �� I k1 + supi jti � Tij 32 � C�= 32 (4.23)Using (7.3) of the appendix, we dedue thatjG(t; x)j � nXi=1 supy jg(S(ti�; y); zi)� g(S(ti�; y); Zi)j (4.24)Thanks to (3.1) in (S02), realling that for all i, d(zi; Zi) � �, we see that there exists a funtion'(�) from IR+ into itself, dereasing to 0 when � dereases to 0, depending only on h, m, andon the parameters of equation (1.1), suh thatjG(t; x)j � '(�) (4.25)In the same way, but using (3.2) and the fat that � � �(z1) ^ ::: ^ �(zn), we easily prove theexistene of a funtion �(u) : IR+ 7! IR+, dereasing to 0 when u dereases to 0, suh thatjH(t; x)j � nXi=1 1Ift�Tig � �  supy2[0;1℄ jS(ti�; y)�Xh(Ti�; y)j!� nXi=1 1Ift�Tig � �  supy2[0;1℄ jS�(Ti�; y)�Xh(Ti�; y)j! (4.26)sine �(Ti) = ti.Finally, setting I(t) = supy2[0;1℄ jS�(t; y)�Xh(t; y)j (4.27)and K(�; ; �) = �1=4=3=2 + 1=4 + '(�) (4.28)we obtain : I(t) � CK(�; ; �) + C �Z t0 I2(s) dspt� s� 12 + C nXi=1 1Ift�Tig�(I(Ti�)) (4.29)Hene I2(t) � CK2(�; ; �) +C Z t0 I2(s) dspt� s + C nXi=1 1Ift�Tig�2(I(Ti�)) (4.30)



106 CHAPITRE 3 : SUPPORT THEOREM FOR A DISCONTINUOUS SPDEIterating one this formula, we getI2(t) � CK2(�; ; �) + C nXi=1 1Ift�Tig�2(I(Ti�)) (4.31)+ C Z t0 "CK2(�; ; �) + C Z s0 I2(u) dups� u + C nXi=1 1Ifs�Tig�2(I(Ti�))# dspt� sUsing Fubini's Theorem, and notiing that Z tu dspt� sps� u � 4, we dedue thatI2(t) � CK2(�; ; �) +C Z t0 I2(u)du + C nXi=1 1Ift�Tig�2(I(Ti�)) (4.32)We now apply Gronwall's Lemma on [0; T1[. This gives :sup[0;T1[ I2(t) � CK2(�; ; �)eCT � CK2(�; ; �) (4.33)Thus, on [0; T2[, I2(t) � CK2(�; ; �) + �2(CK2(�; ; �)) +C Z t0 I2(s)ds (4.34)Thanks to Gronwall's Lemma,sup[0;T2[ I2(t) � �CK2(�; ; �) + �2(K2(�; ; �))� eCT (4.35)Iterating this argument, we dedue the existene of a funtion �(u) : IR+ 7! IR+, dereasing to0 when u dereases to 0, suh that sup[0;T ℄ I(t) � � (K(�; ; �)) (4.36)Hene, there exists Æ > 0 suh that if K(�; ; �) � Æ, then sup[0;T ℄ I(t) � �=2. It now suÆes tohoose �, , � small enough, suh thatK(�; ; �) � Æ ; 2�= � �=2 (4.37)whih will imply, for all ! 2 
(�; �),Æ(Xh(!); S) �k I(!) k1 +jjj�(!)jjj � � (4.38)First, we hoose � 2℄0; �(z1) ^ ::: ^ �(zn)[ small enough, in order to get '(�) � Æ=3. Then wehoose  in ℄0; (�0=8) ^ (Æ=3)4[. Finally, we hoose0 < � < =2 ^ �Æ 32 =3�4 ^ �=4 (4.39)Proposition 3.2 is proved.



5. THE CASE WHERE N IS "DETERMINISTIC". 1075 The ase where N is "deterministi".It remains to prove Proposition 3.3. In the whole setion,m(dt; dz) = nXi=1 Æ(ti;zi)(dt; dz) 2M (5.1)is �xed. We set t0 = 0, tn+1 = T .We have to establish a support theorem for the solution of equation (3.4). Let us observe thatthis equation is not muh di�erent from that of Walsh [47℄. Indeed, it does only ontain oneadditional term, a "jump drift". Nevertheless, it is far from possible to use a method similar tothat of Bally, Millet, Sanz-Sol�e in [3℄, who proved a support theorem for Walsh's equation, inpartiular beause the solution of (3.4) does not lie in C([0; T ℄� [0; 1℄).But the times of jump of the solution Xm of equation (3.4) are deterministi, and the assoiatedsqueleton S(h;m) (m is �xed) has the same times of jump. Thus we do not need the Skorokhodtopology : we will work with the stronger supremum norm on [0; T ℄� [0; 1℄.The method below onsists in applying the result of Bally, Millet, and Sanz-Sol�e on eah timeinterval [ti; ti+1[. To this end, we will de�ne some proesses Xim, whih equal Xm only on[ti; ti+1[�[0; 1℄, but also give information about the behaviour of Xm after ti+1. We will alsoassoiate with Xim some deterministi squeletons Sim(h). But we will apply the result of [3℄ tothe onditional law of Xim with respet to Fti (for eah i). Thus, we will have to de�ne a non-deterministi "onditional squeleton" T im(h). Then we will develop a tehnial way to "pastethe piees".Reall that thanks to Remark 2.4, we have to prove on one hand that for all h 2 H, all � > 0,P (k Xm � S(h;m) k1� �) > 0 (5.2)and on the other hand that P �Xm 2 fS(h;m) ; h 2 Hgk k1� = 1 (5.3)To this aim, we introdue some notations. First, if S(t; x) belongs to ID ([0; T ℄;C([0; 1℄)), and if0 � u < v � T , k S k[u;v℄= supt2[u;v℄; x2[0;1℄ jS(t; x)j (5.4)We now de�ne reursively, for i in f0; :::; ng, the proesses Xim(t; x) on [ti; T ℄� [0; 1℄ :X0m(t; x) = Gt(X0; x) + Z t1^t0 Z 10 Gt�s(x; y)hb(X0m(s; y))dyds+�(X0m(s; y))W (dy; ds)i (5.5)



108 CHAPITRE 3 : SUPPORT THEOREM FOR A DISCONTINUOUS SPDEand, for i 2 f1; :::; ng,Xim(t; x) = Xi�1m (t; x) + 1Ift�tig Z 10 Gt�ti(x; y)g(Xi�1m (ti�; y); zi)dy (5.6)+ Z ti+1^tti Z 10 Gt�s(x; y) hb(Xim(s; y))dyds+ �(Xim(s; y))W (dy; ds)iNotie that for all i,for all t 2 [ti; ti+1[; all x 2 [0; 1℄; Xim(t; x) = Xm(t; x) (5.7)Indeed, it suÆes to use a standard uniqueness argument. In the same way, we de�ne, for h 2 H,the funtions Sim(h) on [ti; T ℄� [0; 1℄, byS0m(h)(t; x) = Gt(X0; x) + Z t1^t0 Z 10 Gt�s(x; y)hb(S0m(h)(s; y))dyds (5.8)+�(S0m(h)(s; y)) _h(s; y)dydsiand, for i 2 f1; :::; ng,Sim(h)(t; x) = Si�1m (h)(t; x) + 1Ift�tig Z 10 Gt�ti(x; y)g(Si�1m (h)(ti�; y); zi)dy (5.9)+ Z ti+1^tti Z 10 Gt�s(x; y) hb(Sim(h)(s; y))dyds + �(Sim(h)(s; y)) _h(s; y)dydsiThen, for all i, for all t 2 [ti; ti+1[; all x 2 [0; 1℄; Sim(h)(t; x) = S(h;m)(t; x) (5.10)Finally, we de�ne the "onditional squeleton" assoiated with the onditional law of Xim withrespet to Fti :T im(h)(t; x) = Xi�1m (t; x) + 1Ift�tig Z 10 Gt�ti(x; y)g(Xi�1m (ti�; y); zi)dy (5.11)+ Z ti+1^tti Z 10 Gt�s(x; y) hb(T im(h)(s; y))dyds + �(T im(h)(s; y)) _h(s; y)dydsiThe funtion T im(h) is de�ned on [ti; T ℄ � [0; 1℄. For all t 2 [ti; T ℄, all x 2 [0; 1℄, T im(h)(t; x) isFti-measurable.Then one an \nearly" use the Theorem of Bally, Millet, Sanz-Sol�e, [3℄ (see also Cardon-Weber,Millet, [10℄ for a more general setting), whih yields the following result.Proposition 5.1 Assume (H) and (S01). Then, with the above notations, for all i 2 f0; :::; ng,the following onditional support theorem on [ti; T ℄� [0; 1℄ holds :suppk k[ti;T ℄ L �Xim j Fti � = fT im(h) / h 2 Hgk k[ti;T ℄ (5.12)



5. THE CASE WHERE N IS "DETERMINISTIC". 109In fat, the main theorem in [3℄ only yields the result for i = 0, with R t0 instead of R t^t10 . Butonditioning is not a problem, and the initial values we obtain, for exampleXi�1m (t; x) + Z 10 Gt�ti(x; y)g(Xi�1m (ti�; y); zi)dy= Xi�1m (t; x) +Gt�ti �g(Xi�1m (ti�; :); zi); x� (5.13)behave on [ti; T ℄ exatly as Gt(X0; x) on [0; T ℄, sine they are Fti-measurable, sineg(Xi�1m (ti�; :); zi) is ontinuous on [0; 1℄, and sine Xi�1m (t; x) is ontinuous on [0; T ℄ � [0; 1℄.Finally, it is lear that onsidering the integrals from ti to t ^ ti+1 instead of 0 to t will nothange muh...We now establish a Lemma, whih will allow to paste the piees. If k Xim(!) � Sim(h) k[ti;T ℄ issmall, then the initial onditions assoiated with Si+1m (h) and T i+1m (h)(!) are near, and thus thedistane between Si+1m (h) and T i+1m (h)(!) is small. We need this Lemma, beause Proposition5.1 gives an idea of the distane between Xim(!) and T im(h)(!), but what we need to ontrol isthe distane between Sim(h) and Xim(!).Lemma 5.2 Assume (H), (S02). There exists a funtion (x; u) : IR+ � IR+ 7! IR+, suhthat for eah x, (x; u) dereases to 0 when u dereases to 0, and suh that for all � > 0, alli 2 f0; :::; n � 1g,n! 2 
 .k Xim(!)� Sim(h) k[ti;T ℄� �o� n! 2 
 .k Si+1m (h)� T i+1m (h)(!) k[ti+1;T ℄� (k _hj[ti+1;ti+2℄ kL2 ; �)o (5.14)where k _hj[ti+1;ti+2℄ k2L2= R ti+2ti+1 R 10 _h2(s; y)dyds.Proof : Let ! belong to fk Xim � Sim(h) k[ti;T ℄� �g. Then, for all t in [ti+1; T ℄, all x in [0; 1℄,using (H), ��Si+1m (h)(t; x) � T i+1m (h)(t; x)�� � ��Sim(h)(t; x) �Xim(t; x)��+ Z 10 Gt�ti+1(x; y) ���g �Xim(ti+1�; y); zi�� g �Sim(h)(ti+1�; y); zi���� dy+C Z ti+2^tti+1 Z 10 Gt�s(x; y) ���Si+1m (h)(s; y) � T i+1m (h)(s; y)��� �1 + j _h(s; y)j� dyds (5.15)We now set F (t) = supx2[0;1℄ ���Si+1m (h)(t; x) � T i+1m (h)(t; x)��� (5.16)Using the assumption about !, assumption (S02), the Appendix (7.3) and (7.2), and Cauhy-Shwarz's inequality, we get :F (t) � �+  zi(�) + C �1+ k _hj[ti+1;ti+2℄ kL2� Z tti+1 F 2(s) dspt� s!12 (5.17)



110 CHAPITRE 3 : SUPPORT THEOREM FOR A DISCONTINUOUS SPDEwhere  zi was de�ned in assumption (S02). Hene,F 2(t) � C�2 + C 2zi(�) + C �1+ k _hj[ti+1;ti+2℄ kL2�2 Z tti+1 F 2(s) dspt� s (5.18)Iterating one this formula (see the previous setion, inequalities (4.30), (4.31), and (4.32) formore preisions), we obtain the existene of a funtion , satisfying the assumptions of thestatement, suh thatF 2(t) �  �k _hj[ti+1;ti+2℄ kL2 ; ��+ C �1+ k _hj[ti+1;ti+2℄ kL2�2 Z tti+1 F 2(s)ds (5.19)Gronwall's Lemma allows to onlude.Proof of Proposition 3.3 : In order to simplify the notations, we assume in the sequel that n = 2,i.e. that m(dt; dz) = Æ(t1 ;z1) + Æ(t2;z2) (5.20)1) We �x h 2 H, and � > 0, and we hek thatP0 = P (k Xm � S(h;m) k1� �) > 0 (5.21)First, using (5.7) and (5.10), we see thatP0 � P� k X0m � S0m(h) k[0;T ℄� �=3; k X1m � S1m(h) k[t1;T ℄� �=3;k X2m � S2m(h) k[t2;T ℄� �=3� (5.22)Notiing that for eah i, Xim is Fti+1 -measurable and Sim(h) is deterministi, we obtain, byonditionning our probability with respet to Ft2 ,P0 � Eh1Ifk X0m � S0m(h) k[0;T ℄� �=3g1Ifk X1m � S1m(h) k[t1;T ℄� �=3g�P �k X2m � S2m(h) k[t2;T ℄� �=3 ��� Ft2� i (5.23)On the other hand,P �k X2m � S2m(h) k[t2;T ℄� �=3 ��� Ft2�� P �k X2m � T 2m(h) k[t2;T ℄� �=6; k T 2m(h) � S2m(h) k[t2;T ℄� �=6��� Ft2�� 1Ifk T 2m(h)� S2m(h) k[t2;T ℄� �=6gP �k X2m � T 2m(h) k[t2;T ℄� �=6��� Ft2� (5.24)sine S2m(h) is deterministi and T 2m(h) is Ft2 -measurable. Using Proposition 5.1, we also knowthat a.s., P �k X2m � T 2m(h) k[t2;T ℄� �=6��� Ft2� > 0 (5.25)



5. THE CASE WHERE N IS "DETERMINISTIC". 111Hene, it suÆes that P1 > 0, whereP1 = P� k X0m � S0m(h) k[0;T ℄� �=3; k X1m � S1m(h) k[t1 ;T ℄� �=3k T 2m(h)� S2m(h) k[t2;T ℄� �=6� (5.26)Thanks to Lemma 5.2, we know that for � > 0 small enough,k X1m � S1m(h) k[t1;T ℄< � =)k T 2m(h)� S2m(h) k[t2;T ℄� �=6 (5.27)Thus, P1 � P� k X0m � S0m(h) k[0;T ℄� �=3; k X1m � S1m(h) k[t1;T ℄� � ^ �=3� (5.28)Iterating this argument, we see that P0 is stritly positive as soon as P2 > 0, whereP2 = P� k X0m � S0m(h) k[0;T ℄� �� (5.29)for some � > 0 small enough. But it is lear that S0m(h) identially equals T 0m(h). Thus, Propo-sition 5.1 implies that P2 is stritly positive, and hene that (5.21) holds, whih was our aim.2) We still have to hek thatP �Xm 2 fS(h;m) ; h 2 Hgk k1� = 1 (5.30)We know from Proposition 5.1 that for almost all !, say for all ! 2 �
, with P (�
) = 1,X0m(!) 2 fT 0m(h); h 2 Hgk k1 ; X1m(!) 2 fT 1m(h)(!); h 2 Hgk k1X2m(!) 2 fT 2m(h)(!); h 2 Hgk k1 (5.31)We now �x ! 2 �
. There exists h0n 2 H, h1n 2 H, h2n 2 H, (depending on !) suh that, fori 2 f0; 1; 2g, when n goes to in�nity,k Xim(!)� T im(hin)(!) k[ti;T ℄�! 0 (5.32)We now set hn;k;q(t; x) = h0n(t; x)1I[0;t1℄(t) + h1k(t; x)1I[t1;t2℄(t) + h2q(t; x)1I[t2;T ℄(t) (5.33)We �x � > 0, and we prove that for n, k, q large enough,k Xm(!)� S(hn;k;q;m) k[0;T ℄� � (5.34)whih will suÆe. One an easily hek, using (5.7) and (5.10), thatk Xm(!)� S(hn;k;q;m) k[0;T ℄� A0n(!) +A1k(!) +A2q(!) +B0n(!) +B1k(!) +B2q (!) (5.35)where (if i = 0; 1; 2 and l 2 IN)Ail(!) =k Xim(!)� T im(hil)(!) k[ti;T ℄ (5.36)



112 CHAPTER 3 : SUPPORT THEOREM FOR A DISCONTINUOUS SPDEand Bil (!) =k T im(hil)(!)� Sim(hil) k[ti;T ℄ (5.37)First notie that B0n vanishes identially. Thanks to Lemma 5.2, we know thatB1k(!) �  �k _h1kj[t1;t2℄ kL2 ; A0n(!)� (5.38)B2q (!) �  �k _h2q j[t2;T ℄ kL2 ; A1k(!) +B1k(!)� (5.39)i) First, we hoose q large enough, in order thatA2q(!) � �=6 (5.40)Now that q is �xed, we onsider � > 0 suh that �k _h2q j[t2;T ℄ kL2 ; �� � �=6 (5.41)ii) Then we hoose k in suh a way thatA1k(!) � �=6 ^ �=2 (5.42)and we onsider � > 0 suh that �k _h1kj[t1;t2℄ kL2 ; �� � �=6 ^ �=2 (5.43)iii) Finally, we hoose n suh that A0n(!) � �=6 ^ � (5.44)We dedue from (5.44), (5.38), and (5.43) thatB1k(!) � �=6 ^ �=2 (5.45)Thanks to (5.45), (5.42), (5.41), and (5.39), we also see thatB2q (!) � �=6 (5.46)Finally, using (5.35), (5.44), (5.42), (5.40), (5.45), (5.46), we dedue (5.34). We thus haveheked that for eah ! 2 �
, all � > 0, there exists h 2 H suh thatk Xm(!)� S(h;m) k1� � (5.47)Sine P (�
) = 1, (5.30) holds, and Proposition 3.3 is proved.6 Extension to the ase of an a.s. in�nite number of jumpswhen the di�usion oeÆient is onstant.We now onsider equation (1.1) in the following new setting : the di�usion oeÆient is on-stant, �(x) � � ; but the positive measure q on E is only assumed to be �-�nite (a priori,q(E) = 1). N is still a Poisson measure on [0; T ℄ � E, with intensity measure dtq(dz). Theevolution equation assoiated with equation (1.1) is still given by (2.5).We also onsider an inreasing sequene of subsets Ep of E satisfyingq(Ep) <1 ; [p2INEp = E (6.1)In order to obtain a result of existene and uniqueness, we state the following hypothesis :



6. THE CASE WHERE q(E) = 1 BUT � IS CONSTANT 113Assumption (A) : the funtion � is onstant. The funtion b satis�es a global Lips-hitz ondition. There exists � 2 L1(E; q) suh that for all x; y 2 IR, all z 2 E,jg(0; z)j � �(z) ; jg(x; z) � g(y; z)j � jx� yj�(z) (6.2)Proposition 2.2 yields that equation (1.1) with Ep instead of E admits a unique weak solutionXp lying in ID ([0; T ℄;C([0; 1℄)). Under (A), it is easy to hek that there exists an adaptedproess X suh that, when p goes to in�nity,E  sup[0;T ℄�[0;1℄ jX(t; x) �Xp(t; x)j! �! 0 (6.3)This way, we obtain the existene of an adapted weak solution X of equation (1.1) with our newsetting. The uniqueness is straightforward under (A), and we an state the following proposition.Proposition 6.1 Assume (A). Equation (1.1) admits a unique weak solution X(t; x), lying a.s.in ID ([0; T ℄;C([0; 1℄)), and bounded in L1.We now onsiderMp = 8><>:m(dt; dz) = nXi=1 Æ(ti;zi)(dt; dz) , n 2 IN; 0 < t1 < ::: < tn < T;z1; :::; zn 2 supp q \Ep 9>=>; (6.4)and we set M = [pMp. The Cameron-Martin spae H assoiated with W is still de�ned by(2.12). For eah m 2M and h 2 H, we denote by S(h;m) the unique solution of equation (2.14)(there is no di�erene with Proposition 2.3, sine there exists p suh that m 2 Mp). Sine g isalready Lipshitz, we assume (T ) below instead of (S2),Assumption (T ) : for eah z0 2 E, eah n 2 IN ,supjxj�n jg(x; z) � g(x; z0)j �!d(z;z0)!0 0 (6.5)For eah z0 in E, there exists �(z0) > 0 suh thatsupd(z;z0)��(z0) �(z) < �(z0) (6.6)A funtion g(x; z) = �(z)�(z) learly satis�es (A) and (T ) if � is lipshitz, and � 2 L1(E; q) isontinuous. The aim of this setion is to prove the following result.Theorem 6.2 Under (A) and (T ), if X denotes the unique weak solution of equation (1.1),suppÆ P ÆX�1 = fS(h;m) / h 2 H ; m 2MgÆ (6.7)Sine the method of Simon [41℄, ombined with the previous setions, applies easily, we will onlysketh the proof.



114 CHAPTER 3 : SUPPORT THEOREM FOR A DISCONTINUOUS SPDEFirst, for the same reasons as in the previous setions, see Proposition 3.1, we an assume,additionally to (A) and (T ), that for all x 2 IR, all z 2 E, jg(x; z)j � �(z) and for eah z0 2 E,supx2IR jg(x; z) � g(x; z0)j �!d(z;z0)!0 0 (6.8)Then, we notie that the diret inlusion (�) of Theorem 6.2 is immediate, thanks to Theorem2.5 (for Xp) and thanks to the onvergene (6.3).We now �x p 2 IN , h 2 H, m = Pni=1 Æ(ti ;zi) 2Mp, and � > 0. We have to prove thatP (Æ(X;S(h;m)) � �) > 0 (6.9)To prove this, we will use three lemmas. The �rst one is a very partiular ase of the result ofBally, Millet, Sanz, [3℄.Lemma 6.3 Let � > 0 be �xed, and let
0(�) = (! 2 
 ,supt;x ����Z t0 Z 10 Gt�s(x; y)nW (dy; ds)� _h(s; y)dydso���� � �) (6.10)Then P (
0(�)) > 0.We now write the restrition Np = N j[0;T ℄�Ep (reall that p is �xed) asNp(ds; dz) = �Xi=1 Æ(Ti;Zi)(ds; dz) (6.11)The seond lemma an be proved by using the same method as that of Proposition 3.2 (seeSetion 4).Lemma 6.4 Let � > 0 be �xed. There exists a set
1(�) 2 � fN(A) ; A 2 B([0; T ℄�Ep)g (6.12)suh that P (
1(�)) > 0, suh that for eah ! 2 
1(�),�(!) = n ; 8i; d(zi; Zi(!)) � �(zi) (6.13)and suh that for some � > 0 small enough, every ! 2 
0(�) \ 
1(�) satis�esÆ(Xp(!); S(h;m)) � � (6.14)We will �nally use the following result :Lemma 6.5 Let  > 0 be �xed, and let
2() = (! 2 
 ,Z T0 ZE=Ep �(z)N(ds; dz) � ) (6.15)Then P (
2()) > 0.



6. THE CASE WHERE q(E) = 1 BUT � IS CONSTANT 115Proof of Lemma 6.5 : we set �p = Z T0 ZE=Ep �(z)N(ds; dz) (6.16)and, for q > p, �qp = Z T0 ZEq=Ep �(z)N(ds; dz) (6.17)We see that �p = �qp + �q, that for all q, P (�qp = 0) > 0, and that when q goes to in�nity, �q goesto 0 in probability. Sine for eah q, �qp is independent of �q, we an writeP (�p � ) � P (�qp = 0)P (�q � ) (6.18)and the lemma follows easily.We �nally sketh the proof of Theorem 6.2. An easy independane argument yields that forevery � > 0, � > 0,  > 0, the set
3(�; �; ) = 
0(�) \ 
1(�) \ 
2() (6.19)has a stritly positive probability. We now have to hoose �; �;  in suh a way that for all! 2 
3(�; �; ), Æ(X(!); S(h;m)) � � (6.20)Let ! 2 
3(�; �; ) be �xed. If � is small enough, we know from Lemma 6.4 thatÆ(X(!); S(h;m)) � k X(!) �Xp(!) k1 +Æ(Xp(!); S(h;m))� k X(!) �Xp(!) k1 +� (6.21)We now set V p(t) = supx2[0;1℄ jX(t; x) �Xp(t; x)j (6.22)Using the Appendix, (A), (T ), sine jg(x; z)j � �(z), and sine ! belongs to 
3(�; �; ), we seethat V p(t) � C Z t0 V p(s)ds+ C nXi=1 1ft�TigV p(Ti�)�(Zi)+ Z T0 ZEnEp �(z)N(ds; dz)� C Z t0 V p(s)ds+ C nXi=1 1ft�TigV p(Ti�) +  (6.23)Applying suessively Gronwall's Lemma on the time intervals [0; T1[, ..., [Tn; T ℄, we dedue thatfor all ! 2 
3(�; �; ), sup[0;T ℄V p(!; t) � C (6.24)The onlusion follows easily.



116 CHAPTER 3 : SUPPORT THEOREM FOR A DISCONTINUOUS SPDERemark 6.6 Of ourse, we are also interested in the ase where q(E) = 1 and � is a funtion.In this ase, it is possible to prove (under assumptions) that the sequene Xp of weak solutions of(1.1) where we have replaed E by Ep, onverges to an adapted proess X(t; x) in the followingsense : supt;x E (jX(t; x) �Xp(t; x)j) �! 0 (6.25)One X is built, it might be possible to hek that it admits a modi�ation lying inID ([0; T ℄;C([0; 1℄)), by using the fat that X satis�es the evolution equation, but this is not im-mediate. If so, it seems natural to think that our support theorem extends to this ase. However,everything will beome muh more tehnial. In partiular, the diret inlusion is not obviousany more, sine (6.3) does not seem to hold any more.7 AppendixWe ollet here well-known estimates about the Green kernel Gt(x; y) assoiated with the de-terministi system (2.1), and whih has the expression (2.2). In all the inequalities below, theonstant C depends only on the terminal time value T . The three �rst estimates an be foundin [47℄, and the next ones are either easy onsequenes or lassial estimates.First, for all x; y 2 [0; 1℄ and all t 2 [0; T ℄,1p4�t exp(�(y � x)24t ) � Gt(x; y) � Cpt exp(�(y � x)24t ) (7.1)For all 0 < t < T , all x 2 [0; 1℄, Z 10 G2t (x; y)dy � Cpt (7.2)and Z 10 Gt(x; y)dy = 1 (7.3)For all 0 < s < t < T , all x; y 2 [0; 1℄, (see Lemma A3 in [12℄)jGt(x; y)�Gs(x; y)j � C jt� sjs 32 (7.4)and (see Lemma B1 in [3℄)Z s0 Z 10 (Gt�r(x; y)�Gs�r(x; y))2 dydr + Z ts Z 10 G2t�r(x; y)dydr � Cpt� s (7.5)Finally, for all � 2 C([0; 1℄), the map (t; x) 7! Gt(�; x) (7.6)is ontinuous on [0; T ℄� [0; 1℄ (see Lemma A2 in [3℄ for a similar result).
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Chapitre 4Existene and regularity study for a2-dimensional spatially homogeneousBoltzmann equation without uto�by a probabilisti approah
Abstrat : We onsider a 2-dimensional homogeneous Boltzmann equation without uto�,whih we relate to a nonlinear stohasti di�erential equation. We prove the existene of asolution for this S.D.E., and we use the Malliavin alulus (or stohasti alulus of variations)to prove that the law of this solution admits a smooth density with respet to the Lebesguemeasure on IR. This density satis�es the onsidered Boltzmann equation.Une version ourte de e travail a �et�e aept�ee pour publiationdans la revue The Annals of Applied Probability.1 Introdution.The Boltzmann equation desribes the density of partiles in a gas. This equation holds underthe following assumptions : the gas is dilute enough (there are only two-partiles ollisions),the duration of a ollision an be ignored, and the ollision of two partiles does not take intoaount any orrelation between the two partiles. We are using f(t; r; v) to denote the densityof partiles whih have the position r 2 IR3 and the veloity v 2 IR3 at the instant t > 0. Theexternal fore is denoted by F and the mass of the system by m. Then the Boltzmann equationan be written �f�t + v:�f�r + Fm:�f�v = K�(f; f)119



120 CHAPITRE 4 : REGULARITY FOR A 2D BOLTZMANN EQUATIONwhere K� is a ollision kernel. We study here a simpli�ed model : the 2-dimensional spatiallyhomogeneous ase. This means that we restrit our study to the ase where f does not dependon the position of the partiles. We furthermore assume that there is no external fore, andthat the partiles take plae in the plane. In this ase, the Boltzmann equation an be writtenas follows : �f�t (t; v) = K�(f; f)(t; v) (1.1)The ollision kernel is given by :K�(f; f)(t; v) = Zv�2IR2 Z ��� [f(t; (v; v�; �))f(t; �(v; v�; �))� f(t; v)f(t; v�)℄�(�; jv � v�j)d�dv�where, if R� is the �-rotation entered at 0,(v; v�; �) = v + v�2 +R� �v � v�2 � and �(v; v�; �) = v + v�2 �R� �v � v�2 �We will need the following omputation of (v; v�; �) :(v; v�; �) =  x(v; v�; �)y(v; v�; �) ! = 12  (vx + v�x) + (vx � v�x) os � � (vy � v�y) sin �(vy + v�y) + (vy � v�y) os � + (vx � v�x) sin � !In fat, (v; v�; �) and �(v; v�; �) represent the veloities of two partiles after their ollision, ifthese partiles had the veloities v and v� before the ollision, and if the angle due to the ollisionis �. Consequently, the ross setion may explode near � = 0, beause of an aumulation of"grazing" ollisions. We will assume that we are in a ase of Maxwellian partiles, i.e. that theross setion � depends only on �, and is even : �(�; jv� v�j) = �(j�j). We will also suppose thephysially reasonnable ondition : Z �0 �2�(�)d� <1 (1.2)The Boltzmann equation "with uto�", namely when R �0 �(�)d� < 1, has been muh investi-gated by the analysts. It is really more diÆult to assume only (1.2), and the only analytialexistene and regularity result under (1.2) is due to Desvillettes in [16℄.A probabilisti approah using the underlying evolution Markov proess allows to work under(1.2) thanks to the L2-alulus. We obtain a slightly better existene result than Desvillettes,and our regularity result is muh better. Desvilletes builds a solution g(t; v) of (1.1), and heproves that for eah t > 0, f(t; :) is in H1��(IR2) for all � > 0. The solution f(t; v) we build isontinuous on ℄0; T ℄ � IR2, and for eah t > 0, f(t; :) is in C1(IR2).Another advantage of a probabilisti approah is that we an assume that the initial data is aprobability, and not neessarily a density of probability. At last, we give a (probabilisti) notionof uniqueness.In order to de�ne the weak solutions, we onsider the following kernel, whih depends on thetest funtion � 2 C2b (IR2) (the set of C2 funtion on IR2 of whih the derivatives of order 0 to



1. INTRODUCTION. 1212 are bounded) :K�� (v; v�) = Z ��� h�((v; v�; �))� �(v)� �0x(v) (x(v; v�; �)� vx)��0y(v) (y(v; v�; �)� vy) i�(�)d�� b2h�0x(v)(vx � v�x) + �0y(v)(vy � v�y)i (1.3)where b = Z ���(1 � os �)�(�)d�. This expression is well de�ned for every test funtion thanksto the assumption (1.2). Now we an de�ne the weak solutions of (1.1).De�nition 1.1 Let � be ross setion, (even and positive on [��; �℄nf0g) satisfying (1.2). LetP0 be a probability on IR2 that admits a moment of order 2. A positive funtion f on IR+� IR2is a weak solution of (1.1) with initial data P0 if for every test funtion � 2 C2b (IR2),Zv2IR2 f(t; v)�(v)dv = Zv2IR2 �(v)P0(dv) + Z t0 Zv2IR2 Zv�2IR2 K�� (v; v�)f(s; v)f(s; v�)dvdv�ds(1.4)Let us explain this de�nition : a priori, we should look for weak solutions satisfying, for everytest funtion,Zv2IR2 f(t; v)�(v)dv = Zv2IR2 �(v)P0(dv) + Z t0 Zv2IR2 K�(f; f)(s; v)�(v)dvdsLet us subsitute v0 = (v; v�; �), v0� = �(v; v�; �), and �0 = �� in the �rst part of K�(f; f). TheJaobian of this substitution is equal to 1, and an easy drawing shows that v = (v0; v0�; �0),v� = �(v0; v0�; �0) and � = ��0. We obtain :ZIR2 ZIR2 Z ��� f(t; (v; v�; �))f(t; �(v; v�; �))�(v)�(�)d�dvdv�= ZIR2 ZIR2 Z ��� f(t; v)f(t; v�)�((v; v�; �))�(�)d�dvdv�and heneZv2IR2 f(t; v)�(v)dv = Zv2IR2 �(v)P0(dv) + Z t0 Zv2IR2 Zv�2IR2 k��(v; v�)f(s; v)f(s; v�)dvdv�dswhere k��(v; v�) = Z ��� h�((v; v�; �))� �(v)i�(�)d�But this kernel does not make sense for every test funtion � 2 C2b (IR2), exept if we supposethat R �0 ��(�)d� < 1. Consequently, we replae k�� by K�� , in whih there is a ompensatedterm. Notie that if R �0 ��(�)d� <1, then R ��� sin ��(�)d� = 0, and the two kernels are idential.



122 CHAPITRE 4 : REGULARITY FOR A 2D BOLTZMANN EQUATIONThe method is partially adapted from the papers of L. Desvillettes, C. Graham and S. M�el�eardin [17℄ and [19℄, who solved this problem in dimension 1 : we �rst show that there exists anonlinear stohasti di�erential equation assoiated with the equation (1.1). This means that ifVt is a solution of this S.D.E. and if Vt admits a density for eah t > 0, then this density willbe a weak solution of (1.1). The seond setion is devoted to the statement of the nonlinearS.D.E., to the existene and the uniqueness of a solution of this S.D.E., and to the study of somemoment onservations for this solution, whih an be related to physial onservations. The aimof the third setion is to use the Malliavin Calulus in order to show the existene of a weaksolution of (1.1), and to study the smoothness of this solution. We will use Bismut's approahof the Malliavin Calulus, by following the methods of Bihteler, Gravereaux, and Jaod in [6℄and [7℄. In the fourth setion, we study the joint regularity of our solution. At last, the �fthsetion is devoted to approximate our weak solution of (1.1) with a simulable partile system,by applying a result of Graham and M�el�eard in [18℄.The most diÆult and original part of this paper is the proof of the regularity (see Lemmas 3.26,3.27, and Theorem 3.28), for whih we need to use the partiular form of our two-dimensionalnonlinear S.D.E.In the sequel, � is a �xed ross setion satisfying (1.2).2 The probabilisti approah.The whole setion is an easy adaptation of the paper of Desvillettes, Graham and M�el�eard [17℄.Nevertheless, we have to hek all the results, beause of a quite important di�erene betweenthe nonlinear S.D.E. in dimension 1 and 2.Sine we are looking for a solution f(t; v) whih is a density of partiles at eah instant t, it isquite natural to relate f(t; v) to the ow of marginals of a stohasti proess. We restrit ourstudy to the time interval [0; T ℄, where T > 0 is �xed.De�nition 2.1 We will say that a ow fPtgt2[0;T ℄ of probability measures on IR2 suh that P0admits a moment of order 2 is a weak solution of (1.1) with initial data P0 if for every testfuntion � 2 C2b (IR2),h�; Pti = h�; P0i+ Z t0 DK�� (v; v�); Ps(dv)Ps(dv�)E ds (2.1)Remark 2.2 If a ow fPtgt2[0;T ℄ of probability measures on IR2 is a weak solution of (1.1), andif for every t 2℄0; T ℄, Pt admits a density f(t; :) with respet to the Lebesgue measure on IR2,then f is a weak solution of (1.1) with initial data P0 in the sense of De�nition 1.1.De�nition 2.3 Let Q be a probability measure on IDT = ID([0; T ℄; IR2). We denote by fQtg itsmarginal ow, and we assume that Q0 admits a seond order moment. Let Xt be the anonialproess on IDT . We will say that Q satis�es the nonlinear martingale problem with initial dataQ0 if for every � 2 C2b (IR2),�(Xt)� �(X0)� Z t0 DK�� (Xs; v�); Qs(dv�)E ds (2.2)



2. THE PROBABILISTIC APPROACH. 123is a square integrable Q-martingale.Remark 2.4 If Q satis�es the nonlinear martingale problem with initial data P0, then itsmarginal ow is a weak solution of (1.1) in the sense of De�nition 2.1.In order to state a nonlinear S.D.E. assoiated with the nonlinear martingale problem, we intro-due some notations. Following Tanaka, [44℄, we will onsider two probability spaes : the �rstone is an abstrat spae (
;F ; P ), and the seond one is ([0; 1℄;B([0; 1℄); d�). In order to avoidany onfusion, the proesses on ([0; 1℄;B([0; 1℄); d�) will be some �-proesses, the expetationunder d� will be denoted E�, and the laws L�.On (
;F ; P ), we onsider a Poisson measure N(d�d�dt) on [��; �℄� [0; 1℄� [0; T ℄ with intensitymeasure �(d�d�dt) = �(�)d�d�dt and with ompensated measure ~N(d�d�ds).If Q is a probability on IDT , and if p � 1, we will say that Q 2 Pp(IDT ) ifZx2IDT sup[0;T ℄ k x(t) kp Q(dx) <1A �adl�ag adapted proess Ys on [0; T ℄ will be a ILpT -proess if its law belongs to Pp(IDT ).De�nition 2.5 Let V0(!) 2 L2(
), let Ys(!) be a IL2T -proess, and let Zs(�) be a IL2T -�-proess,every of these elements with values in IR2. Then we denote by V = �(Y;Z; V0; N) the proessde�ned (and well de�ned) byVt(!) = V0(!) + Z t0 Z 10 Z ��� [(Ys�(!); Zs�(�); �) � Ys�(!)℄ ~N(d�d�ds)� b2 Z t0 Z 10 (Ys(!)� Zs(�)) d�ds (2.3)This an also be written :V xt = V x0 + 12 Z t0 Z 10 Z ��� �(Y xs� � Zxs�(�))(os � � 1)� (Y ys� � Zys�(�)) sin �� ~N(d�d�ds)� b2 Z t0 Z 10 (Y xs � Zxs (�)) d�ds (2.4)V yt = V y0 + 12 Z t0 Z 10 Z ��� �(Y ys� � Zys�(�))(os � � 1) + (Y xs� � Zxs�(�)) sin �� ~N(d�d�ds)� b2 Z t0 Z 10 (Y ys � Zys (�)) d�ds (2.5)or, by using matries :Vt = V0 + Z t0 Z 10 Z ��� A(�) (Ys� � Zs�(�)) ~N(d�d�ds) � b2 Z t0 Z 10 (Ys � Zs(�)) d�ds (2.6)where A(�) = 12 � os � � 1 � sin �sin � os � � 1�.



124 CHAPITRE 4 : REGULARITY FOR A 2D BOLTZMANN EQUATIONDe�nition 2.6 Let fVtgt2[0;T ℄ be a IL2T -proess and let fWtgt2[0;T ℄ be a IL2T -�-proess, withvalues in IR2. We will say that (V;W ) is a solution of the nonlinear S.D.E. with initial data V0if L(V ) = L�(W ) and V = �(V;W; V0; N)We notie here that this S.D.E. is symmetri in V and W , whih is not the ase in dimension1. This yields that the solution of this S.D.E. does not behaves in the same way when thedimension is 1 or 2. In partiular the onservation of the momentum (i.e. E(Vt) = E(V0) fort > 0) will hold. Nevertheless, there will not be any fondamental hange in this seond setion.Remark 2.7 If (V;W ) is a solution of the nonlinear S.D.E. with initial data V0, then its lawQ = L(V ) = L�(W ) is a solution of the nonlinear martingale problem with initial data L(V0).Proof : it suÆes to apply the Itô formula. If � 2 C2b (IR2),�(Vt) = �(V0) + Z t0 �0x(Vs�)dV xs + Z t0 �0y(Vs�)dV ys+Xs�t h�(Vs)� �(Vs�)� �0x(Vs�)�V xs � �0y(Vs�)�V ys iThis an be written :�(Vt) = �(V0)� b2 Z t0 Z 10 h�0x(Vs)(V xs �W xs (�)) + �0y(Vs)(V ys �W ys (�))i d�ds+ Z t0 Z 10 Z ��� h�0x(Vs�) �x(Vs�;Ws�(�); �) � V xs��+�0y(Vs�) �y(Vs�;Ws�(�); �)� V ys�� i ~N(d�d�ds)+ Z t0 Z 10 Z ��� h�((Vs�;Ws�(�); �)) � �(Vs�)� �0x(Vs�) �x(Vs�;Ws�(�); �) � V xs����0y(Vs�) �y(Vs�;Ws�(�); �)� V ys�� iN(d�d�ds)The expression in the last integral is in L1(�) \ L2(�). Hene :�(Vt) = �(V0)� b2 Z t0 Z 10 h�0x(Vs)(V xs �W xs (�)) + �0y(Vs)(V ys �W ys (�))i d�ds+ Z t0 Z 10 Z ��� [�((Vs�;Ws�(�); �)� �(Vs�)℄ ~N(d�d�ds)+ Z t0 Z 10 Z ��� h�((Vs;Ws(�); �)� �(Vs)� �0x(Vs) (x(Vs;Ws(�); �)� V xs )��0y(Vs) (y(Vs;Ws(�); �)� V ys ) i�(�)d�d�ds



2. THE PROBABILISTIC APPROACH. 125Sine [�((Vs�;Ws�(�); �))� �(Vs�)℄ is in L2(P 
 �), the seond integral is a square integrablemartingale Mt. Then an easy omputation shows that :�(Vt) = �(V0) +Mt + Z t0 Z 10 K�� (Vs;Ws(�))d�ds= �(V0) +Mt + Z t0 E� �K�� (Vs;Ws)� dsFinaly, sine L�(Ws) = Qs, :�(Vt) = �(V0) +Mt + Z t0 DK�� (Vs; v�); Qs(dv�)E dswhih was our aim.2.1 Existene and uniqueness for the nonlinear S.D.E.Let us �rst prove a usefull ontration formula for the map � (see De�nition 2.5) :Lemma 2.8 Let Ys and Y 0s be two IL2T -proesses, let Zs and Z 0s be two IL2T -�-proesses, and letV0 2 L2(
), every of these elements with values in IR2. We onsiderV = �(Y;Z; V0; N) and V 0 = �(Y 0; Z 0; V0; N)These are IL2T -proesses, and the formula below holds (K is a onstant depending only on T and�) : E  sup[0;t℄ k Vs � V 0s k2! � K Z t0 hE �k Ys � Y 0s k2�+E� �k Zs � Z 0s k2�i ds (2.7)Proof : let us ompute V x � V 0x :V xs � V 0xs = 12 Z s0 Z 10 Z ��� � �(Y xu� � Y 0xu�)� (Zxu� � Z 0xu�)�� (os � � 1)� �(Y yu� � Y 0yu�)� (Zyu� � Z 0yu�)�� sin �� ~N(d�d�ds)� b2 Z s0 �(Y xu � Y 0xu)�E�(Zxu � Z 0xu)� duUsing Doob's and Cauhy-Shwarz's inequalities, we getE  sup[0;t℄(V xs � V 0xs )2! � 8 Z t0 Z 10 Z ��� E�n �(Y xu� � Y 0xu�)� (Zxu� � Z 0xu�)�� (os � � 1)� �(Y yu� � Y 0yu�)� (Zyu� � Z 0yu�)�� sin �o2��(�)d�d�du+b22 t Z t0 E ��(Y xu � Y 0xu)�E�(Zxu � Z 0xu)�2�du



126 CHAPITRE 4 : REGULARITY FOR A 2D BOLTZMANN EQUATIONUsing Jensen's inequality for E�, using j os �� 1j+ j sin �j 2 L2(�(�)d�), and the same ompu-tation for V ys � V 0ys , the ontration formula is immediate.Now we solve the lassial S.D.E. assoiated with the nonlinear S.D.E.Proposition 2.9 Let V0 2 L2(
), and let Z be a IL2T -�-proess. Then the lassial S.D.E.V = �(V;Z; V0; N) admits a unique solution, that belongs to IL2T . Furthermore, the law of thesolution depends only on L(V0) and on the ow fL�(Zt)gt2[0;T ℄.Proof : the existene and the uniqueness for this kind of S.D.E. is lassial, and follows fromLemma 2.8. In order to study the law of the solution, let us write the Poisson measure asN = Ps2[0;T ℄ 1ID(s)Æ(�s;�s;s), and let us set N� = Ps2[0;T ℄ 1ID(s)Æ(�s;Zs(�s);s). Then N� is aPoisson measure on [0; T ℄� [��; �℄� IR2 with intensity �(�)d�L�(Zs)(dz)ds. (Reall that Zt is"!-deterministi"). ThenVt = V0 + Z t0 Z ��� ZIR2 ((Vs�; z; �)� Vs�) ~N�(d�dzds)� b2 Z t0 Vsds+ b2 Z t0 E�(Zs)dsand the law of Vt is entirely determined by L(V0), by the intensity of N�, and by fE�(Zs)gs�T .The result follows.We now de�ne reursively the Piard iterations that will onverge to a solution of the nonlinearS.D.E.De�nition 2.10 Let V0 2 L2. Let V 0 be the proess identially equal to V0. Assuming thatwe have de�ned the IL2T -proesses V 0,...,V k, and the IL2T -�-proesses Z0,...,Zk�1, we hoose aIL2T -�-proess Zk satisfyingL�(ZkjZk�1; :::; Z0) = L(V kjV k�1; :::; V 0)then we set V k+1 = �(V k; Zk; V0; N)The following theorem shows the existene of a solution for the nonlinear S.D.E. (and hene forthe nonlinear martingale problem), and begins the uniqueness.Theorem 2.11 Let V0 2 L2(
) be �xed. The sequenes V k and Zk onverge a.s. and in IL2T tosome proesses V and W . The proess V is in IL2T , and W is a IL2T -�-proess. Furthermore,L(V ) = L�(W ) = P � and V = �(V;W; V0; N)Hene (V;W ) is a solution of the nonlinear S.D.E. with initial data V0, and P � is a solution ofthe nonlinear martingale problem with initial data L(V0).Furthermore, the law P � does not depend on the possible hoies for 
, for N , for V0, and forthe Piard approximations, but only on L(V0).Proof : the onvergene (we show that these sequenes are Cauhy) is easy by using Lemma 2.8,and sine for every k, L�(Zk � Zk�1) = L(V k � V k�1). Letting k go to in�nity in the equalityV k+1 = �(V k; Zk; V0; N), we see that V = �(V;W; V0; N). At last, L(V ) = L�(W ) beause the



2. THE PROBABILISTIC APPROACH. 127sequenes fV kg and fZkg have the same law, and beause the proesses V k and Zk onvergeuniformly in L2.As in Proposition 2.9, we an hek that the law of the sequene fV kg does not depend on thehoies for 
, N , V0, and fZkg, but only on the laws of these elements.We thus have built a solution for the nonlinear martingale problem with initial data P0. Fur-thermore, we have seen that the law of this solution does not depend on the hoies for theonstrution. We now prove the uniqueness in law for the nonlinear S.D.E. : it suÆes to on-sider a �xed "spae" (
; V0; N), and to hek that any solution of the nonlinear S.D.E. on thisspae have the law P �.Theorem 2.12 Let 
, V0 2 L2(
), and N be �xed. We onsider the solution (V;W ) (withP � = L(V ) = L�(W )) of the nonlinear S.D.E. that we have built in Theorem 2.11. We alsoassume that there exists another solution (U; Y ), and we set Q = L(U) = L�(Y ). Then Q = P �.Proof : we know that Q and P � are in P2(IDT ). Hene, for � 2 [0; T ℄, we onsider�� (P �; Q) = inf8<:E� sup[0;� ℄ k W 0t � Y 0t k2! 12,L�(W 0) = P � et L�(Y 0) = Q9=;We will show that if �0 > 0 is small enough, ��0(P �; Q) = 0, whih will yield that the restritionsof P � and Q to ID�0 are idential. To this end, let us �x � > 0. There exist some �-proessesW � and Y � of whih the �-laws are respetively P � and Q, and satisfying�2� (P � ; Q) � E� sup[0;� ℄ k W �t � Y �t k2! � �2� (P � ; Q) + �By Proposition 2.9, we an de�ne V � = �(V �;W �; V0; N) and U � = �(U �; Y �; V0; N). Then, byusing Lemma 2.8,E  sup[0;� ℄ k V �s � U �s k2! � K Z �0 �E �k V �s � U �s k2�+E� �k W �s � Y �s k2��ds� K Z �0 E �k V �s � U �s k2�ds+K � � ��2� (P � ; Q) + ��Using Gronwall's Lemma, we obtainE  sup[0;� ℄ k V �s � U �s k2! � � ��2� (P �; Q) + ���KeKT = C� ��2� (P � ; Q) + ��But, sine L�(W �) = P � = L�(W ), Proposition 2.9 yields that L(V �) = P �. In the same waywe get L(U �) = Q, and hene�2� (P �; Q) � E  sup[0;� ℄ k V �s � U �s k2! � C� ��2� (P � ; Q) + ��So we hoose �0 > 0 suh that C�0 < 1. Sine � is arbitrary, we dedue that ��0(P � ; Q) = 0,and thus that the restritions of P � and Q to ID�0 are idential.



128 CHAPITRE 4 : REGULARITY FOR A 2D BOLTZMANN EQUATIONWe still have to iterate this result. If X is a proess, we set Xnt = Xt+n�0 . Then for every n,(V n;W n) (resp. (Un; Y n)) is a solution of the nonlinear S.D.E. with initial data V n0 = Vn�0 (resp.Un0 = Un�0) and with Poisson measure Nn�Nn�0 . If we assume that V and U have the same lawon [0; n�0℄, then L(V n0 ) = L(Un0 ), and the �rst step of the proof shows that L(V n) = L(Un) on[0; �0℄. Hene the laws of U and V are idential on [0; (n+1)�0℄, and we an onlude reursively.2.2 Some onservations for the solution of the nonlinear S.D.E.In this short subsetion, 
, N , and V0 2 L2(
) are �xed. We onsider a solution (V;W ) of thenonlinear S.D.E. with initial data V0.Proposition 2.13 The onservations of momentum and of kineti energy hold : for everyt 2 [0; T ℄, E(Vt) = E(V0) and E �k Vt k2� = E �k V0 k2�Notie that the onservation of momentum does not hold in dimension 1.Proof : in order to prove these equalities, it suÆes to use the fat that the ow Pt = L(Vt)is a weak solution of (1.1) in the sense of De�nition 2.1. Let us �rst onsider the test funtion�(v) = vx : it is easy to hek thatK�� (v; v�) = 0� b2(vx � v�x)Hene for every s > 0, DK�� (v; v�); Ps(dv)Ps(dv�)E = 0and we obtain RIR2 vxPt(dv) = RIR2 vxP0(dv). In the same way, RIR2 vyPt(dv) = RIR2 vyP0(dv), andthe onservation of momentum is proved.Then we set �(v) = v2x+v2y : sine K�� (v; v�) = b2 �v�x2 � v2x + v�y2 � v2y�, it is lear that for everys > 0, DK�� (v; v�); Ps(dv)Ps(dv�)E = 0, and we an onlude as above that the onservation ofkineti energy holds.We now dedue a usefull orollary :Corollary 2.14 If L(V0) is not a Dira mass, then for every t 2 [0; T ℄, L(Vt) is not a Diramass either.Proof : let us assume that there exists t > 0 and X 2 IR2 suh that L(Vt) = ÆX . Then0 = E �k Vt �X k2� = E(k Vt k2)+ k X k2 �2 hX;E(Vt)i= E(k V0 k2)+ k X k2 �2 hX;E(V0)i = E �k V0 �X k2�whih implies that V0 = X a.s.We now state a standard proposition :



3. EXISTENCE AND SMOOTHNESS OF A WEAK SOLUTION. 129Proposition 2.15 If we assume that V0 admits moments of all orders, then for every p � 1, Vis a ILpT -proess, i.e. E �sup[0;T ℄ k Vt kp� <1.This is lassial : it suÆes to show that the Piard approximations of the de�nition 2.10 are infat Cauhy in ILpT , by using the Appendix (6.4).3 Existene and smoothness of a weak solution.We now want to study the existene and the smoothness of a density with respet to the Lebesguemeasure on IR2 for the law of a solution of the nonlinear S.D.E. Indeed, if this density exists,it will satisfy (1.1) in the sense of De�nition 1.1. We thus will use the stohasti alulus ofvariations (namely the Malliavin alulus). Bismut's methods are here easier than Malliavin'soriginal approah. The papers of Bihteler, Jaod [7℄ and of Bihteler, Gravereaux, Jaod [6℄explain the Malliavin alulus for di�usion proesses with jumps in the ase where the intensitymeasure of the Poisson measure is the Lebesgue measure ; and although we annot apply diretlytheir results, we will follow their methods. In [7℄, Bihteler and Jaod study the existene of adensity for these proesses in dimension 1, and Bihteler Gravereaux and Jaod extend in [6℄ themethods to the existene and the smoothness of this density in any �nite dimension. This seondpaper is very omplete, but the assumptions that yield the existene of a density are too muhstringent, so that we have to use a mixed method to show the existene of a weak solution of (1.1).First, let us state our assumptions.Assumption (H) :1. The initial data P0 admits a moment of order 2, and is not a Dira mass.2. � = �0 + �1, where �1 is even and positive on [��; �℄nf0g, and there existsk0 > 0, �0 2℄0; �[, and r 2℄1; 3[ suh that �0(�) = k0j�jr 1I[��0;�0℄(�).We still assume R �0 �2�(�)d� <1.Assumption (S) :1. All the moments of P0 are �nite.2. The ross setion � satis�es :���� sin �1 + os � ���� 1Ij�j2[�=2;�℄ 2 \p�1Lp(�(�)d�)Then we state our main theorems.Theorem 3.1 Under the assumption (H), the equation (1.1) admits a weak solution with initialdata P0 in the sense of De�nition 1.1.Theorem 3.2 We assume (H) and (S), and we onsider the weak solution f(t; v) of the equa-tion (1.1) with initial data P0 built in Theorem 3.1. Then for eah t 2℄0; T ℄ �xed, f(t; :) is oflass C1 on IR2.



130 CHAPITRE 4 : REGULARITY FOR A 2D BOLTZMANN EQUATIONLet us notie that Assumption (H)-1 is natural. Indeed, if P0 is a Dira mass at v0 2 IR2, thenall the partiles have the initial veloity v0, and there annot be any ollision. Hene Pt = P0for all t is a solution of (1.1) in the sense of De�nition 2.1, and it is lear that in this ase, Ptdoes not admit any density.(H)-2 means that � suÆiently explodes at 0, and ontains a regular part. We have hosen �0aording to a physial behaviour.If the angle of a ollision between two partiles is �, then these partiles exhange their velo-ities, and this has no e�et on the density f(t; :). Thus if P0 does not admit any density, andif �(�) is onentrated near �, there annot be any regularization property. Assumption (S)-2means that � is very small near �.In [16℄, the analyst Desvillettes states a omparable theorem under the following assumptions(here the initial data is a density of probability) :Assumption (h1) : The ross setion � is in L1lo(℄0; �[), and there exists �0 > 0, �1 > 0, and 2℄1; 3[ suh that : �0j�j� � �(�) � �1j�j�Assumption (h2) : The initial data f0 : IR2 ! IR+ satis�es :ZIR2 f0(v)�1 + jvj2 + j ln f0(v)j� dv <1Theorem : Under (h1) and (h2), the Boltzmann equation (1.1) admits a weak solution fsatisfying, for every t0 > 0, � > 0 :f 2 L1lo �[t0;1[;H1��(IR2v)� \ L1lo �[t0;1[;H 3�2 ��(IR2v)�Comparing this Theorem and Theorem 3.2 (see also Theorem 4.1 in nest setion), we see howthe probabilisti approah is eÆient.Let us ome bak to our method.Notation 3.3 In the whole setion, 
 and N are �xed as in Setion 2, and we assume at least(H). We also onsider on 
 a random variable V0 suh that L(V0) = P0, and a solution (V;W )of the nonlinear S.D.E. with initial data V0 in the sense of De�nition 2.6.3.1 The tehniques.The Malliavin Calulus is based on the integration by parts settings (IBPS). Of ourse, the IBPSneeded for the existene of a density (whih we will name weak IBPS) are less stringent thanthe ones used for the smoothness of the density.In the next de�nition, we follow [6℄ p 27, and we introdue the weak IBPSs. Reall that C2b (IRd)(resp. C2p(IRd)) is the set of C2 funtions on IRd of whih all derivatives of order 0 to 2 arebounded (resp. have at most a polynomial growth).



3. EXISTENCE AND SMOOTHNESS OF A WEAK SOLUTION. 131De�nition 3.4 Let � be a random variable with values in IR2. We will say that (�; ;D; Æ) isan IBPS (resp. a weak IBPS) for � if1. � is a random variable with values in M2(IR) (the set of the 2� 2-matries on IR).2.  is a random variable with values in IR2 suh that  2 \p<1Lp (resp.  2 L2).3. D is a linear spae of random variables ontained in \p<1Lp (resp. L2), and is stableunder C2p (resp. C2b ).4. Æ = (Æ1; Æ2), where Æi is a linear map on D suh that if n � 1, if F 2 C2p(IRn) (resp.C2b (IRn)), and if  = ( 1; :::;  n) 2 Dn, thenÆi(F Æ  ) = nXj=1 djF ( )Æi( j)5. For every g 2 C2p(IR2) (resp. C2b (IR2)), for every  2 D, for j = 1; 2 the following equalityholds : E   2Xi=1 dig(�)�ij! = E �g(�)[ j + Æj( )℄� (3.1)We will use the following riteria :Theorem 3.5 Let � be a random variable with values in IR2. Assume that (�; ;D; Æ) is a weakIBPS for �. If for eah i; j 2 f1; 2g, �ij is in D, and if det� 6= 0 a.s., then the law of � admitsa density with respet to the Lebesgue measure on IR2.Theorem 3.6 Let � be a random variable with values in IR2. We assume that (�; ;D; Æ) is anIBPS for �, and we onsider the following sets :C0 = n�ij ; i j i; j 2 f1; 2go and Cn+1 = Cn [ fÆj( ) j j 2 f1; 2g;  2 CngThen � admits a density of lass C1 with respet to the Lebesgue measure on IR2 provided forall n � 0, Cn � D, and (det�)�1 2 \p<1Lp.Theorem 3.6 is proved in Bihteler, Gravereaux, Jaod [6℄ p 33, and Theorem 3.5 is also provedin [6℄ p 28 in the ase where (�; ;D; Æ) is an IBPS for �. But it is easy to see that they use onlythe fat (�; ;D; Æ) is a weak IBPS.3.2 The perturbation.The existene of the density for the law of a jump proess is based on an aumulation of smalljumps. Realling that � = �0 + �1 and that �0 explodes near 0, we will in fat be interestedonly in �0. Hene, we suppose that the Poisson measure N splits into N0 +N1, where N0 andN1 are independent Poisson measures on [0; T ℄� [0; 1℄ � [��; �℄ with intensity measures�0(d�d�ds) = �0(�)d�d�ds ; �1(d�d�ds) = �1(�)d�d�ds



132 CHAPITRE 4 : REGULARITY FOR A 2D BOLTZMANN EQUATIONWe will denote by ~N0 and ~N1 the assoiated ompensated measures. We also assume that ourprobability spae is the anonial one assoiated with the independent random elements V0, N0,and N1 :(
;F ; fFtg; P ) = (
0;F 0; fF 0g; P 0)
 (
0;F0; fF0t g; P 0)
 (
1;F1; fF1t g; P 1) (3.2)An element ! 2 
 an be written ! = (!0; !0; !1), where !0 is a real number, and !0 and !1are integer valued measures on [0; T ℄ � [0; 1℄ � [��; �℄.Notation 3.7 Although N0 has its support in [0; T ℄ � [0; 1℄ � [��0; �0℄, we will still integrateagainst N0 and ~N0 on [0; T ℄ � [0; 1℄ � [��; �℄, even if the funtions in the integrals are de�nedonly on [0; T ℄� [0; 1℄ � [��0; �0℄.Let us briey present the method we will use to build an I.B.P.S. for Vt. We will �rst build aperturbation, in order to obtain a new family of integer valued random measures N�0 (for � 2 �,where � is a neighbourhood of 0 in IR2). Of ourse, N00 must equal N0. Then we will build afamily of probability measures P � = G�t :P on 
, suh that L(V0; N�0 ; N1jP �) = L(V0; N0; N1jP ).This way, we will obtain a perturbed proess V �t satisfying L(V �t jP �) = L(VtjP ), and thusE(�(V �t )G�t ) = E(�(Vt)) for any borel bounded funtion � on IR2. Then we will di�erentiatethis equality at � = 0 (if � is regular enough), by using a L2-derivative of V �t and G�t . We willobtain something like E �(�0x(Vt) �0y(Vt)):DVt� = �E(�(Vt)DGt)whih looks like (3.1).We now build the perturbation. Let � be a positive Cb([��0; �0℄) funtion satisfying :�(�) � �e�j�j�r0� ^ j�j2 ^M ; �(�) �0 e�j�j�r0 ; f� = 0g = f��0; 0; �0g (3.3)wherer0 = 18(r � 1) > 0 ;  = 14  r2r+1 sup[0;�0℄ ���1e�j�j�r0�!�1 > 0 and M = 15 (3.4)In partiular, we see that � 2 \p�1Lp(�0(�)d�).We also need a preditable funtion v = � vxvy � from 
 � [0; T ℄ � [��0; �0℄ � [0; 1℄ to IR2, suhthat for every !; t; �, the map � �! v(!; t; �; �) is of lass C1, and suh thatk v(!; t; �; �) k _ k v0(!; t; �; �) k� �(�) (3.5)where v0 = � v0xv0y � is the derivative of v with respet to �. This funtion will be hosen at theend of the setion.



3. EXISTENCE AND SMOOTHNESS OF A WEAK SOLUTION. 133We onsider a neighbourhood � � B(0; 1) of 0 in IR2. For � 2 �, we de�ne the followingperturbation :�(!; t; �; �) = � + h�; v(!; t; �; �)i = � + �xvx(!; t; �; �) + �yvy(!; t; �; �) (3.6)If � is small enough (whih we assume), we an hek that for every � 2 �, for every !, t,�, the map � �! �(!; t; �; �) is an inreasing bijetion from [��0; �0℄ into itself (by usingk v0 k� � �M and �(��0) = �(�0) = 0).For � 2 �, we set N�0 = �(N0) : if A � [0; T ℄ � [0; 1℄ � [��; �℄ is a Borel set,N�0 (!;A) = Z T0 Z 10 Z ��� 1IA(s; �(!; s; �; �); �)N0(!; d�d�ds)We onsider the shift S� de�ned (and entirely de�ned) byV0 Æ S�(!) = V0(!) ; N0 Æ S�(!) = N�0 (!) ; and N1 Æ S�(!) = N1(!) (3.7)We now look for a family of probability measures P � on 
 satisfying P � Æ (S�)�1 = P . To thisend, we onsider the following preditable real valued funtion on 
� [0; T ℄� [��0; �0℄� [0; 1℄Y �(!; t; �; �) = �1 + �xv0x(!; t; �; �) + �yv0y(!; t; �; �)�� �0(�(!; t; �; �))�0(�) (3.8)If ~�(�) = �(�) + r2r+1�(�)j�j + r2r+1�(�)�(�)j�j , thenjY �(t; �; �)� 1j �k � k ~�(�) (3.9)Let us notie that ~� 2 \p�1Lp(�0(�)d�), and that thanks to our hoies for  and M , ~� � 12 .Then we onsider the following square integrable Dol�eans-Dade martingale :G�t = 1 + Z t0 Z 10 Z ���G�s�(Y �(s; �; �)� 1) ~N0(d�d�ds) (3.10)Proposition 3.8 G�t is stritly positive for every t 2 [0; T ℄. If P � is the probability measurede�ned by P � = G�T :P , then P � Æ (S�)�1 = P .Proof : reall that if M�t = Z t0 Z 10 Z ���(Y �(s; �; �)� 1) ~N0(d�d�ds)then, (see Jaod, Shiryaev, [23℄, p 59),G�t = eM�t Ys�t(1 + �M�s )e��M�sSine jY �(s; �; �) � 1j � ~�(�) � 1=2 for j�j � �0, the jumps of M� are greater than �1=2, andG�t is stritly positive.



134 CHAPITRE 4 : REGULARITY FOR A 2D BOLTZMANN EQUATIONIn order to prove the equality between the probability measures, reall the de�nition of theshift S� : we just have to show that L(N�0 jP �) = L(N0jP ), L(N1jP �) = L(N1jP ), andL(V0jP �) = L(V0jP ).Using the Girsanov Theorem (see the Appendix 6.5-1), with P �jFt = G�t :P jFt , and notiing thatMP
N0  G�G�� 1IfG��>0g����� ~P! = Y �we see that the ompensator of N0 under P � is Y �:�0. Hene, the ompensator of N�0 under P �is �(Y �:�0). But Y � has been hosen suh that �(Y �:�0) = �0 : let A be a Borel subset of[0; T ℄� [��; �℄� [0; 1℄. Then,�(Y �:�0)(A) = ZZZ 1IA(t; �(t; �; �); �)Y �(t; �; �)�0(�)d�d�dtLet us subsitute �0 = �(t; �; �), whih implies �0(�0)d�0 = Y �(t; �; �) � �0(�)d�. We obtain�(Y �:�0)(A) = ZZZ 1IA(t; �0; �)�0(�0)d�0d�dt = �0(A)Hene, using the Appendix (6.5-2), L(N�0 jP �) = L(N0jP ).Sine N0 and N1 are independent, they do never jump at the same time a.s. Thus, one anhek that MP
N1  G�G��1IfG��>0g����� ~P! = 1and we an onlude that L(N1jP �) = L(N1jP ) as above.At last, sine V0 is F0-measurable, it is easy to hek that for every � 2 Cb(IR2), E�(�(V0)) =E(�(V0)), and we �nally obtain L(V0jP �) = L(V0jP ).We now introdue the following derivatives :De�nition 3.9 Reall that � is a neighbourhood of 0 in IR2.1. Let fX�g�2� be a family of real valued Lp random variables, for some p � 2. We will saythat X� is Lp-di�erentiable at � = 0 if there exists a derivative DX = �DxXDyX � 2 Lpsuh that, when � goes to 0,E ����X� �X0 � h�;DXi���p� = o (k � kp)2. Let fX�g�2� be a family of IR2 valued Lp random variables, for some p � 2. We will saythat X� is Lp-di�erentiable at � = 0 if there exists a derivative DX = �DxXx DyXxDxXy DyXy � 2Lp suh that, when � goes to 0,E �k X� �X0 �DX:� kp� = o (k � kp)



3. EXISTENCE AND SMOOTHNESS OF A WEAK SOLUTION. 1353. We denote by D (resp. D1) the set of the real valued random variables X suh thatX� = X Æ S� is L2-di�erentiable (resp. Lp-di�erentiable for every p < 1) at 0, and byDt (resp. D1t ) its restrition to the set of the Ft-measurable random variables.4. Let now fY �t g�2� be a family of real valued ILpT -proesses, for some p � 2. We will saythat Y � is Lp-di�erentiable at � = 0 if there exists a ILpT -proess DYt = �DxYtDyYt � suhthat : E  sup[0;T ℄ jY �t � Y 0t � h�;DYti jp! = o (k � kp)3.3 The perturbed equation.We now desribe the proess V �t = Vt Æ S�. The �-proess W behaves here as a parameter.Proposition 3.10 The perturbed proess V � satis�es the following equation under P (i.e. ~N0 =N0 � �0) :V �t = V0 � b2 Z t0 Z 10 (V �s �Ws(�))d�ds (3.11)+ Z t0 Z 10 Z ��� A(�)(V �s� �Ws�(�)) ~N1(d�d�ds)+ Z t0 Z 10 Z ��� A(�(s; �; �))(V �s� �Ws�(�)) ~N0(d�d�ds)� Z t0 Z 10 Z ���(Y �(s; �; �)� 1)A(�(s; �; �))(V �s� �Ws�(�))�0(�)d�d�dsProof : we work here under P . The diret expression of V � is given byV �t = V0 � b2 Z t0 Z 10 (V �s �Ws(�))d�ds + Z t0 Z 10 Z ��� A(�)(V �s� �Ws�(�)) ~N1(d�d�ds)+ Z t0 Z 10 Z ��� A(�)(V �s� �Ws�(�))(N�0 � �0)(d�d�ds)But the last term is equal toZ t0 Z 10 Z ��� A(�(s; �; �))(V �s� �Ws�(�)) ~N0(d�d�ds)� Z t0 Z 10 Z ��� A(�)(V �s� �Ws�(�))(�0 � �(�0))(d�d�ds)Sine �0��(�0) = �(Y:�0)��(�0) = �((Y �1):�0) (see Proposition 3.8), the proof is �nished.Sine we will study V � as a solution of (3.11), (we have no other information), we may need thefollowing proposition :



136 CHAPITRE 4 : REGULARITY FOR A 2D BOLTZMANN EQUATIONProposition 3.11 For every � 2 �, the equation (3.11) admits one and only one solutionV � 2 IL2T . If furthermore P0 = L(V0) admits moments of all orders, then V � 2 ILpT for everyp <1.Proof : let us prove the uniqueness. Let � be �xed, and let U and U 0 be two IL2T solutions of(3.11). ThenU 0xt � Uxt = � b2 Z t0 (U 0xs � Uxs )ds+12 Z t0 Z 10 Z ��� h(U 0xs� � Uxs�)(os � � 1)� (U 0ys� � Uys�) sin �i ~N1(d�d�ds)+12 Z t0 Z 10 Z ��� h(U 0xs� � Uxs�)(os �(s; �; �)� 1)�(U 0ys� � Uys�) sin �(s; �; �)i ~N0(d�d�ds)�12 Z t0 Z 10 Z ���(Y �(s; �; �)� 1)h(U 0xs� � Uxs�)(os �(s; �; �)� 1)�(U 0ys� � Uys�) sin �(s; �; �)i�0(�)d�d�dsLet us notie that :j os � � 1j � �2 ; j sin �j � j�j ; j os �(s; �; �)� 1j � j�(s; �; �)j2 � (j�j+ �(�))2 ;and j sin �(s; �; �)j � j�(s; �; �)j � (j�j+ �(�))and that all these upperbounds are in \p�2Lp(�(�)d�). Furthermore,j(Y �(s; �; �)� 1)(os �(s; �; �)� 1)j �k � k ~�(�)(j�j+ �(�))2j(Y �(s; �; �)� 1) sin�(s; �; �)j �k � k ~�(�)(j�j+ �(�)) (3.12)and these upperbounds are in \p�1Lp(�(�)d�). Hene, using the Appendix (6.4) for p = 2, weobtain E  sup[0;t℄ jU 0xs � Uxs j2! � K Z t0 hE �jU 0xs � Uxs j2�+E �jU 0ys � Uys j2�i dsThe same omputation holds for (U 0ys � Uys ), and we �nally get :E  sup[0;t℄ k U 0s � Us k2! � K Z t0 E �k U 0s � Us k2� dsThis yields the uniqueness of a IL2T solution by Gronwall's lemma. Furthermore, it is lassialto prove the existene of a IL2T (resp. ILpT ) solution if P0 admits a moment of order 2 (resp. oforder p), by using a Piard iteration and the same omputation as above.



3. EXISTENCE AND SMOOTHNESS OF A WEAK SOLUTION. 1373.4 An integration by parts setting for V �.We begin with an obvious remark :Remark 3.12 For every !; s; �; �, the funtion � �! Y �(!; s; �; �) is twie di�erentiable, and���xY �(s; �; �) = v0x(s; �; �)�0(�(s; �; �))�0(�)+ h1 + �xv0x(s; �; �) + �yv0y(s; �; �)i� vx(s; �; �)�00(�(s; �; �))�0(�)�2��2xY �(s; �; �) = 2v0x(s; �; �)vx(s; �; �)�00(�(s; �; �))�0(�)+ h1 + �xv0x(s; �; �) + �yv0y(s; �; �)i� v2x(s; �; �)�000 (�(s; �; �))�0(�)�2��x��y Y �(s; �; �) = hv0x(s; �; �)vy(s; �; �) + v0y(s; �; �)vx(s; �; �)i �00(�(s; �; �))�0(�)+ h1 + �xv0x(s; �; �) + �yv0y(s; �; �)i� vx(s; �; �)vy(s; �; �)�000 (�(s; �; �))�0(�)Now we an di�erentiate G�.Proposition 3.13 The family fG�g is Lp di�erentiable for every p <1, and has the followingderivative DGt = 0B� DxGtDyGt 1CA = 0BB� Z t0 Z 10 Z ��� ���xY �(s; �; �)����=0 ~N0(d�d�ds)Z t0 Z 10 Z ��� ���y Y �(s; �; �)����=0 ~N0(d�d�ds) 1CCA (3.13)Proof : let p = 2q, with q 2 IN�. We �rst notie, by using the Appendix (6.4) and sinek ���Y �(s; �; �)�����=0 k� K�(�)j�j 2 \q�1Lq(�0(�)d�)that sup[0;T ℄ k DGt k is in Lp. On the other hand, it is easy to show thatsup� E  sup[0;T ℄ jG�t jp! <1by using Gronwall's Lemma. Then, using the Appendix (6.4), sine jY �� 1j �k � k ~�, and sine~� 2 \p�1Lp(�0(�)d�), one an show thatE  sup[0;T ℄ jG�t � 1jp! � K k � kp



138 CHAPITRE 4 : REGULARITY FOR A 2D BOLTZMANN EQUATIONWe now split U�t = G�t � 1� h�;DGti into :U�t = Z t0 Z 10 Z ���G�s��Y �(s; �; �)� 1� ��; ���Y �(s; �; �)�����=0�� ~N0(d�d�ds)+ Z t0 Z 10 Z ��� �G�s� � 1���; ���Y �(s; �; �)�����=0� ~N0(d�d�ds)But, using Remark 3.12 and the fat that j�(s; �; �)j � j�j2 , we see that����Y �(s; �; �)� 1� ��; ���Y �(s; �; �)�����=0����� � K k � k2 � sup� k �2��2Y (s; �; �) k� K k � k2 ��2(�)j�j2Furthermore, ������; ���Y �(s; �; �)�����=0����� � K k � k ��(�)j�jHene, sine �2(�)j�j2 and �(�)j�j are in \p�1Lp(�0(�)d�), and by using the Appendix (6.4), weobtain : E  sup[0;T ℄ jU�t jp! � K k � k2p Z t0 E �jG�s jp�ds+K k � kp Z t0 E �jG�s � 1jp� ds� K k � k2p= o (k � kp)This means that G�t is Lp di�erentiable at � = 0. Of ourse, this holds in fat for every p � 1.We also have to di�erentiate V �. Let us begin with a lemma.Lemma 3.14 Let V � be the solution of E(�). There exists K � 0 suh thatsup�2�E  sups�T k V �s k2! � K and E  sups�T k V �s � Vs k2! � K k � k2If furthermore P0 = L(V0) admits moments of all orders, this holds also in Lp for every p <1.Proof : sine V0 2 L2, and sine W is a IL2T -�-proess, one an easily hek thatE  sups�T k V �s k2! � K + C Z t0 E �k V �s k2� dswhere K and C are some onstants. Gronwall's Lemma yields the �rst inequality. The seondinequality is less obvious. Let us split V �t x � V xt :V �t x � V xt = � b2 Z t0 (V �s x � V xs )ds
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+12 Z t0 Z 10 Z ��� h(os � � 1)(V �s�x � V xs�)� sin �(V �s�y � V ys�)i ~N1(d�d�ds)+12 Z t0 Z 10 Z ��� h(os � � os �(s; �; �))W xs�(�)� (sin � � sin�(s; �; �))W ys�(�)i~N0(d�d�ds)+12 Z t0 Z 10 Z ��� h(os � � 1)(V �s�x � V xs�)� sin �(V �s�y � V ys�)i ~N0(d�d�ds)+12 Z t0 Z 10 Z ��� h(os �(s; �; �)� os �)V �s�x � (sin�(s; �; �)� sin �)V �s�yi ~N0(d�d�ds)+12 Z t0 Z 10 Z ���(Y �(s; �; �)� 1) h(os �(s; �; �)� 1)W xs�(�)� sin�(s; �; �)W ys�(�)i�0(�)d�d�ds�12 Z t0 Z 10 Z ���(Y �(s; �; �)� 1) h(os �(s; �; �)� 1)V �s�x � sin�(s; �; �)V �s�yi�0(�)d�d�dsLet us notie that os � � 1 and sin � are in \p�2Lp(�(�)d�), thatj os � � os �(s; �; �)j � j�(s; �; �)� �j �k � k �(�) ; j sin � � sin�(s; �; �)j �k � k �(�)(3.14)Using these inequalities, (3.12), and the fat that W is a IL2T -�-proess, using the �rst part ofthe lemma, and Doob's and Cauhy-Shwarz's inequalities, we getE  sup[0;t℄(V �s x � V xs )2! � C Z t0 E �k V �s � Vs k2� ds+K k � k2The same omputation holds for V �t y � V yt , and we �naly obtain :E  sup[0;t℄ k V �s � Vs k2! � C Z t0 E �k V �s � Vs k2�ds+K k � k2Gronwall's Lemma yields the onlusion.If p = 2q, one an use the same omputation, using the Appendix (6.4) instead of Doob's in-equality. Of ourse, the result remains true for any p <1.Notation 3.15 We will denote in the sequel �x1x2 � ( y1 y2 ) = � x1y1 x1y2x2y1 x2y2 �.



140 CHAPITRE 4 : REGULARITY FOR A 2D BOLTZMANN EQUATIONTheorem 3.16 The family fV �g is L2-di�erentiable at � = 0, and its derivative DV =�DxV x DyV xDxV y DyV y � satis�es the equation :DVt = � b2 Z t0 DVsds+ Z t0 Z 10 Z ��� A(�)DVs� ~N(d�d�ds)+ Z t0 Z 10 Z ��� A0(�)(Vs� �Ws�(�))vT (s; �; �) ~N0(d�d�ds)� Z t0 Z 10 Z ��� A(�)(Vs� �Ws�(�))�(v(s; :; �)�0(:))0 (�)�T d�d�ds (3.15)This means that E �sups�T k V �s � Vs �DVt:� k2� = o(k � k2). If furthermore P0 has momentsof all orders, then V is Lp-di�erentiable for every p <1.Proof : We set Z�t = V �t � Vt �DVt:�. ThenZ�t x = V �t x � V xt � �xDxV xt � �yDyV xt = a�t + :::+ g�twhere :a�t = � b2 Z t0 Z�s xds+ 12 Z t0 Z 10 Z ��� h(os � � 1)Z�s�x � sin �Z�s�yi ~N(d�d�ds)b�t = 12 Z t0 Z 10 Z ��� hV �s�x �os �(s; �; �)� os ��+ sin �V xs� (�xvx(s; �; �) + �yvy(s; �; �))i~N0(d�d�ds)�t = �12 Z t0 Z 10 Z ��� hV �s�y hsin�(s; �; �)� sin �i� os �V ys� (�xvx(s; �; �) + �yvy(s; �; �))i~N0(d�d�ds)d�t = �12 Z t0 Z 10 Z ���W xs� hos �(s; �; �)� os � + sin � (�xvx(s; �; �) + �yvy(s; �; �))i~N0(d�d�ds)e�t = 12 Z t0 Z 10 Z ���W xs� hsin�(s; �; �)� sin � � os � (�xvx(s; �; �) + �yvy(s; �; �))i~N0(d�d�ds)f�t = �12 Z t0 Z 10 Z ��� hV �s�x(os �(s; �; �)� 1)(Y �(s; �; �)� 1)�0(�)�V xs�(os � � 1) ��x [vx(s; :; �)�0(:)℄0 (�) + �y [vy(s; :; �)�0(:)℄0 (�)� id�d�dsg�t = �12 Z t0 Z 10 Z ��� hV �s�y sin�(s; �; �)(Y �(s; �; �)� 1)�0(�)� V ys� sin � ��x [vx(s; :; �)�0(:)℄0 (�) + �y [vy(s; :; �)�0(:)℄0 (�)� id�d�ds



3. EXISTENCE AND SMOOTHNESS OF A WEAK SOLUTION. 141We upperbound these expressions one by one. First, it is easy to see thatE  sup[0;t℄(a�s )2! � C Z t0 E �k Z�s k2�dsLet us show that E �sup[0;t℄(b�s )2� � C k � k4. To this end, we split b� intob�t = 12 Z t0 Z 10 Z ���(os �(s; �; �)� os �)(V �s�x � V xs�) ~N0(d�d�da)+12 Z t0 Z 10 Z ��� V xs� �os �(s; �; �)� os � + sin � (�xvx(s; �; �) + �yvy(s; �; �))�~N0(d�d�ds)The �rst expression makes no problem, thanks to Lemma 3.14 and sine(os �(s; �; �)� os �)2 �k � k2 �2(�)The seond one is also easy, beausej os �(s; �; �)� os � + sin � (�xvx(s; �; �) + �yvy(s; �; �)) j= j os �(s; �; �)� os � � os0(�)��(s; �; �)� �)� j�k os00 � k1 �j�(s; �; �) � �j2 �k � k2 �2(�)Hene we have upperbounded b�, and the same omputation works for �, and are easier for d�and e�.Now we study g� :g�t = �12 Z t0 Z 10 Z ��� sin�(s; �; �)(Y �(s; �; �)� 1)(V �s�y � V ys�)�0(�)d�d�ds�12 Z t0 Z 10 Z ��� h sin�(s; �; �)(Y �(s; �; �)� 1)� sin � � �x [vx(s; :; �)�0(:)℄0 (�) + �y [vy(s; :; �)�0(:)℄0 (�)�0(�) iV ys��0(�)d�d�ds= �12A�t � 12B�tThanks to Cauhy-Shwarz's inequality,E  sup[0;t℄(A�s )2! � Eh Z t0 Z 10 Z ���(Y �(s; �; �)� 1)2�0(�)d�d�ds� Z t0 Z 10 Z ��� sin2 �(s; �; �)(V �s�y � V ys�)2�0(�)d�d�dsi � K k � k4



142 CHAPITRE 4 : REGULARITY FOR A 2D BOLTZMANN EQUATIONwhere the last inequality is due to Lemma 3.14, equation (3.9) and the following one :sin2 �(s; �; �) � (�(s; �; �))2 � 94�2 2  L1(�0(�)d�)In order to upperbound B�, we onsider the map fs;�;�(�) = (Y �(s; �; �) � 1) sin �(s; �; �).Sine Y 0 � 1 = 0,B�t = Z t0 Z 10 Z ��� "fs;�;�(�)� fs;�;�(0) � �x ���x fs;�;�(0) � �y ���y fs;�;�(0)# V ys��0(�)d�d�dsHene, if we show that there exists z 2 L1(�0(�)d�) satisfyingsup� ����� �2��2x fs;�;�(�)�����+ sup� ����� �2��x��y fs;�;�(�)�����+ sup� ����� �2��2y fs;�;�(�)����� � z(�)we will have, thanks to Cauhy Shwarz's inequality and sine V is a IL2T -proess,E  sup[0;t℄(B�s )2! �k � k4 and hene E  sup[0;t℄(g�s )2! �k � k4Let us prove the existene of z :�2��2x fs;�;�(�) = �2��2xY �(s; �; �)� sin�(s; �; �)+2 ���xY �(s; �; �)� ���x �(s; �; �)� os �(s; �; �)�(Y �(s; �; �)� 1)� � ���x�(s; �; �)�2 � sin�(s; �; �)Sine j�(s; �; �)j � j�j+ �(�) ; jY �(s; �; �)� 1j � ~�(�)���� ���x�(s; �; �)���� � jvx(s; �; �)j � �(�) ;���� ���xY �(s; �; �)���� � K�(�) "������0(�(s; �; �))�0(�) �����+ ������00(�(s; �; �))�0(�) �����# ;and ����� �2��2xY �(s; �; �)����� � K�2(�) "������00(�(s; �; �))�0(�) �����+ ������000 (�(s; �; �))�0(�) �����#we see that����� �2��2x fs;�;�(�)����� � K�2(�) " j�000 (�(s; �; �))j+ j�00(�(s; �; �))j + j�0(�(s; �; �))j�0(�) + ~�(�)#



3. EXISTENCE AND SMOOTHNESS OF A WEAK SOLUTION. 143Realling that �0(�) = k0j�jr 1Ij�j��0, that j�j=2 � j�(s; �; �)j � 3j�j=2, and that �(�) � e�j�j�r0 ,we obtain sup� ����� �2��2x fs;�;�(�)����� � K�2(�)�2 2 L1(�0(�)d�)The other derivatives an be studied in the same way, and B�t , (and hene g�t ) is upperbounded.One an prove the same result for f�, and we �nally get, (after the same omputation for Z�t y) :E  sup[0;t℄ k Z�s k2! � K k � k4 +C Z t0 E �k Z�s k2� dsGronwall's Lemma yields the result.If all the moments of V0 are �nite, the same omputation works in Lp for eah p <1, by usingthe Appendix (6.4).We an now state an IBPS for Vt.Proposition 3.17 Let t � 0. If X 2 Dt (or if X 2 D1t , f De�nition 3.9-3.), we set Æt(X) =�DX. Under (H), (DVt;�DGt;Dt; Æt) is a weak IBPS for Vt. Under (H) and (S),(DVt;�DGt;D1t ; Æt) is an IBPS for Vt.Proof : let us for example assume (H) and (S) and prove the seond laim. DVt is of ourse aM2(IR) valued random variable. Using Proposition 3.13, �DGt is a IR2 valued random variablewhih is in \pLp. D1t is a linear spae, and it is lassial to show that if X1; :::;Xn are in D1t ,and if F 2 C2p(IRn), then F (X1; :::;Xn) 2 D1t , its derivative is given by :DF (X1; :::;Xn) = nXi=1 �F�xi (X1; :::;Xn)DXiIt remains to prove that if f 2 C2p(IR2), and if X 2 D1t , then E(Dt) = 0, whereDt = DXf(Vt) +X �f 0x(Vt) f 0y(Vt)�DVt +Xf(Vt)DGt (3.16)By using the fats that Vt 2 \Lp and f 2 C2p(IR2), it is standard and natural to show thatE ����X�f(V �t )G�t �Xf(Vt)� h�;Dti���� = o(k � k)Hene, ���E �X�f(V �t )G�t ��E (Xf(Vt))� h�;E(Dt)i��� = o(k � k)But, sine X�f(V �t ) = Xf(Vt) Æ S� and sine P � Æ (S�)�1 = P , we dedue thatE �X�f(V �t )G�t � = E (Xf(Vt))Hene jh�;E(Dt)ij = o(k � k), and E(Dt) = 0, whih was our aim.



144 CHAPITRE 4 : REGULARITY FOR A 2D BOLTZMANN EQUATION3.5 The hoie of v and an expliit omputation of DV .In order to apply Theorems 3.5 and 3.6, we have to study the inversibility of DVt. We will usethe Dol�eans-Dade martingales, in order to obtain a suitable expression of DVt. Then we willhoose v, whih is really more diÆult in dimension 2 than in dimension 1. Only a good hoieof v will allow DVt to admit moments of all orders (see Theorem 3.28) : v must be "large" (thisway, DVt will be invertible) but also "small" (in partiular, we need k v k� �).We denote by I the unit matrix on IR2.Lemma 3.18 One an rewrite the S.D.E. (3.15) in the following way :DVt = Z t0 dKs:DVs� + Ltwhere Kt = Z t0 Z 10 Z ��� A(�) ~N(d�d�ds)� b2 tIand Lt = Z t0 Z 10 Z ��� A0(�)(Vs� �Ws�(�))vT (s; �; �)N0(d�d�ds).Proof : it suÆes to prove that� Z t0 Z 10 Z ��� A(�)(Vs� �Ws�(�))�[v(s; :; �)�0℄0 (�)�T d�d�ds= Z t0 Z 10 Z ��� A0(�)(Vs� �Ws�(�))vT (s; �; �)�0(�)d�d�dsThis an be shown by using a (standard) integration by parts formula in the variable �, and bynotiing that 8!; s; � v(!; s;��0; �) = v(!; s; 0; �) = v(!; s; �0; �) = 0Now we an write DV in an expliit form.Proposition 3.19 LetM be the following Dol�eans-Dade martingale, taking its values inM2(IR) :Mt = Z t0 dKs:Ms� + I (3.17)For all t, (I + �Kt) is a.s. invertible. We thus know (see Jaod, [22℄) that for all s, Ms andMs� are also a.s. invertible, and that DVt = MtHt whereHt = Z t0 M�1s� (I + �Ks�)�1dLs= Z t0 Z 10 Z ���M�1s� (I +A(�))�1A0(�)(Vs� �Ws�(�))vT (s; �; �)N0(d�d�ds)The only laim we need to show here is that for every t, (I + �Kt) is a.s. invertible. To thisend, let us write our Poisson measure asN = Xs2[0;T ℄ 1ID(s)Æ(s;�s;�s)



3. EXISTENCE AND SMOOTHNESS OF A WEAK SOLUTION. 145This way, we see that I + �Ks = I + A(�s)1ID(s) is invertible exept if �s 2 f��; �g, whihnever happens a.s.We now hoose v. First we need a positive C1b funtion Æ on [��0; �0℄ suh that (C > 0 is aonstant) :jÆ(�)j + jÆ0(�)j � �(�) ; fÆ = 0g = f��0; 0; �0g ; Æ(�) �0 Ce�j�j�2r0 (3.18)We will also use a funtion on IR2 � (M2(IR))� [��0; �0℄ with values in IR2 :�g(x; y; �) = (A0(�)x)T ((I +A(�))�1)T (y�1)TWe onsider the C1 funtion h(x) = �1+ k x k2��1 from IR2 to ℄0; 1℄. At last, we will use afuntion k from M2(IR) to [0; 1℄, suh that k(y) = 0 if and only if det y = 0, and suh that themap y �! 8><>: (y�1)Tk(y) if det y 6= 00 if det y = 0is C1b from M2(IR) to itself.Then, the funtion on IR2 �M2(IR)� [��0; �0℄ with values in IR2 de�ned byg(x; y; �) = �g(x; y; �)h �A0(�)x� k (I +A(�)) k(y)= (A0(�)x)T1+ k A0(�)x k2 � k(I +A(�))�(I +A(�))�1�T � k(y)(y�1)Tis of lass C1b . We now set �(x; y; �) = g(x; y; �)Æ(�)This funtion is of lass C1b , and satis�es, for every integers a; b; ; d; i; j; k; l :supx;y ����� �a+b+�xa�yb���(x; y; �)����� 2 \p�1Lp0B����������(i)0 (�)�k��(j)0 (�)�l ������� d�1CADe�nition 3.20 We set v(s; �; �) = � (Vs� �Ws�(�);Ms�; �). (This funtion satis�es theassumptions of the subsetion 3.2).3.6 Higher derivatives.In order to apply Theorems 3.5 and 3.6, we have either to di�erentiate DV (under (H)) or todi�erentiate in�nitely DV and DG (under (H) and (S)). To this end, we �rst notie that Mtsatis�es a quite similar (but easier) equation than Vt. Hene, sine the initial ondition M0 = Iis deterministi, M� = M Æ S� is Lp-di�erentiable at 0 for every p < 1. Let us omputev�(!; s; �; �) = v(S�(!); s; �; �) : with the notations of the De�nition 3.20,v�(s; �; �) = �(V �s� �Ws�(�);M�s�; �)



146 CHAPITRE 4 : REGULARITY FOR A 2D BOLTZMANN EQUATIONBy using the expression of DV in Lemma 3.18, we an write DV � = DV Æ S� asDV �t = � b2 Z t0 DV �s ds+ Z t0 Z 10 Z ��� A(�)DV �s� ~N1(d�d�ds)+ Z t0 Z 10 Z ��� A(�(s; �; �))DV �s� ~N0(d�d�ds)� Z t0 Z 10 Z ���(Y �(s; �; �)� 1)A(�(s; �; �))DV �s��0(�)d�d�ds+ Z t0 Z 10 Z ��� A0(�(s; �; �))(V �s� �Ws�(�))�v�(s; �(s; �; �); �)�T N0(d�d�ds)One an show that under (H), the family DV � is L2-di�erentiable at 0, by using the propertiesof v.Assume now (H) and (S), and set Xt = (DVt;Mt;DGt; Vt). Then Xt satis�es a S.D.E. withinitial ondition X0 = (0; I; 0; V0). Using the properties of v, one an show that X� = X Æ S� isLp di�erentiable at 0 for every p < 1, with DXt = (DxXt;DyXt). Hene, DVt Æ S�, Mt Æ S�and DGt Æ S� are Lp di�erentiable at 0 for every p <1.Finally, we an iterate this method for Yt = (DXt;Xt), and so on. We may state the followingtheorem :Theorem 3.21 Under (H), the derivative DVt is in Dt for every t 2 [0; T ℄. Under (H) and(S), V and G are in�nitely Lp di�erentiable for every p <1.The �rst onditions of Theorems 3.5 and 3.6 are thus satis�ed, and we still have to study theinversibility of DVt.3.7 Existene of a weak solution.The following remark shows the way to prove that DVt = Mt:Ht is invertible. We already knowfrom Proposition 3.19 that Mt is a.s. invertible for every t 2 [0; T ℄.Remark 3.22 We onsider the following symmetri nonnegative matrix :�(x; �) = (I +A(�))�1(A0(�)x)(A0(�)x)T �(I +A(�))�1�TThen we setRt = Z t0 Z 10 Z ��� �(Vs� �Ws�(�); �)� h �A0(�)(Vs� �Ws�(�))� � k(I +A(�))� k(Ms�)Æ(�)N0(d�d�ds)This matrix is also symmetri, nonnegative, and is inreasing for the strong order (on the setof symmetri nonnegative matries : for every s � t, Rt �Rs is nonnegative). Furthermore, wenow an write H as Ht = Z t0 M�1s� dRs �M�1s� �T



3. EXISTENCE AND SMOOTHNESS OF A WEAK SOLUTION. 147Hene, in order to show that Ht (and hene DVt) is a.s. invertible, it suÆes to prove that a.s.,Rt�Rs is invertible for every 0 � s < t � T . At last, sine the real valued expression in Rt is al-ways in ℄0; 1℄, it suÆes in fat to show that a.s., �Rt� �Rs is invertible for all 0 � s < t � T , where�Rt = Z t0 Z 10 Z ��� �(Vs� �Ws�(�); �)Æ(�)N0(d�d�ds)Theorem 3.23 Let t 2℄0; T ℄. Under (H), DVt is a.s. invertible.Proof : reall that it suÆes to show that a.s., for all 0 � s < t � T , �Rt � �Rs is invertible. Webreak the proof in several steps.Step 1 : If Y is a (random) vetor of IR2 not equal to 0 an easy omputation shows that for� 2℄� �; �[,Y T�(Vs��Ws�(�); �)Y = n sin �1 + os � �Yx(V xs� �W xs�(�)) + Yy(V ys� �W ys�(�))�+ ��Yy(V xs� �W xs�(�)) + Yx(V ys� �W ys�(�))� o2 (3.19)Let us �x !, s, and �. It is easy to see that if Vs�(!) 6= Ws�(�), thenZ 1I��2℄��;�[ / Y T (!)�(Vs�(!)�Ws�(�);�)Y (!)=0	d� = 0Step 2 : Let s > 0 be �xed, and let Y be a (random) unit vetor in IR2 that is Fs-measurable.The aim of this step is to show that a.s. 8t > s, Y T ( �Rt � �Rs)Y > 0. To this end, we onsiderthe following stopping time :�(Y ) = inf nt > s.Y T ( �Rt � �Rs)Y > 0o= inf �t > s�Z t0 Z 10 Z ��� 1IB(Y )(r; �; �)N0(d�d�ds) > 0�where B(Y ) = n(r; �; �).r > s and Y T�(Vr� �Wr�(�); �)Y > 0o(reall that �Ru is "inreasing"). It thus suÆes to hek that �(Y ) = s a.s. By assumption,L(V0) is not a Dira mass. By Lemma 2.14, for every t > 0, L(Vt) = L�(Wt) is not a Dira masseither. This implies that for every r � 0, for every !,Z 10 1IfWr�(�)6=Vr�(!)gd� = P�(Wr� 6= Vr�(!)) > 0Sine R ��� �0(�)d� = 1, and thanks to the �rst step, for all !, for all r > s,Z 10 Z ��� 1IB(Y (!))(r; �; �)�0(�)d�d�� Z 10 Z ��� 1IfWr�(�)6=Vr�(!)g1IB(Y (!))(r; �; �)�0(�)d�d� = 1



148 CHAPITRE 4 : REGULARITY FOR A 2D BOLTZMANN EQUATIONConsequently, exept if �(Y (!)) = s,Z �(Y (!))0 Z 10 Z ��� 1IB(Y (!))(r; �; �)�0(�)d�d�dr = 1But a.s., by de�nition of �(Y ),Z �(Y )0 Z 10 Z ��� 1IB(Y )(r; �; �)N0(d�d�dr) � 1Taking the expetations, we obtainE  Z �(Y )0 Z 10 Z ��� 1IB(Y )(r; �; �)�0(�)d�d�dr! � 1Hene, Z �(Y )0 Z 10 Z ��� 1IB(Y )(r; �; �)�0(�)d�d�ds <1 a:s:and thus �(Y ) = s a.s., whih was our aim.Step 3 : We now show that if s > 0 is �xed, then a.s., for all t > s, �Rt � �Rs is invertible. Weset Kert = Ker( �Rt � �Rs). For eah random unit vetor Y in IR2, that is Fs-measurable, weknow that a.s., for all t > s, Y =2 Kert. Hene, sine Kert inreases when t dereases, we obtainY =2 Kers+ = [t>sKert a.s. Sine Kers+ is Fs-measurable, and sine this is true for every unitvetor Fs-measurable, we dedue that Kers+ = f0g, and the step 3 is �nished.Step 4 : We just have to get a "better a.s.". First,a:s: for all s < t with s; t 2 [0; T ℄ \ IQ �Rt � �Rs is invertibleSine �Rt is inreasing, it is easy to drop the "\ IQ", and the theorem follows.Proof of Theorem 3.1 : it is immediate, thanks to Theorems 3.23 and 3.21, Proposition 3.17,Theorem 3.5, and Remarks 2.7, 2.4, and 2.2.3.8 Smoothness of the weak solution.We now have to study the inverse moments of DVt's determinant. We use the notations ofthe previous subsetion. Reall that DVt = Mt:Ht, where Mt is the following Dol�eans-Dademartingale : Mt = I � b2 Z t0 Msds+ Z t0 Z 10 Z ��� A(�)Ms� ~N(d�d�ds)The expression of H is given byHt = Z t0 Z 10 Z ���M�1s��(Vs� �Ws�(�); �)(M�1s� )T �(Vs� �Ws�(�);Ms�; �)Æ(�)N0(d�d�ds)where, for x 2 IR2 and y 2M2(IR),�(x; �) = (I +A(�))�1 � (A0(�)x)� (A0(�)x)T � ((I +A(�))�1)T



3. EXISTENCE AND SMOOTHNESS OF A WEAK SOLUTION. 149and �(x; y; �) = h(A0(�)x)� k(I +A(�))� k(y)where h and k are de�ned in Subsetion 3.5.We �rst study the inverse moments of Mt.Theorem 3.24 Assume (H) and (S). For every t � 0, (detMt)�1 admits moments of allorders.Proof : we will prove that under (S)-2,M�1t = I + b2 Z t0 M�1s ds� Z t0 Z 10 Z ���M�1s� (I +A(�))�1A(�) ~N(d�d�ds)+ Z t0 Z 10 Z ���M�1s�A(�)(I +A(�))�1A(�)�(�)d�d�ds (3.20)A simple omputation shows that :(I +A(�))�1A(�) = sin �os � + 1 � 0 �11 0 �and A(�)(I +A(�))�1A(�) = 12 sin �os � + 1 � � sin � 1� os �os � � 1 � sin � �Thanks to Assumption (S)-2, and sine R �0 �2�(�)d� <1, one an hek thatj sin �j1 + os � 2 \p�2Lp(�(�)d�) ; sin2 � + j sin �(1� os �)j1 + os � 2 \p�1Lp(�(�)d�)Hene it is lear that M�1t (and thus its determinant) is well de�ned and admits moments of allorders (this S.D.E. is lassial, and the initial data I is deterministi).In order to hek (3.20), we apply the Itô formula to the produt Mt:M�1t , where M�1t is de�nedby (3.20)Mt:M�1t = M0:M�10 + Z t0 Ms�:dM�1s + Z t0 dMs:M�1s� +Xs�t �Ms:�M�1s= I + Z t0 Z 10 Z ��� hA(�)Ms�:M�1s� �Ms�:M�1s� (I +A(�))�1A(�)i ~N(d�d�ds)+ Z t0 Z 10 Z ���Ms�:M�1s�A(�)(I +A(�))�1A(�)�(�)d�d�ds� Z t0 Z 10 Z ��� A(�)Ms�:M�1s� (I +A(�))�1A(�)N(d�d�ds)But I is also a solution of this S.D.E. Indeed,Z t0 Z 10 Z ��� hA(�)� (I +A(�))�1A(�)i ~N(d�d�ds)
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+ Z t0 Z 10 Z ��� A(�)(I +A(�))�1A(�)�(�)d�d�ds� Z t0 Z 10 Z ��� A(�)(I +A(�))�1A(�)N(d�d�ds)= Z t0 Z 10 Z ��� hA(�)� (I +A(�))�1A(�)�A(�)(I +A(�))�1A(�)i ~N(d�d�ds) = 0and the proof is �nished.It is more diÆult to prove that Ht admits moments of all orders. In fat, we will onlystudy the ase where E(V0) = 0 by using the Malliavin Calulus. The generalization (see the�nal proof of this setion) will then follow from the uniqueness in law for the nonlinear S.D.E.We begin with a lemma.Lemma 3.25 The map (t; Y ) �! L(hVt; Y i) is weakly ontinuous on[0; T ℄� fY 2 IR2 j k Y k= 1g.Proof : it lassially suÆes to onsider C2b funtions. Let  be a C2b funtion on IR, let t 2 [0; T ℄,and let k Y k= 1. We will show that if (tn; Yn) goes to (t; Y ), then�n = E ( (hVt; Y i)�  (hVtn ; Yni))goes to 0. To this end, we set  Y (v) =  (hv; Y i), whih is a C2b funtion on IR2. Using the fatthat the ow L(Vt) is a solution of (1.1) in the sense of De�nition 2.1, we obtain :�n = E ( Y (V0)�  Yn(V0)) + Z tn0 E hE� �K Y � Yn� (Vu;Wu)�i du+ Z ttn E hE� �K Y� (Vu;Wu)�i du= An +Bn + CnSine  is globally Lipshitz and sine V0 is in L2, it is lear that An goes to 0. On the otherhand, a simple omputation shows that for every � 2 C2b (IR2), for every v; v� 2 IR2,jK�� (v; v�)j � C k �00 k1 � k v � v� k2 +C k �0 k1 � k v � v� kUsing the Lebesgue Theorem, the fat that V and W are IL2T -proesses, we easily prove that Bnand Cn go to 0.We now state a seond lemma.Lemma 3.26 Assume (H), (S), and E(V0) = 0. Let t0 > 0 be �xed. There exist � > 0, q > 0,and � > 0 (depending on t0) suh that for every t 2 [t0; T ℄, for every X 2 IR2, for every unitvetor Y 2 IR2, P� �hWt �X;Y i2 > � ; kWt k2< �� > q (3.21)



3. EXISTENCE AND SMOOTHNESS OF A WEAK SOLUTION. 151Proof : sine sup[0;T ℄ k Wt k is in \pLp, it suÆes to show that there exists � > 0, q > 0 suhthat for every t 2 [t0; T ℄, for every X 2 IR2, for every Y 2 IR2 suh that k Y k= 1,P� �hWt �X;Y i2 > �� > 2qIn order to hek this laim, notie (by using Bienaym�e Thebihev's inequality) that there ex-ists � > 0 suh that for every t, P�(k Wt k2� �) > 1�q. We now break the proof in several steps :Step 1 : Let t � t0 and k Y k= 1 be �xed. Thanks to the previous setion, the law ofWt admits a density on IR2, and hene the law of hWt; Y i admits a density with respet tothe Lebesgue measure on IR. By Proposition 2.13 and sine E(V0) = 0, we also know thatE�(Wt) = E�(W0) = 0, and hene E�(hWt; Y i) = 0. It is then easy to show that there exists�(t; Y ) > 0 and q(t; Y ) > 0 suh thatP� �hWt; Y i > q�(t; Y )� > 2q(t; Y ) and P� �hWt; Y i < �q�(t; Y )� > 2q(t; Y )Step 2 : Using Lemma 3.25, Portemanteau's Theorem, and the step 1, it is lassial to showthat for every t in [t0; T ℄, for every k Y k= 1, there exists a neighbourhood V(t; Y ) of (t; Y ) suhthat for every (t0; Y 0) 2 V(t; Y ),P� �
Wt0 ; Y 0� > q�(t; Y )� > 2q(t; Y )Let us onsider a �nite overing [Ni=1V(ti; Yi) of the ompat set[t0; T ℄� fY 2 IR2 . k Y k= 1gIf � = infi�N �(ti; Yi) and if q = infi�N q(ti; Yi), we obtain for all t � t0 and k Y k= 1,P�(hWt; Y i > p�) > 2qIn the same way, we get P�(hWt; Y i < �p�) > 2qfor all t � t0 and k Y k= 1.Step 3 : At last, let X be in IR2, t � t0, and k Y k= 1 be �xed. If hX;Y i � 0,P�(hWt �X;Y i2 > �) � P�(hWt �X;Y i > p�) � P�(hWt; Y i > p� + hX;Y i)� P�(hWt; Y i > p�) > 2qIf hX;Y i � 0, the same kind of argument does work, and the proof is �nished.We arry on with next lemma :



152 CHAPITRE 4 : REGULARITY FOR A 2D BOLTZMANN EQUATIONLemma 3.27 Assume (H), (S), and E(V0) = 0. Let t0 > 0 be �xed, and let �, q, and � bethe stritly positive numbers assoiated with t0 introdued in the previous lemma. If X 2 IR2,k Y k= 1, and s � t0, we onsider the set :Hs(X;Y ) = n(�; �) 2 [��0; �0℄� [0; 1℄.k Ws(�) k2� � and Y T�(X �Ws(�); �)Y � �o(3.22)Then for every even positive funtion z on [��0; �0℄,ZZHs(X;Y ) z(�)�0(�)d�d� � q Z �00 z(�)�0(�)d� (3.23)Proof : let X 2 IR2, let k Y k= 1, and let s � t0 be �xed. Reall (see equation (3.19) in theproof of Theorem 3.23) that :Y T�(X �Ws(�); �)Y = hf(�)Y + PY;X �Ws(�)i2where P = � 0 �11 0 � ; f(�) = sin �os � + 1The funtion f is an inreasing bijetion from ℄� �; �[ to IR satisfying f(0) = 0. We seths(X;PY ) = n� 2 [0; 1℄.hWs(�) �X;PY i2 > � ; kWs(�) k2< �oThanks to Lemma 3.26, we know that P�(hs(X;PY )) > q. We will show that if � 2 hs(X;PY ),then Y T�(X�Ws(�); �)Y � � either for all � 2℄0; �[ or for all � 2℄��; 0[. Then the lemma willbe proved.Let � 2 hs(X;PY ). If hY;X �Ws(�)i = 0, thenY T�(X �Ws(�); �)Y = hPY;X �Ws(�)i2 > �for every �. Else, Y T�(X �Ws(�); �)Y � � for every � suh that f(�) 2 IRn[x1; x2℄, wherex1 � x2 are the solutions ofx2 � hY;X �Ws(�)i2 + 2x� hY;X �Ws(�)i hPY;X �Ws(�)i+ hPY;X �Ws(�)i2 � � = 0Hene, it suÆes to show that the signes of x1 and x2 are equal. Butx1; x2 = �hPY;X �Ws(�)i � p�hY;X �Ws(�)iSine hPY;X �Ws(�)i2 � �, the lemma follows.Theorem 3.28 Assume (H), (S), and E(V0) = 0. For every t > 0, (detHt)�1 admits momentsof all orders (and thus so does (detDVt)�1).



3. EXISTENCE AND SMOOTHNESS OF A WEAK SOLUTION. 153Proof : we �x t0 > 0, and we prove the theorem for every t > t0, whih of ourse suÆes. Ouraim is to apply Lemma 6.1 to the matrix FHt, for a well-hosen IR-valued random variable F .We will use the notations of Lemmas 3.26 and 3.27.Sine �0 < �, there exists d0 > 0 suh that, for every j�j � �0,jdet(I +A(�))j = 12(1 + os �) � d0We hoose k suh that k(y) = 1 as soon as jdet yj � d0. For every X in IR2,k A0(�)X k2= 14 k X k2Hene, if � is in any set Hs(X;Y ), thenh(A0(�)(Vs �Ws(�))) � �1 + 14(k Vs k2 +�)��1Hene, for every k Y k> 0, a simple omputation (using the Lemma 3.27) shows that for everyt � t0, Y THtY is greater or equal thanZ tt0 ZZHs�Vs�; M�1s� T YkM�1s� T Y k� kM�1s� TY k2 �� � �1 + 14(k Vs� k2 +�)��1 � k(Ms�)Æ(�)N0(d�d�ds)Let us notie that the funtion on 
� [0; T ℄� [��; �℄� [0; 1℄ de�ned by!; s; �; � �! 1IHs�Vs�; M�1s�T YkM�1s�T Y k�(�; �)= 1I�j�j��0; kWs�(�)k2��; Y T M�1s�kM�1s� T Y k�(Vs�(!)�Ws�(�);�) M�1s�TkM�1s� T Y kY���is preditable, beause Vs� and M�1s� are preditable, and beause W is a measurable �-proess.Let us de�ne the following random variable :F = sup[0;T ℄��1 + 14(k Vs k2 +�)�� �k(Ms�) kM�1s� T k2op��1�where kM�1s� T kop is the operator norm of M�1s� T . Thus, for every k Y k= 1, t � t0,F � Y THtY � � Z tt0 ZZHs�Vs�; M�1s� T YkM�1s� T Y k� Æ(�)N0(d�d�ds)



154 CHAPITRE 4 : REGULARITY FOR A 2D BOLTZMANN EQUATIONIn order to use the Appendix (6.1), we have to ompute E �e��F�Y THtY � for � > 0, t � t0. Tothis end, we set n�(s) = q Z �00 �1� e��Æ(�)��0(�)d�ZZHs�Vs�; M�1s� T YkM�1s�T Y k� �1� e��Æ(�)��0(�)d�d�Choosing Æ even, and using Lemma 3.27, we see that n�(s) 2℄0; 1[ a.s. for every s � t0, � > 0.Furthermore for every � > 0, the following funtion on 
� [t0; T ℄� [��; �℄� [0; 1℄ is preditableand takes its values in [0; 1℄ :g�(s; �; �) = � 1�Æ(�) ln h1� n�(s)�1� e��Æ(�)�i 1IHs�Vs�; M�1s� T YkM�1s� T Y k�(�; �)Hene, for every k Y k= 1, t � t0, � > 0,F � Y THtY � � Z tt0 Z 10 Z ��� g�(s; �; �)Æ(�)N0(d�d�ds) = �Zt(�)Using Itô's formula,e��Zt(�) = 1� � Z t0 e��Zs�(�)dZs(�) +Xs�t he��Zs(�) � e��Zs�(�) + �e��Zs�(�)�Zs(�)i= 1� Z tt0 Z 10 Z ��� e��Zs�(�) �1� e��g�(s;�;�)Æ(�)�N0(d�d�ds)Taking the expetations, and using the expression of g� , we obtain for every t � t0, � > 0,E(e��Zt(�)) = 1�E �Z tt0 Z 10 Z ��� e��Zs�(�) �1� e��g�(s;�;�)Æ(�)��0(�)d�d�ds�= 1� q Z �00 �1� e��Æ(�)��0(�)d� � Z tt0 E(e��Zs(�))dsThanks to the Appendix (6.2),E(e��Zt(�)) = exp �q(t� t0) Z �00 �1� e��Æ(�)��0(�)d�!and for every � > 0, t � t0, k Y k= 1,E �exp ���F � Y THtY �� � E �e���Zt(��)� � exp �q(t� t0) Z �00 �1� e���Æ(�)��0(�)d�!Reall that �0(�) = k0j�jr 1Ij�j��0 . We hoose Æ(�) � 1� e�j�j�2r0 for small � (with Æ even andsatisfying (3.18)). Thanks to the Appendix (6.3), there exists C > 0 and �0 � 0 suh that forevery � � �0, Z �00 (1� e���Æ(�))�0(�)d� � C(ln �)3



3. EXISTENCE AND SMOOTHNESS OF A WEAK SOLUTION. 155Thus for every � � �0, t � t0, and k Y k= 1,E �exp���FY THtY �� � exp ��Cq(t� t0)(ln �)3�Hene, for every p � 0, for all t > t0,E �ZX2IR2 k X kp exp ��XTFHtX� dX� = Z 1�=0 ZkY k=1 �pE �e��2FY THtY � dY d�� K Z p�0�=0 �pd�+K Z 1�=p�0 �p exp��Cq(t� t0)(ln�2)3�d� <1Thanks to the Appendix (6.1), this yields that for every t > t0, (detFHt)�1 = (F 2 detHt)�1 isin every Lp. But it is possible to hoose k suh that F has moments of all orders : F � F1�F2,where F1 = sup[0;T ℄�1 + 14 k Vs k2 +�4� and F2 = sup[0;T ℄ �k(Ms) kM�1s T k2op��1We have already seen that F1 has moments of all orders. In order to study F2, let us �rst reallsome norm inequalities for a symmetri positive matrix O :jdetOj2 �k O k4� 1+ k O k8 jdetOj� k O�1 kop=k O kop�k O�1 k�1We an hoose k suh that for every y,k(y) � jdet yj21+ k y k8(We still assume that k(y) = 1 if det y � d0). Hene,F2 � sup[0;T ℄�1+ kMs k8�� sup[0;T ℄ kM�1s k2Sine Ms and M�1s are solutions of stohasti di�erential equations (with initial datum I), it islassial to show that they have moments of all orders, and we an say that F has moments ofall orders. Thus :E �jdetHtj�p� = E �jF j2p � jdetFHtj�p� � E �jF j4p� 12 E �jdetFHtj�2p� 12 <1We have proved that for t > t0, detHt admits some inverse moments of all orders, and thetheorem follows.Proof of Theorem 3.2 : using Theorem 3.28, Proposition 3.24, Theorem 3.21, Proposition 3.17,Theorem 3.6, the theorem is immediate when E(V0) = 0.We suppose now that V0 is not entered. We denote by (V;W ) (resp. (V 0;W 0)) a solution ofthe nonlinear S.D.E. with initial data V0 (resp. V 00 = V0 � E(V0)). Sine V0 satis�es (H) and(S), so does V 00 . We thus know that for every t > 0, the law of V 0t admits a C1 density f 0(t; :)on IR2, and that Vt admits a density f(t; :) on IR2. On the other hand, one an hek that(V � E(V0);W � E(V0)) is a solution of the nonlinear S.D.E. with initial data V 00 . Hene, byTheorem 2.12, L(Vt � E(V0)) = L(V 0t ). This yields that f(t; v) = f 0(t; v � E(V0)), and thetheorem follows.



156 CHAPITRE 4 : REGULARITY FOR A 2D BOLTZMANN EQUATION4 Joint regularity.We are now interested in the joint regularity of the weak solution f of (1.1) built in Theorem 3.1.For simpliity, we state a theorem under Assumptions (H) and (S) (see Setion 3), although(S) ould be relaxed.Theorem 4.1 Assume (H) and (S). Let f(t; v) be the weak solution of (1.1) on [0; T ℄ withinitial data P0 built in Theorem 3.1. The map (t; v) �! f(t; v) is ontinuous on ℄0; T ℄� IR2.In the whole setion, (V;W ) is a solution of the nonlinear S.D.E. with initial data V0, withL(V0) = P0. By Theorems 3.1 and 3.2, and sine (H) and (S) hold, we know that for everyt > 0, the law of Vt admits a C1 density f(t; :) with respet to the Lebesgue measure on IR2.In the ase of a lassial di�usion proess with jumps Xt, Bihteler, Gravereaux and Jaod givein [6℄ a method to study the joint smoothness of f(t; x), where f(t; x) is the density of the lawof Xt. Their method is based on the Malliavin Calulus, and on the smoothness of the mapst �! E( (Xt)) for any  suÆiently regular. In our ase, these maps are only di�erentiable,beause our S.D.E. is not time-homogeneous, and we thus annot apply their method.In the ase of white noise driven paraboli S.P.D.E.s, Morien [27℄ studies also this problem. IfX(t; x) denotes his solution, he proves that for any ' suÆiently regular,E �j'0(X(t + h; x)) � '0(X(t; x))j� � Cjhj� k ' k1again by using the Malliavin theory, whih yields regularity results for the densities. But thenonlinearity of our S.D.E. does not allow us to prove suh an inequality.The method we use here is based on the weak ontinuity of t! L(Vt) and on Theorem 3.2. Asin the proof of Theorem 3.2, we assume that E(V0) = 0, the generalization beeing immediateby the uniqueness in law for the nonlinear S.D.E. (see Theorem 2.12). We also �x t0 > 0, andwe prove Theorem 4.1 on [t0; T ℄� IR2, whih of ourse suÆes. We begin with a lemma.Lemma 4.2 Assume (H), (S), and E(V0) = 0. For every multi-index �, there exists a onstantC�;t0 suh that for every g 2 C1b (IR2), for every t 2 [t0; T ℄,E (��g(Vt)) � C�;t0 k g k1 (4.1)Proof : we just have to study the proof of Theorem 3.6 (whih an be found in [6℄). Let � bea random variable with values in IR2 satisfying the assumptions of Theorem 3.6, with the samenotations. Then Bihteler et al. prove that for every multi-index �, there exists a onstant K�suh that for every g 2 C1b (IR2), E (��g(�)) � K�;t0 k g k1Following losely their proof, one an hek that the onstants K� depends only on the momentsof the elements of Cn (n 2 IN), and on the inverse moments of det�.Let us ome bak to our problem : here we have a family �t = Vt of random variables satisfyingthe onditions of Theorem 3.6, with �t = DVt. The sets Ctn are omposed with the derivatives



4. JOINT REGULARITY. 157of all orders of Vt and Gt. Then one an hek that for any n, for every Xt 2 Ctn, for all p � 1,(see Theorem 3.21), sup[0;T ℄E (jXtjp) <1Furthermore, following losely the proof of Theorems 3.28 and 3.24, one an see that for everyp, sup[t0;T ℄E �jdetDVtj�p� <1and the lemma follows.We now prove that our weak solution f is equiontinuous :Proposition 4.3 For every v in IR2,sups2[t0;T ℄ jf(s; v + k)� f(s; v)j �!kkk!0 0 (4.2)Proof : following Nualart [30℄ Lemma 2.1.5 p 88-89, and using Lemma 4.2, one an show thatif L(Vt) = Pt, and if P̂t is the Fourier transform of Pt, then for every t 2 [t0; T ℄, ���P̂t(v)��� �C(2;2);t0v2xv2y ^1 : it suÆes to apply Lemma 4.2 with � = (2; 2) and with g(y) = eihv;yi. In this ase,f is the following inverse Fourier transform :f(t; v) = � 12��2 ZIR2 e�ihy;viP̂t(y)dy (4.3)Using Lebesgue's theorem and the uniform upperbound of P̂t, the Proposition is immediate.Proof of Theorem 4.1 : reall that we assume that E(V0) = 0, and that t0 2℄0; T ℄ is �xed. Usingthe fat that f(t; v) is a weak solution of (1.1), we see that the map t �! f(t; v)dv is weaklyontinuous on ℄0; T ℄.Let (t; v) 2 [t0; T ℄� IR2. For all Æ > 0,jf(t+ h; v + k)� f(t; v)j � jf(t+ h; v + k)� f(t+ h; v)j+���f(t+ h; v)� (�Æ2)�1 ZB(v;Æ) f(t+ h;w)dw���+���(�Æ2)�1 ZB(v;Æ) (f(t+ h;w)� f(t; w)) dw���+���f(t; v)� (�Æ2)�1 ZB(v;Æ) f(t; w)dw���= a(t; h; v; k) + b(t; h; v; Æ) + (t; h; v; Æ) + d(t; v; Æ)Let � > 0 be �xed. Using Proposition 4.3, we see that there exists � > 0 suh that for all hand for all k k k� �, a(t; h; v; k) � �=3. Using again this proposition, one an hek that there



158 CHAPITRE 4 : REGULARITY FOR A 2D BOLTZMANN EQUATIONexists Æ > 0 suh that for all h, b(t; h; v; Æ) + d(t; v; Æ) � �=3. At last, using the weak ontinuityof t! L(Vt) = f(t; v)dv, there exists  (depending on Æ) suh that for all jhj � ,(t; h; v; Æ) = (�Æ2)�1 jP (Vt+h 2 B(v; Æ)) � P (Vt 2 B(v; Æ))j � �=3and the theorem follows.5 Stohasti approximations.We now forget the two previous setions, and ome bak to Setions 1 and 2. We will �rst showthe uniqueness for the nonlinear martingale problem. The aim of this setion is to approximatethe solution of the nonlinear martingale problem (and thus the weak solution of (1.1)) assoi-ated with an unuto�ed ross setion � with the empirial law of a simulable system of partiles.To this end, we will apply diretly a result of Graham and M�el�eard (in [18℄), who disuss thisproblem in a very general ontext, but in the uto�ed ase. Then we will show that the solutionof the nonlinear martingale problem assoiated with a uto�ed ross setion (onverging to ourross setion) onverges to the solution of the nonlinear martingale problem assoiated with ourross setion. Finally, we will give a simulation algorithm.In the whole setion, the initial data P0 2 P2(IR2) and the ross setion � satisfying Z ��� �2�(�)d� <1 are �xed. As said previously, we �rst prove the uniqueness for the nonlinear martingale prob-lem (2.2).Proposition 5.1 The nonlinear martingale problem with initial data P0 (see De�nition 2.3)admits a unique solution Q 2 P2(IDT ).Proof : we just have to prove the uniqueness. Sine the uniqueness in law for the nonlin-ear S.D.E. holds (see Theorem 2.12), it suÆes to prove that any solution of the nonlinearmartingale problem is the law of a solution of the nonlinear S.D.E. Let Q be a solution ofthe nonlinear martingale problem with initial data P0, and let X be the anonial proess onIDT = ID([0; T ℄; IR2). We also need an �-proess Y of whih the �-law is Q.Applying (2.2) with �(v) = vx and �(v) = vy, we see that X admits the following deompositionunder Q Xt = X0 � b2 Z t0 Z 10 (Xs � Ys(�))d�ds +Mt (5.1)where M is a square integrable martingale. This deomposition is unique in the sense whereif Xt = X0 + Ft + Lt, if F is a preditable proess with �nite variations, and if L is a loalmartingale, then (see Jaod, Shiryaev, [23℄, p 43)Ft = � b2 Z t0 Z 10 (Xs � Ys(�))d�ds ; Lt = MtThen we prove that the ontinuous martingale part X of X (de�ned as X = M ) vanishes.To this end, we use the Itô formula : for all � 2 C2b (IR2),�(Xt) = �(X0) + Z t0 �0x(Xs�)dXxs + Z t0 �0y(Xs�)dXys
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+12 Xi;j2fx;yg Z t0 �00ij(Xs)dDXi;Xj Es+Xs�t h�(Xs)� �(Xs�)� �0x(Xs�)�Xxs � �0y(Xs�)�Xys iComparing this formula with (2.2), it is lear that Xx = Xy = 0. Hene M is purely dison-tinuous, and it is the ompensated sum of jumps of X.Let us now ompute the Doob-Meyer braket hMx;Mxi. To this end, we �rst show that theproess At de�ned below is a martingale (under Q) :At = Xs�t (�Xxs )2 � Z t0 Z 10 Z ��� (x(Xs; Ys(�); �)�Xxs )2 �(�)d�d�ds (5.2)Sine Xx = 0 and dXxs = dMxs � b2 Z 10 (Xxs � Y xs (�))d�ds, we obtain by using the Itô formula :(Xxt )2 � (Xx0 )2 = 2 Z t0 Xxs�dMxs � b Z t0 Z 10 Xxs (Xxs � Y xs (�))d�ds +Xs�t (�Xxs )2 (5.3)On the other hand, (2.2) with �(v) = v2x allows to say that(Xxt )2 � (Xx0 )2 � Z t0 Z 10 Z ��� (x(Xs; Ys(�); �)�Xxs )2 �(�)d�d�ds+b Z t0 Z 10 Xxs (Xxs � Y xs (�))d�ds (5.4)is a martingale. Thanks to (5.3) and (5.4), it is lear that At is a martingale.We apply one more time the Itô formula :(Mxt )2 = 2 Z t0 Mxs�dMxs +Xs�t (�Mxs )2Sine �Mxs = �Xxs for every s, and sine A is a martingale, we see that(Mxt )2 � Z t0 Z 10 Z ��� (x(Xs; Ys(�); �)�Xxs )2 �(�)d�d�dsis also a martingale, whih implies thathMx;Mxit = Z t0 Z 10 Z ��� (x(Xs; Ys(�); �)�Xxs )2 �(�)d�d�ds (5.5)In the same way, one an show thathMy;Myit = Z t0 Z 10 Z ��� (y(Xs; Ys(�); �) �Xys )2 �(�)d�d�ds (5.6)andhMx;Myit = Z t0 Z 10 Z ��� (x(Xs; Ys(�); �) �Xxs ) (y(Xs; Ys(�); �)�Xys ) �(�)d�d�ds (5.7)



160 CHAPITRE 4 : REGULARITY FOR A 2D BOLTZMANN EQUATIONWe thus an build a Poisson measure N on [0; T ℄ � [0; 1℄ � [��; �℄ with intensity measure�(�)d�d�ds, independent of X0, suh thatMt = Z t0 Z 10 Z ��� ((Xs�; Ys�(�); �) �Xs�)N(d�d�ds)Hene X = �(X;Y;X0; N) (reall De�nition 2.5), and the proof is omplete.We now give some notations and de�nitions.1. For l � 1, we set �l(�) = �(�)1Ifj�j� 1l g whih is a uto�ed ross setion : k �l k1=Z ��� �l(�)d� < 1. We denote by Q (resp. Ql) the solution of the nonlinear martingaleproblem assoiated with � (resp. �l) with initial data P0.2. We endow IDT with the Skorokhod topology. We de�ne three metris on P(IDT ). First,the variation metri :jp� qjT = sup�ZIDT �(x)p(dx) � ZIDT �(x)q(dx)� � 2 Bb(IDT ; IR); k � k1� 1�The next one orresponds to the weak onvergene and onvergene of the seond moment :�T (p; q) = inf(�ZIDT�IDT k x� y k21 r(dx; dy)� 12, r has marginals p and q)The last metri is weaker than �T and j jT , and orresponds to the weak onvergene :~�T (p; q) = inf (�ZIDT�IDT k x� y k21 ^1 r(dx; dy)� 12, r has marginals p and q)3. Let n; l � 1 be �xed. If h 2 IR2, if i 2 f1; :::; ng, we set h:ei = (0; :::; h; :::; 0), where h standsat the i-th plae. We denote by V (�l; n) = (V 1(�l; n); :::; V n(�l; n)) 2 ID([0; T ℄; (IR2)n) aMarkov proess with in�nitesimal generator1n� 1 X1�i 6=j�n Z ��� [� (v + ((vi; vj ; �)� vi):ei)� �(v)℄ �l(�)d�(here v 2 (IR2)n) and suh that L(V0(�l; n)) = P
n0 . This Markov proess desribes apartile system with a simple mean�eld interation. Finally, we denote by �ln the empirialmeasure on IDT : �ln = 1n nXi=1 ÆV i(�l;n)Applying diretly Theorem 3.1 p 121 in Graham and M�el�eard, [18℄, we obtain the followingproposition :



5. STOCHASTIC APPROXIMATIONS. 161Proposition 5.2 Let l � 1 be �xed. There exists a onstant K independent of l and n suhthat ���L �V 1(�l; n)��Ql���T � Kek�lk1TnMoreover, �ln onverges in probability (when n tends to in�nity) to Ql for the weak onvergenemetri on P(IDT ), with an estimate in Ke 12k�lk1Tpn .We want to approximate Q with �ln, for l and n large enough. We thus have to hek that Qlgoes to Q when l goes to in�nity.Proposition 5.3 We set bl = Z ���(1� os �)�l(�)d� and b = Z ���(1� os �)�(�)d�. There existsa onstant C depending only on P0 and b suh that�T (Q;Ql) � C �(b� bl) + (b� bl)2�Proof : we onsider on 
 two independent Poisson measures Nl and N�l on [0; T ℄�[0; 1℄�[��; �℄,with intensity measures �l(�)d�d�ds and (�(�)��l(�))d�d�ds. We set N = Nl+N�l , whih is aPoisson measure with intensity �(�)d�d�ds. We also onsider a random variable V0 independentof Nl and N�l , suh that L(V0) = P0. In the same way than in Subsetion 2.1 (see De�nition2.10 and Theorem 2.11), it is possible to build two IL2T -proesses V and V l, two IL2T -�-proessesW and W l satisfying :V = �(V;W; V0; N; b) ; V l = �(V l;W l; V0; Nl; bl) ; L�(W;W l) = L(V; V l)(We preise here the dependene in b of the map �). In partiular, (V;W ) is a solution of thenonlinear S.D.E. assoiated with � with initial data V0. Thus L(V ) = L�(W ) = Q. In the sameway, L(V l) = L�(W l) = Ql, and hene�T (Q;Ql) � E  sup[0;T ℄ k Vt � V lt k2! 12The proposition follows easily, by using a omputation quite similar to the proof of Proposition2.8, and by using Proposition 2.13.Using the previous propositions, the following theorem is immediate :Theorem 5.4 There exists some onstants L1 and L2 suh that for all l; n :~�T �L �V 1(�l; n)� ; Ql� � L1 ek�lk1Tn + L2 �(b� bl) + (b� bl)2�Choosing a suitable sequene l(n) going to in�nity with n, suh that ek�l(n)k1Tn �! 0 when ntends to in�nity, we dedue that ~�T �L �V 1(�l(n); n)� ; Ql� goes to 0.With the same sequene l(n), the empirial measure �l(n)n onverges in probability to Q for theweak onvergene metri on P(IDT ).



162 CHAPITRE 4 : REGULARITY FOR A 2D BOLTZMANN EQUATIONIt remains to simulate V (n) = V (�l(n); n). Reall that this proess desribes an interatingsystem of n partiles, and that for eah i, V i(n) desribes the evolution of the speed of the i-thpartile. This proess an be written asVt(n) = V0(n) + X1�i 6=j�n Z t0 Z ��� h((V is�; V js�; �)� V is�):eii�ij(d�ds)where L(V0(n)) = P
n0 , where �ij are independent Poisson measures on [0; T ℄ � [��; �℄ withintensity measures �l(n)(�)n� 1 d�dsindependent of V0(n).We of ourse assume that V0(n) is simulated, and we denote by0 < T1 < T2 < :::the suessive times of jump of a standard Poisson proess with parameter n k �l(n) k1. Thesetimes are modeling the times of ollision.Before the �rst ollision, the veloities do not hange, so that we set8 s < T1; Vs(n) = V0(n)Let us desribe the �rst ollision. First, we hoose a ouple (i; j) of partiles, aording to anuniform distribution on �(k; l) 2 f1; :::; ng2jk 6= l	. Then we hoose the angle of ollision � byusing a �l(n)(�)k �l(n) k1 d�-distribution. We setV iT1(n) = (V i0 (n); V j0 (n); �)V kT1(n) = V k0 (n) if k 6= iSine the veloities do not hange between two ollisions, we �nally set Vs(n) = VT1(n) for alls 2 [T1; T2[.Iterating this method (Tn goes to in�nity a.s.), we an simulate V (n), and thus approximate Q.Notie here that we do not really simulate a gas : in the ollisions between two partiles, wedo only hange the speed of one partile. It would also work if we were hanging both speeds(see the Bird algorithm in Graham and M�el�eard, [18℄). However, the most natural system isthis simple mean�eld approah, (related to the Nanbu algorithm), sine the expression of themartingale problem drives immediately to this algorithm.6 Appendix.We begin this annex by a lemma that an be found in [6℄, p 92 :



6. APPENDIX. 163Lemma 6.1 For every p > 0, there exists a onstant Cp suh that for every 2 � 2 symmetripositive matrix A, (det A)�p � Cp ZX2IR2 k X k4p�2 e�XTAXdXThe following lemma is well-known, and an be shown as Gronwall's Lemma.Lemma 6.2 Let 0 � � < T < 1. Let g be a bounded funtion on [�; T ℄, and let a be a realnumber. Assume that for every t 2 [�; T ℄,g(t) = 1� a Z t� g(s)dsThen g(t) = e�a(t��) on [�; T ℄.The next lemma is a simple omputation :Lemma 6.3 Let r 2℄1; 3[, let r00 = 14 (r � 1), and let � > 0. We set Æ(�) = e���r00 . There existsa onstant C > 0, a real number �0 � 0, suh that for every � � �0,Z �0 �1� e��Æ(�)� d��r � C(ln �)3Proof : we �rst notie that for every x 2 [0; 1℄, one has 1 � e�x � x2 . Furthermore, for every� < 1, Æ�1(�) = �ln ��1�� 1r00 . Hene, if �0 is large enough (we need ��10 < 1 and Æ�1(��10 ) < �),then for all � � �0,I(�) = Z �0 �1� e��Æ(�)� d��r � �2 Z Æ�1(��1)0 Æ(�)�r d� � �2r00 Z Æ�1(��1)0 r00�r00+1 Æ(�)� �r00+1�rd�Sine r � r00 � 1 = 34(r � 1) > 0, and sine Æ0(�) = r00�r00+1 Æ(�), we obtain :I(�) � �2r00 � �Æ�1(��1)�� 34 (r�1) � [Æ(�)℄Æ�1(��1)0 = 12r00 (ln �)3whih was our aim.The following lemma is adapted from a lemma in the Appendix of [7℄. We state it for N and �,but it an be obviously adapted to N0 and �0 or N1 and �1.Lemma 6.4 Let Y (s; �; �) be a preditable proess suh that jY (s; �; �)j � jX(s; �)jz(�). Then� if z is in \p�2Lp(�(�)d�), for every p = 2q,E  sup[0;t℄ ����Z s0 Z 10 Z ��� Y (u; �; �) ~N (d�d�du)����p! � Cp(z) Z t0 Z 10 E (jX(s; �)jp) d�ds



164 CHAPITRE 4 : REGULARITY FOR A 2D BOLTZMANN EQUATION� if z is in L1(�(�)d�), then for every p <1,E  sup[0;t℄ ����Z s0 Z 10 Z ��� Y (u; �; �)d�d�du����p! � Cp(z) Z t0 Z 10 E (jX(s; �)jp) d�ds� if z is in \p�1Lp(�(�)d�), for every p = 2q,E  sup[0;t℄ ����Z s0 Z 10 Z ��� Y (u; �; �)N(d�d�du)����p! � Cp(z) Z t0 Z 10 E (jX(s; �)jp) d�dsWe at last reall the Girsanov Theorem for random measures, reduing to our ontext thestatement that an be found in the book of Jaod, Shiryaev, [23℄. If P is a probability measureon (
;F ; fFtg), we denote by P (resp. ~P) the preditable �-�eld on 
 � [0; T ℄ (resp. 
 �[0; T ℄� [��; �℄� [0; 1℄). Let � be a ~P-�-�nite random measure on [0; T ℄� [��; �℄� [0; 1℄. If Wtis an optional proess on [0; T ℄, we denote by MP
� �W j ~P� the unique preditable funtion on
� [0; T ℄� [��; �℄� [0; 1℄ satisfying, for every preditable funtion U ,E �Z U(s; �; �)MP
� �W j ~P� (s; �; �)�(d�d�ds)� = E �Z U(s; �; �)Ws�(d�d�ds)�We now state the Girsanov Theorem, and a well-known haraterisation of the Poisson measures.Theorem 6.5 1. Let P 0 << P be two probability measures on (
;F ; fFtg), and assume thatP 0jFt = Gt:P jFt . Let � be a ~P-�-�nite random measure on [0; T ℄ � [��; �℄ � [0; 1℄, withompensator � under P and � 0 under P 0. Then � is ~P 0-�-�nite, and any positive versionY of MP
� � GG� 1IfG�>0g��� ~P� satis�es � 0 = Y:�.2. Any integer valued random measure � on [0; T ℄� [��; �℄� [0; 1℄ satisfying�(f0g � [��; �℄� [0; 1℄) = 0 a.s., and of whih the ompensator � is deterministi (undera probability measure Q on 
) is a Poisson measure with intensity � (under Q).



Chapitre 5Strit Positivity of the Density for aPoisson Driven S.D.E.
Abstrat : We onsider a one-dimensional stohasti di�erential equation driven by a om-pensated Poisson measure. We assume that this equation admits a unique solution Xt.We prove that under a strong non-degeneray ondition, for eah t > 0, the law of Xt isbounded below by a measure admitting a stritly positive ontinuous density with respetto the Lebesgue measure on IR. To this aim, we develop Bismut's approah of the Malliavinalulus for Poisson funtionals.Ce travail a �et�e aept�e pour publiationdans la revue Stohastis and Stohastis Reports.1 Introdution.Consider the following stohasti di�erential equation :Xt = x0 + Z t0 ZO h(Xs�; z) ~N (ds; dz) + Z t0 g(Xs�)ds+ Z t0 ZE f(Xs�; u) ~N1(ds; du) (1.1)whereAssumption (M) : N and N1 are two independant Poisson measures on IR+�O andIR+ � E, where O is an open subset of IR and E is a Blakwell spae (see Jaod,Shiryaev, [23℄, p 65). The intensity measures of N and N1 are respetively�(ds; dz) = '(z)dsdz ; �1(ds; du) = dsq(du) (1.2)165



166 CHAPITRE 5 : STRICT POSITIVITY OF THE DENSITY FOR JUMPING SDEswhere ' is a stritly positive C1 funtion on O, and q is a positive �-�nite measureon E. We denote by ~N and ~N1 the assoiated ompensated measures.We assume that equation (1.1) admits a unique solution, and we �x T > 0. Our problem is toprove, under some onditions, the existene of a stritly positive ontinuous funtion � : IR 7!IR+ suh that for all f 2 C+b (IR),E(f(XT )) � ZIR f(y)�(y)dy (1.3)In partiular, if the law of XT admits a ontinuous density pT with respet to the Lebesguemeasure on IR, this will yield that pT (x) > 0 for all x 2 IR. In order to study this problem, wetranspose to our ontext a method based on the Malliavin Calulus for Gaussian funtionals,investigated by Ben Arous and L�eandre in [5℄, and later by Bally and Pardoux in [4℄. Bismut'sapproah of the Malliavin Calulus is used in [4℄. Following this approah and the work ofBihteler and Jaod, [7℄, we will build a sequene of perturbations, then we will di�erentiate ourperturbed proess and study the obtained derivatives.Comparing our work with that of Bally, Pardoux, we see that the big diÆulty (and also thelimit) of our work is that when we di�erentiate, we obtain integrals against the Poisson mea-sure instead of the Lebesgue measure. We thus have to hoose non deterministi perturbationsand to deal with stopping times, whih makes everything hard and drives to stringent onditions.Of ourse, the result we obtain here in a quite general ontext is not ompletely satisfying : asfor the existene of a smooth density, the assumptions we need are not very expliit. However,we have applied in Chapter 6 the present method for the ase of a partiular nonlinear S.D.E.in order to study the strit positivity of the solution of a Ka equation, and we have obtainedquite a good result.The present work is organized as follows. In the seond setion, we reall the assumptions givenby Bihteler, Gravereaux, and Jaod in [6℄ under whih the law of XT admits a ontinuousdensity (in the ase where ' � 1), then we give our assumptions and we state our main result.The third setion is devoted to the exposition of our notations and to the proof of the riterionof strit positivity we will use. Finally, we prove our main theorem in the last setions.Let us now mention alternative methods that ould be used to study our problem. First, onemight use the Markov property of equation (1.1), in order to obtain minorations of the density.This method looks natural, but in fat, it seems diÆult to apply, and probably neessitatesmore regularity of the density. Another idea ould onsist in applying the results of Simon, [41℄,who haraterizes the support (in ID([0; T ℄; IR)) of the law of X, and in using a method as thatof Millet, Sanz, [29℄.In the ase of equation (1.1), all these methods might work and give di�erent results. Anyway,our method, based on the stohasti alulus of variations, seems to be the only (probabilisti)way to prove that the solution of the Ka equation is stritly positive. Indeed, the S.D.E. asso-iated with the Ka equation is nonlinear, thus it may be very diÆult to use a Markov propertyor to prove a support theorem.



2. STATEMENT OF THE MAIN RESULT. 167In [24℄, L�eandre, studies the behaviour of the density of Xt when t goes to 0, at the pointsx 6= x0 that an be reahed in one jump by Xt. Ishikawa, [21℄, studies also other points, in thease where Xt has �nite variations. Finally, let us mention Piard, [36℄, who studies the densityin small time of X, at the points x 6= x0 that X an reah in a �nite number of jumps.2 Statement of the main result.This setion is divided in three parts. In the �rst part, we reall a result of Bihteler et al. in[6℄. We state our assumptions and results in the seond one. At last, the third part deals withremarks and examples of appliations.2.1 Existene of a ontinuous density in the ase where ' � 1.When ' � 1, Bihteler, Gravereaux, and Jaod give in [6℄ a suÆient ondition under whih thelaw of XT admits a ontinuous density. In fat, they do not prove a minimal assumption for thisproblem, sine they are interested in the (at least) ontinuous di�erentiability of the density.When ' is a funtion, the existene of a density for equation (1.1) has been studied in Chapter2, see also Denis, [14℄ for a muh more general intensity measure, but no ontinuity result seemsto be known, even if the method of Bihteler et al. in [6℄ ould probably be easily extended. Letus reall the assumptions in [6℄.Assumption (A� 4) : the funtion g is four times di�erentiable on IR, and its derivatives oforder 1 to 4 are bounded. The funtion h is four times di�erentiable on IR � O, the partialderivatives h(n+q)xnzq are bounded as soon as q � 1 (with n + q � 4), and there exists a funtion� 2 \2�p<1Lp(O; dz) suh thatjh(0; z)j + jh0x(x; z)j + :::+ jh(4)x4 (x; z)j � �(z) (2.1)For any u 2 E, the funtion f(:; u) is four times di�erentiable on IR, and there exists a funtion� 2 \2�p<1Lp(E; q) suh thatjf(0; u)j+ jf 0x(x; u)j+ :::+ jf (4)x4 (x; u)j � �(u) (2.2)Assumption (SC) : there exists 0 > 0 suh that identially,1 + h0x(x; z) � 0 ; 1 + f 0x(x; u) � 0 (2.3)In [6℄, a positive funtion Æ on O is alled (�; �)-broad (for some �xed � � 0, � > 0) ifZ 10 ���1 exp��� ZO �1� e��Æ(z)�dz� d� <1 (2.4)and one also onsiders funtions � on O satisfying� � 0 ; � is C1b on O ; �(z) �!z!�O 0 ; 8 r 2 IN; �r��zr 2 L1(O; dz) (2.5)



168 CHAPITRE 5 : STRICT POSITIVITY OF THE DENSITY FOR JUMPING SDEsTheir last hypothesis is :Assumption (SB)(�; �) : there exists � > 0, q � 0, a (�; �)-broad funtion Æ, and a funtion �satisfying (2.5) suh that h0z2(x; z)�(z)(1 + h0x(x; z))2 � �1 + jxjq Æ(z) (2.6)We now an state the following partial result of [6℄ :Theorem 2.1 Let T > 0 be �xed. Assume (M) with ' � 1, (A� 4), (SC), and (SB)(�; �) forsome � � T , and some � > 4hT� i . Then the law of XT admits a C1 density pT (x) with respet tothe Lebesgue measure on IR.2.2 Strit positivity of the density.Let us now turn bak to our problem. A lassial way to write S.D.E.s onsists in assuming thath(x; z) splits into  (x)�(z). Although we state a more general formulation, all the hypothesesbelow are espeially adapted to this ase.The two �rst assumptions are quite similar to (A� 4) and (SC).Assumption (H) : the funtion g is C3 on IR, and its derivatives g0, g00, and g000are bounded. The funtion h admits the ontinuous partial derivatives h(n+q)xnzq forn; q 2 f0; 1; 2; 3g on IR�O, the derivatives h(n+q)xnzq are bounded as soon as q � 1, andthere exists a funtion � 2 L2(O;'(z)dz) \ L1(O;'(z)dz) suh thatjh(0; z)j + jh0x(x; z)j+ jh00xx(x; z)j+ jh000xxx(x; z)j � �(z) (2.7)For any u 2 E, the funtion f(:; u) is C3 on IR, and there exists a funtion � 2L2(E; q) \ L1(E; q) suh thatjf(0; u)j + jf 0x(x; u)j+ jf 00xx(x; u)j + jf 000xxx(x; u)j � �(u) (2.8)Assumption (P ) : there exists 0 > 0 suh that for all x 2 IR, all z 2 O,1 + h0x(x; z) � 0 (2.9)For all x 2 IR, ZE 1f1+f 0x(x;u)=0gq(du) = 0 (2.10)In order to state our non-degeneray ondition, we introdue some notation.Notation 2.2 We denote by �O the boundary of O in �IR = IR [ f�1;+1g.



2. STATEMENT OF THE MAIN RESULT. 169Notation 2.3 We set�(z) = supn���h(2+q)xqz2 (x; z)��� ; x 2 IR; q 2 f0; 1; 2; 3go (2.11)Consider a C1 positive funtion � on O suh that k �0 k1< 1 and suh that �(z) goes to 0 whenz goes to the boundary of O (this implies that for all z 2 O, [z � �(z); z + �(z)℄ is ontained inO). Then we set��(z) = supfj'0(w)j ; jw � zj � �(z)g'(z) ; ��(z) = j�0(z)j + 3�(z)��(z) (2.12)��(z) = supn���h(3+q)xqz3 (x;w)��� ; x 2 IR ; q 2 f0; 1; 2; 3g ; jw � zj � �(z)o (2.13)Our last hypothesis is :Assumption (SP ) :1. There exist ontinuous funtions  > 0 on IR and Æ � 0 on O suh that : (x)Æ(z) � jh0z(x; z)j � Æ(z) (2.14)8n 2 f1; 2; 3g; jh(n+1)xnz (x; z)j � Æ(z) (2.15)Thanks to (H),  and Æ are bounded.2. There exists a sequene of C1 positive funtions �n on O, a sequene of realnumbers an dereasing to 0, a onstant d0 2℄0; 1[ suh that, if �n = ��n , �n =��n , (see Notation 2.3)�n + �n 2 L1(O;'(z)dz) ; k �n k1 + k �n k1� d0 ; �n(z) �!z!�O 0 (2.16)8 n ; fÆ = 0g � f�n = 0g (2.17)and an ZO �n(z)Æ(z)'(z)dz �! +1 (2.18)an ZO h�2n(z)Æ2(z) + �2n(z)�(z) + �3n(z)�n(z)i'(z)dz �! 0 (2.19)Now we an state our main result :Theorem 2.4 Assume (M), (H), (P ), (SP ) and let T > 0 be �xed. Then the law of XT isbounded below by a measure that admits a stritly positive ontinuous density with respet to theLebesgue measure on IR. This means that there exists a stritly positive ontinuous funtion� : IR 7! IR+ suh that for all f 2 C+b (IR),E(f(XT )) � ZIR f(y)�(y)dy (2.20)In partiular, if the law of XT admits a ontinuous density pT , then for every x 2 IR, pT (x) > 0.



170 CHAPITRE 5 : STRICT POSITIVITY OF THE DENSITY FOR JUMPING SDEsLet us say a word about N1. We add an independent Poisson measure, in order to generalizeour Theorem. Assume for example that the parameter h of equation (1.1) satis�es (SP ) only onan open subset A � O. Then, replaing N by N jA and N1 by N1 +N jO=A, the onditions mighthold. The �rst part of Proposition 2.5 below will give an example for this kind of method.The main supposition in (SP ) is the following : h0z(x; :) =2 L1(O;'(z)dz) (obtained by (2.14),(2.16), and (2.18)). This assumption looks like (SB), but is muh more stringent.Somewhere in the proof of Theorem 2.4, we will need a funtion v(s; z) of lass C1 on O suhthat h0z � v � 0. The �rst idea onsists in hoosing v = h0z � w, with w nonnegative, but thiswould drive us to the assumption h0z(x; :) =2 L2(O;'(z)dz), whih is more stringent than (SP ).This is why we state the following proposition.Proposition 2.5 1. Thanks to (2.17), we an assume that the sign of h0z is onstant onIR �O.2. In (SP ), we an assume that d0 2℄0; 1[ is as small as we want.Proof :1. We onsider the solution X of equation (1.1). We assume only (SP ), and we prove that X isthe solution of another S.D.E. satisfying (SP ), with h0z � 0 (or h0z � 0) identially. We �rst setH = fz 2 O = Æ(z) > 0gH+ = fz 2 H = 8x 2 IR ; h0z(x; z) > 0g ; H� = fz 2 H = 8x 2 IR ; h0z(x; z) < 0gSine h0z, and  are ontinuous, sine  does never vanish, and sine (2.14) is satis�ed, we seethat H = H+ [H�. We furthermore dedue thatH+ = fz 2 O = h0z(0; z) > 0g (2.21)is an open set. Of ourse, so is H�. From the de�nition of H, and sine H = H+[H�, equation(2.18) yields the existene of a subsequene nk suh that eitherank ZH+ �nk(z)Æ(z)'(z)dz �! +1 (2.22)or ank ZH� �nk(z)Æ(z)'(z)dz �! +1 (2.23)Let us for example assume (2.22). We rewrite equation (1.1) asXt = x0 + Z t0 ZH+ h(Xs�; z) ~N�(ds; dz) + Z t0 g(Xs�)ds+ Z t0 ZE f(Xs�; u) ~N1(ds; du)+ Z t0 ZOnH+ h�(Xs�; z) ~N2(ds; dz) (2.24)where N� = N jIR+�H+, N2 = N jIR+�(OnH+), and h�(x; z) = h(x; z)1z2(OnH+). It is lear thatour method would not fail with two independent Poisson measures (independent of N�) insteadof one. Furthermore, (M), (H), and (P ) are learly satis�ed with the new oeÆients. At last,



2. STATEMENT OF THE MAIN RESULT. 171the only problem to hek that (SP ) is still satis�ed (with of ourse h0z nonnegative on H+) isto see that for all n, �n(z) goes to 0 when z goes to � H+.Let z0 2 � H+. Then Thanks to (2.21), we see that either z0 2 �O either limz0 h0z(0; z) = 0. Inthe �rst ase, there is no problem. In the seond ase, we obtain, from (2.14), limz0 Æ(z) = 0.Sine fÆ = 0g � f�n = 0g, we immediately onlude.2. It suÆes to notie that we an replae �n by C � �n in (SP ), for any C 2℄0; 1℄ �xed.In the whole work, we will assume that T > 0 is �xed, that (M), (H), (P ) and (SP )are satis�ed. We will also suppose that h0z is nonnegative on IR�O.2.3 Examples.First, we give one "simple" way to obtain (SP ) when ' � 1. Similar methods may be used forany other partiular '.Remark 2.6 Assume that ' � 1, that (SP )-1 and (SPI) below hold. Then (SP ) is satis�ed.Assumption (SPI) : there exists a positive C1b funtion  on O suh that, for somed0 2℄0; 1[,k  k1 + k 0 k1� d0 ; (z) �!z!�O 0 ; fÆ = 0g � f = 0g (2.25)Æ =2 L1(O; dz) ; 2Æ2 + 2� + 3� 2 L1(O; dz) (2.26)where � is de�ned in Notation 2.3.Proof : in order to hek this laim, hoose a smooth version of�n(z) = 8><>: (z) if z 2 O ; jzj � n0 if z 2 O ; jzj � n+ 1 (2.27)and set an = �ZO �n(z)Æ(z)dz�� 12 .At last, we give two examples of funtion h(x; z) satisfying (H), (P ), and (SP ).Example 1 : we assume that O =℄1;1[, that ' � 1, and that h(x; z) = (x)�(z), where �(z) =sin z=z, and where  is a stritly positive C3 funtion on IR, bounded with all its derivatives.A simple omputation shows that there exists C < 1 suh that j�(z)j + ::: + j�000(z)j � C=z.Thus (H) is satis�ed. If k 0 k1< 1, it is lear that (P ) is satis�ed. Else, we replae O by℄2 k 0 k1;1[, and we use the presene of N1 as in the proof of Proposition 2.5-1. Condition(SP )-1 is satis�ed with  (x) = (x)=A, where A =k  k1 +:::+ k 000 k1, and withÆ(z) = Aj�0(z)j = A ����z os z � sin zz2 ���� (2.28)



172 CHAPITRE 5 : STRICT POSITIVITY OF THE DENSITY FOR JUMPING SDEsThus Æ(z) behaves as 1=z on a \large" subset of O. More preisely, there exists a onstantK <1 suh thatfor all z 2 [k�1℄2k� � �=4; 2k� + �=4[ ; Æ(z) � Ap22 � z � 1z2 � Kz (2.29)Hene we an say that Æ, �, and � , de�ned in (SP ), will behave as 1=z. We now searh afuntion  suh that h satis�es (SPI) : we need Æ =2 L1(O; dz), but 2� + 3� 2 L1(O; dz).We thus will hoose  behaving as 1= ln z. We also need that fÆ = 0g � f = 0g. This will holdif the support of  is ontained in [k�1℄2k� � �=4; 2k� + �=4[. At last,  has to be C1, andbounded with its derivative. The funtion we searh is given by (z) = b0Pk�1 k(z), where foreah k, the funtion k is C1 on O, satis�esk(z) = 8>><>>: 1ln(k + 1) if z 2 [2k� � �=8; 2k� + �=8℄0 if z =2 [2k� � �=4; 2k� + �=4℄ (2.30)and 0 � k � 1ln(k + 1), j0kj � 16� 1ln(k + 1) . For b0 small enough, k  k1 + k 0 k1� d0, forsome d0 < 1. At last, it is lear that (2.26) is satis�ed.Example 2 : we now set O =℄0;1[, and we onsider the standard L�evy measure on O, '(z)dz =z�2dz. We assume that h(x; z) = (x)�(z), where  is as in example 1, and where �(z) = z=(z+1).Assumptions (H) and (P ) are obviously satis�ed, at least if k 0 k1< 1, and (SP )-1 is met with (x) = (x)=A, where A =k  k1 +:::+ k 000 k1, and withÆ(z) = Aj�0(z)j = A(1 + z)�2 (2.31)We now onsider a sequene of C1 nonnegative funtions �n on O satisfying, for some 0 < k <1=2, �n(z) � k(z ^ 2), and�n(z) = 8>>>>><>>>>>: 0 if z 2℄0; 1=n℄kz if z 2℄2=n; 1℄0 if z � 2 and j�0n(z)j � 8>>>>><>>>>>: 0 if z 2℄0; 1=n℄4k if z 2℄1=n; 2℄0 if z � 2 (2.32)One an easily hek that for some onstants B, C, ��n(z) � B=z, and that ��n(z) � j�0n(z)j+C�n(z)=z. Choosing k small enough, we see that k �n k1 + k ��n k1� d0, for some d0 < 1.Sine �n and ��n are bounded and vanish near 0, they belong to L1(℄0;1[; z�2dz). At last, theexistene of a sequene an yielding (2.18) and (2.19) is immediate, sineZO �n(z)Æ(z)'(z)dz � C Z 12=n kz(1 + z)2 � dzz2 � C Z 12=n dzz �!n!1 1 (2.33)ZO h�2n(z)Æ2(z) + �2n(z)�(z) + �3n(z)�n(z)i'(z)dz � C Z 10 �2n(z)dzz2 (2.34)� C Z 10 fz2 ^ 1gdzz2 � C (2.35)



3. A CRITERION OF STRICT POSITIVITY. 1733 A riterion of strit positivity.In the whole work, 
 = 
N � 
N1 is the anonial produt spae assoiated with the indepen-dent random elements N and N1. We will in fat be interested only in N .This setion ontains two parts. We �rst introdue some general notations and de�nitions aboutBismut's approah of the Malliavin Calulus on the Poisson spae assoiated with N . We extendhere the work of Bihteler, Jaod, [7℄, who work with ' � 1. Then we adapt the riterion ofstrit positivity of Bally, Pardoux, [4℄ (whih deals with the Wiener funtionals) to the Poissonfuntionals.De�nition 3.1 A preditable funtion v(!; s; z) on 
� [0; T ℄�O is said to be a perturbationif for all �xed !; s, v(!; s; :) is C1 on O, if there exists two positive funtions � and � on O suhthat, jv(!; s; z)j � �(z) ; jv0(!; s; z)j � �(z) (3.1)and suh that, if��(z) = supfj'0(w)j ; jw � zj � �(z)g'(z) ; �(z) = �(z) + 3�(z)��(z) (3.2)then, for some onstant  < 1,� + � 2 L1 \ L1(O;'(z)dz) ; �(z) �!z!�O 0 ; �(z) �  (3.3)We now onsider a �xed perturbation v. For eah ! 2 
, � 2 [�1; 1℄ and s 2 [0; T ℄, the mapz 7! �(!; s; z) = z + �v(!; s; z) (3.4)is an inreasing bijetion from O to O, thanks to (3.1) and (3.3). We now setY �(!; s; z) = (1 + �v0(!; s; z)) � '(�(!; s; z))'(z) (3.5)Then, a simple substitution shows that �(Y �:�) = � (3.6)i.e. that for all Borel set A � [0; T ℄�O,Z T0 ZO 1A(s; �(s; z))Y �(s; z)'(z)dzds = Z T0 ZO 1A(s; z0)'(z0)dz0ds (3.7)We also denote by N� = �(N) the image measure of N by �N�(A) = Z T0 ZO 1A(s; �(s; z))N(ds; dz) (3.8)and by S� the shift on 
 de�ned byN Æ S�(!) = N�(!) ; N1 Æ S�(!) = N1(!) (3.9)



174 CHAPITRE 5 : STRICT POSITIVITY OF THE DENSITY FOR JUMPING SDEsThen we onsider the following martingaleM�t = Z t0 ZO(Y �(s; z)� 1) ~N (ds; dz) (3.10)and its Dol�eans-Dade exponential (see Jaod, Shiryaev, [23℄, p 59)G�t = 1 + Z t0 G�s�dM�s = eM�t Y0�s�t�1 + �M�s � e��M�s (3.11)whih is learly a square integrable martingale. Using the fat that Y � is always stritly positive,we see that G� is stritly positive a.s. We now set P � = G�T :P . Thanks to (3.6), the GirsanovTheorem for random measures (see Jaod, Shiryaev, [23℄, p 157) shows that P � Æ (S�)�1 = P ,i.e. that the law of (N�; N1) under P � is the same as that of (N;N1) under P .It is easy to hek that : jY �(s; z)� Y �(s; z)j � j�� �j�(z) (3.12)We at last hek the following lemma :Lemma 3.2 If v is a perturbation, and if G� is the assoiated exponential martingale, then a.s.,the map � 7! G�T is ontinuous.Proof : using (3.11), we obtainG�T = exp "� Z T0 ZO �Y �(s; z) � 1�'(z)dzds# � exp "Z T0 ZO lnY �(s; z)N(ds; dz)# (3.13)Using (3.12) and the fat that � 2 L1(O;'(z)dz), it is obvious that the �rst term in the produtis a.s. ontinuous. Furthermore,jY �(s; z) � 1j = jY �(s; z)� Y 0(s; z)j � �(z) �  < 1 (3.14)Thus for all �; � 2 [�1; 1℄,���ln�Y �(s; z)�� ln (Y �(s; z))��� � 11�  ���Y �(s; z)� Y �(s; z)��� � 11�  j�� �j�(z) (3.15)and the seond term is also ontinuous.We now give a riterion of strit positivity.Theorem 3.3 Let X be a real valued random variable on 
, suh that P ÆX�1 = p(x)dx, withp ontinuous on IR, and let y0 2 IR. Assume that there exists a sequene vn of perturbationssuh that, if Xn(�) = X Æ S�n, then for eah n, the map� 7! Xn(�) (3.16)is a.s. twie di�erentiable on [�1; 1℄. Assume that there exists  > 0, Æ > 0, and k < 1, suhthat for all r 2℄0; 1℄, limn!1P (�n(r)) > 0 (3.17)



3. A CRITERION OF STRICT POSITIVITY. 175where�n(r) = (jX � y0j < r ; ���� ���Xn(0)���� �  ; supj�j�Æ "���� ���Xn(�)����+ ����� �2��2Xn(�)�����# � k) (3.18)Then there exists a ontinuous funtion �y0(:) : IR 7! IR+ suh that �y0(y0) > 0 and suh thatfor all f 2 C+b (IR), E(f(X)) � ZIR f(y)�y0(y)dy (3.19)In order to prove this riterion, we will use the following uniform loal inverse Theorem, thatan be found in Aida, Kusuoka, Strook, [1℄ :Lemma 3.4 Let  > 0, Æ > 0, and k <1 be �xed. Consider the following set :G = (g : IR 7! IR ,��g0(0)�� �  ; supjxj�Æ �jg(x)j + ��g0(x)��+ ��g00(x)��� � k) (3.20)Then there exists � > 0 and R > 0 suh that for every g 2 G, there exists a neigbourhood Vg of0 ontained in ℄�R;R[ suh that g is a di�eomorphism from Vg to ℄g(0) � �; g(0) + �[.Sine this lemma deals with the behaviour of funtions near 0, it an be obviously adapted tofuntions on [�1; 1℄.Proof of Theorem 3.3 :Step 1 : �rst notie that for all r � 1, all n, and all ! 2 �n(r),supj�j�Æ jXn(!; �)j � jXn(!; 0)j + Æk = jX(!)j + Æk � jy0j+ 1 + Æk = k0 (3.21)Thus, using Lemma 3.4, there exists � > 0 and R 2℄0; 1℄, depending only on Æ, , k, and k0,suh that for all r � 1, all n, and all ! 2 �n(r), there exists Vn(!) a neighbourhood of 0ontained in ℄ � R;R[ suh that the map � 7! Xn(!; �) is a di�eomorphism from Vn(!) to℄Xn(!; 0)� �;Xn(!; 0) + �[=℄X(!) � �;X(!) + �[.Choosing � small enough, we an assume that R � =2k. Thus, for all ! 2 �n(r) and � 2 Vn(!),we have ���� ���Xn(�)���� � =2 (3.22)We now �x r < �, and we hoose n large enough suh that P (�n(r)) > 0.Step 2 : the perturbations have been built in order to obtain, for all � and all f 2 C+b (IR),E(f(X)) = E(f(Xn(�))GnT (�)) (3.23)Thus E(f(X)) = 12 Z 1�1E(f(Xn(�))GnT (�))d�� 12E �ZVn f(Xn(�))GnT (�)d�� 1�n(r)� (3.24)



176 CHAPITRE 5 : STRICT POSITIVITY OF THE DENSITY FOR JUMPING SDEsUsing the �rst step, we substitute y = Xn(�), and we obtain :E(f(X)) � 12E 2664Z℄X��;X+�[ f(y) GnT (fXng�1(y))���� ���Xn(fXng�1(y))����dy � 1�n(r)3775 (3.25)� ZIR f(y)E 266412 (jX � yj)0BB�1 ^ GnT (fXng�1(y))���� ���Xn(fXng�1(y))����1CCA� 1�n(r)3775 dywhere  is a ontinuous funtion on IR+ suh that 1[0;r℄ �  � 1[0;�℄. Let�n(y) = E 266412 (jX � yj)�0BB�1 ^ GnT (fXng�1(y))���� ���Xn(fXng�1(y))����1CCA� 1�n(r)3775 (3.26)Step 3 : on one hand, it is lear that �n(y0) > 0 (reall the de�nition of �n(r)). On the otherhand, one an show by using the Lebesgue Theorem and Lemma 3.2 that �n is ontinuous. Thisonludes the proof.We at last state a usefull remark.Remark 3.5 Let X be a real-valued random variable on 
. Suppose that for eah y0 2 supp P ÆX�1, the assumptions of Theorem 3.3 hold. Then the law of X is bounded below by a measurewith a ontinuous stritly positive density.Proof : for eah y0 in supp P ÆX�1, we onsider the ontinuous funtion �y0 built in Theorem3.3. Sine �y0(y0) > 0, there exists a neighbourhood Wy0 of y0 on whih �y0 does not vanish.We easily dedue from (3.19) that for eah y0 in supp P ÆX�1,Wy0 � supp P ÆX�1 (3.27)Thus supp P ÆX�1 is an open set, and therefore is the whole real line.For eah n 2 Z, we thus an build a stritly positive ontinuous funtion �n on the ompat set[n; n+ 1℄ suh that for all f 2 C+b (IR),E(f(X)) � Z[n;n+1℄ f(y)�n(y)dy (3.28)One onludes easily, by hoosing a stritly positive funtion � on IR suh that for eah n 2 Z,all y 2 [n; n+ 1℄, �(y) � �n(y).In order to prove Theorem 2.4, we will of ourse apply the previous riterion. In the nextsetion, we will onsider a �xed perturbation vn, and we will ompute Xnt (�) = Xt Æ S�n andits derivatives for any t 2 [0; T ℄. Setion 5 is devoted to the expliit hoie of the sequene



4. COMPUTATION OF THE DERIVATIVES OF X. 177vn of perturbations. In Setion 6, we will prove that for eah y0 in IR, there exists a onstantC(y0) > 0 suh that for any r > 0,P ����� ���XnT (0)���� � C(y0) � XT 2℄y0 � r; y0 + r[� �! 1 (3.29)At last, we will hek in Setion 7 that for some onstant K,P  supj�j�1(���� ���XnT (�)����+ ����� �2��2XnT (�)�����) � K! �! 1 (3.30)Sine for all y0 2 supp P ÆX�1T , for all r > 0, P (XT 2℄y0�r; y0 +r[) > 0, we will easily onludeat the end of Setion 7.4 Computation of the derivatives of X.Reall thatXt = x0 + Z t0 ZO h(Xs�; z) ~N (ds; dz) + Z t0 g(Xs�)ds+ Z t0 ZE f(Xs�; u) ~N1(ds; du) (4.1)We onsider in this setion a �xed perturbation vn, and ompute Xnt (�) = Xt Æ S�n. Then weprove that for eah t, Xnt (�) is a.s. di�erentiable on [�1; 1℄ and obtain ���Xnt (�). At last, westudy the seond derivative �2��2Xnt (�).4.1 The perturbed proess.The diret expression of Xnt (�) is given byXnt (�) = x0 + Z t0 ZO h(Xns�(�); z)(N�n � �)(ds; dz) + Z t0 g(Xns�(�))ds+ Z t0 ZE f(Xns�(�); u) ~N1(ds; du) (4.2)But Z t0 ZO h(Xns�(�); z)(N�n � �)(ds; dz) = Z t0 ZO h(Xns�(�); z)(N�n � �n(�))(ds; dz)+ Z t0 ZO h(Xns�(�); z)(�n(�)� �)(ds; dz)= Z t0 ZO h(Xns�(�); �n(s; z)) ~N (ds; dz)+ Z t0 ZO hh(Xns�(�); �n(s; z)) � h(Xns�(�); z)i'(z)dzds (4.3)Finally,



178 CHAPITRE 5 : STRICT POSITIVITY OF THE DENSITY FOR JUMPING SDEsProposition 4.1 For eah � 2 [�1; 1℄, the perturbed proess Xnt (�) = Xt ÆS�n is solution of thefollowing equation :Xnt (�) = x0 + Z t0 ZO h(Xns�(�); �n(s; z)) ~N (ds; dz)+ Z t0 ZO hh(Xns�(�); �n(s; z)) � h(Xns�(�); z)i '(z)dzds+ Z t0 g(Xns�(�))ds+ Z t0 ZE f(Xns�(�); u) ~N1(ds; du) (4.4)4.2 The �rst derivative.We now would like to di�erentiate the paths of the map � 7! Xn(�). Consider the followinglinear equation, that is obtained by di�erentiating formally (4.4).���Xnt (�) = Z t0 ZO h0x(Xns�(�); �n(s; z)) ���Xns�(�) ~N(ds; dz)+ Z t0 ZO h0z(Xns�(�); �n(s; z))vn(s; z) ~N (ds; dz)+ Z t0 ZO hh0x(Xns�(�); �n(s; z)) � h0x(Xns�(�); z)i ���Xns�(�)'(z)dzds+ Z t0 ZO h0z(Xns�(�); �n(s; z))vn(s; z)'(z)dzds (4.5)+ Z t0 g0(Xns�(�)) ���Xns�(�)ds+ Z t0 ZE f 0x(Xns�(�); u) ���Xns�(�) ~N1(ds; du)Proposition 4.2 Fix an integer n. The map � 7! XnT (�) is a.s. di�erentiable on [�1; 1℄, andits derivative ���XnT (�) is the terminal value of the solution of equation (4.5).Proof : for simpliity, we drop the supersript n, sine it is �xed. We break the proof in severalsteps.Step 1 : we onsider an inreasing sequene Ok (resp. Ek) of subsets of O (resp. of E) suhthat Ok goes to O (resp. Ek goes to E), and for all k,ZOk '(z)dz <1 ; ZEk q(du) <1 (4.6)Then we denote by �Xkt (�) and ��� �Xkt (�) the solutions of (4.4) and (4.5) where we have replaedO and E by Ok and Ek. Using lassial estimates, as Burkholder's inequality and Gronwall'sLemma, one an easily hek that �XkT (�)�XT (�) and ��� �XkT (�)� ��� �XT (�) satisfy the assump-tions of Lemma 8.1 of the Appendix. Thus there exists a subsequene suh that a.s., when l



4. COMPUTATION OF THE DERIVATIVES OF X. 179goes to in�nity, supj�j�1 ��� �XklT (�)�XT (�)���+ supj�j�1 ���� ��� �XklT (�)� ���XT (�)���� �! 0 (4.7)Step 2 : We now �x k, and we prove that there exists a random variable Zk <1 a.s. suh thatfor all �; �, and all t 2 [0; T ℄, ��� �Xkt (�+ �)� �Xkt (�)��� � j�jZk (4.8)Indeed, it is possible, using strongly the fat that N([0; T ℄�Ok)+N1([O;T ℄�Ek) <1 a.s., thatthere exists a onstant C < 1 and a random variable Ak < 1 a.s. suh that for all t 2 [0; T ℄and all �; �,��� �Xkt (�+ �)� �Xkt (�)��� � j�jAk + C Z t0 ��� �Xks�(� + �)� �Xks�(�)��� ds+C Z t0 ZOk ��� �Xks�(�+ �)� �Xks�(�)���N(ds; dz)+C Z t0 ZEk ��� �Xks�(� + �)� �Xks�(�)���N1(ds; du) (4.9)We denote by 0 < S1 < ::: < S� < T the times of jump of the proess N([0; t℄�Ok) +N1([0; t℄�Ek). This way, we obtain��� �Xkt (�+ �)� �Xkt (�)��� � j�jAk + C Z t0 ��� �Xks�(� + �)� �Xks�(�)��� ds+C �Xi=1 ��� �XkSi�(�+ �)� �XkSi�(�)��� 1ft�Sig (4.10)Using Gronwall's Lemma on [0; S1[, we obtain for all t 2 [0; S1[,��� �Xkt (� + �)� �Xkt (�)��� � j�jAkeCS1 � j�jAkeCT (4.11)This way, we an write for t in [S1; S2[��� �Xkt (� + �)� �Xkt (�)��� � j�jAk + CS1j�jAkeCT + C Z tS1 ��� �Xks�(�+ �)� �Xks�(�)��� ds+Cj�jAkeCT (4.12)Using again Gronwall's Lemma, we obtain for all t 2 [S1; S2[,��� �Xkt (�+ �)� �Xkt (�)��� � j�j hAk +AkCTeCT + CAkeCT i eCT (4.13)Iterating this argument, we obtain the existene of the announed random variable Zk, and theseond step is �nished.



180 CHAPITRE 5 : STRICT POSITIVITY OF THE DENSITY FOR JUMPING SDEsStep 3 : we again �x k, and we set�kt (�; �) = ���� �Xkt (� + �)� �Xkt (�)� � ��� �Xkt (�)���� (4.14)Then one an hek, by using Step 2 and the same arguments as in this previous step, that thereexists a random variable Uk <1 a.s. suh that for all t 2 [0; T ℄, and all �; �,�kt (�; �) � �2Uk (4.15)This of ourse implies that a.s., the map � 7! �XkT (�) is di�erentiable on [�1; 1℄, and its derivativeis ��� �XkT (�).This and the onvergene (4.7) yield that Proposition 4.2 is proved.Rewriting equation (4.5), we obtainProposition 4.3 for eah � 2 [�1; 1℄, the proess ���Xnt (�) is solution of the following S.D.E.���Xnt (�) = Z t0 ZO h0x(Xns�(�); �n(s; z)) ���Xns�(�) ~N(ds; dz)+ Z t0 ZO hh0x(Xns�(�); �n(s; z)) � h0x(Xns�(�); z)i ���Xns�(�)'(z)dzds+ Z t0 g0(Xns�(�)) ���Xns�(�)ds+ Z t0 ZE f 0x(Xns�(�); u) ���Xns�(�) ~N1(ds; du)+ Z t0 ZO h0z(Xns�(�); �n(s; z))vn(s; z)N(ds; dz) (4.16)This an also be written ���Xnt (�) = Z t0 ���Xns�(�)dKns (�) +Hnt (�) (4.17)where Knt (�) = Z t0 ZO h0x(Xns�(�); �n(s; z)) ~N (ds; dz)+ Z t0 ZO hh0x(Xns�(�); �n(s; z))� h0x(Xns�(�); z)i'(z)dzds+ Z t0 g0(Xns�(�))ds+ Z t0 ZE f 0x(Xns�(�); u) ~N1(ds; du) (4.18)and Hnt (�) = Z t0 ZO h0z(Xns�(�); �n(s; z))vn(s; z)N(ds; dz) (4.19)



4. COMPUTATION OF THE DERIVATIVES OF X. 181Thanks to assumption (P ), 1 + �Kns�(�) does never vanish, thus the Dol�eans-Dade exponentialmartingale E(Kn(�)) is a.s. invertible, and we an write (see Jaod, [22℄) :���Xnt (�) = E(Kn(�))t � Z t0 E(Kn(�))�1s� (1 + �Kns (�))�1 dHns (�) (4.20)Finally, sine N and N1 are independent, they never jump together a.s., and we obtain :Remark 4.4 The proess ���Xnt (�) is given by���Xnt (�) = E(Kn(�))t � Z t0 ZO E(Kn(�))�1s� h0z(Xns�(�); �n(s; z))1 + h0x(Xns�(�); �n(s; z))vn(s; z)N(ds; dz) (4.21)4.3 The seond derivative.Exatly as in the previous subsetion, we obtain :Proposition 4.5 The seond derivative �2��2Xnt (�) is solution of the following equation�2��2Xnt (�) = Z t0 �2��2Xns�(�)dKns (�) + Lnt (�) (4.22)whereLnt (�) = 2 Z t0 ZO h00xz(Xns�(�); �n(s; z)) ���Xns�(�)vn(s; z)N(ds; dz)+ Z t0 ZO h00zz(Xns�(�); �n(s; z))v2n(s; z)N(ds; dz)+ Z t0 ZO h00xx(Xns�(�); �n(s; z))� ���Xns�(�)�2 ~N(ds; dz)+ Z t0 ZO hh00xx(Xns�(�); �n(s; z))� h00xx(Xns�(�); z)i � ���Xns�(�)�2 '(z)dzds+ Z t0 g00(Xns�(�))� ���Xns�(�)�2 ds+ Z t0 ZE f 00xx(Xns�(�); u)� ���Xns�(�)�2 ~N1(ds; du) (4.23)We end this setion with a lassial remark.Remark 4.6 For eah n 2 IN , and eah � 2 [�1; 1℄, the proesses Xnt (�), ���Xnt (�), and�2��2Xnt (�) are the solution of standard S.D.E.s. Thanks to (H), it is well-known that for eah�, eah n, and eah p <1, there exists a onstant C(n; p; �) suh thatE  sup[0;T ℄ jXnt (�)jp!+E  sup[0;T ℄ ���� ���Xnt (�)����p!+E  sup[0;T ℄ ����� �2��2Xnt (�)�����p! � C(n; p; �) (4.24)



182 CHAPITRE 5 : STRICT POSITIVITY OF THE DENSITY FOR JUMPING SDEs5 Choie of the perturbation.Let us �rst reall that, thanks to (4.18) and (4.21) :���XnT (0) = E(K)T � Z T0 ZO E(K)�1s� h0z(Xs�; z)1 + h0x(Xs�; z)vn(s; z)N(ds; dz) (5.1)whereKt = Z t0 ZO h0x(Xs�; z) ~N (ds; dz) + Z t0 g0(Xs�)ds+ Z t0 ZE f 0x(Xs�; u) ~N1(ds; du) (5.2)The main idea onsists in hoosing vn in suh a way that for some 0 < � < K < 1, theprobability P ����� ���XnT (0)���� 2 [�;K℄ � XT 2 [y0 � r; y0 + r℄�goes to 1 when n goes to in�nity. In order to get rid of the random terms E(K)T and E(K)�1s�,we will hoose vn(s; z) equal to 0 for 0 � s < T � an, for some sequene an dereasing to 0, andwe will use the a.s. ontinuity of E(K) at T . The term (1 + h0x(Xs�; z))�1 is not a problem,sine it always belongs to [1=(1+ k � k1); 1=0℄, thanks to (P ) and (H). Thanks to (SP ) andproposition 2.5, h0z(Xs�; z) �  (y0)Æ(z) near T on the set fXT 2 [y0�r; y0+r℄g. Then, hoosingvn � �n, we will use the fat that thanks to (2.18) in (SP ),Z TT�an ZO Æ(z)�n(z)N(ds; dz)goes a.s. to in�nity when n goes to in�nity. By this way, we will get a good lowerbound. Theupperbound will be obtained by using a well-hosen stopping time.Let us now desribe the sequene vn of perturbations. We will develop the arguments above inthe next setions.De�nition 5.1 Consider the sequenes of inreasing proessesZnt = Z t0 ZO �n(z)Æ(z)N(ds; dz) ; Unt = Z t0 ZO h�2n(z)�(z) + �3n(z)�n(z)iN(ds; dz) (5.3)where an, �n, Æ, �, and �n are de�ned in (SP ). De�ne the stopping timesTn = inf �t > T � an ÆZnt � ZnT�an � l	 ; Rn = inf �t > T � an ÆUnt � UnT�an � l	 (5.4)where l > 0 is a stritly positive real number that we will hoose (very small) in Setion 7. Wenow set vn(s; z) = 1[T�an;T^Tn^Rn℄(s)�n(z)sg(E(K)�1s�) (5.5)where sg(x) denotes the sign of x.It is lear from (SP ) that for eah n, vn is a perturbation in the sense of De�nition 3.1. We willneed the following key lemma :



6. LOWERBOUND FOR THE DERIVATIVE AT 0. 183Lemma 5.2 When n goes to in�nity,P (Tn � T < Rn) �! 1 (5.6)Proof : �rst, P (Tn � T ) = P (ZnT � ZnT�an � l)� 1� elE �exp ��(ZnT � ZnT�an)	�� 1� el exp "� Z TT�an ZO �1� e�Æ(z)�n(z)�'(z)dzds#� 1� el exp��Kan ZO �n(z)Æ(z)'(z)dz� �! 1 (5.7)We have used ondition (2.18) of (SP ), and the fat that, sine k Æ�n k1� d0 k Æ k1, thereexists a onstant K suh that for all z,1� e�Æ(z)�n(z) � KÆ(z)�n(z) (5.8)Furthermore, thanks to (2.19) in (SP ),P (Rn � T ) = P (UnT � UnT�an � l)� 1l E �UnT � UnT�an�= 1l an ZO h�2n(z)�(z) + �3n(z)�n(z)i'(z)dz �! 0 (5.9)The lemma is proved.At last, we notie that sine Un and Zn are �adl�ag and inreasing, sine�n(z)Æ(z) � d0 k Æ k1 ; �2n(z)�(z) + �3n(z)�n(z) � d0 (k � k1 + k �n k1)for all t � T � an, Znt^Tn � ZnT�an � l + d0 k Æ k1 ; ZnTn � ZnT�an � l (5.10)Unt^Tn � UnT�an � l + d0 �k � k1 + supn k �n k1� ; UnTn � UnT�an � l (5.11)6 Lowerbound for the derivative at 0.Thanks to our hoie for vn, sine 1 + h0x � 0 thanks to (P ) and sine h0z � 0 thanks toProposition 2.5, we an write���� ���XnT (0)���� = jE(K)T j � Z Rn^Tn^TT�an ZO ���E(K)�1s���� h0z(Xs�; z)1 + h0x(Xs�; z)�n(z)N(ds; dz) (6.1)This setion is devoted to the proof of the following proposition :



184 CHAPITRE 5 : STRICT POSITIVITY OF THE DENSITY FOR JUMPING SDEsProposition 6.1 For eah y0 2 IR and eah l > 0, there exists a onstant C(y0; l) > 0 suhthat for any r 2℄0; 1℄,P ����� ���XnT (0)���� � C(y0; l) � XT 2℄y0 � r; y0 + r[� �! 1 (6.2)Proof : thanks to (H), 1 + h0x � 1+ k � k1, and thanks to (SP ), h0z(x; z) �  (x)Æ(z). Hene,���� ���XnT (0)���� � 11+ k � k1 jE(K)T j � Z Rn^Tn^TT�an ZO ���E(K)�1s���� (Xs�)Æ(z)�n(z)N(ds; dz)� 11+ k � k1 inf[T�an;T ℄ ���E(K)TE(K)�1s����� inf[T�an;T ℄ (Xs�)� Z Rn^Tn^TT�an ZO Æ(z)�n(z)N(ds; dz)= 11+ k � k1 �An �Bn � (ZnT^Tn^Rn � ZnT�an) (6.3)where Zn is de�ned by (5.3).Sine E(K) is a.s. ontinuous at T , sine, thanks to (P ), E(K) does never vanish a.s., it is learthat An goes a.s. to 1 when n goes to in�nity.Sine, from (SP )-1,  is ontinuous, sine X is a.s. ontinuous at T , it is lear that on the setf! 2 
 ; XT (!) 2℄y0 � r; y0 + r[g, a.s.,lim Bn � inf℄y0�2r;y0+2r[ (x) � inf℄y0�2;y0+2[ (x) = � (y0) > 0 (6.4)At last, sine P (Tn < T < Rn) goes to 1 (see Lemma 5.2), and sine ZnTn � ZnT�an � l a.s.,P (ZnT^Tn � ZnT�an � l) �! 1 (6.5)ThusP ����� ���XnT (0)���� � 12 � 11+ k � k1 � 1� � (y0)� l� � XT 2℄y0 � r; y0 + r[� �! 1 (6.6)and we have heked the �rst part of Criterion 3.3 for XT .7 Upperbound for the derivatives.We have to prove now that there exists a onstant K <1 suh that, when n goes to in�nity,P  supj�j�1 ���� ���XnT (�)���� � K! �! 1 (7.1)P  supj�j�1 ����� �2��2XnT (�)����� � K! �! 1 (7.2)



7. UPPERBOUND FOR THE DERIVATIVES. 1857.1 Upperbound for the �rst derivative.Let us observe equation (4.16). Thanks to our hoie for the perturbation vn, it is lear that���Xnt (�) does vanish for s � T � an. Thus only the seond and �fth terms in (4.16) seem notto go to 0. Hene, we onsider the following S.D.E. : it looks like (4.16), but we have kept onlythe seond and �fth terms.Int (�) = Z t0 ZO hh0x(Xns�(�); �n(s; z))� h0x(Xns�(�); z)i Ins�(�)N(ds; dz)+ Z t0 ZO h0z(Xns�(�); �n(s; z))vn(s; z)N(ds; dz) (7.3)Notie that the �rst term is an integral against N(ds; dz) instead of '(z)dzds. This omes fromthe fat that we will have to ontrol the paths of Int (�), and beause our perturbation ontainsa stopping time whih gives information about N . Furthermore, the di�erene between theintegral against N and the one against '(z)dzds will go to 0.Reall now that we an hoose d0 2℄0; 1[ (see (SP ), and Proposition 2.5) and l > 0 (see De�nition5.1) as small as we want. Remark that it is obvious from (H) that supn k �n k1<1. We willprove in this setion the following estimate.Proposition 7.1 If we hoose0 < l � 164 ; 0 < d0 � 132 (k Æ k1 + k � k1 + supn k �n k1) ^ 1 (7.4)then, when n goes to in�nity, P  supj�j�1 ���� ���XnT (�)���� � 1! �! 1 (7.5)In order to prove this, we will use the following lemmas.Lemma 7.2 Assume that l and d0 are as in Proposition 7.1. Then for all n,a:s: ; supj�j�1 sup[0;T ℄ jInt (�)j � 1=2 (7.6)Lemma 7.3 Assume that l and d0 are as in Proposition 7.1. Let p 2 [1;1[ be �xed. Thereexists a onstant Cp <1 suh that for all �, � in [�1; 1℄ and all n,E  sup[0;T ℄ jXnt (�)jp! � Cp (7.7)E  sup[0;T ℄ jXnt (�)�Xnt (�)jp! � Cpj�� �jp (7.8)E  sup[0;T ℄ ���� ���Xnt (�)����p! � Cp (7.9)E  sup[0;T ℄ ���� ���Xnt (�)� ���Xnt (�)����p! � Cpj�� �jp (7.10)



186 CHAPITRE 5 : STRICT POSITIVITY OF THE DENSITY FOR JUMPING SDEsLemma 7.4 Assume that l and d0 are as in Proposition 7.1. Let p 2 [1;1[ be �xed. Thereexists a onstant Cp <1 suh that for all �, � in [�1; 1℄ and all n,E  sup[0;T ℄ jInt (�)� Int (�)jp! � Cpj�� �jp (7.11)Furthermore, for all � 2 [�1; 1℄,E  sup[0;T ℄ ����Int (�)� ���Xnt (�)����p! �!n!1 0 (7.12)We now assume for a moment that these lemmas hold.Proof of Proposition 7.1 : from estimates (7.10), (7.12), (7.11), and Lemma 8.1 of the Appendix,we dedue that, when n goes to in�nity,P  supj�j�1 ����InT (�)� ���XnT (�)���� � 1=2! �! 0 (7.13)Thus, using (7.6),P  supj�j�1 ���� ���XnT (�)���� � 1! � P  supj�j�1 jInT (�)j � 1=2 ; supj�j�1 ���� ���XnT (�)� InT (�)���� � 1=2!� P  supj�j�1 ���� ���XnT (�)� InT (�)���� � 1=2! �! 1 (7.14)and the proposition is proved.Proof of Lemma 7.2 : we work here for a �xed ! 2 
. Using the funtions Æ, � and �n de�ned in(SP ) and Notation 2.3, the fat that j�n(s; z)� zj � jvn(s; z)j and jvn(s; z)j � �n(z), we obtain,for all x 2 IR,���h0z(x; �n(s; z))��� � jh0z(x; z)j + j�n(s; z) � zj � supjz�wj�jvn(s;z)j jh00zz(x;w)j� Æ(z) + jvn(s; z)j � "jh00zz(x; z)j+ jvn(s; z)j � supjz�wj�jvn(s;z)j jh000zzz(x;w)j#� Æ(z) + jvn(s; z)j�(z) + v2n(s; z)�n(z) (7.15)and in the same way,���h0x(x; �n(s; z)) � h0x(x; z)��� � jvn(s; z)jÆ(z) + v2n(s; z)�(z) + jvn(s; z)j3�n(z) (7.16)Thus, sine jvn(s; z)j � �n(z)1[T�an ;Tn^Rn^T ℄(s), we see thatsup[0;t℄ jIns (�)j � Z Tn^Rn^t(T�an)^t ZO hÆ(z) + �n(z)�(z) + �2n(z)�n(z)i



7. UPPERBOUND FOR THE DERIVATIVES. 187
� �jIns�(�)j+ 1��n(z)N(ds; dz)� "1 + sup[0;t℄ jIns (�)j# � h Z TnT�an ZO Æ(z)�n(z)N(ds; dz)+ Z RnT�an ZO h�2n(z)�(z) + �3n(z)�n(z)iN(ds; dz)i� "1 + sup[0;t℄ jIns (�)j# � [2l + d0(k Æ k1 + k � k1 + k �n k1)℄ (7.17)We have used here only the de�nitions of Tn and Rn. But we have hosen d0 and l satisfying[2l + d0(k Æ k1 + k � k1 + k �n k1)℄ � 1=16 (7.18)we thus obtain sup[0;t℄ jIns (�)j � 116 + 116 sup[0;t℄ jIns (�)j (7.19)and the proof of (7.6) is �nished.Proof of Lemma 7.3 : �rst of all, we omit the proofs of (7.7), (7.8), and (7.9), beause they aresimilar but easier than the one of (7.10). In order to prove (7.10), we set :�nt (�; �) = Xnt (�)�Xnt (�) ; �nt (�; �) = ���Xnt (�)� ���Xnt (�) (7.20)Then, using the expression (4.16), we see that (the onstant K depends only on p)E  sup[0;t℄ j�ns (�; �)jp!� KEh sup[0;t℄ ��� Z u0 ZO �h0x(Xns�(�); �n(s; z)) � h0x(Xns�(�); �n(s; z))�� ���Xns�(�) ~N(ds; dz)���pi+KEh sup[0;t℄ ��� Z u0 ZO �h0x(Xns�(�); �n(s; z))� h0x(Xns�(�); �n(s; z))�� ���Xns�(�) ~N(ds; dz)���pi+KE "sup[0;t℄ ����Z u0 ZO h0x(Xns�(�); �n(s; z)) � �ns�(�; �) ~N (ds; dz)����p#+2p�1E �����Z t0 ZO ���h0x(Xns�(�); �n(s; z))� h0x(Xns�(�); z)��� j�ns�(�; �)j'(z)dzds����p�
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+KE �����Z t0 ZO ���h0x(Xns�(�); �n(s; z))� h0x(Xns�(�); �n(s; z))��� ���� ���Xns�(�)����'(z)dzds����p�+KEh��� Z t0 ZO ���h0x(Xns�(�); �n(s; z))� h0x(Xns�(�); z) � h0x(Xns�(�); �n(s; z))+h0x(Xns�(�); z)��� ���� ���Xns�(�)����'(z)dzds���pi+KE �����Z t0 ��g0(Xns�(�)) � g0(Xns�(�))��� ���� ���Xns�(�)���� ds����p�+KE �����Z t0 ��g0(Xns�(�))��� ���ns�(�; �)�� ds����p�+KE "sup[0;t℄ ����Z u0 ZO �f 0x(Xns�(�); u) � f 0x(Xns�(�); u)�� ���Xns�(�) ~N1(ds; du)����p#+KE "sup[0;t℄ ����Z u0 ZO f 0x(Xns�(�); u) � �ns�(�; �) ~N1(ds; du)����p#+KE "�����Z t(T�an)^t ZO ���h0z(Xns�(�); �n(s; z))� h0z(Xns�(�); �n(s; z))���� �n(z)N(ds; dz)�����p#+KE "�����Z t(T�an)^t ZO ���h0z(Xns�(�); �n(s; z))� h0z(Xns�(�); �n(s; z))���� �n(z)N(ds; dz)�����p#= Jn;1t (�; �) + :::+ Jn;12t (�; �) (7.21)First, we ompute Jn;1. Using Burkholder's inequality, we obtainJn;1t (�; �) � KEh��� Z t0 ZO �h0x(Xns�(�); �n(s; z))� h0x(Xns�(�); �n(s; z))�2 (7.22)� ���Xns�(�)�2N(ds; dz)���p=2iUsing the funtions �, Æ, �, �n de�ned in (SP ) and (H), using the fats that jvn(s; z)j � �n(z)and j�n(s; z)� zj � jvn(s; z)j, we see that for all x; y in IR,���h0x(x; �n(s; z))� h0x(y; �n(s; z))��� � jx� yjh�(z) + jvn(s; z)jÆ(z)+jvn(s; z)j2�(z) + jvn(s; z)j3�n(z)i (7.23)Using De�nition 5.1 of vn, we see that Jn;1t (�; �) is smaller thanKE 24�����Z t0 ZO ��ns�(�; �)�2 � � ���Xns�(�)�2 � �2(z)N(ds; dz)�����p=235
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+KEh��� Z t(T�an)^t ZO ��ns�(�; �)�2 � � ���Xns�(�)�2� hÆ�n + ��2n + �n�3ni2 (z)N(ds; dz)���p=2iWe now apply Lemma 8.2 for the �rst term. For the seond term, we use Lemma 8.4-1, of whihthe onditions are satis�ed thanks to (SP ). This gives :Jn;1t (�; �) � K Z t0 E �j�ns (�; �)jp � ���� ���Xns (�)����p� ds+Kan Z t(T�an)^tE �j�ns (�; �)jp � ���� ���Xns (�)����p� ds (7.24)At last, we dedue from Cauhy-Shwarz's inequality, (7.8) and (7.9) thatJn;1t (�; �) � Kj�� �jp (7.25)In order to estimate Jn;2, we will use Burkholder's inequality, then the fat that, sine j�n(s; z)��n(s; z)j � j�� �j � jvn(s; z)j, for all x 2 IR,jh0x(x; �n(s; z))� h0x(x; �n(s; z))j � j�� �j � jvn(s; z)j � hÆ(z) + jvn(s; z)j�(z)+jvn(s; z)j2�n(z)i (7.26)This way, Jn;2t (�; �) is smaller thanKj�� �jp �Eh��� Z t(T�an)^t ZO hÆ(z)�n(z) + �(z)�2n(z) + �n(z)�3n(z)i2� ���� ���Xns�(�)����2N(ds; dz)��� p2 i� Kj�� �jp � 1an Z t(T�an)^t E ����� ���Xns (�)����p� ds� Kj�� �jp (7.27)for the same reasons as in the omputation of Jn;1.We now notie that for any real number x,���h0x(x; �n(s; z))��� � �(z) + jvn(s; z)j � Æ(z) + jvn(s; z)j2 � �(z) + jvn(s; z)j3 � �n(z) (7.28)Thus, exatly as for Jn;1, we obtain :Jn;3t (�; �) � K Z t0 E [j�ns (�; �)jp℄ ds+ Kan Z t(T�an)^tE [j�ns (�; �)jp℄ ds (7.29)



190 CHAPITRE 5 : STRICT POSITIVITY OF THE DENSITY FOR JUMPING SDEsWe now are interested in Jn;4. First notie thatjh0x(x; �n(s; z)) � h0x(x; z)j � jvn(s; z)jÆ(z) + v2n(s; z)�(z) + jvn(s; z)j3�n(z) (7.30)Hene Jn;4t (�; �) � 2p�1Eh��� Z Tn^Rn^t(T�an)^t ZO ���ns�(�; �)��� hÆ(z)�n(z) + �(z)�2n(z)+�n(z)�3n(z)i'(z)dzds���pi� 4p�1E "�����Z Tn^t(T�an)^t ZO ���ns�(�; �)��� Æ(z)�n(z)'(z)dzds�����p# (7.31)+4p�1E "�����Z Rn^t(T�an)^t ZO ���ns�(�; �)��� h�(z)�2n(z) + �n(z)�3n(z)i'(z)dzds�����p#Using Assumption (SP ), Lemma 8.5, and the de�nitions of Tn and Rn (see De�nition 5.1), wededue thatJn;4t (�; �) � 4p�1 "2p�1(l + d0 k Æ k1 )p �E  sup[0;t℄ j�ns (�; �)jp!#+4p�1 "2p�1(l + d0(k � k1 + k �n k1))p �E  sup[0;t℄ j�ns (�; �)jp!#+Kan Z t(T�an)^t E (j�ns (�)jp) ds (7.32)But we have hosen l and d0 satisfying (7.18). ThusJn;4t (�; �) � 12pE  sup[0;t℄ j�ns (�; �)jp!+ Kan Z t(T�an)^tE (j�ns (�)jp) ds (7.33)A similar omputation allows us to writeJn;5t (�; �) � Kj�� �jp � "KE  sup[0;t℄ ���� ���Xns (�)����p!+ Kan Z t(T�an)^tE ����� ���Xns (�)����p� ds# (7.34)Thanks to (7.9), we obtain Jn;5t (�; �) � Kj�� �jp (7.35)Sine ���h0x(x; �n(s; z)) � h0x(x; z) � h0x(y; �n(s; z)) + h0x(y; z)���� jx� yj �jvn(s; z)jÆ(z) + v2n(s; z)�(z) + jvn(s; z)j3�n(z)� (7.36)



7. UPPERBOUND FOR THE DERIVATIVES. 191one an hek, as in the omputation of Jn;4, thatJn;6t (�; �) � KE  sup[0;t℄ j�ns (�; �)jp ���� ���Xns (�)����p!+Kan Z t(T�an)^t E �j�ns (�)jp ���� ���Xns (�)����p� ds� Kj�� �jp (7.37)thanks to the Cauhy-Shwarz inequality, and estimates (7.8) and (7.9).Using (H), Lemma 8.2 for the Poissonian terms, one easily heks thatJn;7t (�; �) + :::+ Jn;10t (�; �) � K Z t0 E �j�ns (�; �)jp � ���� ���Xns (�)����p� ds+K Z t0 E (j�ns (�; �)jp) ds (7.38)Using the Cauhy-Shwarz inequality, and estimations (7.8) and (7.9), we an onlude thatJn;7t (�; �) + :::+ Jn;10t (�; �) � Kj�� �jp +K Z t0 E ����ns�(�)��p� ds (7.39)It is easy to hek thatjh0z(x; �n(s; z))�h0z(y; �n(s; z))j � jx�yj�hÆ(z) + jvn(s; z)j � �(z) + jvn(s; z)j2 � �n(z)i (7.40)Thus Jn;11t (�; �) is smaller thanKE "�����Z Tn^Rn^t(T�an)^t ZO j�ns�(�; �)j � hÆ(z)�n(z) + �(z)�2n(z) + �n(z)�3n(z)iN(ds; dz)�����p#� KE "�����Z TnT�an ZO Æ(z)�n(z)N(ds; dz)�����p � sup[0;T ℄ j�ns (�; �)jp#+KE "�����Z RnT�an ZO h�(z)�2n(z) + �n(z)�3n(z)iN(ds; dz)�����p � sup[0;T ℄ j�ns (�; �)jp#� Kj�� �jp (7.41)thanks to the de�nitions of Tn, Rn, and equation (7.8).At last, sinejh0z(x; �n(s; z))� h0z(x; �n(s; z))j � j�� �j � jvn(s; z)j � [�(z) + jvn(s; z)j�n(z)℄ (7.42)we see that (thanks to the de�nition of Rn) :Jn;12t (�; �) � KE "�����Z RnT�an ZO j�� �j � h�(z)�2n(z) + �n(z)�3n(z)iN(ds; dz)�����p# � Kj�� �jp(7.43)



192 CHAPITRE 5 : STRICT POSITIVITY OF THE DENSITY FOR JUMPING SDEsFinally, we obtain, for some onstants K1;K2;K3 depending only on p,E  sup[0;t℄ j�ns (�; �)jp! � K1j�� �jp +K2 Z t0 E (j�ns (�; �)jp) ds+K3an Z t(T�an)^tE (j�ns (�; �)jp) ds+ 12pE "sup[0;t℄ j�ns (�)jp# (7.44)Thus, sine p � 1,E  sup[0;t℄ j�ns (�; �)jp! � 2K1j�� �jp + 2K2 Z t0 E (j�ns (�; �)jp) ds+2K3an Z t(T�an)^tE (j�ns (�; �)jp) ds (7.45)Furthermore, it is lear, from Remark 4.6, that for eah �, �, n, the funtion f(t) = E  sup[0;t℄ j�ns (�; �)jp!is bounded on [0; T ℄. We thus an apply the extended Gronwall Lemma 8.6 proved in the Ap-pendix, and onlude that there exists a onstant Cp, independent of �, �, and n, suh thatE  sup[0;t℄ j�ns (�; �)jp! � Cpj�� �jp (7.46)Proof of Lemma 7.4 : we �rst hek (7.12). We set Ant (�) = ���Xnt (�)�Int (�). Writing '(z)dzdsas N(ds; dz) � ~N(ds; dz) in the expression (4.16) of ���Xnt (�), we see thatAnt (�) = Z t0 ZO h0x(Xns�(�); �n(s; z)) ���Xns�(�) ~N (ds; dz)+ Z t0 ZO hh0x(Xns�(�); �n(s; z))� h0x(Xns�(�); z)iAns�(�)N(ds; dz)� Z t0 ZO hh0x(Xns�(�); �n(s; z))� h0x(Xns�(�); z)i ���Xns�(�) ~N (ds; dz) (7.47)+ Z t0 g0(Xns�(�)) ���Xns�(�)ds+ Z t0 ZE f 0x(Xns�(�); u) ���Xns�(�) ~N1(ds; du)But it is easy to hek that ���Xnt (�) vanishes as soon as t � T �an. Hene, using Burkholder'sinequality for the �rst, third, and �fth terms, using inequalities (7.28) and (7.30), the expressionof vn (see De�nition 5.1), and (H), we see thatE  sup[0;t℄ jAns (�)jp!
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� KEh��� Z t(T�an)^t ZO h�(z) + �n(z)Æ(z) + �2n(z)�(z) + �3n(z)�n(z)i2� ���� ���Xns�(�)����2N(ds; dz)��� p2 i+2p�1E "�����Z Tn^Rn^t(T�an)^t ZO h�n(z)Æ(z) + �2n(z)�(z) + �3n(z)�n(z)i� jAns (�)jN(ds; dz)�����p#+KE 24�����Z t(T�an)^t ZO h�n(z)Æ(z) + �2n(z)�(z) + �3n(z)�n(z)i2 ���� ���Xns�(�)����2N(ds; dz)����� p235+K Z t(T�an)^t E ����� ���Xns�(�)����p� ds+KE 24�����Z t(T�an)^t ZE �2(u) ���� ���Xns�(�)����2N1(ds; du)����� p235� Dn;1t (�) + :::+Dn;5t (�) (7.48)First,Dn;1t (�) � KE "sup[0;T ℄ ���� ���Xns (�)����p# 12 (7.49)� E "�����Z TT�an ZO h�2(z) + �2n(z)Æ2(z) + �4n(z)�2(z) + �6n(z)�2n(z)iN(ds; dz)�����p# 12Using Lemma 8.4, sine from (SP ),an ZO h�2(z) + �2n(z)Æ2(z) + �4n(z)�2(z) + �6n(z)�2n(z)i'(z)dz �!n!1 0 (7.50)and using (7.9), it is lear that Dn;1t (�) � Kn, where the sequene Kn goes to 0. One an hek inthe same way that Dn;3t (�) � Ln, where Ln goes to 0. It is lear from (7.9) that Dn;4t (�) � Kan.Thanks to Lemma 8.2 and estimation (7.9), sine � 2 L2(E; q), we see that Dn;5t (�) � Kan. Atlast, the de�nitions of Tn and Rn yield thatDn;2t (�) � 4p�1E "�����Z Tn^t(T�an)^t �n(z)Æ(z)jAns�(�)jN(ds; dz)�����p#+4p�1E  �����Z Rn^t(T�an)^t[�2n(z)�(z) + �3n(z)�n(z)℄jAns�(�)jN(ds; dz)�����p#� 4pE  sup[0;t℄ jAns (�)jp!� �2l + d0(k Æ k1 + k � k1 + supn k �n k1)�p� 14pE  sup[0;t℄ jAns (�)jp! (7.51)



194 CHAPITRE 5 : STRICT POSITIVITY OF THE DENSITY FOR JUMPING SDEssine d0 and l satisfy (7.18). We �nally an writeE  sup[0;t℄ jAns (�)jp! � Cn + 14pE "sup[0;t℄ jAns (�)jp# (7.52)where the sequene Cn goes to 0. ThusE  sup[0;t℄ jAns (�)jp! � 2Cn �! 0 (7.53)when n goes to in�nity.The proof of (7.11) is quite similar to the one of (7.10).7.2 Upperbound for the seond derivative.The method is exatly the same as in the previous subsetion : we setJnt (�) = Z t0 ZO hh0x(Xns�(�); �n(s; z)) � h0x(Xns�(�); z)i Jns�(�)N(ds; dz)+2 Z t0 ZO h00xz(Xns�(�); �n(s; z))Ins�(�)vn(s; z)N(ds; dz) (7.54)+ Z t0 ZO hh00xx(Xns�(�); �n(s; z))� h00xx(Xns�(�); z)i �Ins�(�)�2N(ds; dz)and we state the following lemma, whih an be proved as Lemmas 7.2, 7.3 and 7.4 :Lemma 7.5 Let d0 and l be as in Proposition 7.1. Let p 2 [1;1[ be �xed. There exists aonstant Cp <1 suh that for all �, � in [�1; 1℄ and all n,E  sup[0;T ℄ ����� �2��2Xnt (�)�����p! � C ; E  sup[0;T ℄ ����� �2��2Xnt (�)� �2��2Xnt (�)�����p! � Cj�� �jp (7.55)a:s:; supj�j�1 sup[0;T ℄ jJnt (�)j � 12 (7.56)limn E  sup[0;T ℄ �����Jnt (�)� �2��2Xnt (�)�����p! = 0 ; E  sup[0;T ℄ jJnt (�)� Jnt (�)jp! � Cj�� �jp (7.57)Comparing equations (4.17) and (4.22), we see that in order to prove (7.55), we just have tohek that E  sup[0;T ℄ jLnt (�)jp! � Cp ; E  sup[0;T ℄ jLnt (�)� Lnt (�)jp! � Cpj�� �jp (7.58)



8. APPENDIX. 195Similar simpli�ations may be used to prove (7.57). Let us just prove (7.56). Using Lemma 7.2,inequality (7.16), the same inequality for h00xx, the expression of vn, and inequality (7.18), we seethat jJnt (�)j � sup[0;t℄ jJns (�)j � Z Tn^RnT�an hÆ�n + ��2n + �n�3ni (z)N(ds; dz)+2 sup[0;t℄ jIns (�)j � Z Tn^RnT�an hÆ�n + ��2n + �n�3ni (z)N(ds; dz)+ sup[0;t℄ jIns (�)j2 � Z Tn^RnT�an hÆ�n + ��2n + �n�3ni (z)N(ds; dz)� [2l + d0(k Æ k1 + k � k1 + k � k1)℄�  sup[0;t℄ jJns (�)j+ 2� 1=2 + 1=4!� 116 sup[0;t℄ jJns (�)j + 564 (7.59)This yields (7.56).This Lemma allows to onlude, as in the previous subsetion, that the proposition below holds.Proposition 7.6 Let d0 and l be as in Proposition 7.1. Then, when n goes to in�nity,P  supj�j�1 ����� �2��2XnT (�)����� � 1! �! 1 (7.60)7.3 Conlusion.Fix y0 in the support of P ÆX�1T . We have atually proved that there exists C1 > 0 and C2 <1suh that for all r > 0,P  jXT � y0j < r ; ���� ���XnT (0)���� � C1 ; sup� ���� ���XnT (�)����+ ����� �2��2XnT (�)����� � C2! (7.61)goes to P (jXT � y0j < r), that is stritly positive.Thus, the assumptions of Theorem 3.3 are satis�ed for any y0 in the support of the law of XT ,and Remark 3.5 allows us to onlude that Theorem 2.4 is proved.8 Appendix.We begin this annex with a onsequene of a standard limit theorem for ontinuous proesses.Lemma 8.1 Let fYn(�)g�2[�1;1℄ be a sequene of real valued proesses. Assume that there existsa onstant C <1 suh that for all �; � 2 [�1; 1℄, all n 2 IN ,E �jYn(�)� Yn(�)j2� � Cj�� �j2 (8.1)



196 CHAPITRE 5 : STRICT POSITIVITY OF THE DENSITY FOR JUMPING SDEsSuppose also that for all � 2 [�1; 1℄, when n goes to in�nity,E �jYn(�)j2� �! 0 (8.2)Then the following onvergene holds in probability :supj�j�1 jYn(�)j �! 0 (8.3)Proof : �rst notie that thanks to (8.1) and to the Kolmogorov riterion of ontinuity, see e.g.Revuz, Yor, [39℄, p 25, there exists a onstant K <1 suh that for all n,E  sup�6=� jYn(�)� Yn(�)jj�� �j 14 ! � K (8.4)Thus for all � > 0,limÆ!0 supn P  supj���j�Æ jYn(�)� Yn(�)j � �! � limÆ!0K��1Æ 14 = 0 (8.5)Furthermore, the family of the laws of Yn(0) is learly tight, thanks to (8.2). Thus, we deduefrom Theorem 1.3.1 p 31 in [43℄ that the family of the laws of Yn is tight.On the other hand, it is obvious from (8.2) that for all �1, ..., �k in [�1; 1℄, (Yn(�1); :::; Yn(�k))goes to 0 in law when n goes to in�nity. The standard limit Theorems for ontinuous proessesyield that Yn goes to 0 in law for the supremum norm, i.e. thatsup[�1;1℄ jYn(�)j �! 0 (8.6)in law. But the onvergene in law to a onstant implies the onvergene in probability, and theLemma is proved.We now give �ve tehnial lemmas. We omit the proof of the �rst one, beause it is similar tothe one of Lemma 8.4 below.Lemma 8.2 Let � 2 L2(O;'(z)dz)\L1(O;'(z)dz), and let p � 1. There exist some onstantsCp and Kp(�) suh that for every preditable proess Y on [0; T ℄,E  sup[0;t℄ ����Z u0 ZO �(z)Ys ~N(ds; dz)����p! � CpE  ����Z t0 ZO �2(z)Y 2s N(ds; dz)���� p2!� Kp(�) Z t0 E (jYsjp) ds (8.7)Lemma 8.3 Let n be a sequene of positive funtions on O and let an be a real valued sequenedereasing to 0, suh that for some onstant C <1,an ZO n(z)'(z)dz � C (8.8)Let p � 1. Then there exists a onstant Kp suh that for all preditable proess Y on [0; T ℄,E  �����Z t(T�an)^t ZO n(z)jYsj'(z)dzds�����p! � Kpan Z t(T�an)^t E (jYsjp) ds (8.9)



8. APPENDIX. 197Proof : the left member of equation (8.9) is smaller thanE  �����Z t(T�an)^t jYsjds� Can �����p! � KapnE "�����Z t(T�an)^t jYsjds�����p# (8.10)Using Holder's inequality (for the measure ds), we obtain� Kapn � �����Z t(T�an)^t ds�����p�1 �E "Z t(T�an)^t jYsjpds# � Kan Z t(T�an)^tE (jYsjp) ds (8.11)whih was our aim.Lemma 8.4 Consider a sequene of positive funtions n 2 L1(O;'(z)dz), suh that k n k1�k0, let an be a real valued sequene dereasing to 0, and let p � 1.1. if an RO n(z)'(z)dz � C, then there exists Kp suh that for all preditable proess Y on[0; T ℄, E "�����Z t(T�an)^t ZO n(z)jYsjN(ds; dz)�����p# � Kpan Z t(T�an)^tE (jYsjp) ds (8.12)2. if an RO n(z)'(z)dz ! 0, thenE "�����Z TT�an ZO n(z)N(ds; dz)�����p#! 0 (8.13)Proof : let us for example hek 1. : we will prove (8.12) for every p = 2q, reursively (on q).First, if p = 1,E "�����Z t(T�an)^t ZO n(z)jYsjN(ds; dz)�����# = Z t(T�an)^t ZO n(z)E (jYsj)'(z)dzds� Z t(T�an)^t E (jYsj)� Cands (8.14)Assume now that (8.12) holds for p = 2q. ThenE 24�����Z t(T�an)^t ZO n(z)jYsjN(ds; dz)�����2p35 � KE 24�����Z t(T�an)^t ZO n(z)jYsj ~N (ds; dz)�����2p35+KE 24�����Z t(T�an)^t ZO n(z)jYsj'(z)dzds�����2p35 (8.15)Thanks to Burkholder's inequality and the indutive assumption, the �rst term is smaller thanK�CpE "�����Z t(T�an)^t ZO 2n(z)jYsj2N(ds; dz)�����p# � K�k0�Cp�Kpan Z t(T�an)^tE �jYsj2p� ds (8.16)



198 CHAPITRE 5 : STRICT POSITIVITY OF THE DENSITY FOR JUMPING SDEsBy using Lemma 8.3, the seond term is smaller thanKpan Z t(T�an)^tE �jYsj2p� ds (8.17)whih was our aim.Lemma 8.5 Let Y be a preditable proess on [0; T ℄, let an be a sequene dereasing to 0, andlet l > 0 be �xed. Consider a sequene of positive funtions n on O suh thatk n k1� k0 ; an ZO 2n(z)'(z)dz � K (8.18)Consider also the following stopping time :�n = inf �t > T � an � Z tT�an ZO n(z)N(ds; dz) � l� (8.19)Then for all p 2 [1;1[,E "�����Z �n^t(T�an)^t ZO jYsjn(z)'(z)dzds�����p# � 2p�1 � jl + k0jp �E  sup[0;t℄ jYsjp!+ Kpan Z t(T�an)^t E (jYsjp) ds (8.20)Proof : we �rst write '(z)dzds as N(ds; dz) � ~N(ds; dz), to upperbound the left member of(8.20) with : 2p�1E "�����Z �n^t(T�an)^t ZO jYsjn(z)N(ds; dz)�����p#+2p�1E "�����Z �n^t(T�an)^t ZO jYsjn(z) ~N (ds; dz)�����p# (8.21)Thanks to Burkholder's inequality, this is smaller than2p�1E "sup[0;t℄ jYsjp � �����Z �n(T�an) ZO n(z)N(ds; dz)�����p#+CpE 24�����Z t(T�an)^t ZO Y 2s 2n(z)N(ds; dz)����� p235 (8.22)At last thanks to the de�nition of �n, Lemma 8.4, and (8.18) this is smaller than2p�1 � jl + k0jp �E  sup[0;t℄ jYsjp!+ Kpan Z t(T�an)^tE (jYsjp) ds (8.23)whih was our aim.At last, the next lemma is a onsequene of Gronwall's Lemma.



8. APPENDIX. 199Lemma 8.6 If f is a positive and bounded funtion on [0; T ℄ satisfying, for some a 2℄0; T ℄ andsome positive onstants C1, C2, and C3 :f(t) � C1 + C2 Z t0 f(s)ds+ C3a Z t(T�a)^t f(s)ds (8.24)then sup[0;T ℄ f(t) � C1 h1 +C2TeC2T i eC2T+C3 (8.25)Proof : �rst, it is lear from Gronwall's lemma thatsup[0;T�a℄ f(t) � C1eC2T (8.26)We now set g(t) = f((T � a) + t), whih is well de�ned on [0; a℄. We obtaing(t) � C1 + C2C1eC2T (T � a) + �C2 + C3a �Z t0 g(s)ds (8.27)Thus Gronwall's Lemma yields thatsup[T�a;T ℄ f(t) = sup[0;a℄ g(t) � C1 h1 + C2TeC2T i eC2a+C3 (8.28)



Chapitre 6Strit positivity of a solution to aone-dimensional Ka equationwithout uto�
Abstrat : We onsider the solution of a one-dimensional Ka equation without uto� builtby Graham and M�el�eard in [19℄. Realling that this solution is the density of a Poisson drivennonlinear stohasti di�erential equation, we develop Bismut's approah of the MalliavinCalulus for Poisson funtionals, in order to prove that this solution is stritly positive on℄0;1[�IR. Ce travail a �et�e aept�ee pour publiationdans la revue Journal of Statistial Physis.1 Introdution.We prove by a probabilisti approah the strit positivity of a solution of a one dimensionalKa equation without uto�, in the ase where the ross setion does suÆiently explode. Inthe uto� ase, muh more is known : Pulverenti and Wennberg, [38℄, have proved, by usinganalyti methods, the existene of a Maxwellian lowerbound. But their proof is based on theseparation of the gain and loss terms, whih typially annot be done in the present ase. Noresult seems to have been found by the analysts in the non uto�ed ase.The solution we study has been built by Graham and M�el�eard in [19℄. This solution f(t; v) anbe related with the solution Vt of a Poisson driven nonlinear S.D.E. : for eah t > 0, f(t; :) isthe density of the law of Vt. We will thus study f as the density of a Poisson funtional.200



2. THE KAC EQUATION WITHOUT CUTOFF, THE MAIN RESULT. 201In Chapter 5, the strit positivity of the density for Poisson driven S.D.E.s is studied in thease where the intensity measure of the Poisson measure is the Lebesgue measure. The methodis adapted from a paper of Bally and Pardoux, [4℄, whih deals with a similar problem in thease of white noise driven S.P.D.E.s, i.e. with Wiener funtionals. This method is based onBismut's approah of the Malliavin Calulus, whih onsists in perturbing the proesses, see e.g.Bihteler, Jaod, [7℄, for the ase of lassial di�usion proesses with jumps. Nevertheless, wean not diretly apply the results of Chapter 5. We an not either use exatly the same MalliavinCalulus as Bihteler and Jaod, beause the intensity measure of our Poisson measure will notbe the Lebesgue measure. We generalize a Malliavin Calulus adapted to our model, inspiredby Graham and M�el�eard, [19℄.Let us say a word about the di�erene between the tehniques in the ase of Wiener funtionalsand Poisson funtionals. The main di�erene is that the Malliavin alulus does produt inte-grals with respet to the Lebesgue measure in the �rst ase, and with respet to the Poissonmeasure in the seond ase. We thus have to deal with random perturbations and with stoppingtimes instead of deterministi perturbations and times. This is why the assumptions are verystringent in Chapter 5. Nevertheless, the method gives a quite good result in the ase of theKa equation without uto�.The present work is organized as follows. In Setion 2, we reall the Ka equation, we give theresults of Desvillettes, Graham, and M�el�eard in [17℄ and [19℄, who solved this equation, and westate our result. In Setion 3, we de�ne rigorously our "perturbations", and we state a riterionof strit positivity. At last, we apply this riterion in the next setions.2 The Ka equation without uto�, the main result.The Ka equation deals with the density of partiles in a gaz, and is a one-dimensional "ar-iature" of the famous spatially homogeneous Boltzmann equation. We denote by f(t; v) thedensity of partiles whih have the veloity v 2 IR at the instant t > 0. Then�f�t (t; v) = Zv�2IR Z ��=�� �f(t; v0)f(t; v0�)� f(t; v)f(t; v�)��(�)d�dv� (2.1)where v0 = v os � � v� sin � ; v0� = v sin � + v� os � (2.2)and � is a non uto� ross setion, i.e. an even and positive funtion on [��; �℄nf0g satisfyingZ �0 �2�(�)d� <1 (2.3)The ase with uto�, namely when Z �0 �(�)d� <1, has been muh investigated by the analysts,and they have obtained some existene, regularity and strit positivity results.In [17℄ and [19℄, Desvillettes, Graham and M�el�eard give an existene and regularity result for suhan equation, by using the probability theory. See also Desvillettes, [15℄ for another statement(using the Fourier Theory), and Desvillettes [16℄ or Chapter 4 for the 2-dimensional ase. Weare interested in this paper in the strit positivity of the solution of (2.1) built by Graham and



202 CHAPITRE 6 : STRICT POSITIVITY FOR A KAC EQUATIONM�el�eard in [19℄. Let us reall their main results.First, we will onsider solutions in the following (weak) sense.De�nition 2.1 Let P0 be a probability on IR that admits a moment of order 2. A positivefuntion f on IR+� � IR is a weak solution of (2.1) with initial data P0 if for every test funtion� 2 C2b (IR),Zv2IR f(t; v)�(v)dv = Zv2IR �(v)P0(dv) + Z t0 Zv2IR Zv�2IRK�(v; v�)f(s; v)f(s; v�)dvdv�ds (2.4)where K�(v; v�) = �bv�0(v) + Z ��� n�(v os � � v� sin �)� �(v)� [v(os � � 1)� v� sin �℄�0(v)o�(�)d� (2.5)and b = Z ���(1� os �)�(�)d� (2.6)Notie that b and the ollision kernel K� are well de�ned thanks to (2.3).In [17℄ and [19℄, one assumes thatAssumption (H) :1. The initial data P0 admits a moment of order 2, and is not a Dira mass at 0.2. � = �0 + �1, where �1 is even and positive on [��; �℄nf0g, and there exists k0 > 0, �0 2℄0; �=2[, and r 2℄1; 3[ suh that �0(�) = k0j�jr 1[��0;�0℄(�). We still assume R �0 �2�(�)d� <1.They also build the following random elements :Notation 2.2 We denote by N0 and N1 two independant Poisson measures on [0; T ℄� [0; 1℄�[��; �℄, with intensity measures :�0(d�; d�; ds) = �0(�)d�d�ds ; �1(d�; d�; ds) = �1(�)d�d�ds (2.7)and by ~N0 and ~N1 the assoiated ompensated measures. We will write N = N0 + N1. Weonsider a real valued random variable V0 independant of N0 and N1, of whih the law is P0.We also assume that our probability spae is the anonial one assoiated with the independentrandom elements V0, N0, and N1 :(
;F ; fFtg; P ) = (
0;F 0; fF 0g; P 0)
 (
0;F0; fF0t g; P 0)
 (
1;F1; fF1t g; P 1) (2.8)We will onsider [0; 1℄ as a probability spae, denote by d� the Lebesgue measure on [0; 1℄, anddenote by E� and L� the expetation and law on ([0; 1℄;B([0; 1℄); d�).The following Theorem is proved in [17℄ (Theorem 3.6 p 11).



3. A CRITERION OF STRICT POSITIVITY. 203Theorem 2.3 There exists a proess fVt(!)g on 
 and a proess fWt(�)g on [0; 1℄ suh that8>>>>>>>>>>>><>>>>>>>>>>>>:
Vt(!) = V0(!) + Z t0 Z 10 Z ��� [(os � � 1)Vs�(!)� (sin �)Ws�(�)℄ ~N(!; d�d�ds)�b Z t0 Vs�(!)dsL�(W ) = L(V ) ; E  sup[0;T ℄V 2t ! <1 (2.9)

At last, Graham and M�el�eard show in [19℄ the following theorem (see Theorem 1.6, Corollary1.8, p 4)Theorem 2.4 Assume (H). Let (V;W ) be a solution of (2.9). Then for all t > 0, the law ofVt admits a density f(t; :) with respet to the Lebesgue measure on IR. The obtained funtion fis a solution of the Ka equation (2.1) in the sense of De�nition 2.1. Assume furthermore thatP0 admits some moments of all orders. Then for eah t > 0, the funtion f(t; :) is of lass C1on IR.Let us now give our assumption, whih is more stringent than (H) : we need a stronger explosionof the ross setion.Assumption (SP ) :1. The initial data P0 admits moments of all orders, and is not a Dira mass at 0.2. � = �0 + �1, where �1 is even and positive on [��; �℄nf0g, and there exists k0 > 0, �0 2℄0; �=2[, and r 2 [2; 3[ suh that �0(�) = k0j�jr 1[��0;�0℄(�). We still assume R �0 �2�(�)d� <1.Our result is the following :Theorem 2.5 Assume (SP ), and onsider the solution in the sense of De�nition 2.1 of equation(2.1) built in Theorem 2.4. Then f is stritly positive on ℄0;+1[�IR.In (SP ), we do not really need the fat that P0 has moments of all orders, but only the fatthat the density f(t; v) of the law of Vt built in Theorem 2.4 is ontinuous on IR for eah t > 0.Notie that our method does not work in the ase where r belongs to ℄1; 2[ : we do really needa large explosion of the ross setion at 0.In the whole work, we will assume (SP ), use notation 2.2, and onsider a solution(V;W ) of (2.9).3 A riterion of strit positivity.This setion ontains two parts. We �rst introdue some general notations and de�nitions aboutBismut's approah of the Malliavin alulus on our Poisson spae. We follow here Bihteler, Ja-od, [7℄, and Graham, M�el�eard, [19℄. Then we adapt the riterion of strit positivity of Bally,



204 CHAPITRE 6 : STRICT POSITIVITY FOR A KAC EQUATIONPardoux, [4℄ (whih deals with the Wiener funtionals) to our probability spae.De�nition 3.1 A preditable funtion v(!; s; �; �) on 
� [0; T ℄� [��0; �0℄� [0; 1℄ is said to bea "perturbation" if for all �xed !; s; �, v(!; s; :; �) is C1 on [��0; �0℄, and if there exists someeven positive (deterministi) funtions � and � on [��0; �0℄ suh thatjv(s; �; �)j � �(�) ; jv0(s; �; �)j � �(�) (3.1)�(�) � j�j2 ; �(��0) = �(�0) = 0 (3.2)if �(�) = �(�) + r2r+2 �(�)j�j then k � k1� 12 and � 2 L1(�0(�)d�) (3.3)Notie that thanks to (3.3), � and � are in L1 \ L1(�0(�)d�).Consider now a �xed perturbation v. For � 2 [�1; 1℄ we set�(s; �; �) = � + �v(s; �; �) (3.4)Thanks to (3.1), (3.2), and (3.3), it is easy to hek that for eah �; s; �; !, �(s; :; �) is aninreasing bijetion from [��0; �0℄nf0g into itself. Then we denote by N�0 = �(N0) the imagemeasure of N0 by � : for any Borel subset A of [0; T ℄ � [��0; �0℄� [0; 1℄,N�(A) = Z T0 Z 10 Z ��� 1A(s; �(s; �; �); �)N0(d�d�ds) (3.5)We also de�ne the shift S� on 
 byV0 Æ S� = V0 ; N0 Æ S� = N�0 ; N1 Æ S� = N1 (3.6)We will need the following preditable funtion :Y �(s; �; �) = �0(�(s; �; �))�0(�) (1 + �v0(s; �; �)) (3.7)Then it is easy to hek that for all � 2 [�1; 1℄,� �Y �:�0� = �0 (3.8)and for all �; � 2 [�1; 1℄ (reall that � is de�ned in (3.3)),���Y �(s; �; �)� Y �(s; �; �)��� � j�� �j � �(�) (3.9)We also onsider the following martingaleM�t = Z t0 Z 10 Z ���(Y �(s; �; �)� 1) ~N0(d�d�ds) (3.10)



3. A CRITERION OF STRICT POSITIVITY. 205and its Dol�eans-Dade exponential (see Jaod, Shiryaev, [23℄)G�t = E(M�)t = eM�t Y0�s�t�1 + �M�s � e��M�s (3.11)Sine jY � � 1j � � � 1=2, it is lear that G� is stritly positive on [0; T ℄ a.s. We now setP � = G�T :P . Using equation (3.8), and the Girsanov Theorem for random measures (see Jaod,Shiryaev, [23℄, p 157) one an show that P � Æ (S�)�1 = P , i.e. that the law of (V0; N�0 ; N1)under P � is the same as the one of (V0; N0; N1) under P .The following lemma an be proved as in Chapter 5 :Lemma 3.2 Let v be a perturbation, and G� the assoiated exponential martingale. Then a.s.,the map � 7! G�T is ontinuous on [�1; 1℄.We now give the riterion of strit positivity we will use.Theorem 3.3 Let X be a real valued random variable on 
, suh that P ÆX�1 = p(x)dx, withp ontinuous on IR, and let y0 2 IR. Assume that there exists a sequene vn of perturbationssuh that, if Xn(�) = X Æ S�n, then for all n, the map� 7! Xn(�) (3.12)is a.s. twie di�erentiable on [�1; 1℄. Assume that there exists  > 0, Æ > 0, and k < 1, suhthat for all r > 0, limn!1P (�n(r)) > 0 (3.13)where�n(r) = (jX � y0j < r ; ���� ���Xn(0)���� �  ; supj�j�Æ "���� ���Xn(�)����+ ����� �2��2Xn(�)�����# � k) (3.14)Then p(y0) > 0.The proof is exatly the same as that of Chapter 5.We at last state a usefull remark.Remark 3.4 If X is a real valued random variable on 
, admitting a ontinuous density p withrespet to the Lebesgue measure on IR, and if for all y 2 supp P Æ X�1, p(y) > 0, then p isstritly positive on IR.Proof : sine the support of the law of X is a losed set, we see that for y 2 � �supp P ÆX�1	,p(y) > 0. Assume that �supp P ÆX�1� 6= ;. Then there exists fykg � �supp P ÆX�1� suhthat yk �! y 2 � �supp P ÆX�1	. Sine p is ontinuous, we dedue that p(y) = 0. Thus�supp P ÆX�1� = ;, and the proof is �nished.In order to prove Theorem 2.5, we will of ourse apply the previous riterion. In fat, we willonly prove that f(T; :) is stritly positive on IR, whih suÆes sine T has been arbitrarily �xed.In the next setion, we will onsider a �xed perturbation vn, and we will ompute V nt (�) and



206 CHAPITRE 6 : STRICT POSITIVITY FOR A KAC EQUATIONits derivatives for any t 2 [0; T ℄. Setion 5 is devoted to the expliit hoie of the sequene vn ofperturbations. In Setion 6, we will prove (for some onstant � > 0) thatlimn!1P ����� ���V nT (0)���� � �� = 1 (3.15)At last, we will hek in Setion 7 that for some onstant K,limn!1P  supj�j�1 ���� ���V nT (�)����+ ����� �2��2V nT (�)����� � K! = 1 (3.16)Sine for all y0 2 supp P ÆV �1T , for all r > 0, P (VT 2℄y0� r; y0 + r[) > 0, we will easily onludein Setion 8.4 Di�erentiability of the perturbed proess.In this setion, we onsider a �xed perturbation vn. We ompute V nt (�) = Vt ÆS�n , and we provethat for eah t in [0; T ℄, this funtion is twie di�erentiable on [�1; 1℄.4.1 The perturbed proess.Realling that b is de�ned by (2.6), that j os � � 1j � �2, and that (2.3) is satis�ed, one aneasily hek that equation (2.9) an be written :Vt = V0 + Z t0 Z 10 Z ���(os � � 1)Vs�N(d�d�ds)� Z t0 Z 10 Z ���(sin �)Ws�(�) ~N (d�d�ds) (4.1)Hene, the perturbed proess satis�esV nt (�) = V0 + Z t0 Z 10 Z ���(os � � 1)V ns�(�)N�;n0 (d�d�ds)+ Z t0 Z 10 Z ���(os � � 1)V ns�(�)N1(d�d�ds)� Z t0 Z 10 Z ���(sin �)Ws�(�) hN�;n0 (d�d�ds) � �0(�)d�d�dsi� Z t0 Z 10 Z ���(sin �)Ws�(�) ~N1(d�d�ds) (4.2)But � Z t0 Z 10 Z ���(sin �)Ws�(�) hN�;n0 (d�d�ds) � �0(�)d�d�dsi= � Z t0 Z 10 Z ��� sin�n(s; �; �)Ws�(�) ~N0(d�d�ds)



4. DIFFERENTIABILITY OF THE PERTURBED PROCESS. 207� Z t0 Z 10 Z ��� �sin�n(s; �; �)� sin ��Ws�(�)�0(�)d�d�ds= � Z t0 Z 10 Z ���(sin �)Ws�(�) ~N0(d�d�ds)� Z t0 Z 10 Z ��� �sin�n(s; �; �)� sin ��Ws�(�)N0(d�d�ds) (4.3)We �nally obtain :V nt (�) = V0 + Z t0 Z 10 Z ���(os �n(s; �; �)� 1)V ns�(�)N0(d�d�ds)+ Z t0 Z 10 Z ���(os � � 1)V ns�(�)N1(d�d�ds)� Z t0 Z 10 Z ���(sin �)Ws�(�) ~N (d�d�ds)� Z t0 Z 10 Z ��� �sin�n(s; �; �)� sin ��Ws�(�)N0(d�d�ds) (4.4)4.2 A Lipshitz property.We study here the ontinuity of the map � 7! V nt (�), whih will be useful to study its di�eren-tiability. We set Unt (�; �) = V nt (�)� V nt (�). This proess satis�es :Unt (�; �) = Z t0 Z 10 Z ���(os �n(s; �; �)� 1)Uns�(�; �)N0(d�d�ds)+ Z t0 Z 10 Z ���(os � � 1)Uns�(�; �)N1(d�d�ds)+ Z t0 Z 10 Z ��� �os �n(s; �; �)� os �n(s; �; �)� V ns�(�)N0(d�d�ds)� Z t0 Z 10 Z ��� �sin�n(s; �; �)� sin�n(s; �; �)�Ws�(�)N0(d�d�ds) (4.5)This equation is a linear S.D.E. If we setKnt (�) = Z t0 Z 10 Z ���(os �n(s; �; �)� 1)N0(d�d�ds)+ Z t0 Z 10 Z ���(os � � 1)N1(d�d�ds) (4.6)then we an write (see Jaod, [22℄) :Unt (�; �) = E(Kn(�))t Z t0 Z 10 Z ��� E(Kn(�))�1s� � 1os �n(s; �; �)
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�nV ns�(�) hos �n(s; �; �)� os �n(s; �; �)i�Ws�(�) hsin�n(s; �; �)� sin�n(s; �; �)i oN0(d�d�ds) (4.7)where the Dol�eans-Dade exponential is given by (see Jaod, Shiryaev, [23℄) :E(Kn(�))t = eKnt (�) Y0�u�t (1 + �Knu (�)) e��Knu (�) = Y0�u�t (1 + �Knu (�)) (4.8)But sine any osinus is in [�1; 1℄, it is lear that for all s � t,���E(Kn(�))tE(Kn(�))�1s���� = Ys�u�t j1 + �Knu (�)j � 1 (4.9)Furthermore, sine j�n j � �0 < �=2, we see that���� 1os �n(s; �; �) ���� � 1os �0 <1 (4.10)At last, sine j�n(s; �; �)j � 32 j�j,���os �n(s; �; �)� os �n(s; �; �)��� � 32 j�j � j�� �j � jvn(s; �; �)j���sin�n(s; �; �)� sin�n(s; �; �)��� � j�� �j � jvn(s; �; �)j (4.11)Hene, ifY nt (�) = 1os �0 Z t0 Z 10 Z ��� �32 j�j � jV ns�(�)j+ jWs�(�)j�� jvn(s; �; �)jN0(d�d�ds) (4.12)then for all �; �, jUnt (�; �)j � j�� �j � Y nt (�). In partiular, this yields that for all �,jV nt (�)j � jVtj+ jUnt (�; 0)j � jVtj+ Y nt (0) (4.13)Finally, ifXnt = 1os �0 Z t0 Z 10 Z ��� �32 j�j � jVs�j+ 32 j�j � Y ns�(0) + jWs�(�)j�� jvn(s; �; �)jN0(d�d�ds)(4.14)then for all �; �, jUnt (�; �)j � j�� �j �Xnt (4.15)Sine we know from Theorem 2.4 thatE  sup[0;T ℄V 2t ! = E� sup[0;T ℄W 2t ! <1 (4.16)we dedue, realling that jvn(s; �; �)j � �n 2 L1(�0(�)d�), that :
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E  sup[0;T ℄ jY nt (0)j! � 1os �0 Z T0 Z 10 Z �0��0 �32 j�j�n(�)E (jVsj) + jWs(�)j�n(�)��0(�)d�d�ds� K Z �0��0 �n(�)�0(�)d� �E  sup[0;T ℄ jVtj!+K Z �0��0 �n(�)�0(�)d� �E�  sup[0;T ℄ jWtj! <1 (4.17)and, by using exatly the same omputation,E  sup[0;T ℄ jXnt j! <1 (4.18)Thus Xnt is a.s. �nished on [0; T ℄, and we an say that V nt (�) satis�es a Lipshitz property on[�1; 1℄ (for eah t).4.3 Di�erentiability.We set (for the moment, this is only a notation) :���V nt (�) = �E(Kn(�))t Z t0 Z 10 Z ��� E(Kn(�))�1s� � 1os �n(s; �; �)�nV ns�(�) sin �n(s; �; �) +Ws�(�) os �n(s; �; �)ovn(s; �; �)N0(d�d�ds) (4.19)We obtained this expression by di�erentiating formaly (4.4), and by using the same argumentas in (4.7).We set Dnt (�; �) = V nt (�)� V nt (�)� (�� �) ���V nt (�). Let us ompute Dnt (�; �) :Dnt (�; �) = E(Kn(�))t Z t0 Z 10 Z ��� E(Kn(�))�1s� � 1os �n(s; �; �)�nV ns�(�)� [ os �n(s; �; �)� os �n(s; �; �) + (�� �) sin �n(s; �; �)vn(s; �; �)℄+Uns�(�; �)(�� �) sin�n(s; �; �)vn(s; �; �) (4.20)�Ws�(�)� [ sin�n(s; �; �)� sin�n(s; �; �)� (�� �) os �n(s; �; �)vn(s; �; �)℄oN0(d�d�ds)Then a simple omputation using equations (4.9), (4.10), (4.15), and something like (4.11) showsthat if Snt = 1os �0 Z t0 Z 10 Z ��� h �jVs�j+Xns�� v2n(s; �; �) + 32 j�j � jvn(s; �; �)j �Xns�+32 j�j � jWs�(�)j � v2n(s; �; �)iN0(d�d�ds) (4.21)



210 CHAPITRE 6 : STRICT POSITIVITY FOR A KAC EQUATIONthen for all �; �, jDnt (�; �)j � (�� �)2 � Snt (4.22)Using equations (4.16), (4.18), and the fat thatv2n(s; �; �) + j�j � jvn(s; �; �)j + j�j � v2n(s; �; �) � �12 + � + 12�� �n(�) 2 L1(�0(�)d�) (4.23)we see that E  sup[0;T ℄ jSnt j! <1 (4.24)It is thus lear that V nt (�) is di�erentiable on [�1; 1℄, and that its derivative is ���V nt (�).4.4 Seond di�erentiability.One an hek in the same way that ���V nt (�) is di�erentiable, and that its derivative is givenby �2��2V nt (�) = E(Kn(�))t Z t0 Z 10 Z ��� E(Kn(�))�1s� � 1os �n(s; �; �)�n� 2 sin�n(s; �; �) ���V ns�(�)� vn(s; �; �)� V ns�(�) os �n(s; �; �)v2n(s; �; �)+Ws�(�) sin �n(s; �; �)v2n(s; �; �)oN0(d�d�ds) (4.25)4.5 Upperbounds.We will soon use the following inequalities :���� ���V nt (�)���� � Rnt (4.26)where Rnt = 1os �0 Z t0 Z 10 Z ��� h(jVs�j+ Y ns�(0))� 32 j�j � jvn(s; �; �)j+jWs�(�)j � jvn(s; �; �)jiN0(d�d�ds) (4.27)and ����� �2��2V nt (�)����� � �nt (4.28)where�nt = 1os �0 Z t0 Z 10 Z ��� h3j�j �Rns� � jvn(s; �; �)j+ (jVs�j+ Y ns�(0)) � v2n(s; �; �)+jWs�(�)j � 32 j�j � v2n(s; �; �)iN0(d�d�ds) (4.29)



5. CHOICE OF THE SEQUENCE OF PERTURBATIONS. 2115 Choie of the sequene of perturbations.Reall that���V nT (0) = �E(K)T Z T0 Z 10 Z ��� E(K)�1s� � 1os � � nVs� sin � +Ws�(�) os �o�vn(s; �; �)N0(d�d�ds) (5.1)where Kt = Z t0 Z 10 Z ���(os � � 1)N(d�d�ds).The problem is now to hoose vn in suh a way that for some � > 0, some K <1, the probabilityP � ���V nT (0) 2 [�;K℄�goes to 1. First, we have to get rid of the random terms E(K)T and E(K)�1s� in (5.1). Tothis end, we hoose vn(s; �; �) equal to 0 for s � T � an, for some sequene an dereasing to0, and we use the a.s. ontinuity of E(K) at T . Then we notie that the dominant term inVs� sin � +Ws�(�) os � is Ws�(�) os �. We thus hoose vn(s; �; �) equal to 0 for j�j � 1=n (inorder that jvnj 2 L1(�0(�)d�)) and equal to kj�j for j�j 2 [2=n; �1℄ for some k > 0 and �1 � �0.This way, Z TT�an Z 10 Z ��� j sin �j � jvn(s; �; �)jN0(d�d�ds)will go to 0, but if an is well-hosen, sine from (SP ), � =2 L1(�0(�)d�),Z TT�an Z 10 Z ��� jvn(s; �; �)jN0(d�d�ds)will go to in�nity. Of ourse, this is not satisfying, but a stopping times will allow us to "uto�"this seond integral.Let us now be preise. First, let us reall a Lemma that an be found in Graham, M�el�eard, [19℄p 15.Lemma 5.1 There exists 0 <  < C <1 and q > 0 suh that for all t 2 [0; T ℄,P� ( � jWtj � C) � q (5.2)We will also need the following LemmaLemma 5.2 One an build a sequene �n of positive, even, C1 funtions on [��0; �0℄ suh that�n(��0) = �n(�0) = 0, suh that �n(�) � kj�j for some k � 1=2, suh that if�n(�) = j�0n(�)j+ r2r+2�n(�)j�j (5.3)then �n 2 L1(�0(�)d�) and �n � 1=2, and suh that there exists a sequene an dereasing to 0satisfying an Z �0��0 �n(�)�0(�)d� �!1 (5.4)



212 CHAPITRE 6 : STRICT POSITIVITY FOR A KAC EQUATIONan Z �0��0 (j�j�n(�) + �2n(�))�0(�)d� �! 0 (5.5)Proof : for any k 2℄0; 1=2℄, we learly an build a sequene �n of even, positive and C1 funtionssuh that �n(�) � kj�j, suh that�n(�) = 8>>>>><>>>>>: 0 if j�j � 1=nkj�j if j�j 2 [2=n; �0=2(1 + k)℄0 if j�j 2 [�0=(1 + k); �0℄ (5.6)and suh that
j�0n(�)j �

8>>>>>>>>>>>>>><>>>>>>>>>>>>>>:
0 if j�j � 1=n4k if j�j 2 [1=n; 2=n℄k if j�j 2 [2=n; �0=2(1 + k)℄2k if j�j 2 [�0=2(1 + k); �0=(1 + k)℄0 if j�j 2 [�0=(1 + k); �0℄ (5.7)

Then �n is bounded, and vanishes near 0, it thus is in L1(�0(�)d�). Furthermore, �n � 4k +r2r+2k, whih is smaller than 1=2 if we hoose k small enough. We now hoosean =  Z �0��0 �n(�)�0(�)d�!� 12 (5.8)We see that Z �0��0 �n(�)�0(�)d� � 2 Z �0=2(1+k)2=n k� � k0�r d� = 2kk0 Z �0=2(1+k)2=n �1�rd� (5.9)goes to in�nity when n goes to in�nity, sine r is greater than 2. Hene an goes to 0, andondition (5.4) is satis�ed. On the other hand,an Z �0��0 (j�j�n(�) + �2n(�))�0(�)d� � Kan Z �00 �2�rd� � Kan (5.10)whih goes to 0 sine r < 3. The Lemma is proved.We now de�ne a stopping time that will allow the derivative at 0 not to be too large. Considerthe following proess : Znt = Z t0 Z�jWs(�)j�C Z ��� �n(�)N0(d�d�ds) (5.11)We �x l > 0, and we set Tn = inf �t > T � an Æ Znt � ZnT�an � l	 (5.12)



6. THE DERIVATIVE AT 0 IS LARGE ENOUGH. 213We now an de�ne our sequene of perturbations (sg(x) denotes the signe of x).vn(s; �; �) = 1[T�an;Tn^T ℄(s)1f�jWs�(�)j�Cgsg(E(K)s�)sg(Ws�(�))�n(�) (5.13)For eah n, vn is a perturbation (see De�nition 3.1), sine it is preditable, and sine it satis�es(3.1), (3.2), and (3.3) thanks to Lemma 5.2.We at last prove the essential following onvergene :limn!1P (Tn < T ) = 1 (5.14)Indeed,P (Tn < T ) � P (ZnT � ZnT�an � l) � 1� elE �e�(ZnT�ZnT�an )�� 1� el exp(� Z TT�an Z�jWs�(�)j�C Z ��� �1� e��n(�)��0(�)d�d�ds)� 1� el exp��an � q � 12 Z ��� �n(�)�0(�)d�� (5.15)whih goes to 1 thanks to equation (5.4). We have used Lemma 5.1 and the fat that sine �nis smaller than 1, 1� e��n � �n=2.6 The derivative at 0 is large enough.Thanks to our hoie for the perturbation vn, we an write���� ���V nT (0)���� = jE(K)T j � ��� Z Tn^TT�an Z�jWs�(�)j�C Z �0��0 ���E(K)�1s�����n(tan �)Vs�sg(Ws�(�)) + jWs�(�)jo�n(�)N0(d�d�ds)���� jE(K)T j Z Tn^TT�an Z�jWs�(�)j�C Z �0��0 ���E(K)�1s����� � �n(�)N0(d�d�ds)� jE(K)T j Z TT�an Z 10 Z �0��0 ���E(K)�1s����� j tan �j � jVs�j � �n(�)N0(d�d�ds)� An �Bn (6.1)First An is larger than inf[T�an;T ℄ ���E(K)T E(K)�1s����� � �ZnT^Tn � ZnT�an� (6.2)But E(K) is a.s. ontinuous (and does not vanish) at T , thus the �rst term in the produt goesa.s. to 1. Furthermore, using equations (5.12) and (5.14), we see thatlimn!1P �ZnT^Tn � ZnT�an � l� = 1 (6.3)



214 CHAPITRE 6 : STRICT POSITIVITY FOR A KAC EQUATIONIt is thus lear that limn!1P (An � l=2) = 1 (6.4)On the other hand,Bn � sup[T�an;T ℄ ���E(K)T E(K)�1s����� 1os �0 � Z TT�an Z 10 Z �0��0 jVs�j � j�j�n(�)N0(d�d�ds) (6.5)First, we have already seen (see equation (4.9)) that the �rst term in the produt is alwayssmaller than 1. The last term goes to 0 in L1, thanks to (5.5) and (4.16), sineE "Z TT�an Z 10 Z �0��0 jVs�j � j�j�n(�)N0(d�d�ds)#� E  sup[0;T ℄ jVs�j!� an Z �0��0 j�j�n(�)�0(�)d� (6.6)Hene Bn goes to 0 in probability, and we �nally dedue thatlimn!1P ����� ���V nT (0)���� � l=4� = 1 (6.7)The �rst part of our riterion is satis�ed.7 The derivatives are not too large.We still have to hek that there exists K <1 suh thatP  supj�j�1 ���� ���V nT (�)���� � K! �! 1 (7.1)and P  supj�j�1 ����� �2��2V nT (�)����� � K! �! 1 (7.2)We refer to Setion 4 for the notations. In order to prove (7.1), we just have to hek thatP (RnT � K) goes to 1 (see (4.26) and (4.27)). First, we will need the following preliminaryestimate (L is a onstant independant of n) :E "sup[0;T ℄Y nt (0)# � L (7.3)But this expetation is smaller than (M is a onstant)ME "Z Tn^TT�an Z�jWs�(�)j�C Z ��� [j�j � jVs�j+ jWs�(�)j℄ �n(�)N0(d�d�ds)#� ME "Z TT�an Z 10 Z �0��0 j�j � jVs�j�n(�)N0(d�d�ds)#+ME "Z TnT�an Z�jWs�(�)j�C Z ��� �n(�)N0(d�d�ds)# (7.4)



8. CONCLUSION. 215Thanks to the de�nition (5.12) of Tn, the seond term is smaller than M(l+ k �n k1). But �nis always smaller than 1=2, and thus the seond term is smaller than M(l + 1=2). On the otherhand, the �rst term is smaller thanM Z TT�an Z 10 Z �0��0 E (jVs�j)� j�j�n(�)�0(�)d�d�ds�ME  sup[0;T ℄ jVtj!� an Z �0��0 j�j�n(�)�0(�)d� (7.5)whih goes to 0, thanks to (5.5) and (4.16). Inequality (7.3) is satis�ed.We now write Rnt as 1os �0 �3Rn;1t +Rn;2t �, whereRn;1t = Z t0 Z 10 Z ��� �jVs�j+ Y ns�(0)� � j�j � jvn(s; �; �)jN0(d�d�ds) (7.6)Rn;2t = Z t0 Z 10 Z ��� jWs�(�)j � jvn(s; �; �)jN0(d�d�ds) (7.7)It is lear, thanks to the de�nitions of vn and Tn, and sine �n � 1=2, that Rn;2T � C(l +1=2). On the other hand, (4.16), (7.3) and (5.5) yield that Rn;1T goes to 0 in L1. Hene,P (RnT � 2C(l + 1=2)) goes to 1, and (7.1) is satis�ed.Notie that we have proved in partiular that there exists a onstant L independant of n suhthat E  sup[0;T ℄Rnt ! � L (7.8)In order to prove (7.2), we have to hek that P (�nT � K) goes to 1 (reall (4.28) and (4.29)).Thanks to (5.5), (4.16), (7.3), and (7.8), we see thatE (�nT ) �! 0 (7.9)whih gives immediately the result.Notie that we do not need to hoose l (see the de�nition of Tn, (5.12)) : this might look strange,but in fat, it is natural. First, if l is large, then the derivative at 0 will be more easily large,but the �rst and seond derivatives will be less easily bounded on [�1; 1℄. As a seond reason,notie that we use a sequene of perturbations that would make explode ���V nT (0) if we did notuse Tn.8 Conlusion.We have found some onstants � > 0 and K <1 suh thatlimn!1P  ���� ���V nT (0)���� � � ; supj�j�1 ���� ���V nT (�)���� � K ; supj�j�1 ����� �2��2V nT (�)����� � K! = 1 (8.1)



216 CHAPITRE 6 : STRICT POSITIVITY FOR A KAC EQUATIONLet now y0 be a point of the support of the law of VT . Then for any r > 0,P  jVT � y0j � r ; ���� ���V nT (0)���� � � ; supj�j�1 ���� ���V nT (�)���� � K ; supj�j�1 ����� �2��2V nT (�)����� � K!�!n!1 P (jVT � y0j � r) > 0 (8.2)Theorem 3.3 allows us to say that f(T; y0) > 0. Sine we know from Theorem 2.4 that f(T; :)is ontinuous on IR, Remark 3.4 allows us to dedue that for all y 2 IR, f(T; y) > 0. At last,sine T > 0 has been arbitrarily �xed, this holds for any T > 0, and the proof of Theorem 2.5is �nished.
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218 BIBLIOGRAPHIE[13℄ E. Carlen, E. Pardoux, Di�erential alulus and integration by parts on Poisson spae, inKluwer ed, Stohasti algebra and analysis in lassial and quantum dynamis, p 63-73,1990.[14℄ L. Denis, A riteria of density for solutions of Poisson driven S.D.E.s, Preprint, 1998.[15℄ L. Desvillettes, About the regularizing properties of the non uto� Ka equation, Commu-niation in Math. Physis 168, 416-440, 1995.[16℄ L. Desvillettes, Regularization properties of the 2-dimensional non radially symmetri nonuto� spatially homogeneous Boltzmann equation for Maxwellian moleules, Trans. TheoryStat. Phys., vol. 26, 341-357, 1997.[17℄ L. Desvillettes, C. Graham, S. M�el�eard, Probabilisti interpretation and numerial approx-imation of a Ka equation without uto�, �a parâ�tre dans Stohasti Proesses and theirAppliations.[18℄ C. Graham, S. M�el�eard, Stohasti partile approximations for generalized Boltzmann mod-els and onvergene estimates, the Annals of Probability, vol. 25, 115-132, 1997.[19℄ C. Graham, S. M�el�eard, Existene and regularity of a solution to a Ka equation withoututo� using Malliavin Calulus, �a parâ�tre dans Communiation in Math. Phys.[20℄ N. Ikeda, S. Watanabe, Stohasti di�erential equations and di�usion proesses, NorthHolland, 1979.[21℄ Y. Ishikawa, Asymptoti behaviour of the transition density for jump type proesses in smalltime, Tohoku Math. J., vol. 46, p 443-456, 1994.[22℄ J. Jaod, Equations di��erentielles lin�eaires, la m�ethode de variation des onstantes,S�eminaire de Probabilit�es XVI, L.N.M. 920, p 442-448, Springer, 1982.[23℄ J. Jaod, A.N. Shiryaev, Limit Theorems for Stohasti Proesses, Springer, 1987.[24℄ R. L�eandre, Densit�e en temps petit d'un proessus de sauts, S�eminaire de Probabilit�es XXI,L.N.M. 1247, p 81-99, Springer, 1987.[25℄ P. Malliavin, Stohasti Calulus of variations and hypoellipti operators, 1976, Kyoto, Pro.Symp. on S.D.E.s, Wiley, 1978.[26℄ P. Malliavin, Stohasti Analysis, Springer, 1997.[27℄ P.L. Morien, The H�older and the Besov regularity of the density for the solution of paraboliS.P.D.E., Bernouilli, vol. 5, p 275-298, 1999.[28℄ A. Millet, M. Sanz-Sol�e, A simple proof of the support theorem for di�usion proesses,S�eminaire de Probabilit�es XXVIII, L.N.M. 1583, p 36-48, Springer, 1994.[29℄ A. Millet, M. Sanz-Soll�e, Points of positive density for the solution to a Hyperboli S.P.D.E.,Potential Analysis, vol. 7, 623-659, 1997.[30℄ D. Nualart, Malliavin Calulus and related topis, Springer, 1995.



BIBLIOGRAPHIE 219[31℄ D. Nualart, C. Rovira, Large deviations for stohasti Volterra equations, Preprint, Univer-sitat de Barelona, 1998.[32℄ D. Nualart, M. Zakai, The partial Malliavin Calulus, Seminaire de Probabilit�es XXIII,L.N.M. 1372, p 361-381, Springer, 1989.[33℄ E. Pardoux, T. Zhang, Absolute ontinuity for the law of the solution of a paraboli S.P.D.E.,Journal of Funtional Analysis 112, 447-458, 1993.[34℄ J. Piard, Formules de dualit�e sur l'espae de Poisson, Annales de l' I.H.P., Probabilit�es etStatistiques, vol. 32, 509-548, 1996.[35℄ J. Piard, On the existene of smooth densities for jump proesses, Probability Theory andRelated Fields, vol. 105, 481-511, 1996.[36℄ J. Piard, Density in small time at aessible points for jump proesses, Stohasti Proessesand their Appliations, vol. 67, p 251-279, 1997.[37℄ N. Privault, Calul haotique et variationnel pour le proessus de Poisson, Th�ese del'universit�e Paris 6, 1994.[38℄ A. Pulvirenti, B. Wennberg, A Maxwellian lowerbound for solutions to the Boltzmann equa-tion, Communiation in Math. Phys., vol. 183, p 145-160, 1997.[39℄ A. Revuz, M. Yor, Continuous Martingales and Brownian Motion, Springer, 1991.[40℄ E. Saint Loubert Bi�e, Etude d'une EDPS onduite par un bruit Poissonnien, Th�ese del'universit�e de Clermont-Ferrand, 1998.[41℄ T. Simon, Support theorem for jump proesses, Preprint de l'universit�e d'Evry, 1998.[42℄ D. Strook, S. Varadhan, On the support of di�usion proesses with appliation to thestrong maximum priniple, Pro. 6th Berkley Symp. Math. Stat. Prob., vol III, UniversityCalifornia Press, 1972.[43℄ D. Strook, S. Varadhan, Multidimensional Di�usion Proesses, Springer, 1979.[44℄ H. Tanaka, Probabilisti treatment of the Boltzmann equation of Maxwellian moleules,Z.W., vol. 66, p 559-592, 1978.[45℄ C. Villani, Contribution �a l'�etude math�ematique des �equations de Boltzmann et Landau enth�eorie in�etique des gaz et des plasmas, Th�ese de l'universit�e Paris 9, C�er�emade, 1998.[46℄ J.B. Walsh, A stohasti model for neural response, Advanes in applied probability, vol.13, 231-281, 1981.[47℄ J.B. Walsh, An introdution to stohasti partial di�erential equations, Eole d'�et�e de Prob-abilit�e de Saint Flour 14, L.N.M. 1180, p 265-439, Springer, 1986.


