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Introduction

Cette these est consacrée au calcul des variations stochastiques pour des processus de saut, a ses
applications aux équations aux dérivées partielles stochastiques paraboliques avec sauts d’une
part, et aux équations de Boltzmann spatialement homogenes sans cutoff pour des molécules
maxwelliennes d’autre part.

Ce travail est constitué de deux parties, comportant chacune trois chapitres. Chaque chapitre est
indépendant des autres, en particulier pour ce qui est des notations, numérotations des théoremes
et des formules,... Ceci conduit bien sir & des redondances, mais préserve 'homogénéité de
chaque chapitre.

Dans le premier Chapitre, nous nous intéressons a une équation aux dérivées partielles stochas-
tique (E.D.P.S.), conduite par un bruit blanc gaussien espace-temps, et par une mesure de Pois-
son compensée. Nous prouvons un résultat d’existence et d’unicité, puis nous étudions ’absolue
continuité de la loi de la solution par rapport & la mesure de Lebesgue. Le deuxieéme Chapitre
constitue en quelque sorte un ”sous-produit” du premier : nous appliquons ses méthodes pour
résoudre les mémes questions concernant I’équation de Volterra stochastique avec sauts. Dans le
troisieme Chapitre, nous nous intéressons a une E.D.P.S. conduite par un bruit blanc gaussien
espace-temps, et par une mesure de Poisson finie. Nous caractérisons le support de la loi de sa
solution dans un espace de Skorokhod.

Dans le quatrieme Chapitre, nous utilisons le calcul des variations stochastiques sur I'espace
de Poisson, afin de prouver 'existence d’une solution réguliére d’une équation de Boltzmann
en dimension 2. Nous établissons un critere de stricte positivité de la densité pour des solu-
tions d’E.D.S. avec sauts dans le cinquiéme Chapitre. Ceci nous permet de prouver la stricte
positivité de la solution d’une équation de Kac (”caricature” unidimensionelle de 1’équation de
Boltzmann) dans le Chapitre 6.

Dans cette introduction, nous allons d’abord rappeler quelques définitions et résultats & propos
des mesures de Poisson, et du calcul de Malliavin sur ’espace de Poisson. Nous décrirons ensuite
les différents travaux constituant cette thése, en essayant d’en dégager le contexte, les résultats,
et les principales nouveautés.
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1 Mesures ponctuelles de Poisson : rappels.

Dans tous les Chapitres de cette thése, les équations étudiées comportent une intégrale par
rapport a une mesure de Poisson, le plus souvent compensée. Rappelons donc les principales
définitions que nous allons utiliser, qui figurent par exemple dans Jacod, Shiryaev, [23], ou Tkeda,
Watanabe, [20].

Soit (E, &) un espace de Blackwell (par exemple un espace Polonais, voir [23]), soit T' > 0, et
soit (€2, F, P) un espace de probabilités. Une mesure aléatoire N (w,dt,dz) sur [0,T] x E est une
mesure de Poisson (homogene) si les conditions suivantes sont vérifiées :

1. Pour tout w € Q, N(w,{0} x E) = 0. Pour tout ¢ €]0,T], tout w € Q, N(w,{t} X E) €
{0,1}.

2. Si A et B sont deux éléments disjoints de B([0,7]) ® £, alors les variables aléatoires N (A)
et N(B) sont indépendantes.

3. La mesure v(A) = E(N(A)) sur ([0,T] x E,B([0,T]) ® £) est de la forme dtq(dz), ou q est
une mesure positive o-finie. La mesure v est appelée ”intensité” de N

On peut vérifier que, si N est une telle mesure aléatoire, si A est un élément de £ vérifiant
q(A) < oo, alors le processus Ny(A) = N([0,¢] x A) est un processus de Poisson standard de
parametre g(A).

Rappelons que la filtration canonique associée a la mesure N est donnée par
Fi=0{N(A); AeB(0,t]) ® E} (1)
Ceci permet de définir les tribus prévisible et optionnelle (sur Q x [0,T7]) :
P =0{X; X;(w) processus cag {F;} —adapté sur [0,7T]} (2)
O =0{X; X;(w) processus cad {F;} —adapté sur [0,7]} (3)
Toute mesure de Poisson peut s’écrire sous la forme

N(w,dt,dz) = Y Tp)(s)(s .5, (dt, dz) (4)
s€[0,T]

ou (3 est un processus optionnel (O-mesurable) & valeurs dans F, et D est un sous-ensemble
aléatoire maigre de [0, 7], c’est & dire que D(w) = U{T,,(w)} est une union au plus dénombrable
de temps d’arrét.

Mesures finies.

Dans le cas ou ¢(E) < oo, 'ensemble D(w) est p.s. fini. La mesure de Poisson N est alors dite
"finie”, et peut s’écrire comme une somme finie de masses de Dirac :

ww)

N(w,dt,dz) = > 8(7y(w),2: (w)) (dt, dz) (5)
=1
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ot les temps d’arrét 0 < 77 < ... < T}, sont les instants de saut du processus de Poisson N;(FE).
On sait que les variables aléatoires T; — T;_; sont i.i.d. de loi exponentielle de parameétre ¢(F),
et que p = N([0,T] x E) suit une loi de Poisson de parametre T'q(E). Conditionnellement &
w, T, ..., Ty, les Z; sont i.i.d. de loi q(dz)/q(FE).

Mesures infinies.

Si q(E) = oo, l’ensemble D est p.s. dense dans [0,7]. En revanche, on peut considérer une
suite croissante de sous-ensembles E, tels que UE, = E et pour chaque p, ¢(E,) < oo. Alors
la restriction N |[0,T]>< g, est une mesure de Poisson finie. De plus, cette approximation est
souvent pratique, car N = N |[0’T}X g, + N |[0,T]X E\E, est la somme de deux mesures de Poisson
indépendantes, et la deuxieme tend vers 0 (dans un certain sens) quand p tend vers Uinfini.
On peut aussi écrire, si D = Upew {7y}, en posant Z; = OB,

o0

N (w,dt,dz) 25 ) (dt, dz) (6)

mais cette fois, on ne peut plus ordonner les temps d’arrét 7T;, selon 1'ordre usuel sur [0, 7.
Compensateur.

La mesure de Poisson N admet pour compensateur son intensité v(ds,dz) = dsq(dz), c’est &
dire que pour toute fonction W(w, s, z) prévisible (i.e. P ® £-mesurable) sur Q x [0,7] x E,

vérifiant
B </Ot/E|W(s,z)|q(dz)ds> < 00 (7)

M, :/Ot/EW(s,z)N(ds,dz) —/Ut/EW(s,z)q(dz)ds (8)

est une {F; }-martingale cadlag (I'intégrale par rapport & N ci-dessus est une intégrale de Stieljes,

définie w par w). Si de plus,
t
E (/ / W2(s,z)q(dz)ds> < oo 9)
0o JE

alors M est de carré intégrable, admet pour variation quadratique :

le processus

(M]; = /0 t /E W(s, 2) N (ds, d2) (10)

et pour variation quadratique prévisible :

(M), = /Ot/EW2(s,z)q(dz)ds (11)
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Intégrale stochastique.

Posons N(ds,dz) = N(ds,dz) — q(dz)ds. 1l est possible d’intégrer contre cette “mesure” des
fonctions prévisibles qui ne sont pas intégrables pour dsq(dz). Soit W(w,s,z) une fonction
prévisible sur  x [0,7] x E de carré intégrable pour P(dw)dsq(dz), i.e. vérifiant (9). Si
q(E) = oo, 'intégrale f(f Sz W (s,z)N(ds,dz) n’a en général pas de sens. Considérons donc une
suite croissante de sous-ensembles E, tels que UE, = E et pour chaque p, ¢(E,) < oco. Pour
chaque p, on peut définir la {F;}-martingale cadlag de carré intégrable

t t
Mg’:/0 EpW(s,z)N(ds,dz)—/O [ Ws.2)atd=)ds (12)

Il est possible de vérifier (voir [20]) que MP converge uniformément sur [0, 7] dans L? vers une
martingale cadlag de carré intégrable M;, que nous noterons

M; = / / W (s, z)N(ds,dz) (13)

On peut aussi définir (voir [23]) M; comme l'unique martingale purement discontinue dont les
sauts sont donnés par

AMy = Tp(t)W(t, Bt) (14)

Cette intégrale s’appelle ”intégrale stochastique” par rapport a la mesure de Poisson ”com-
pensée”. Les crochets de M sont encore donnés par (10) et (11). On obtient en particulier
l'isométrie L? : pour toute fonction prévisible W,

[(/ JRCRLT dz)ﬂ =5 [[ [ W,z (15)

Rappelons enfin 'inégalité de Burkholder pour cette intégrale : pour tout p > 2, il existe une
constante C), telle que pour tout fonction prévisible W,

lsup //Wsz (ds,dz)
u€[0,t

2 Calcul des variations stochastiques sur I’espace de Poisson.

P p/2

<C,E

(s,z)N(ds,dz)

(16)

A Texception du Chapitre 3, toutes les parties de cette thése font intervenir ce domaine. Le
calcul de Malliavin, qui tente de définir une ”dérivée par rapport & I'alea”, a d’abord été introduit
sur l'espace de Wiener, voir Malliavin, [25]. Initialement, 'idée était de résoudre le probléme
de Hormander par des méthodes probabilistes, ce qui revient & résoudre le probleme suivant.
Considérons le processus de diffusion

t t
Xz =x+/ b(Xf)der/ (X)W, (17)
0 0

A quelles conditions sur les coefficients b et o les lois des variables aléatoires X[ admettent-t-
elles des densités p(x,y) par rapport & la mesure de Lebesgue, éventuellement réguliéres en y,
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Le calcul de Malliavin a permis de résoudre ce probléme, mais aussi des questions similaires con-
cernant bien d’autres fonctionnelles de Wiener ; il a débouché sur un vaste domaine de recherche,
voir Malliavin, [26], ou Nualart, [30], pour des exposés complets sur le sujet.

Intéressons-nous maintenant & un processus de diffusion avec sauts Poissonniens :

:I:—i—/ b(XY) ds+/ 3)dW +/ / XZ ,2)N(ds,dz) (18)

Bismut, [8], puis Bichteler, Jacod, [7] et Bichteler, Gravereaux, Jacod, [6], ont développé une
méthode, consistant & ”dériver” la mesure de Poisson par rapport & la taille de ses sauts, afin
d’étudier D'existence de densités, éventuellement régulieres, pour des variables aléatoires sur
I’espace de Poisson. Cette méthode parait la plus naturelle, mais elle présente un inconvénient
majeur : elle ne permet de traiter que le cas des mesures de Poisson dont I'intensité admet une
densité réguliere par rapport a la mesure de Lebesgue.

Deux approches du calcul de Malliavin sur I’espace de Poisson ont en fait été développées par
Bichteler, Gravereaux, et Jacod dans [6]. Les auteurs de cet article étudient l'existence et la
régularité de densités pour des processus de diffusion avec sauts. L.’une de ces méthodes consiste
& définir un opérateur de ”carré du champ” sur un domaine de variables aléatoires s’écrivant
comme limites d’une suite de fonctionnelles ”simples” de la mesure de Poisson, puis & prouver
des formules d’intégration par parties sur ce domaine. La seconde approche consiste & ”per-
turber” la mesure de Poisson & 1’aide de fonctions prévisibles, & définir des ”dérivées” dans L?
de variables aléatoires perturbées, afin d’en déduire des formules d’intégration par parties. Tous

les résultats obtenus découlent d’une accumulation de ”petits sauts”.

Dans toute cette these, & 'exception du Chapitre 3, nous adapterons, étendrons, ou raffinerons
selon nos besoins ces méthodes, afin d’obtenir des résultats d’existence et de régularité d’autres
fonctionnelles de Poisson, mais aussi pour étudier la stricte positivité des densités obtenues.

Mentionons enfin d’autres approches du calcul de Malliavin sur I’espace de Poisson. Pardoux,
Carlen, [13], puis Denis, [14], ont construit un calcul variationnel par rapport aux instants de
saut. Picard, [34], [35], construit une ”dérivée discréte”, en ajoutant ou en retirant des sauts.
Ces approches permettent de traiter le cas ol I'intensité de la mesure de Poisson n’est plus ab-
solument continue par rapport a la mesure de Lebesgue. Citons enfin Privault, [37], qui étudie
les fonctionnelles du processus de Poisson standard. Il construit un calcul variationnel & 1’aide
de ”I’espace exponentiel”, en exploitant le fait que les délais entre les sauts sont indépendants
et identiquement distribués, de lois exponentielles.

3 E.D.P.S. paraboliques avec sauts.

Les E.D.P.S. paraboliques ont été introduites par Walsh, dans [46], afin de modéliser les po-
tentiels électriques de membranes nerveuses. On s’intéresse aux potentiels des membranes d’un
cylindre, et, pour des raisons de symétrie, on peut se ramener & une étude sur le segment [0, 1].
Notons V (z,t) le potentiel en un point z € [0,1] & 'instant ¢. En I’absence de stimulations, V'
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satisfait 1’équation :
ov. 0’V
— = — (19)
ot 02

Considérons maintenant le cas ot il y a des stimulations. Soit donc F(z,t) 'impulsion (Parrivée

ou le départ d’un ion, par exemple) au point z & Uinstant ¢. Alors V satisfait :

oV 0’V
—=—-V+F 20
ot 0zr? + (20)
Walsh explique que F peut étre modélisé par un processus ponctuel de Poisson : F(z,t) est la
taille du saut au point ¢,z d’'une mesure de Poisson N(dt,dz,dz) sur [0,T] x [0,1] x IR. Afin de
résoudre (20), Walsh utilise la fonction de Green Gy(z,y) associée, i.e. la solution fondamentale
de (19) avec pour condition initiale une masse de Dirac en y (et avec des conditions au bord
fixées) :

1 t rl
Viot) = [ Giloyawidy+ [ [ [ Gisloy)N(ds,dy.d2) (21)

Dans [46], Walsh prouve aussi un résultat de convergence, qui permet d’approximer la mesure
de Poisson par un bruit blanc espace-temps W (dz,ds), car les sauts (stimuli) sont tres petits
et trés nombreux. Rappelons que W est défini comme un processus Gaussien {W(A) ; A €
B([0,T] x [0,1])}, indexé par les boreliens de [0,T] x [0, 1], de covariance :

BOW AW (B) = [[  dsulaz) (22)
ANB
ou 4 est une mesure positive finie sur [0, 1], le plus souvent choisie égale & la mesure de Lebesgue.

Dans [47], Walsh étudie une E.D.P.S. de la forme :

v _ v

5 = oz TIV) VW (23)

Les solutions faibles sont définies comme des processus V(z,t), adaptés pour la filtration du
bruit blanc, et vérifiant ’équation d’évolution :

V) = [ Gy [ [ Goswngviy, )dvds

[ G )W) (24)

ou G est le noyau de Green associé & 'E.D.P. 9,V = 0,2V, avec des conditions au bord de
type Neumann ou Dirichlet. Dans [47], Walsh prouve un théoréme d’existence et d’unicité en
adaptant les méthodes habituelles (Lemmes de Gronwall et Picard). Walsh prouve ensuite que
sa solution est holderienne en z,t, en appliquant le Lemme de Kolmogorov au membre de droite
de (24). Depuis, cette équation a été largement explorée, voir par exemple [3], [4], [27], [33]...
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Résumé du Chapitre 1

Dans le premier Chapitre, nous considérons I'E.D.P.S. sur [0,7] x [0,1] :

2
88—‘; = ZTZ-I-Q(V)-I—f(V)W-I—h(V,.)*N (25)
ou W est un bruit blanc gaussien, et N est la mesure compensée d'une mesure de Poisson
sur [0,7] x [0,1] x IR, indépendante de W, d’intensité dsdyq(dz), o q est o-finie sur IR. Cette
E.D.P.S., qui généralise (20) et (23), permet de modeliser les phénomenes décrits par Walsh, dans
le cas ou plusieurs types d’impulsions interviennent (des “tailles” et des “fréquences” différentes).
L’équation d’évolution associée s’écrit :

V) = [ Gyt [ [ G swav i, s)duds
+f t | s w,9) £ (V (5, 5) W (dy, ds)

t 1 -
+ /0 /0 /RGt_S(x,y)h(V(y,s),z)N(ds,dy,dz) (26)

La condition initiale V, est supposée déterministe, mesurable, et bornée sur [0,1]. Le noyau
de Green G est celui de Walsh, associé a 'E.D.P. 9,V = 0,2V, avec des conditions au bord de
Neumann : on sait que G¢(z,y) se comporte en gros comme

r— )2
Lo (_7( 4;’)) 21)

Nous supposons que f et g sont Lipschitziennes de IR dans IR, et que h : IR X IR — IR vérifie,
pour une certaine fonction n € L2(IR, q),

h(0,2)] <n(z) 5 |h(z,2) = h(y, 2)| <[z —yln(z) (28)

Nous prouvons dans une premiére partie 1’existence d’une unique solution faible V' (z,t) pour
(25), admettant une version (dans un sens faible) prévisible, et satisfaisant :

sup FE (VQ(gz,t)) < oo (29)
[0,1]x[0,77]

Ce théoreme d’existence et d’unicité est tres simple & prouver, en utilisant les méthodes de
Walsh, une fois que la validité des intégrales stochastiques a été établie. Par exemple, pour
appliquer une itération de Picard, il faut étre siir que si Y est prévisible et borné dans L? sur
[0,1] x [0,T7, alors le processus

t 1 .
U(w,t):/o/o/Rths(az,y)h(Y(y,s),z)N(ds,dy,dz) (30)

admet une version (faible) prévisible. Ceci n’est pas trivial, & cause de la présence du noyau.
Nous résolvons ce probléeme de mesurabilité en approchant le semi-groupe G, de fagon que U soit
une limite dzdt ® dP-presque partout de processus prévisibles. Remarquons que nous sommes
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obligés de définir une solution admettant une version (faible) prévisible : nous vérifions, & 'aide
d’un exemple, que la solution n’a aucune chance d’avoir des trajectoires limitées a droite.
Le seul résultat de régularité “jointe” que nous avons obtenu est le suivant : si f est bornée et
si n € LY(IR, q), alors ’application

t— V(z, t)dz (31)
est p.s. caglad de [0,7] dans 'espace M, des mesures bornées (signées) sur [0, 1], muni de la

topologie de la convergence étroite. On prouve aussi que ceci n’est en général plus vrai si on
remplace My, par L'([0, 1]).

Nous nous intéressons ensuite & ’absolue continuité de la loi de notre solution V(x,t), pour
z € [0,1] et ¢ > 0. Nous supposons d’abord que ¢(dz) = Ip(z)p(2)dz, ou O est un ouvert de
IR et ¢ est une fonction réguliere sur O. Nous supposons aussi que les fonctions f, g, et h sont
suffisamment régulieres. Nous émettons enfin une hypothese concernant le comportement de 7
et ¢ au bord de O, et une condition de non-dégénerescence du type

Vz€IR, f(z)#0 ou /o Lier jh (o220 v zeRyP(2)dz = 00 (32)

(notre deuxieme hypothése est en vérité plus forte, car elle fait intervenir, de maniére implicite,
le noyau de Green). Nous prouvons que sous ces hypotheses, la loi de V' (z,t) admet une densité
des que ¢t > 0.

Afin de démontrer un tel résultat, nous construisons un calcul de Malliavin “partiel” sur I’espace
de Poisson, et nous utilisons le calcul de Malliavin classique sur ’espace de Wiener associé au
bruit blanc (voir Nualart, Zakai, [32], ou Nualart, [30]). Nous définissons donc deux opérateurs de
dérivation, sur I’espace canonique produit. Le premier, Dé’g, associé au bruit blanc, est standard.
Le second, Dg”lﬁc, lié & la mesure de Poisson, tente de définir “proprement” la dérivée suivante :
si X est une variable sur ’espace canonique € associé & N, si w € Q, et si («, 7,() € supp w
(rappelons que tout w € € est une mesure de comptage sur [0,7] x [0,1] x O et que O est

ouvert) :

0

0,1 _

Da,T,gX(“’) = 5X(w = 0(a,r,¢) T O(ayrcn) o (33)
Pour cela, nous définissons un domaine S%! de variables simples, i.e. s’exprimant de maniére
simple en fonction de la mesure de Poisson, sur lequel Dg”lﬂC est naturellement bien défini. En

suivant le Chapitre 4 de Bichteler, Gravereaux, Jacod, [6], nous définissons un opérateur L%!
sur S®1, dont les principales propriétés sont les suivantes :

1. L% est auto-adjoint dans L?, i.e. si X et Y appartiennent & S%!, alors
E(XL"'Y) = E(YL"'X) (34)
2. Tl existe une fonction bornée strictement positive p € L!(IR, q) telle que pour tous X et Y
dans S%!,

rlx,y) = LOY(Xy)-xr%y -vyr®x

T rl
N /0 /0 /ODg’,lr,cXDg’,IT,gYP(C)N(dT,da,d() (35)
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On considére ensuite sur S%! 1a norme

M

X1l = B 5+E</ [/ DZL,CXDiigYp(ON(dT,da,do) (36)

Les propriétés 1 et 2 de LO! permettent de fermer 'opérateur Dg’lT R i.e. de I’étendre au domaine

0 1 2 . . ’ . .
Dol = 80’1”' U , bien que LY ne soit pas défini sur tout ce domaine.

On construit de méme les objets S™0 et D0 associés au bruit blanc. Nous obtenons ainsi un do-

maine D de variables aléatoires sur I’espace canonique produit, dérivables au sens des opérateurs
0,1
DSY et Dy

a,T,C"

Il est alors possible de prouver le critére suivant : si X € D, et si, p.s.,

// D“’X dadT-l—/ // DngCX ? J(C)N(dr, da,dC) > 0 (37)

alors la loi de X admet une densité par rapport a la mesure de Lebesgue. Pour cela, nous utilisons
une méthode du type Bouleau, Hirsch, [9], dont la preuve a été simplifiée par Nualart, Zakai, [32].

Nous étudions ces opérateurs en détail, afin d’en exploiter les principales propriétés, pour pou-
voir vérifier que V' (z,t) est "dérivable”. Ceci est tres technique, en particulier parce que V (z,1)
n’appartient pas & un espace LP pour p > 2. Néanmoins, le théoréeme de convergence dominée
de Lebesgue permet la plupart du temps de contourner ce défaut d’intégrabilité. Il faut de plus
toujours prendre garde de n’intégrer que des processus prévisibles contre W et N. Enfin, nous
sommes obligés de prouver une “isométrie” L? associée & notre opérateur Dg”lﬂc.

Une fois calculées les dérivées de la solution, il reste & vérifier que p.s., o(z,t) > 0, on

// D10 xt))ZdadT

+ /OT /01 /O (DarcV t))2 p(CQ)N (dr, da, dC) (38)

Vu la différence de nature entre les deux intégrales ci-dessus, nous prouvons en fait que sous
la premiére (resp. deuxiéme) hypothése de non-dégénerescence, la premieére (resp. deuxiéme)
intégrale est p.s. strictement positive.

Pour cela, nous localisons ces intégrales, c’est & dire que nous ne considérons que des intégrales
au voisinage de t, afin d’exploiter 'explosion du noyau Gy—4(z,y) en s = t.

Les nouveautés par rapport au travail de Bichteler, Gravereaux, Jacod, [6], sont les suivantes.
Dans [6], la fonction ¢ est toujours supposée constante. De plus, Bichteler et al. ne définissent
pas d’opérateur de dérivation. Ils travaillent directement & Paide de T'%!. Ceci occasionne une
grosse perte d’information : on voit bien que la connaissance de D' est plus instructive que
celle de T%!. Dans les cas des E.D.S., ceci n’a pas d’importance, car les dérivées (ou I') satisfont
des E.D.S. linéaires, qu’on sait résoudre explicitement. Par contre, dans le cas des E.D.P.S., on
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ne sait plus calculer explicitement les dérivées. 1l est alors nécessaire de localiser les intégrales,
ce qui est impossible en utilisant ’opérateur global T'.

En utilisant des méthodes similaires & celles de Bichteler et al., [6], il parait impossible d’établir
la stricte positivité de o(z,t), sauf en supposant que V' est un processus & variations finies, i.e.
f=0,n¢€ LY (0, p(2)dz), cf Saint Loubert Bié, [40].

Enfin, nous n’utilisons pas de formules d’intégration par parties pour prouver notre critére
d’absolue continuité : nous n’exploitons que 'unicité des dérivées. En fait, nous avons étendu
nos opérateurs de dérivation a un domaine ”trop grand”, au sens ou L n’est en général pas défini
sur D. Or toutes les formules d’intégration par parties données dans [6] concernent Popérateur
L. Mais la solution V' ne semble pas appartenir & un espace plus restreint.

L’avantage de cette méthode est claire : elle permet de traiter le cas d’'un grand nombre de
fonctionnelles de Poisson, sous des hypothéses assez faibles. L’inconvénient majeur est évident :
on ne peut pas, avec cette méthode, étudier la régularité des densités, faute d’intégration par
parties sur I'espace D.

La principale nouveauté de ce travail est donc la construction et 'utilisation de ce calcul de
Malliavin sur I’espace de Poisson, partiel et moins fort que celui de [6], mais plus précis.

Résumé du Chapitre 2

Dans le second chapitre, nous considérons 1’équation de Volterra stochastique avec sauts :
t t t .
X, = g +/ o(s,, X, )dW, +/ b(s,t, X,)ds +/ / h(s,t, X)) N(ds,dz)  (39)
0 0 0o Jo

W est un mouvement brownien unidimensionel standard, et N est une mesure de Poisson com-
pensée, d’'intensité p(z)dzds sur [0,7] x O, ot O est un ouvert de IR.

Les problémes qui se posent (validité des intégrales stochastiques, existence, unicité d’une so-
lution, calcul de Malliavin,...) sont exactement les mémes que pour les E.D.P.S. : Dobstacle
majeur est la présence du ”t” dans les intégrales, ce qui implique en particulier que X n’est pas
une semi-martingale. C’est pourquoi nous ”vérifions” brievement que les résultats du chapitre
1 s’adaptent.

Remarquons que dans cette étude, nous améliorons aussi le résultat d’absolue continuité de
Bichteler, Jacod, [7] pour les diffusions avec saut (les fonctions o, b, h ne dépendent pas de s, t) :
notre méthode permet de supposer moins de régularité et d’intégrabilité, et permet d’étendre le
résultat au cas oll ¢ n’est plus constante.

Résumé du Chapitre 3

Dans le dernier chapitre de cette premiere Partie, nous considérons deux objets indépendants :
un bruit blanc gaussien W et une mesure de Poisson finie N sur [0,7] x E, ou F est un espace
Polonais, et I'intensité de N est de la forme dtq(dz), on ¢ est une mesure finie sur E. Considérons
I’E.D.P.S. dont I’équation d’évolution s’écrit :

X)) = [ Glep i+ [ [ G (X, u)dyds
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+/Ot/01 Gz, y)o(X (s, 9))W (dy, ds)

+f t [ s, )g(X (5—,y), 2)dy N(ds, d2) (40)

La condition initiale X est supposée déterministe et continue sur [0, 1]. Le noyau de Green G
est celui de Walsh, (cf résumé du Chapitre 1), associé a 'E.D.P. 9,V = 9,2V, avec des conditions
au bord de Neumann. Nous supposons que b et o sont Lipschitziennes de IR dans IR, et que
o est de classe C3. La fonction ¢ : IR x E + IR est supposée aussi réguliere qu’un produit de
fonctions continues a(z)3(z).

Dans une premiére partie, nous esquissons la preuve d’un théoreme d’existence et d’unicité :
il existe un unique processus adapté X (¢,z) & valeurs dans ID([0,T7], C([0,1])) et satisfaisant
(40). Les problémes de mesurabilité du Chapitre 1 n’apparaissent pas ici, puisque la solution
recherchée est relativement réguliere.

Notre but est ensuite de caractériser le support de la loi de X dans 'espace ID([0,T], C([0,1]))
muni de la topologie de Skorokhod. Pour cela, nous considérons 1’espace de Cameron-Martin
associé au bruit blanc,

H = {h(t,x) - /Ot /Oxh(s,y)dyds/ i e L2([0,T] x [0, 1])} (41)

et I’ensemble des mesures de comptage associé & NV,

M = {m(dt,dz) = 81, ., (dt, dz)

=1

n nelN, 0<t; <..<t,<T,
/ (42)

21y .eey Zp € SUPD ¢

On définit ensuite le squelette associé a notre équation. Si h € H et si m € M, on note S(h, m)
la solution de ’équation d’évolution (déterministe) ou 'on a remplacé dans (40) W (dy, ds) par

h(s,y)dyds et N(ds,dz) par m(ds,dz). Notre résultat principal est le suivant :

supp Po X ' ={S(h,m) /hEH, meE M} (43)

ou le support et 'adhérence sont relatifs & la topologie de Skorokhod sur ID([0,T], C([0, 1])).

La preuve de ce résultat est constituée de quatre étapes. D’abord, un argument de localisation
permet de supposer que o est de classe Cg’ et que g est bornée et uniformément continue en z.

Dans la deuxiéme étape, nous vérifions qu’il suffit de caractériser les supports de X,,, et X}, pour
tous h € H, m € M, ou X,;, (resp. X}) est la solution de (40) olt on a remplacé N(ds, dz) par
m(ds,dz) (resp. W (dy,ds) par h(s,y)dyds). Pour décomposer le probleme de la sorte, nous
exploitons le fait que p.s., N € M, et nous utilisons ’espérance conditionnelle par rapport a N.

La troisieme étape est dédiée a la caractérisation du support de X, pour un h € H fixé. Pour
cela, nous suivons la méthode de Simon, qui s’intéresse & des E.D.S. conduites uniquement par
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une mesure de Poisson (compensée ou non). L’inclusion directe est immédiate. Pour prouver
Iinclusion difficile, nous fixons m € M. Nous construisons un ensemble Q(m, €), de probabilité
strictement positive, sur lequel " N est proche de m & e prés”. Pour chaque w € Q(m,€), nous
exhibons ensuite un changement de temps A : [0,7] — [0, 7] tel que

sup | X (A(t), ) — S(h,m)(t, )| < e (44)

t,x

ce qui permet de conclure. Bien sur, une multitude de problemes techniques apparaissent. Il
faut gérer explosion du semi-groupe, le fait que h € L?(dyds) n’est pas borné ; la distance que
nous utilisons n’est pas simple & manier, etc... Comme toujours, 1’étude des E.D.P.S. est plus
technique que celle des E.D.S.

Dans la quatrieme étape, nous caractérisons le support de X,,. Nous remarquons d’abord que
I’équation satisfaite par X,, ressemble beaucoup a celle de Walsh : on y a juste ajouté une
”dérive discontinue”. Notre méthode consiste donc & appliquer le théoreme de support de Bally,
Millet, Sanz, [3] (qui concerne ’équation de Walsh) entre les sauts de cette dérive. En fait, nous
appliquons ce théoréeme de support a des lois conditionnelles, puisque les ”conditions initiales”
ne sont plus déterministes. Nous définissons donc des squelettes ” conditionnels”, et nous ”recol-
lons les morceaux”, essentiellement & I'aide du raisonnement suivant : si le squelette est proche
de la solution entre les sauts 7 et 2 + 1, alors le squelette conditionnel est proche du squelette
entre les sauts i + 1 et 7 + 2. Si de plus le squelette conditionnel est proche de la solution entre
les sauts 2+ 1 et 1+ 2, la solution est donc proche du ”vrai” squelette entre les sauts ¢4+ 1 et 2+ 2.

Dans une derniére partie, nous étendons notre résultat au cas ou la mesure de Poisson est infinie,
mais seulement quand le coefficient de diffusion o est constant.

Les nouveautés de ce chapitre sont les suivantes. Le seul théoreme de support pour des processus
de sauts a été prouvé par Simon, [41], qui s’intéresse & des E.D.S. dirigées uniquement par une
mesure de Poisson. Notre résultat semble donc constituer le seul théoreme de support pour des
E.D.P.S. avec sauts, et semble aussi étre le seul théoréme de support pour une équation conduite
par deux objets indépendants mais différents.

Conclusion

Dégageons pour conclure quelques voies de recherche possibles.

Intéressons-nous d’abord a4 I’E.D.P.S. du Chapitre 1. La premiére question porte sur un probléme
resté assez flou : y a t-il un moyen plus simple de définir les solutions faibles. L’obstacle majeur
est la régularité trés faible d’éventuelles solutions.

La question suivante concerne la régularité de la densité obtenue, question techniquement diffi-
cile, car la solution de cette E.D.P.S. n’appartient & aucun espace LP pour p > 2 (ou du moins
pour p > 3).

Enfin, peut-on caractériser le support de la solution dans ’espace des fonctions caglad sur [0, 7]
a valeurs dans I’espace des mesures bornées (signées) sur [0, 1], muni de la topologie de la con-
vergence étroite 7
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Intéressons-nous maintenant & ’équation du Chapitre 3. Il serait intéressant, aprés avoir prouvé
Pexistence d’une densité continue pour la loi de X (¢, z), ce qui doit étre tres facile si o ne s’annule
jamais, d’essayer de caractériser I’ensemble des points de stricte positivité de cette densité de la
maniére suivante : si X (¢,z) a pour loi p; . (y)dy, si z € IR,

pra(z) >0 <= 3JheH, meM, z=Shm)(tz)

Peut-on, comme Millet, Sanz dans [28], utiliser le Théoréme de Girsanov pour simplifier les
preuves des Théoremes de support pour des processus de sauts 7

Dans [41], Simon s’intéresse a des E.D.S. conduites par une mesure de Poisson compensée. Si
nous parvenions & vérifier I'existence d’une solution de I’E.D.P.S. du chapitre 6 vivant dans
ID([0,T],C([0,1])), en remplacant N par une mesure de Poisson compensée, éventuellement
sans bruit blanc, pourrait-on prouver un Théoréeme de support ? La méthode de Simon parait
dans ce cas difficile & utiliser, car il utilise fortement la structure Markovienne de sa solution.

4 Equations de Boltzmann spatialement homogenes.

L’équation de Boltzmann spatialement homogene décrit la densité f(¢,v) de particules ayant la
vitesse v & l'instant ¢, dans un gaz suffisament dilué. Dans le cas de particules Maxwelliennes,
une telle densité satisfait 1’équation aux dérivées partielles :

af _ T 27 , N
5= L L 000 = ) ) B0 doda, (45)
. govHve lv=el vk lo—vl o)
2 2 ’ ¥ 2 2

le vecteur unitaire o ayant pour coordonnées 6 et ¢ dans le systéme de coordonnées sphériques
dont I'axe polaire a pour direction v — v,. La "section efficace” [ est une fonction paire et
positive. Le membre de droite de cette équation est souvent appelé noyau de collision, et noté
K(f,f). Tl "compte” les vitesses apparues apres collision (f(t,v')f(t,v))) et les vitesses dis-
parues & cause d’une collision (—f(¢,v)f(t,vs)). En effet, v’ et v] représentent les vitesses de
deux particules apres une collision d’angles 0 et ¢, si ces particules avaient pour vitesses v et v,
avant la collision.

Nous renvoyons a 'introduction de la theése de Villani, [45], et au livre de Cercignani, Illner,
Pulverenti, [11], pour plus de détails.

Afin d’étudier les équations de Boltzmann, nous utiliserons une approche probabiliste développée
initialement par Tanaka, [44], puis par Desvillettes, Graham, Méléard, [17] et [19] : il est possible
de construire un processus V;(w), solution (faiblement Markovienne) d’une équation différentielle
non classique conduite par une mesure de Poisson, dont la loi P; = PoV[1 est solution ”mesure”
de (45). Cela entraine que si pour tout ¢ > 0, P, admet une densité f(¢,v) par rapport a la
mesure de Lebesgue, alors la fonction f satisfait (45).

En général, les analystes effectuent I’hypothese de ”cutoff angulaire de Grad” sur la section
efficace (voir Villani, [45], p 15) :

/0 " B(6)d6 < oo (47)
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Cette hypothése n’est pas réaliste d’'un point de vue physique : dans le cas d’interactions en

s+1
1/r%, avec s > 2, la section efficace se comporte comme (3(6) ~ 6~ s=1 pres de 0, d’ou ’hypothése
naturelle

™
/ 626(0)df < oo (48)
0
Notre approche probabiliste permet cette hypothese, grace au calcul stochastique ” L2”.

Un autre avantage de ’approche probabiliste porte sur la condition initiale. Nous autorisons les
conditions initiales “mesure”, dés que cette mesure charge au moins deux points, ce qui est tres
faible. Les analystes considérent en général des distributions initiales ayant une densité.

Résumé du Chapitre 4

Considérons I’équation de Boltzmann bidimensionelle suivante :

8 ™
D= [ [ NI l) ~ Fe0) (50} 6@ 8, (49)
v« €R> JO=—m
ol, si Ry est la rotation d’angle 6,
U+ U U — Uy ) p_ vt UV — Vg
V= —i—Rg( 5 ) U= Rg( 5 ) (50)

La section efficace ( satisfait (48).

En suivant la méthode de Desvillettes, Graham, Méléard, [17], nous associons & cette équation
une E.D.S. non linéaire. Pour cela, nous considérons une mesure de Poisson N (d,da, ds) sur
[0,T]%[0, 1] x [—m, 7], d'intensité 3(0)dOdads. Le terme [0, 1] (qui correspond & da dans la mesure
de Poisson) joue le role d'un espace de probabilités auxiliaire, modélisant la non linéarité, sur
lequel I'espérance sera notée F,, et les lois L,. Considérons la matrice

1 (cosH—l —sinf )

A9) = 5 sin 0 cosf—1

; (51)

Si Vi(w) et Wi(a) sont des processus (cadlag, adaptés, et & valeurs dans IR?) sur les espace Q
et [0, 1] respectivement, on dira que (V, W) est solution de 'E.D.S. non linéaire issue de Vj si
d’une part L(V) = Lo(W), et d’autre part

Vi = Vot [ [ [ A@® Wi (@) (a8, dads)

= (Vae = Wi (@) dads (52)
ot b= [ (1 —cosf)3(0)d6.

Il est alors possible de vérifier que, si pour chaque ¢ > 0, la loi de V; (et donc celle de W;) admet
une densité f(¢,.) par rapport A la mesure de Lebesgue sur IR?, alors f est solution de (49),
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issue de Py = L(V)).

En étendant les méthodes de Desvillettes, Graham, Méléard, [17], nous prouvons l’existence
d’un couple (V, W) solution de ’'E.D.S. non linéaire. Nous établissons aussi I'unicité en loi d’une
telle solution.

Nous effectuons alors des hypotheses du type :

1. Py admet des moments de tous ordres, et n’est pas une masse de Dirac.

2. La section efficace vérifie (48), et, pour des constantes ky > 0, r €|1,3[, et 0y €]0, 7|,
ko
B(0) > W]I{Iﬂ\ﬁﬂo} (53)

3. La section efficace est tres petite au voisinage de .

Le résultat principal du Chapitre 4 affirme que sous ces conditions, (49) admet une solution
f(t,v), continue sur |0, T] x IR?, et de classe O en v € IR

Remarquons que le meilleur résultat obtenu par les analystes semble étre celui de Desvillettes,
[16], qui prouve I'existence d’une solution g(t,v), de classe H'~¢ en v (pour tout € > 0, tout
t > 0), dans le cas ou la distribution initiale admet une densité. L’approche probabiliste semble
donc tres efficace.

Afin d’établir un tel résultat, nous utilisons une approche de type Bismut du calcul de Malliavin
sur l’espace de Poisson, pour vérifier que V; admet une densité C*°. Nous adaptons donc &
notre contexte les méthodes développées par Bichteler, Gravereaux, Jacod, [6], qui consistent &
perturber la mesure de Poisson, et donc le processus V;, a dériver Pexpression obtenue dans L2,
puis a prouver que le determinant de I’expression obtenue admet des moments inverses de tous
ordres. La continuité jointe de f découle aussi du calcul de Malliavin.

Tout le début de ce travail (définition de P’E.D.S. non linéaire, des processus “perturbés”, etc...)
ressemble beaucoup aux travaux de Desvillettes, Graham, et Méléard, [17], [19], qui étudient un
modeéle unidimensionel. En revanche, le choix de la perturbation, et I'inversibilité dans tous les
LP de la matrice dérivée nécessitent beaucoup plus de technique. Nous devons vraiment utiliser
les particularités de 1’équation bidimensionelle de Boltzmann, en particulier pour contourner
notre “ignorance” du processus W. Nous utilisons par exemple les conservations de ’énergie
cinétique et de la quantité de mouvement.

Dans une derniére partie, nous simulons un systéme interactif de particules, dont la mesure
empirique approche la ”solution mesure” de 1’équation de Boltzmann étudiée précédemment.
Nous étendons ainsi I"approche Monte-Carlo de Graham, Méléard, [18], & cette situation sans
cutoff.

Résumé des Chapitres 5 et 6

Dans le sixieme Chapitre, nous nous intéressons a 1’équation de Kac (“caricature” unidimen-
sionelle de ’equation de Boltzmann homogene) :

T = [ [T (5000 - 60500} 0)dba. (54)
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v/ =wvcosh —v,sinf ; v, =wvsind+ v, cosd (55)

La section efficace ( satisfait (48).

Cette fois, 'E.D.S. non linéaire associée est donnée par : L(V) = L4(W), et

t rl pm - t
v, =Vo+/ / / ((cos 6 — 1)Vi_ — sin OW,_(0)) N (d6, da, ds) — g/ Veds  (56)
0 JO —T 0

ot b = [T (1 —cosf)3(0)dh, et oi N, E,, et L, sont définis comme au Chapitre 4. Graham
et Méléard, [19], ont prouvé, sous conditions, I'existence d’une solution f(t,v), de classe C*° en
v € IR, pour (54). Cette solution f(#,.) est la densité de V;.

Nous émettons les hypotheses suivantes :

1. La condition initiale Py admet des moments de tous ordres, et n’est pas une masse de
Dirac en 0.

2. La section efficace vérifie (48), et, pour des constantes ko > 0, r € [2,3][, et 8y €]0, 7],
ko
B(0) > W]I{w\geo} (57)

Sous ces conditions, nous prouvons que pour tout ¢t > 0, tout v € IR, f(t,v) est strictement
positive. Ce résultat semble inconnu des analystes dans le cas sans cutoff, et pourrait peut-étre
servir & justifier la validité de certaines manipulations faisant intervenir 'entropie (dans laquelle
apparait le terme In f(¢,v)).

Pour cela, nous utilisons encore le calcul de Malliavin sur 'espace de Poisson associé & N :
nous prouvons et utilisons un critére de stricte positivité de la densité pour des fonctionnelles
de Poisson, en suivant essentiellement les méthodes de Ben Arous, Léandre, [5], Bally, Pardoux,
[4] (qui s’intéressent a 1’espace de Wiener), et Bichteler, Jacod, [7] (qui établissent des criteres
d’existence et de régularité des densités pour des fonctionnelles de Poisson).

Il paraissait donc naturel de s’intéresser d’abord & des E.D.S. classiques conduites par des
mesures de Poisson : au Chapitre 5, nous considérons I’équation

X, =mxo + /Otg(Xs)ds + /Ot /O h(X,_,z)N(ds,dz) (58)

ou N est une mesure de Poisson sur [0,7] x O, d’intensité ¢(z)dzds, on O est un ouvert de
IR, et o1 ¢ est une fonction C' strictement positive sur O. Supposons que ¢ et h soient suff-
isamment régulieres, h bornée et suffisamment intégrable. L’idée principale du Chapitre 5 est
de prouver que si |h)(z,2)| > ¢(z)d(z), olt ¢ > 0 est continue sur IR, ot § est continue sur
O, et ou 0 n’appartient pas & L'(0, p(z)dz), alors pour chaque ¢ > 0, (sous des conditions
techniques supplémentaires) la loi de X; est minorée par une mesure admettant une densité
continue strictement positive partout.
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Ce résultat semble nouveau : tous les travaux effectués dans cette direction traitent du temps
petit, voir Léandre, [24], Ishikawa, [21], et Picard, [36].

Décrivons briévement notre méthode. L’idée de base est de construire, & 1'aide du Théoreme
de Girsanov pour les mesures aléatoires, des processus ”perturbés” X;(\) et des changements
de probabilité P» = G()).P, pour X dans un voisinage de 0 (par exemple [—1,1]), vérifiant les
propriétés suivantes :

1. X,(0) = X; et G(0) = 1,
2. pour tout A € [—1,1], la loi de X()\) sous P est la méme que celle de X sous P,

3. pour chaque w, chaque t, les fonctions
A= X(w,A) et A= Glw, A) (59)
sont réguliéres.

On peut alors écrire 1'égalité, valable pour toute f € C;f (IR),

1 1
B0 = 3B | [ 706(0)60)ar (60)

Fixons maintenant yy dans IR et ¢t > 0. Nous prouvons que sous certaines conditions (portant
sur les dérivées premiere et seconde de I'application A — X;(w, \), donc sur le choix de la per-
turbation), il existe un ensemble Qy de probabilité strictement positive, sur lequel X; est proche
de yp, et sur lequel on peut utiliser un théoréme d’uniforme inversion locale, afin d’effectuer,
pour chaque w € Qy, le changement de variable y = X;()) dans (60). De la sorte, nous obtenons
Pexistence d'un processus Z(y) sur un voisinage de yg, vérifiant :

BUX0) 2 5 [ F0)E (2()Ta,) dy (61)

Enfin, nous prouvons que la quantité E (Z(y)Iqg,) est continue en y et strictement positive en
y = 1yo. En effectuant ce raisonnement pour chaque yg € IR, nous concluons facilement.

Comparons maintenant notre méthode a celle de Bally, Pardoux, [4], qui s’intéressent & la stricte
positivité de la densité pour une E.D.P.S. parabolique conduite par un bruit blanc gaussien. La
preuve du critére s’adapte tres facilement, la difficulté essentielle est son énoncé : il faut bien
définir les perturbations, dérivées, changements de probabilité, etc... D’autant plus que nous ne
pouvons plus nous contenter de perturbations déterministes.

En revanche, 'application du critére est beaucoup plus technique : le choix de la perturbation,
en particulier, s’est avéré tres délicat. Nous devons utiliser des temps d’arrét au lieu de temps
déterministes, etc... Tout est tres “juste”, et nous obtenons des hypotheses contraignantes et
peu explicites (dans le cas de I’équation (58)).

Gréace a son expression explicite, ’application de cette méthode a I’équation de Kac s’est avérée
beaucoup moins technique : malgré quelques difficultés dues & I’ignorance du processus W, il
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est plus agréable de travailler avec la fonction sin # qu’avec une fonction Cg’ quelconque.

Remarquons enfin que, bien que le critere de stricte positivité s’adapte de maniére triviale &
des fonctionnelles n-dimensionelles de Poisson, son application & des processus n-dimensionels
solutions d’E.D.S. semble tres délicate.

Conclusion

La question naturelle portant sur le Chapitre 4 est ’extension a la dimension 3.

On peut aussi s’intéresser au cas de particules non maxwelliennes. Dans ce cas, I’équation s’écrit,
en dimension 1 par exemple,

Laor= [ [T 0N 00~ F60) (00} Blo - v.)S(0)d0.

ol
v' =wvcosf —wv,sinf ; v, =wvcosh+ v,sinh

Dans le cas ou [ 03(8)df < oo, on peut associer & cette équation 'E.D.S. non linéaire :

bt pB(Vee Was (@)
V=V +/ / / / Vi (1 — cos0) + W,_(a) sin 6] N(dz, o, dav, dt)
0 JO - JO

(62)
L(V) = La(W)

oil la mesure de Poisson N sur [0,7] x [0,1] x [—7, 7] x IRT a pour intensité B(0)dzdOdadt.
Cette équation pose un probleme fondammental : la fonction Ty, <p(;)} qui y apparait n’est
pas Lipschitzienne en z. De plus, en admettant ’existence d’une solution (V, W), cette fonction
indicatrice rendrait difficile le calcul de Malliavin. Néanmoins, ces probléemes sont peut-étre
contournables. De plus, ’équation (62) pourrait en fait étre remplacée par n’importe quelle
E.D.S. non linéaire du type

t 1 T
V= Vo+ /0 /0 /_ | [Vie (1 = c086) + W, (a) sin 6] M (), dax, ) )

L(V) = La(W)
ou M (df,da,ds) est une mesure aléatoire de comptage (non Poissonnienne) sur [0, 7] x [0, 1] x

[—m, 7] de compensateur B(|Vs_ — W_(a)|)3(0)df@dads. Notre modélisation n’est peut-étre pas
la bonne...

Nous nous intéressons aussi & une équation de type Boltzmann, considérablement simplifiée mais
non spatialement homogene :

O a0 40D (k) = /ei (f(t 5,0+ 0) — f(t,2,0)} plt, )B(0)d0

ot z) — / _ fhavd (64)
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Cette fois, nous cherchons f sous la forme de la densité d’un couple de processus (X, V;)
satisfaisant les équations (si [ 63(8)df < co) :

t rp(s,Xs—) pm
V. = Vot / / ON (df, dz, ds)
0 JoO -7

t
X, = Xo+ / Vids (65)
0

L(Xy)(dz) = p(t,z)ds

L’existence d’une solution (V, X)) pose un certain nombre de problémes. En particulier, il faut
manifestement, quelle que soit la suite de processus que nous voulons faire converger, utiliser le
calcul de Malliavin & chaque étape. Nous sommes parvenus a construire des approximations de
type ”Euler”, mais la convergence s’avere extrémement compliquée.

Intéressons-nous maintenant aux Chapitres 5 et 6 : il serait intéressant de résoudre le méme
probléeme en dimension n. L’obstacle principal est le suivant. Nous utilisons un Théoréme
” d’uniforme inversion locale”. C’est & dire qu’on applique uniformément le théoreme d’inversion
locale & des fonctions d’un ensemble du type (mais plus compliqué) :

{g: R~ R [c<|g(0)] <K} (66)
en dimension 1. Mais en dimension 2 (ou plus), cet ensemble doit étre remplacé par
{9:R? > IR? /|detg'(0)| > c, | g(0) 1<k} (67)

C’est cette différence qui est la cause de notre échec : en dimension 1, le déterminant et la norme
sont des quantités semblables, alors qu’il en va bien difféfremment en dimension 2. Ceci nous
bloque car nous utilisons, en dimension 1, un temps d’arrét du type

r=inf{t>0; [X/(0)] > c} (68)

On obtient ainsi | X.(0)| > ¢ p.s., et, pour une autre constante K, | X’ (0)| < K p.s. En dimen-
sion 2, on peut définir le temps d’arrét soit pour assurer que | det X.(0)| > ¢, soit pour assurer
que || X.(0) ||< K, mais 'un n’implique pas I'autre.

Dans le cas particulier de ’équation de Boltzmann bidimensionnelle du Chapitre 4, nous sommes
néanmoins parvenus, dans un travail en préparation, & prouver un résultat de stricte positivité,
sous des conditions similaires a celles du Chapitre 6, avec toutefois une restriction : le support
de la distribution initiale Py doit étre suffisamment grand.



Partie 1
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Chapitre 1

Calcul de Malliavin pour une
E.D.P.S. parabolique avec sauts
Poissonniens

Résumé : Nous étudions une équation aux dérivées partielles stochastique de type paraboli-
que, conduite par un bruit blanc gaussien et une mesure de Poisson. Apres avoir défini
les solutions faibles, nous vérifions un résultat d’existence et d’unicité. Nous construisons
ensuite un calcul des variations stochastiques, afin de vérifier que sous certaines hypotheéses
de non-dégenerescence, la loi de la solution est absolument continue par rapport & la mesure
de Lebesgue. Pour cela, nous introduisons deux opérateurs de dérivation, I’'un lié au Bruit
Blanc, I'autre a la mesure de Poisson. Le second est étudié en détail.

Une version courte de ce travail a été acceptée pour publication
dans la revue Stochastic Processes and their Applications.

1 Introduction.

Soit (2, F, (), P) un espace probabilisé filtré, et L un réel positif. Munissons IRT x [0, L] et
IR" x [0,L] x IR de leurs tribus Boreliennes. Nous travaillerons dans presque tout ce travail
dans le contexte suivant :

Hypothese (I) :

1. W est un Bruit Blanc espace-temps sur IR" x [0, L] basé sur dzdt (cf Walsh
[47]) 5

25
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2. N est une mesure de Poisson sur IR x [0, L] x IR d’intensité v(dt, dz,dz) =
dtdxzq(dz), ou q est une mesure o-finie positive sur IR ;

3. {Fi}i>0 est lafiltration canonique complete et cad associée aux objets indépendants
W et N.

On notera N = N — v la mesure de Poisson compensée de N.

On s’intéresse a 1’ E.D.P.S. suivante :

7 2 . %
Trwt) = )+ oV (@ 0) + FV @ Waa + [ V(00,2 V()
v oV 3 (1.1)
S0 = SH(L) =0 VE>0

[ V(2,0) = Vo(z) Vze]|0,L]

ou f et g sont deux fonctions de IR dans IR, h est une fonction de IR x IR dans IR, et M, est une

fonction aléatoire de [0, L] dans IR. Les symboles Wx,t et N z,t(dz) représentent les dérivées de
Radon-Nikodym heuristiques de W (dz, dt) et N(dt,dx,dz) par rapport & la mesure de Lebesgue
dxdt.

Les E.D.P.S. paraboliques conduites par un bruit blanc (i.e. (1.1) avec h = 0) ont été introduites
par Walsh dans [46] et [47]. Depuis, bien des travaux ont été réalisés dans ce domaine. Par
contre, les propriétés des E.D.P.S. avec sauts sont trés peu connues. Pourtant, dans [46], Walsh
explique comment modéliser un phénomene neurophysiologique, ce qui I’a conduit a étudier les
E.D.P.S. 1l en ressort que ’équation qu’il propose, donnée par

ov o’V

—=——-V+W 1.2

ot Ox? (12)
est obtenue en approximant une équation similaire conduite par un processus ponctuel de Pois-
son. Cette approximation est réaliste, car les sauts sont petits et nombreux, mais en aucun cas,
le phénoméne modélisé n’est continu. C’est pourquoi il parait naturel d’étudier I'équation (1.1).

Dans la deuxiéme section, on s’intéressera a la définition de solutions faibles de (1.1). On prou-
vera dans la troisieme section un théoreme d’existence et d’unicité. Ces deux parties ne font
que généraliser 1'étude d’une E.D.P.S. déja traitée par Walsh dans [47] : la difficulté vient de ce
qu’on a ajouté le terme Poissonnien. Il est alors plus difficile de définir les solutions faibles de
(1.1), car il faut faire attention de n’intégrer que des processus prévisibles.

La quatrieme section traite le probléme de ’existence d’une densité pour la loi de la solution
de (1.1), quand P'intensité de N est "réguliere”. Cette partie est inspirée des articles de Bally,
Pardoux, [4], de Bichteler, Gravereaux, Jacod, [6], et du livre de Nualart [30]. Bally et Par-
doux prouvent D’existence d’une densité de classe C° pour la solution de (1.1) dans le cas ou
h = 0. Bichteler, Gravereaux, et Jacod s’intéressent au calcul de Malliavin pour les processus
de diffusion avec sauts Poissonniens. Enfin, le livre de Nualart, bien qu’il ne traite du calcul
de Malliavin que dans un cadre purement Gaussien, a permis ici de prouver une multitude de
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résultats techniques.
Enfin, la derniere section est constituée de quelques extensions de notre principal résultat.

Saint Loubert Bié s’intéresse dans sa thése [40] & deux équations ressemblant & (1.1) : ces
équations sont conduites par un bruit Poissonnien compensé ou non, et ne comportent pas
d’intégrales stochastiques par rapport au Bruit Blanc. Dans le cas non compensé, il prouve
plusieurs résultats remarquables & propos de la régularité de sa solution. Il parvient de plus &
vérifier que la solution de son équation compensée est spatialement réguliere (résultat qui s’étend
a (1.1)).

Saint Loubert Bié construit aussi un calcul variationnel stochastique associé & son équation
compensée, afin d’étudier l'existence d’une densité pour la loi de sa solution. Sa méthode
conduit & des résultats relativement restreints, et ne peuvent pas s’étendre & (1.1), de par la
présence du Bruit Blanc. Notre approche pour le calcul de Malliavin est assez différente, en
particulier parce que nous n’utilisons pas de formule d’intégration par parties. Nous obtenons
un théoréme plus général et plus précis (nous comparerons ces résultats plus précisément au
début de la Section 4).

2 Définition des solutions faibles.

On ne définira évidemment que des solutions au sens faible de (1.1), car une éventuelle solution
n’a aucune chance d’étre différentiable. Commencons par rappeler la définition suivante :

Définition 2.1 Soit Y = {Y (y,s)} un processus sur [0, L] x IRT. On dira que Y est
e mesurable s’il est F ® B([0, L] x IRT)-mesurable.
e prévisible s’il est Pred ® B(]0, L])-mesurable, o
Pred =0 {X | X processus cag adapté sur IR*}
est une tribu sur  x IRT.

e une version faible de X = {X(y,s)}o,r)x[o,r] 8¢ dP(w)dyds-presque partout, Y (y, s)(w) =
X(y,s)(w).

Ces définitions s’adaptent de maniére évidente auz processus sur [0, L] x [0,T], ou T > 0.
Précisons ensuite les définitions des intégrales stochastiques qu’on utilisera.

Définition 2.2 Soit Y un processus admettant une version faible prévisible Y_. Soit ® une
fonction mesurable telle que

T rL
L] B (600 0),5.0.2)) a(dz)dyds < o (21)
0 Jo JIR

Alors on pose

/OT/OL /R¢(Y(y,3),3,y,z)1\7(ds,dy,dz) :/OT /OL /R¢(y_(y,3),3,y,z)zv(ds,dy,dz) (2.2)

La variable aléatoire obtenue ne dépend pas du choiz de la version prévisible, a un ensemble
P(dw)-négligeable prés. On définit l'intégrale stochastique par rapport au bruit blanc de la méme
maniere.
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En utilisant la théorie classique de 'intégration stochastique, (voir Jacod, Shiryaev, [23] p 71-74,
et Walsh, [47] p 292-298), on en déduit, puisque Y_ =Y dPdyds-presque partout, que :

T rL B 2 T AL
(/0 J, /R(I)(Y(y’S)vsayaZ)N(ds,dy,dz)> = [ [ ] B (220 .9).5.5.2) alde)dyds
(2.3)

2
</OT/0L Q)(Y(yaS),S,y)W(dyadS)> ] :/OT/OLE(cpz(Y(y,s),s,y)) dyds (2.4)

(foT /OL (Y (y,s), s, y)dyds> i

Définissons maintenant les solutions faibles de (1.1). On suit ici le raisonnement de Walsh dans
[47] (qui s’intéresse & la méme équation avec h = 0). Les hypothéses suivantes, suffisantes pour

prouver 'existence et 1'unicité d’une solution faible de (1.1), assurent en particulier la validité
des intégrales ci-dessous.

E

E

E < TL/OT /OLE (22(Y (y,9),5,9)) dyds ~ (2.5)

Hypothése (H) : f et g sont globalement lipschitziennes sur IR. h est mesurable sur
IR x IR, et il existe une fonction n € L?(IR, q) positive sur IR telle que :

Vz,y,z€ IR |h(z,2) = h(y,2)] <nl2)lz—yl et |h(0,2)] <n(2)

Hypotheése (Hs) : Vo est Fo ® B([0, L])-mesurable, et est bornée dans L2, c’est & dire
que sup,epo 1) E(VG (7)) < oo.

Définition 2.3 Soit {V(x,t)}.¢(0,1), >0 un processus admettant une version faible prévisible,
et borné dans L? sur [0,L] x [0,T] pour tout T > 0, c’est a dire tel que

vT > 0, sup FE (V2(y,3)) < 00
[0,L]x[0,T]

Alors V' est solution faible de (1.1) si pour tout ® € C*°([0, L]) vérifiant ®'(0) = ®'(L) = 0, pour
tout t > 0, p.s., (on utilise les notations de la Définition 2.2)

/OL V(z,t)®(z)ds = /OLVU(HS)(I)(g:)daz-I-/Ot /OL V(z,s)®" (z)dzds
+/0t /OL f(V(z,s))®(x)W (dz,ds) + /Ot /OLg(V(x,s))CD(x)dxds

_|_/0t /UL /Rh(V(g:,s),z)@(az)N(ds,daz,dz) (2.6)

La justification de cette définition est la suivante : si on multiplie I’équation (1.1) & droite et &
gauche par une fonction test ® de la forme de celles qui apparaissent dans la définition, si on

intégre Pexpression obtenue sur [0, ¢] X [0, L], et si on utilise la formule usuelle d’intégration par
parties, on tombe sur 1’égalité (2.6).
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D’autre part, on cherche une solution admettant une version faible prévisible (et non cadlag),
pour des raisons qui figurent dans la remarque finale de cette section.

Cherchons maintenant une équation d’évolution associée a (1.1). Soit Gy(x,y) la fonction de
Green associée au systeme déterministe :

ou  0%*u ou ou

%o amb=g

Ceci signifie que G¢(z,y) est la solution du systéme avec pour condition initiale une masse de
Dirac au point y. On peut calculer G explicitement :

—(y —x — 2nL)? - x —2nlL)?
Gy(x, Z [exp( m 2nL) >+exp< v+ m 2nl) )] (2.8)

nEZ

(Lvt) =0 (27)

Les propriétés de G qu’on utilisera sont toutes dans I’Appendice.

Le lemme qui suit est fondamental pour la suite de ce travail (les fonctions f, g, et h qui y
figurent satisfont ’hypothese (H)) :

Lemme 2.4 Soit {V(y,s)} un processus admettant une version faible prévisible, borné dans L?
sur [0, L] x [0,T]. Alors les processus suivants admettent des versions faibles prévisibles :

t L
U(n,t) = /0 /0 Gy, ) F(V (3, 5)) W (dy, ds)
vaet) = [ [ GtV o)yis

Us(z,t) — /Ot/OL/RGt_S(x,y)h(V(y,s),z)N(ds,dy,dz)

De plus, ces processus sont bornés dans L? sur [0, L] x [0, T].

Preuve du Lemme 2.4 : intéressons-nous par exemple & Us. On peut approcher (cf Walsh [47],
p 323) G¢(z,y) de la maniére suivante :

2

sup / / (th" Y) Z¢k )i (y Akt) dydt —N7> 0

z€[0,L]

ol ¢y = L, dr(z) = \/Ecos (kL ) et \p = (%)2 k2. Considérons donc la suite de processus
prévisibles définie par :

U (z,1) Z dr(z)e MEME
olt M* est la martingale cadlag de carré intégrable suivante :

M} = /0 /0 [ )V (y,5),2) N (s, dy d2)
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I1 est alors facile de voir, a l'aide de (2.3) et de (H), que

S;J})E <(U3(x,t) — Uév(a:,t))2>

N 2

<Ksup// (Gtsxy 3 du(alinly ”) dyds

N 2

< K sup / / (thpy quk Yo (y /\’ft> dydt —N7> 0

z€[0,L]

D’autre part, Uév est prévisible, pour chaque N. La conclusion est alors immédiate. Pour vérifier
que Us est borné dans L2 sur [0, L] x [0, T, il suffit d’appliquer la formule (2.3), d’utiliser (H),
puis I’Appendice (6.3).

Ecrivons enfin I’équation d’évolution associée a (1.1) :

Proposition 2.5 Un processus V', admettant une version faible prévisible, borné dans L? sur
[0, L] x [0,T] pour tout T > 0, est solution faible de (1.1) si et seulement si pour tout x dans
[0, L], pour tout t >0, p.s.,

V(z,t) = /OLvO(y)Gt(x,y)dy+/0t/0Lf(V(y,s))Gts(x,y)w(dy,ds)
+/Ot/OLQ(V(y,S))Gt_S(x’y)dde

+// /h (y,5), 2)Gis (2, y) N (ds, dy, dz) (2.9)

La preuve de cette proposition est la méme que dans le cas ot b = 0 (cf Walsh, [47]), le Théoréme
de Fubini utilisé s’appliquant en effet aussi bien a la mesure martingale associée & N qu’a celle
associée & W.

Il n’est pas habituel de travailler ainsi avec des processus admettant des versions faibles prévisibles.
Dans un cadre ”continu” (h = 0), ces probléemes n’apparaissent pas. Pour étudier les diffusions

avec sauts, (voir par exemple [6]), "habitude est de chercher des solutions & trajectoires cadlag

p.s., et d’intégrer leurs limites & gauche (qui sont prévisibles). Ici, il est manifestement im-

possible de construire une solution de (2.9) dont les trajectoires sont cadlag (ou plutdét caglad)

en temps sur [0,7] pour chaque z dans [0,L]. En effet, ceci est déja impossible dans le cas

de I’équation considérablement simplifiée, sans terme de dérive, sans terme gaussien, avec une

mesure de Poisson non compensée dont I'intensité dtdzq(dz) vérifie ¢(IR) < oo, avec une fonction

h de la forme h(z, z) = h(z), et avec condition initiale Vo = 1. En écrivant N = Y, d(7; x;,7,)

cette équation devient :

s

=1
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Sous cette forme, on voit que pour chaque w, Papplication ¢ — V(w, X;(w), ) n’est pas limité &
droite, puisque Gy_7, (X1, X1) n’admet pas de limite finie lorsque ¢ décroit vers T7.

Dans [40], Saint Loubert Bié choisit une autre approche pour contourner ce probléme : il vérifie
que si Y (z,t) est un processus progressif, alors le processus prévisible

Y (z,t) = lim 1nf—/ / s)dyds

est égal & Y (z,t) dzdtdP-presque partout, et il choisit de définir des solutions progressivement
mesurables.

3 Existence et unicité.

On s’intéresse maintenant & Pexistence et & I'unicité des solutions faibles de (1.1). On ne traite
pas ce probléme dans un espace LP avec p > 2, car I'inégalité de Burkholder appliquée au terme
Poissonnien est difficile & manier, et parce qu’il est clair que la solution faible de (1.1) n’a aucune
chance d’appartenir & un espace LP, avec p > 3, puisque fot fol G} (z,y)dyds = oo

Théoréme 3.1 Sous les hypothéses (I), (Hs) et (H), il existe une unique solution faible de
(1.1) au sens de la Définition 2.3. Pour étre plus précis, si V et V' sont deux telles solutions
de (1.1), alors pour tout x,t, p.s., V(z,t) = V'(xz,t).

Preuve : nous suivons la preuve du Théoréeme 3.2 p 313 de Walsh [47]. L’unicité se vérifie
facilement. Pour D’existence, la méthode de Walsh est légerement plus difficile & adapter, car
nous cherchons une solution admettant une version faible prévisible.

1) Soit V et V' deux solutions faibles de (1.1), et 7" > 0. Soit

Fz,t) = E((V(z,) = V'(5,1)?), et o) = ZI[EpL]F(fE,t)

On va montrer que ¢ est nulle sur [0,7] & l'aide du lemme de Gronwall. Majorons F(x,t), en
utilisant les formules (2.3), (2.4), (2.5), puis (H) ( K est une constante dont la valeur change
d’une ligne & autre) :

F(z,t) < K// F(y,s) ts:vy( /n )dyds
t
< K[ 4

ou la derniére inégalité provient de I’Appendice (6.2). On obtient donc

t)sz</0t¢<s>
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En itérant une fois cette formule, en utilisant le Théoréme de Fubini, puis 'inégalité, valable
t ds

u V(t—8)(s —u)
t
#t) <K [ pls)ds

pour tout 0 < u < ¢, < 4, on obtient :

De plus, ¢ est bornée sur [0,T] par hypothése. Le lemme de Gronwall permet donc d’affirmer
que ¢ = 0 sur [0, 7], et comme T est arbitraire, on en déduit ¢ = 0, puis V(z,t) = V'(z,t) p.s.
pour tout z,t.

2) On va construire une solution par la méthode de Picard. Posons

0 _ L
VO(x,1) = / Vo(y) Gz, )dy (3.1)
0

V0 est un processus prévisible (il est Fo-mesurable). De plus, par I'inégalité de Cauchy-Schwarz,
par (Hy), puis ’Appendice (6.2), V? est bornée dans L? sur [0, L] x [0,7T] :

B((Vwn)) = B ( /OLvo(y)Gt(w,y)dyﬂ

E /0 VR w) Gl y)dy x /0 ! Gt(x,wdy]

I 2
K(/O Gt(x,y)dy> <K

Ceci permet de définir par récurrence, a I'aide du Lemme 2.4, les approximations de Picard,
admettant des versions faibles prévisibles, et bornées dans L2 sur [0, L] x [0, T], suivantes :

IN

IN

n—+1 _ 0 t L n
Vil ) = V(1) + /0 /0 F(V™ (5, 8) s, y) W (dy, ds)
t L
+/0/0 g(V™(y, $))Gi—s(z,y)dyds

t L )
+/0/0 /Rh(V”(yaS)aZ)ths(l",y)N(ds,dy,dz) (3.2)

Nous allons montrer que V" converge dans L%. Posons

P, t) =E{(Vﬂ+1(x,t)—vn(x,t))2} tg= s (a0

On vérifie exactement comme dans 1) que

ds
1/t_

t
n-+1 n
</>+(t)§K/0¢(8)

V)
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puis
t
FH) < C [ §(s)ds
0

Prouvons ensuite que ¢° est bornée sur [0,7]. On montre toujours de la méme maniére que

Pt < K[ [ @B (P00 + @0 ,) dyds

-I-K// /Gt s(z,y) (h2(Vo(y,s),z)) dyq(dz)ds

Mais V0 est bornée dans L? sur [0, L] x [0,T]. Tl est alors facile de vérifier que F°, donc ¢,
puis ¢! sont bornées, & l'aide de (H), de I’ Appendlce (6.3), puis (3 3). En utilisant le Lemme de

Picard, on en déduit que les séries 3, (¢?"(t))? o S (92 (1) 2 g convergent uniformément sur

[0,T]. Il en est donc de méme pour Y, (¢"(¢))?, 2, et la suite V" converge dans L2, uniformément
sur [0, L] x [0,T], vers une limite V' bornée dans L? sur [0, L] x [0,T], qui admet une version
faible prévisible. Enfin, un simple passage & la limite dans L? de (3.2) montre que V satisfait
(2.9).

Terminons cette section avec quelques remarques sur la régularité du processus solution :

Remarque 3.2 Supposons (I), (Hs), (H), et qu’il existe 1 < p < 2 tel que n € LP(q) (n est
la fonction qui apparait dans (H)). Alors, si V' est la solution faible de (1.1), et si t > 0,
Uapplication © — V(x,t) admet une version continue.

Ceci découle du Lemme 6.6 de I’Appendice, du & Saint Loubert Bié [40]. 11 suffit en effet de
remarquer que le premier terme du membre de droite de (2.9) est continu (car ¢ > 0) en espace,
puis d’utiliser le lemme de Kolmogorov, et le Lemme 6.6 pour vérifier que les autres termes sont
continus. On trouvera plus de précisions dans [40].

Signalons aussi d’autres résultats prouvés dans [40], dans le cas ot la mesure de Poisson n’est
plus compensée : supposons (I), (Hs), (H), n € L'(q), f = 0, et que g est bornée. Alors pour
chaque ¢ > 0, la fonction V'(.,t) est p.s. continue sur [0, L] ; et pour chaque x € [0, L], la fonction
V(z,.) est p.s. continue sur [0,7]. Ces résultats s’étendent facilement au cas ou f n’est plus
nulle, mais seulement bornée.

Une question subsiste : dans quel espace “vivent” les trajectoires (conjointement en xz,t) de la
solution de (1.1). Le résultat suivant est trés faible, mais les trajectoires ne semblent pas ap-
partenir & un "meilleur” espace. Nous ne sommes pas parvenus a nous débarrasser de I’hypothese
n € L'(g). On note M '’ensemble des mesures bornées (signées) sur [0, L].

Remarque 3.3 Supposons (I), (Hs), (H), quen € L'(q), et que f est bornée. Soit V l'unique
solution faible de (1.1). Alors Uapplication t — V (z,t)dx est presque sirement caglad de [0,T]
dans My muni de la topologie de la convergence étroite. De plus,

E (Sup | V(1) ||L1([0,L})> < o0
[0,T7]
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Par contre, Uapplication t — V(.,t) n’est en général pas presque sirement limitée a droite de
[0,T] dans L*([0,L]) muni de sa topologie forte.

Preuve : sous I’hypotheése n € L'(g), on peut écrire, en posant G(z) = g(z) — / h(z, z)q(dz),
R

V(z,t) =VO(x,t) + Viz,t) + Vi(x,t) + V3(z,t)

ou

Vot = [ Gleyvtidy 5 V@0 = [ [ GV s)W (o)
Vi) = [ [ Guate )G (o) dyds

V3(z, 1) = /Ot /OL /]RGt,s(gg,y)h(V(y,s),z)N(ds,dy,dz)

Comme p.s., Vy € L2([0,L]) et G(V (y, s)) € L?([0, L] x[0,T)), il est connu que V°(.,#) et V2(.,t)
sont presque stirement continus de [0, 7] dans L'([0, L]) muni de sa topologie forte, et que

E <Sup | VO(.,t) ”Ll([O,L})) +E (Sup 1 V2(.,t) ||L1([0,L})> < o0
0,7 0,7

Puisque f est bornée, il est d’autre part connu que V! est presque siirement continu sur [0, T'] x
[0, L] et que

E( sup |V1(x,t)|2> < 00
[0,7]x[0,L]

ce qui nous suffit amplement. Enfin, on s’intéresse & V3. Pour cela, considérons une suite
croissante F, de sous ensembles de IR vérifiant

Vp, q(E,) <o et Uy B, = IR

On pose
L
Vet = [ 7] Gay)h(Vy.s). 9N (ds,dy,d2)
ot Jo JE,

Comme ¢(FE,) < oo, la mesure de Poisson N? = N [0,T]x[0,L]xE, Peut sécrire sous la forme
NP(dt,dx,dz) = 32i 6r» x», zv)(dt, dz,dz). On obtient ainsi

I
‘/]73(337 t) = Z Gt—Tip (z, sz)l{t>Tf}h(V(Xfa T'zp)a Zzp)
=1

Il est maintenant clair que pour chaque w, la régularité de la trajectoire ‘/;,3 (w, z,t) est la méme
que celle de la fonction Gy 4, (7, 7o) 1540}, 01 tg > 0 et 29 € [0, L] sont fixés. Cette fonction
est caglad de [0,7] dans M, muni de la topologie de la convergence étroite. Mais elle n’est
pas limitée & droite de [0,T] dans L'(]0, L]) muni de sa topologie forte, puisque Gy, (, 7o)dx
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converge étroitement vers la masse de Dirac en xy quand ¢ décroit vers tg.
Il ne reste plus qu’a vérifier la convergence vers 0 quand p tend vers l'infini de

E (SUP I V3(,t) = V2(.,t) ||L1([0,L})>
[0,T7]

Cette convergence s’obtient facilement, & I'aide de (H), et de I'hypothese n € L'(q).

4 Calcul de Malliavin.

On cherche maintenant & prouver Pexistence d’une densité pour la loi de V' (z,t), ou V est solu-
tion de (1.1) et (x,t) est fixé dans [0, L]x]0,00[. On se placera sur [0, L] x [0,T], avec T' > 0, ce
qui suffit puisque ¢ est fixé.

Afin d’étudier ce probléme, on émet des hypotheses supplémentaires. Tout d’abord, on suppose
que l'intensité de N est "réguliere” :

Hypotheése (M) :

1. W est un Bruit Blanc espace-temps sur [0,7] x [0, L] basé sur dzdt ;

2. N est une mesure de Poisson sur [0,7] x [0, L] x IR d’intensité
v(ds,dy,dz) = p(2)10(2)dsdydz

ou O est un ouvert de IR, et ol ¢ est une fonction strictement positive de classe
C'! sur O.

3. {ft}te[o,T} est la filtration canonique compléte et cad associée aux objets indépendants
W et N.
On impose, afin de simplifier, des conditions sur Vy plus fortes que (H)s :
Hypothese (D) : la fonction initiale Vy est déterministe, mesurable, et bornée.

D’autre part, nous remplagons ’hypothése (H) par la suivante, plus forte :

Hypothese (H') : f et g sont de classe C! sur IR, & dérivées bornées. La fonction
h(z,z) sur IR x O admet les dérivées partielles hl,, h, = hl,, et h! ; toutes sont
continues sur IR x O ; il existe une constante K et une fonction n € L%(0, (z)dz)

telles que :

Vr e IR, Yz € O, |h,(0,2)] + |h),(z,2)] < K
Vr e IR, Vz € O, |h(0, 2)| + |hl,(z,2)| < n(2)

On travaillera d’autre part avec une fonction p strictement positive et de classe C'' sur O, bornée
ainsi que sa dérivée, et satisfaisant

p € LYO,¢(2)dz) (4.1)

Ce "poids”, qu’on peut choisir selon les parameétres de (1.1), permet en particulier aux fonctions
bornées d’étre intégrables pour p(z)v(ds,dy,dz). La condition suivante est technique.
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Hypothese (S) : il existe une famille de fonctions K, positives et C! sur O, A support
compact (dans O), bornées par 1, et satisfaisant

V2€O0,Ke(z) —esol /O (K1)’ 2 (2)p(2)p(2)dz —es0 0 (4.2)

On suppose enfin une des hypothéses de non-dégénerescence suivantes :

Hypotheése (EW) : pour tout = dans IR, f(z) # 0.

Hypotheése (EP1) : la fonction f est identiquement nulle ; la fonction b/, est positive

ou nulle ; il existe une fonction 7(z) € L' (O, p(2)dz) telle que h'.(z,z) < 7j(z) pour
tout z dans IR et tout z dans O ; et pour tout x dans IR,

/O Lint (2,2)20y P(2)dz = 00

Hypothése (EP2) : soit H = {z €O /Vm € R, (K. (z,2))*> 0}. Il existe des con-
stantes Cy > 0, g E]%, 1[, et 9 > 0 telles que pour tout y > o,

/ (1 — ef'”’(z)) p(z)dz > Cy x " (4.3)
H

L’hypothése (FEP2) signifie simplement que ’ensemble H est grand. Dans le cas olt h est de
la forme h(z,z) = c(z)n(z), (EP2) est vérifiée si ¢ ne s’annule jamais et si le support de 7 est
grand. Le but de cette section est de vérifier le théoréme suivant :

Théoréme 4.1 Supposons que (M), (D), (H'), et (S) soient satisfaites. Soit V' 'unique solu-
tion faible de (1.1) au sens de la Définition 2.3, et soit (r,t) € [0,L]x]0,T]. Alors sous ['une
des hypothéses (EW), (EP1) ou (EP2), la loi de V(z,t) admet une densité par rapport d la
mesure de Lebesgue sur IR.

Nous supposerons donc dans toute la suite que les hypothéses (M), (D), (H'), et (S)
sont satisfaites.

Nous allons utiliser deux opérateurs de dérivation. Le premier sera 'opérateur classique lié au
Bruit Blanc, voir par exemple Nualart [30]. Le second opérateur, lié & la mesure de Poisson, est
inspiré par le Chapitre IV de Bichteler et al., [6]. Ceux-ci s’intéressent au calcul de Malliavin
pour les processus de diffusion avec sauts Poissonniens. Mais ils supposent que N admet une
intensité du type lp(z)dsdydz. De plus, ils ne définissent pas d’opérateur de dérivation. Ils
travaillent a I'aide d’un ”produit scalaire de dérivation”, ce qui ne conduit ici qu’a des résultats
tres restreints : on ne pourrait vérifier le Théoreme 4.1, en utilisant cette méthode, que sous
une hypothese du type (EP1).

Nous utiliserons un critere d’absolue continuité du type ”Bouleau, Hirsch” (voir [9]), qui per-
met de ne pas utiliser de formule d’intégration par parties (sauf bien entendu sur le domaine
des variables simples, pour vérifier que nos opérateurs sont fermables). Ce critere facilite les
preuves, et permet de réduire les hypotheéses de régularité sur les parametres de 'E.D.P.S. (1.1).
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Le Théoreme 4.1 établit deux résultats distincts : la loi de V' (z,%) admet une densité soit grace
au Bruit Blanc, soit grace a la mesure de Poisson. Il parait en effet difficile de formuler une
condition de non-dégénerescence faisant intervenir a la fois f et h. Dans le cas des E.D.S., ceci
est possible car la formule d’It6, via les exponentielles de Doléans-Dade, permet de calculer
explicitement la ”dérivée” du processus solution.

L’ hypothese d’ellipticité (EW) parait raisonnable. Dans [33], Pardoux et Zhang ont prouvé,
dans le cas ou h = 0 et ou la condition initiale est continue, ’existence d’une densité sous une
hypothese tres faible : il suffit qu’il existe y € [0, L] tel que f(Vo(y)) # 0. Mais ils utilisent
fortement la continuité de leur solution.

L’hypothese (EP1) contient deux conditions : la premiére (f =0, 0 < h!. <#H € L'(O, ¢(2)dz))
est assez restrictive, mais la seconde (pour tout = € IR, [ 1{p; (4,2)0}%(2)dz = 00) semble min-
imale, car elle apparait déja dans le cadre des diffusions avec sauts (voir Bichteler, Jacod, [7]).
Enfin, ’hypothese (EP2) est plus raisonnable au sens ou elle permet la présence d’un bruit blanc,
d’une mesure de Poisson ”vraiment compensée”, et n'impose pas de monotonie. Bichteler et al.
utilisent dans [6] des hypothéses qui ressemblent un peu & (EP2), pour prouver la régularité de la
densité de leurs processus de diffusion (voir Assumption (SB) et Definition 2-20 p 13-14 dans [6]).

Afin de clarifier les hypotheses (EP2) et (S), précisons quelques exemples d’application.
Remarque 4.2 Si O = IR, alors (S) est satisfaite pour toutes @, n, et tout choiz de p.

Preuve : il suffit de choisir une famille de fonctions positives et C' de la forme

)1 oStz < 1/e
Kf(z)_{ 0 si |z|>1/e+2

telles que |K{(2)] < 1.cn/e1/e42}- En utilisant le Théoréme de Lebesgue et le fait que
on? € L' (IR, p(2)dz), (4.2) est immédiat.

Exemple 1 : supposons que O = IR, et que ¢ est une fonction C' sur IR satisfaisant K > ¢ > a,
pour certains K > a > 0. Considérons une fonction h(z,z) = c¢(x)n(z), ol ¢ est une fonction
strictement positive et C' sur IR dont la dérivée est bornée. 7 doit étre C' sur IR, appartenir
A L2(IR,p(2)dz), et ' doit étre bornée. Si pour un certain b € IR, [b,c0[C {n’ # 0}, alors (M),
(H'), (S), et (EP2) sont satisfaites :

grace a la Remarque 4.2, il suffit de vérifier (EP2). En choisissant p(z) > z
que (4.3) est satisfaite, car [b, oco[C H, en utilisant

7 .
© 1>pv1y, On voit

Vzel0,l], 1—e*>x/2 (4.4)

Exemple 2 : supposons que O =]0, 1], et que p(z) = 1/2", pour un certain r > 7/4. Considérons
une fonction h(z, z) = c(z)n(z), ol c est strictement positive et C' sur IR, avec ¢ bornée, et ot
n(z) = 2%, pour un certain o > 1V 21 v %. Alors (M), (H'), (S), et (EP2) sont satisfaites :
(M) est satisfaite, ainsi que (H'), car @ > 1V 5. Tl est clairement possible de choisir p(2) de
la forme

2P si 2<1/4

plz) = { (1—2)0 si z>3/4 (45)
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avec 3> 1V (r—1) et § > 1. En utilisant (4.4), le fait que H =]0, 1] et p(z) > zﬁ1]0’1/4[(z), on
voit que (EP2) est satisfaite si 8 < 3(r — 1).
Choisissons alors une famille K, de fonctions C'* positives sur ]0, 1], bornées par 1, et satisfaisant

0 si z<¢€/2 4
Ke(z)=¢ 1 si e<z<l—ce ;s K(2)] < “De/a.etun-e1—e/21(2)
0 si 1—¢/2<2z<1

Un calcul explicite montre que (S) est satisfaite si 3 >r+1—2a et si d > 1.
Puisque a > 7;6’" et r > 7/4, il est possible de choisir 5 dans |(r — 1), %(r — 1)[N]1, c0[N]r + 1 —
2a, oo], et la conclusion s’ensuit.

Remarquons finalement que (S) est satisfaite pour tout O, n, ¢, si p est de classe Cb2, et si
p(z) + 1/ (z)] —.—00 0. Bichteler, Gravereaux et Jacod émettent ce type de condition sur p
dans [6].

Remarquons d’autre part que sous 'une des hypotheses (EP1) ou (EP2), on a forcément
Jo @(2)dz = oo : pour que V(z,t) admette une densité grace a la mesure de Poisson, il faut que
celle-ci charge p.s. un nombre infini de points.

Dans sa theése [40], Saint Loubert Bié s’intéresse & une équation du type (1.1) avec f = 0. 1l
parvient & prouver 'existence d’une densité sous des hypothéses moins restrictives que (M) et
(D), et sous les hypotheses (hl), et (h2) ou (h3), ci-dessous (les notations sont adaptées, ainsi
que le cadre).

(h1) : f =0, g admet une dérivée bornée et lipschitzienne. h est de classe C' en z, et il existe
1 <pp < p1 <3, et une fonction 1 € Mipo,pi [LF (O, ¢(2)dz) tels que

h(z,2)] < C(L+|zhn(z)  |hy(z,2)] < Cn(z)

|hip (2, 2) = hy(y, 2)] < Clz = yln(2)

h est de classe C! en z, et

P (z,2)| <CA+|z) |k (z,2) = hi(y,2)| < Cly — =

(h2) : hl,=0et / Lip (2)20yp(2)dz = 00
\na) r
(h3) : n € LYO,p(2)dz), h', > 0, et une hypothese du type (EP1), mais dépendant directement

du processus solution V.

L’hypothese (hl) est assez proche de (H'). L’hypothése (h2) est treés restrictive, car elle signifie
que la fonction h ne dépend pas de z. (h3), bien qu’en fait comparable & (EP1), est difficilement
exploitable, car elle s’exprime & 1’aide du processus solution. L’existence d’une densité pour la
loi de V'(z, t) sous (h2) ou (h3) (comme sous (EP1)) utilise le fait que N est une mesure positive.
Ceci ne peut pas s’étendre a (1.1) avec f # 0, car le Bruit Blanc W est signé.

C’est pourquoi dans notre travail, ’hypothése la plus intéressante est clairement (EP2).
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4.1 Définition des opérateurs de dérivation.

Rappelons que I'on note C? (ZRd) I’ensemble des fonctions de classe CP & support compact sur
IR? ; et cP (IR%) I'ensemble des fonctions de classe CP sur IR? dont toutes les dérivées d’ordre
1 & p sont bornées (ces fonctions ne sont pas nécessairement bornées). Comme nous I’avons dit
plus haut, nous allons définir deux opérateurs, I'un 1lié au Bruit Blanc et 'autre & la mesure
Poissonnienne.

L’opérateur lié 4 la mesure de Poisson.

Commencons par définir le domaine des variables simples. Soit CL ’ensemble des fonctions [
mesurables de [0, 7] x [0, L] x O dans IR, & support compact, C? sur O (en la troisitme variable
z), telles que [, I, et I”, soient bornées sur [0,7] x [0, L] x O. On définit alors le domaine

SO = {X = F(N(f1), .., N(f2)) + a/d >1, FeCX(RY, f, €CL, a€ ZR} (4.6)

On anoté N(f;) = [ [y [, fi(s,x,2)N(ds,dz,dz). Si X € 8%, si a € [0,L], 7 € [0,T), et si

¢ € O, on pose :
d

Dyl X =Y diF(N(f1), ... N(fa))(fi) (e, 7,€) (4.7)
i=1

Nous verrons dans le Lemme 4.3 ci-dessous que Popérateur D%! n’est défini qu’a un ensem-
ble N (d7,da, d{)-négligeable pres. C’est a dire que nous pourrions remplacer Dg”lT’CX (w) par
n’importe quoi & chaque fois que N(w, {7, a,(}) = 0.
Afin de comprendre le sens de la dérivée Dg”lﬂg, placons-nous sur l’espace canonique associé
a N : Q est ensemble des mesures de comptage sur [0, 7] x [0, L] x O. Alors, pour chaque
X € 8% et chaque w € Q,

9
0,1 .
Lio(ran=11Pair X (@) = Lurach=1} 57X (w —O(ra) + 5(r,a,c+x>)

A=0

Remarquons aussi qu’on peut définir cette dérivation d’une manieére proche des méthodes de
Bismut. On peut trouver une approche simple des méthodes ”Bismutiennes” du calcul de
Malliavin dans Bichteler, Jacod, [7]. Voir aussi Bismut, [8]. Soit A un voisinage de 0 dans
IR, et soit v(s,y,2) un élément de L2([0,T] x [0, L] x O, p(2)dsdydz) tel que pour tout \ € A,
I’application

75\(37 Y, z) = (Sa Yz + Ap(z)v(s, Y, z))

soit bijective de [0, T'] [0, L] x O dans lui-méme. On définit alors la mesure aléatoire de comptage
”perturbée”

VA€ B(0,T] x [0,I] x 0), NMA)= /OT /OL/O1A(73(3,y,z))zv(ds,dy,dz)

Ceci fait penser au Théoreme de Girsanov pour les mesures aléatoires (voir Jacod, Shiryaev,
[23], p 157), utile & la méthode de Bismut.
Si X = F(N(f1),..., N(f4)) + a appartient 4 S®', on pose
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Il est alors facile de vérifier que

///Dcw,cX” 7, ()p(C)N(dr, dev, d() = %X/\

Afin d’étudier la fermabilité de 'opérateur DY nous introduisons un autre opérateur : pour

X € 8% on pose

om'(’

10lx — 1 d FIN N N " ‘;0, / ’
= L APNG)NUDN (o (05 +0) 4501

+ Z did; F (N (f1), s N(fa))N (p-(£:)%-(£7)%) (4.8)

1,7=1

Enfin, on définit le produit scalaire suivant : si X et Y sont dans S%!,
0,1
(DX, DY) - / / / DY XD V()N (dr, da, dC)

= LY'Xy - X1y —vyL%Xx (4.9)

Plus généralement, si S, ;¢(w) et Ty r¢(w) sont dans L?(P(dw)p(¢)N (w, dT,de, d¢)), on notera

T rL
STy = [ [ [ SarcTarcplIN(r dayde) et (S),y = (5.8),x

Remarquons que si X et Y sont dans S%!, alors X et Y sont bornés ; et L%'X, LOY, et
(D% X, D0’1Y>pN sont dans tous les LP (p < o), tout ceci grace a (4.1).

Vérifions ensuite que L% (et par conséquent D"!) est bien défini : le lemme suivant, évident
A premiere vue, est en fait important, car un élément de S%' peut clairement s’exprimer de
plusieurs facons.

Lemme 4.3 Si X = F(N(f1),..., N(fx)) € S, et si X = 0, alors L' X = 0, et donc
<D0’1X>pN =0.

Preuve : on suit ici quasiment mot pour mot la preuve de Bichteler, Gravereaux, Jacod, [6]
Proposition 9-3, b), p 113. On se place sur I'espace canonique associé & N : Q est I'ensemble
des mesures de comptage w sur [0,7] x [0, L] x O. Soit w un élément fixé de 2, et soit (¢, z,2)
un point du support de w. On pose

/ A

W=w—=0z et W =W+

pour A € A, ot A est un voisinage de 0 dans IR satisfaisant z + A C O (rappelons que O est
ouvert). Alors w' € Q et w* € Q pour tout A € A. On définit ensuite

Xt,I,Z()‘) = X(w/\) = F(wl(fl) + fl(taxaz + )‘)7 "'7w,(fk) + fk(tvwvz + )‘))



4. CALCUL DE MALLIAVIN. 41

Alors X, , est identiquement nul, et de classe C? (en \). On en déduit que

=0
A=0

Ceci peut aussi s’écrire

k ¢'(2)
izzldiF(w(fl),...,w(fk)) [p(z).(fz-)zz(t,x,z) + (P(z) o) T (z)> .(fi)z(t,ac,z)}
k
T Z didi F(w(f1), -y w(fi))p(2).(f0)% (t, , 2).(f5)5 (¢, 2,2) = 0
i,7=1

Il ne reste plus qu’a sommer cette égalité sur tous les points (¢, z,z) du support de w pour
obtenir L% X (w) = 0.

Prouvons ensuite que L%! est auto-adjoint dans L? :

Lemme 4.4 Si X etY sont dans S%', alors

1
E(XL™'Y)=EYL%X) = —5F <<D0’1X, D°’1Y> N) (4.10)
p

Preuve : ceci est encore adapté de [6], Proposition 9-3, d), p 113. On considére deux éléments
de SO! .

Soit K un compact de O tel que les supports de toutes les fonctions f; et h; soient inclus dans
[0,T] x [0, L] x K. On note {(T}, X;, Z;) }1<i<y les points de [0,T] x [0, L] x K chargés par N :

m
Nliorixio.nxr = Y 0r.xi.2:)
i=1
On sait que p est une variable aléatoire de Poisson de parametre TL [, ¢(z)dz, et que si G est
la tribu engendrée par (p,T1,...,T},), alors :

1[0,L](x)dx o 1K(Z)Q0(z)dz>®”

L((X1,21), 0y (Xuy Z,)|G) =< 17 [x p(z)dz

On va, vérifier que

1
El x1%y + - (p%x poly
< L 2< ’ >pN‘g> 0
Mais X LO'Y + 5 (D"' X, D%'Y) . est égal &

n I
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( Zi,ﬂ:l dadﬂH (Zrljzl hl(ﬂaXiaZi)a---,Zé;l hq(ﬂaX’LaZl)) W
in 1P( )(ha)lz(TanaZ )- (hﬂ) (T, Xy Zn)

+ 2221 daH (Z?:l hl (7—11,7 Xi7 Zl)7 sy Zélzl hq(na Xia Zz))

[ xSy [2(Z0).(ha) o (Ts Xy Zn) + [0(Zn) + p(Z0) 572 (ha)(Ts X, Z0)] )

k q I 7
+% Z Z daF (Z fl(T'hXiaZi)a 7ka(7—11,aX1,aZz)>

1=1 =1

H H
XdﬁH (Z hl(E,Xi, Zl)7 sty Z h’l](criaXia Z’L))

=1 =1
X ZP TnaXnaZn) (hﬂ) (T X, Zn)
:Q[}(/J’v (T17X17Z1)7"'7(TAMX[MZ}L))

ou la derniere égalité est une définition. Il suffit alors de vérifier que quels que soient
/L,Tl, ...,TM,Xl, "'XM’

/KI’L ¢(Ma (TlaXla 21)7 sy (TLMXM’ ZM)) X (p(Zl)(p(Zu)d2’1dZu =0

Sin <, on pose Z, = (21, ey Zn—15 Zn41, -y Zu), €6

2 (2n <Zf1 T;, Xi, %), - ka(Ti,Xiazz')>

=1 =1

q Iz
X Z doH (Z b (T3, X, 2i), s Z he(Ti, Xi, Zz)) p(20)p(2n)-(ha ), (Tos Xy 20)

On peut alors vérifier que

35 Z Q ) X p(21).. So(zn—l)<»0(zn+1)---§0(zu)

n 1
= 1/)(/17 (TlaXla zl)a ey (TIM XIM ZM)) X QD(Zl)QO(ZM)

Mais si z appartient & 0K, alors Q% (z) = 0. Donc pour chaque n,

/az" =0

et le résultat s’ensuit facilement.

Le lemme suivant montre la fermabilité de 'opérateur Dg’lTC :
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Lemme 4.5 Soit Z, une suite d’éléments de S®' qui converge vers 0 dans L?. S’il existe

Surc(w) € LA(P(dw)p(C)N (w, dr, dav, dC)) tel que

0l,
E <<D 7 S>pN> 50
alors S est nul au sens ol E((S) ,x) = 0.

Preuve : quel que soit X € %!, une simple application de Iinégalité de Cauchy-Schwarz (pour
la mesure P(dw)p(¢)N (w,dT,da, d()) montre que

E <<S D0’1X>pN> = lim 7 <<D0’1Zn, D°’1X>pN>

Mais d’apres le Lemme 4.4, F ((DO’IZn, D0’1X>pN) = —2E(Z,L%' X). Comme Z, tend vers (

dans L2, il est facile d’en déduire que F ((S, D0’1X>pN) =0.
En appliquant ceci pour X = Zi, et en faisant tendre k£ vers l'infini, on obtient le résultat
recherché.

L’opérateur lié au Bruit Blanc.

Le domaine des variables simples est cette fois défini par :

SO ={X = F(W(f), . W(f)) +a [ k>1, F € C2(IR),

fi € L2(10, L] x [0, 7)), a € IR} (4.11)

Ici, W(f;) = fOT fOL fila, )W (da, d7). Si X est dans S*!, on pose pour o € [0, L] et 7 € [0, 7] :

k
DX =" diF (W (f1), ., W (fi)) filet, 7) (4.12)
=1
On notera, i
<D1’0X,D1’°Y>lb: / / DX DY dadr (4.13)
e 0 Jo ’ ’

Plus généralement, si S, -(w) et Ty r(w) sont dans L?(P(dw)dadr), on notera

T rL
(S, T>l6b — A A Sa’TTa’TdOsz et <S>l6b — (S, S)leb

Remarquons que si X et Y sont dans S'0, alors X, Y, et <D1’0X,D1’0Y>leb sont bornés. Le
lemme suivant figure dans le livre de Nualart [30] p 26.

Lemme 4.6 Soit Z, une suite d’éléments de S'° qui converge vers 0 dans L*. S’il existe
Sor(w) € L?(P(dw)dadr) tel que

E (<DL0Z” B S>leb) — 0

alors S est nul au sens ou E((S),,;) = 0.



44 CHAPITRE 1 : CALCUL DE MALLIAVIN POUR UNE EDPS DISCONTINUE

Une interpretation possible de cette notion de dérivée est la suivante : considérons un élément
h de L%([0, L] x [0,T], dyds), et un voisinage A de 0 dans IR?>. On ”perturbe” le Bruit Blanc en
posant

WNdy,ds) = W (dy,ds) + Mn(y, s)dyds

Ici encore, cette égalité fait penser au Théoreme de Girsanov.
Si X =FW(f1),...W(fr)) + a appartient & S"9, on pose

X = FW(f1), s Wi (f5) + @
et on obtient :

d

_d oy
leb dAXh

<D1’0X, h>

A=0
Les opérateurs sur ’espace produit.

On peut maintenant construire ’espace des variables simples associé & notre probléme :

S= {Y = H(X1, s Xg. Z1,y o Zi)) + / H e CXIRM™F), k+d>1,

X; € 8W, z;€ 8", ac R} (4.14)

Si Y appartient & S, on définit D®'Y et LO'Y (resp. D'PY) comme dans les paragraphes
précédents, en considérant les variables X7, ..., X4 (resp. Z1, ..., Z) comme des constantes.
Pour étre plus précis, placons-nous sur I'espace canonique produit associé & W et N. Chaque
w € Q écrit w = (WW,w"). Si Y appartient & S, il est clair que pour chaque w” fixé,
Y v (W) = Y(w",w") est dans S'0. Nous définissons alors la dérivée de Y relative au Bruit
Blanc par

DY (@Y, wN) = (DS Yin) (")
On construit Dg”lﬂC et L0 de la méme facon.
Les produits scalaires qui en découlent seront notés comme auparavant, et on voit que si X et Z
sont dans S, alors X, Z, et (DY0X, D107) . sont bornés, et L' X, L% 7, et (D™ X, D0’1Z>pN
sont dans tous les LP (p < 00).

Si Z appartient a S, on pose

11Z]]]s = [E (22) +E((D"2) )+E <<D0’IZ>pN>]% (4.15)

Soit Dy la fermeture de S pour cette norme. Grace aux deux propositions de fermabilité (4.5 et
4.6), les opérateurs Dclgg et Dg’lTC s’étendent de maniére unique a l’espace Ds.

Remarque 4.7 Nous avons étendu les opérateurs de dérivation a un domaine auquel appartien-
dra la solution faible de (1.1). Mais sur ce domaine, nous n’aurons pas de formule d’intégration
par parties (du type (4.10)), car Uopérateur L% ne s’étend pas ¢ Dy. Néanmoins, la ”dérivabilité”
de la solution suffira pour vérifier le Théoréme 4.1. Finalement, L%' sert juste d la preuve de
la fermabilité.
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Notation 4.8 On notera {(T,, Xy, Zpn) }n>0 les points de [0,T]x [0, L] x O chargés par la mesure
de Poisson, c’est a dire que

o0
N(dt,dz,dz) = > 01, x,, 7 (dt, dz, dz) (4.16)

n=0

On supposera que pour chaque n, T, est un temps d’arrét, et (X,, Zy,) est Fr, -mesurable.

Remarque 4.9 1. Soit S et T deuz éléments de L?(P(dw)p(¢)N(w,dr,da,dC)). Dans toute
la suite, la notation “Sqr¢c =Ty ¢” signifiera

p.s, (S—T),n=0
Ceci est encore équivalent a

Vne IN, SXn,Tn,Zn = TXn,Tn,Zn p.S.

2. La fermabilité de D%' permet d’affirmer que si X € Do, si Y = X p.s., alors Y € Do, et

P.S.,
<D°’1X ~ D°’1Y>pN =0

3. Soit X wune variable aléatoire, éventuellement définie p.s. (X peut étre une intégrale
stochastique, une ésperance conditionnelle, ...) Pour prouver que X € Dy et que pour

certains S € L2(P(dw)dadr), T € L*(P(dw)p(¢)N (w,dT, da, dC)),

DX =8,, et DY

a37—’<

X = Ta,T,(
il suffit d’exhiber une suite d’éléments X,, de S telle que
2 1,0 _ no,t
E ((X —X,) ) 1 E (<s -D Xn>leb) ‘E <<T D Xn>pN>
tende vers 0.
4.2 Propriétés des opérateurs de dérivation.

Enoncgons d’abord une proposition concernant les propriétés du domaine Ds.

Proposition 4.10 Dy muni du produit scalaire

le

(Y, Z)p, = E(YZ)+ E (<D1’0Y, DLOZ> b) +E <<D0’1Y, DO’IZ>pN> (4.17)

est un espace de Hilbert.

Preuve : par construction, Dy est un IR-espace vectoriel fermé pour la norme ||| [||2, et il
est facile de vérifier que (, )D2 est un produit scalaire associé a cette norme. Enfin, Dy est
complet car les espaces L2(Q, P), L2(Q x [0, L] x [0,T], P(dw)dadr) et L*(Q x [0, L] x [0,T] x
O, P(dw)p(¢)N (w,dr,dc, d()) sont complets.

Poursuivons avec une propriété classique des opérateurs de dérivation.
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Proposition 4.11 Soit Y = (Y1,...,Y,,) € D}, et F € C/(IR"). Alors Z = F(Y) € Dy, et :

(4.18)

n
0,1 0,1
DYZ =3 d;F(Y)DY)Y; et Dg. .7 = Zd F(Y)Dy, Vi
Preuve : on supposera n = 1, afin d’alléger les écritures. Cette preuve s’effectue en deux étapes :
on suppose d’abord que F' est de classe Cb2, puis on étend le résultat par approximations.
Etape 1 : supposons donc que F' est de classe Cg. Soit Y une suite de § qui converge vers Y
au sens de ||| |||2, et Zx = F(Yy). Il est clair que Z; € S et que

D7, = F'(Y,)DLYY, et D)L 2z, = F'(V;) DY

Yy

om'( a,T,(

par définition de S, DLY et DY

e On pose donc

DXz=F(Y)Dy et DY, Z=F(Y)D)! Y

,T C a,T,C
On peut supposer, quitte a extraire une sous-suite, que Yj, converge vers Y p.s. Il suffit alors de
prouver que Zj converge vers Z au sens de ||| |||2. Tout d’abord Zj, converge vers Z dans L2,
car

Zy, — Z| <[ F' ||oo [Yi, = Y|

De plus, (D%!Z; — D0’1Z>pN converge vers 0 dans L', car

E <<F’(Yk)DO’1Yk - F’(Y)D0’1Y>pN> < |F L E <<D°’1Yk - D0’1Y>pN>

o () <)

et il suffit d’appliquer le Théoréme de convergence dominée (F’ est bornée et continue), les
hypothéses de convergence de Y, vers Y (p.s., et pour ||| [||2), et d’utiliser le fait que <D0’1Y>pN

est dans L. Enfin, (D'Z, — D10Z), . converge vers 0 dans L' pour les mémes raisons.
Etape 2 : si F n’est que de classe C,}, il existe une suite de fonctions Fj de classe Cg telle que
pour tout k, || Fj [|o< 2 || F' ||0o, telle que Fi(0) = F(0), et telle que Fj, et F} convergent
simplement vers F' et F'. Par l'étape 1, Fi(Y) € Dy pour tout k, et il est facile de voir que la
convergence dans D a lieu.

Notons maintenant

8 ={Z = F(W(f1),- W(fm), N(g1), -, N(ga) /m+ d > 1, F € G} (R™)

fi € L2(10, L] x [0,T), dzdt), gi € CL}  (4.19)
et prouvons que cette ensemble est inclus dans Ds.

Proposition 4.12 1. Si Z appartient a Sy, alors Z € Doy, et

DYZ =Y diF (W (f1), s W (fin)s N(91), -, N(ga)) filct, 7) (4.20)
i=1
m-+d
DY Z= > diF(W(H), s W (fm), N(g1), s N(ga))(gi) (. 7,C) (4.21)

i=m—+1
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2. En particulier, si fo € L2([0,L] x [0,T]), alors W (fo) appartient ¢ D, et on a
DYSW (fo) = folo, ™) et DYL W(fo) =0 (4.22)
De méme, si gy € CL, alors N(go) et N(go) sont dans Dy, et
DEIN(90) = DygN(go) =0 et D7 N(go) = D7 Nlgo) = (90)5(er,7,C)  (4.23)

a7T’C a7T’C

Preuve : comme dans la preuve précédente, on considere d’abord un élément

7 = F(W(f1)7 ) W(fm)a N(91)7 ) N(gd))

de Sy, tel que F soit de classe CZ. Compactifions le support de F' de la manieére suivante : soit K,
une suite de fonctions de classe C? sur IR™%, bornées par 1 & dérivées uniformément bornées,

vérifiant :
1 siz € B(0,1/¢)
Ke(z) =
0 siz¢ B(0,1+1/e)

Posons

Ze = F(W(fl)a 7W(fm)7N(gl)7 7N(gd))Ke(W(f1)7 e W(fm)aN(gl)a ,N(gd))

Alors Z, € S, et on a,

Dy Ze =Y (KediF + Fd;K)(W (1), W (fin)s N(g1), s N(ga)) X filer, )
i=1
et
m-+d
Dgﬁ-,ng = Z (K€d1F+ Fd’LKE)(W(fl)a "'7W(fm)7N(gl)a "'7N(gd)) X (gi);(aa TaC)
i=m-+1

Il ne reste plus qu’a vérifier les convergences usuelles, ce qui est tres facile & I'aide du Théoréme
de convergence dominée. (Rappelons que si z € IR™ "4, alors K (x) tend vers 1, et d; K.(z) tend
vers 0 pour chaque 7, quand € tend vers 0).

Si F' n’est plus que de classe C,}, il suffit d’appliquer la Proposition 4.11 avec

Y = W(f1),-s W(fm),N(g1), .-, N(gq)) qui appartient & Dgﬂ'd par l'étape précédente (par
exemple, W(f1) = Id(W (f1)), avec Id € C3°).

Pour le 2., W(fo) et N(go) ne posent pas de probleme. Quant & N(go), il suffit de remarquer
que N(go) = N(go) —v(go). Comme v(go) est déterministe, on peut traiter N(go) comme N (go)
pour ce qui est de la dérivation.

La proposition suivante permet ”d’agrandir” 1’ensemble CL.

Proposition 4.13 Soit ¢ une fonction mesurable sur [0,T] x [0, L] x O, de classe C' sur O, a
support compact, et vérifiant :

(5,9, 2)| + [4.(s,9,2)] < K
Alors N(¢) et N(¢) sont dans Da, et ont pour dérivées :
DN (#) = D N(#) =0 et Dy (N(#) = Do (N(¢) = ¢ (7, 0. €) (4.24)

a37—’< a’T9C
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La preuve de cette proposition est tres simple : il suffit de remarquer qu'’il existe une suite
de fonctions ¢ € CL, uniformément bornées ainsi que leurs dérivées par rapport a z, dont le
support est inclus dans celui de ¢, et telles que ¢ et (¢r)’, convergent dzdyds-presque partout
vers ¢ et ¢,

La proposition suivante montre que I'espérance conditionnelle d’une variable simple est encore
dans Sy, et permet de calculer ses dérivées.

Proposition 4.14 1. Soit Z un élément de S. On considére la martingale cadlag Zs =
E(Z|Fs). Alors, pour chaque s, Zs appartient a Sy, est borné (par le méme réel que 7 ),
et admet pour dérivées :

DY 7z, = B (DYY2| F) 152y (4.25)
et
0,1 0,1
Daﬂ_sCZs = E (DOé,T,CZ‘ fS) ]‘{TSS} (426)

La deuxieme égalité signifie que pour chaque n > 0,
0,1 0,1
DXn,Tn,ZnZs =F (DXn,Tn,ZnZ‘ fs) 1{Tn§s} (427)

On en déduit que pour tout o, T, tout n € IN, les processus Di”Q.Zs et Dg(’}“Tn’ZnZs sont
cadlag et adaptés.

2. Avec les notations du 1., on a

E(ZSQ) = E(ZQ) ; B (<D1’OZS>leb> < E (<D1’OZ>leb)

et E <<D1’°Zs>pN> <E <<D1’0Z>pN> (4.28)

3. Soit maintenant Y une variable de Do, Fs-mesurable pour un s € [0,T]. Alors, pour
chaque o, T, chaque n, on a Dé”gY = Di’g’Y]‘{TSS} et Dg(’,ll,Tn,ZnY = Dg(’i,Tn,ZnY]'{TnSs}’
et ces variables sont Fg-mesurables.

Preuve : 1) Soit s € [0,7T] et
Z =FW(f1), -, W(fm),N(g1), - N(g4))
un élément de S. Posons
fila,7) = filo, D) pagy 3 filauT) = file, T)1grsg

et
gi(aa T, C) =9 (Oé, T, C)]-{TSS} 5 G (Oé, T, C) =9 (Oé, T, C)]-{T>s}
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Alors, par I'hypothese (M)-3, pour tout 7,7, W(f;) et N(g;) sont Fy-mesurables, et W(fz) et
N (g;) sont indépendants de Fs. Donc

7, = E(F(W(fl)+W(f1>,...,N(gd)+N(gd)>\fs)
= /F ) + z1, s N(Ga) + ya)) pu(dz1, ..., dya)
= HW(f1),- N(ga))

si y est la loi de (W (f1), ..., N(jq)) et si

H(Xy,..,Yy) = /me F(Xy 4+ z1,...., Yy + ya)) p(dzy, ..., dyaq)

Or F est de classe C!. Donc H est bornée, et, par le Théoréme de Lebesgue, H est de classe
C'. De plus,

diH(Xl, ...,Yd) = /dZF(Xl + 1, ...,Yd —I—yd)),u(dxl,...,dyd)

et H est de classe C,}. Donc Z; appartient & Sy, et la Proposition 4.12 implique que pour tout
o, T

Dy3 25 = ZdH - N(Ga) file, )
et pour tout n,
01 m—+d
i=m-+1

Mais d; H(W (f1),..., N(§q)) = E (d;F(W(f1),..., N(gq)) | Fs)- On en déduit aisément (4.25)
d’une part, et d’autre part que

m-+d
DY 1 2 2y = 3 E[GFW(f1),. N(9a) | Fo] (90)2(Xns T Z) L <)
i=m-+1
m-+d
= E| Y. &FW(f1), - N(90)(9:)%(Xn, T, Zn) i1, <5} | Fs
i=m-+1
= E(Dg(’,lz,Tn,znZ‘ )1{Tn<s} (4.29)

2) Prouvons par exemple la derniére inégalité, en utilisant la Notation 4.8, 1’égalité (4.27),
I’inégalité de Jensen, et le Théoréme de Fubini pour intégrands positifs :

B((2),,) = P|S {Pnn | 5Y s

n>0

IN
&

ZE{(&E&AQ

|n>0

Fs} p(Zn)l{Tngs}}
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0,1 2

= E E{Z (DXn,Tn,ZnZ) p(Zn) YT, <s)

n>0

|

- E <<D°’1Z>pN> (4.30)

3) Comme Y appartient & Dy, il existe une suite {Z*} d’éléments de S qui converge vers Y dans
Dy. Tl est alors facile de voir que la suite Z¥ est de Cauchy dans D,. En effet, grace au 2.,

2
= E Z(Dg(’i,Tn,ZnZ) P(Zn)l{Tngs}]

k k k k
112§ = 25 llp, <1112 = Z5 ||,

D’autre part, Zf converge vers Y dans L2, toujours grace  I'inégalité de Jensen :
2
E((ZE-Y))<E ((E(Z’“ - Y|F,) ) <E((z"-v))
Ceci implique que Z* converge vers Y dans D,. La conclusion s’ensuit facilement.

Dans un cadre Gaussien (ce qui revient & poser tout simplement D%! = 0 ici), on sait que si X
et Y sont dans Do, et si X et <D0’1X ) sont bornés, alors XY est dans Dy, et la formule usuelle
de dérivation d’un produit s’applique. Mais ici, <D0’1X )p N n'est que tres rarement borné. Nous
contournerons ce probléme en utilisant la proposition suivante.

Proposition 4.15 Soit X et Z deuz éléments de Dy. On suppose que X et Z sont indépendants.
Alors XZ appartient a Dsy, et on peut appliquer la formule usuelle de dérivation d’un produit :

DXZ=XDN7 +7ZDX et DY X7 =XD)!

a’T7C a7T’C

Z+7ZD% X (4.31)

a7T’C

Preuve : soit G (resp. A) la tribu engendrée par X (resp. Z). Par hypothése, ces tribus sont
indépendantes. Soit X’ ¥ une suite de S convergeant vers X dans Dy. En adaptant la Proposition
4.14, on peut vérifier que X*¥ = E(X' ’“|g ) € Sp, et que cette suite converge encore vers X dans

Dy. De plus, les variables X, X*, (D'OX), <D1’0X’“>leb, <D1’°(X - Xk)>zeb’ et (D1 X)
<D0’1Xk> , <D0’1(X — Xk)> sont toutes G-mesurables.
pN pN

pN?

De méme, il existe une suite Z* de S, convergeant vers Z dans Do, telle que toutes les variables
associées & Z et ZF (remplacer X par Z dans la liste ci-dessus) soient A-mesurables.

Il est facile de voir que pour chaque k, X¥Z* est encore dans Sy (car X* et Z* sont bornés),
et que ses dérivées s’expriment comme dans I’énoncé (on n’utilise pas ici I'indépendance, mais
seulement la forme de Sp).

Or X*ZF converge vers X Z dans L2, car

E((x*z5-x2)?) < E((X"(2"-2)?) + B ((2)*(X" - X)?)

- E ((Xk)Q) x E ((z’“ — Z)Q) +E(Z*)x E ((X’“ - X)Q)
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par indépendance. De plus, on a par exemple

E <<X’“D°’1Z’“ - XDO’IZ>pN>

T (s

pN
—E ((Xk)2> x E <<D°’1Zk - D0’12> ) + E(<D°’1Z>

Les autres convergences se prouvent de la méme facon, et la proposition est démontrée.

) x B ((X* = X)?) —0

pN pN

4.3 Un critére d’absolue continuité.

Enoncons maintenant le critére qu’on va utiliser pour prouver le Théoréme 4.1. Ceci est une
adaptation d’un résultat da initialement & Bouleau, Hirsch, [9], dont la preuve a été simplifiée
par Nualart, Zakai, [32]. La preuve figure aussi dans le livre de Nualart [30], p 87.

Théoréme 4.16 Soit Z € Dy. Soit

o=(DYz) + <D°’1Z>pN

leb
Alors, si 0 > 0 p.s., la loi de Z admet une densité par rapport o la mesure de Lebesque sur IR.

Preuve :
Etape 1 : supposons que |Z| < 1. Soit ¢ une fonction mesurable de | — 1, 1] dans [0, 1], telle que

T
/ ¢(y)dy = 0. Le but est de montrer que ¢(Z) =0 p.s.
-1

On sait qu'’il existe une suite {¢,} de fonctions mesurables de ] — 1, 1[ dans [0, 1], de classe C}!,
telle que ¢, converge vers ¢ dz-p.s. et P o Z'-p.s. Posons

V) = [ due)de o ) = [ playds

I est alors clair que quel que soit n, ¥,, € CZ, donc & l'aide de la Proposition 4.11, ¥,,(Z) € Dy
et
0,1 0,1
DYL(Z) = pu(Z)D5Z et Dy, Vo(Z) = ¢u(Z)Dy, 2
Comme ¢,, converge vers ¢ dz-p.s., ¥,,(Z) converge vers U(Z) p.s., et par convergence dominée,
la convergence a aussi lieu dans L2. De plus, on sait que ¢,, converge vers ¢ P o Z~!-p.s., donc

¢n(Z) converge vers ¢(Z) p.s. Donc
B (@02 - s@0'2) ) < B ((6n(2) - 627 (02), )

tend vers 0. La convergence concernant D™? se prouve de la méme facon, et on en déduit que
U(Z) € Dy, et

Déﬂ\l}(z) = <¢5(Z)D§;,2Y et DO’1 \IJ(Z) — ¢(Z)D0’1 vy

a7T’C a’T7C
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(ce qui n’était pas a priori évident, car U n’est pas de classe Cbl). Or I'hypothese sur ¢ permet de
dire que ¥(Z) = 0. Ses dérivées sont donc nulles, et 'unicité des dérivées implique que presque
stirement,

<¢(Z)DLOZ>

soit encore ¢?(Z)o = 0 p.s. Par conséquent, ¢(Z) = 0 p.s., et Pétape 1 est finie.

+{(p(2)D"'Z) =0

leb pN

Etape 2 : plagons nous maintenant dans le cas général (Z est une variable aléatoire & valeurs
réelles). Soit F une bijection de IR dans | — 1,1[, de classe C}, & dérivée strictement positive.
Alors F(Z) vérifie les hypotheses de I’étape 1, car par la Proposition 4.11, F(Z) € D», et

DOF(Z)=F'(2)D’z DY F(Z)=F'(Z)D). Z

a7T’C a’T7C

Donc F(Z) admet une densité, et il en va de méme pour Z.

4.4 Dérivation et intégrales stochastiques.

Trois intégrales (aléatoires) apparaissent dans I’équation d’évolution (2.9). Afin de pouvoir
utiliser le critére précédent, il faudra dériver la solution de (2.9). Les trois propositions princi-
pales de cette partie permettent de dériver ces intégrales.

Commencons par une remarque permettant d’éviter les confusions.

Remarque 4.17 1. Soit Y et Y' deux versions faibles du méme processus. Supposons que
pour chaque y, chaque s, Y (y,s) € Dy. Alors pour presque tout Then for y, s,

Y'(y,s) € Dy ; <DWY(y, s)—DVY'(y, s)>leb—|—<DNY(y, s) — DNY'(y, s)>pN =0 a.s.

2. Soit Y un processus tel que pour chaque y, s, Y(y,s) € Dy. Supposons que pour chaque
Q,T, Dé’gY(y,s) = So,r(y,s) dPdyds-presque partout (i.e. S, . est une version faible de
Dé’gY), et que pour chaque n, D)]}rn’TmZnY(y, s) = SS(n,Tn,Zn (y, 8) dPdyds-presque partout
(i.e. SS(n,Tn,Zn est une version faible de Dgn,Tn,ZnY)' Alors pour presque tout y, s, p.s.,

(DY (y.5) = 8(0:9)),, + (DY (1:5) = S'(v.8)) =0

Preuve : 1. Ceci est immédiat, puisque pour presque tout y, s, p.s., Y(y,s) = Y'(y, s).
2. Par exemple, grace au Théoreme de Fubini,

/ / DWY (y,8) — S(y,s)>leb)dyds

= dodrE D“’Y )—SaT(y,s)2dyds =0
= e (1 ) s

Définissons maintenant une classe de processus dont les intégrales seront dans D.

Définition 4.18 Soit Y un processus sur [0, L] x [0,T]. On dira que Y est Do-prévisible-borné
s’il vérifie les conditions suivantes :
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1. Y est un processus prévisible.

2. Pour chaque y,s, Y(y, s) appartient ¢ Do, et sup |||Y (y, s)|||]2 < oo.
Yys

3. Pour chaque a,T fixés, le processus Di’g_Y(y,s) admet une version faible prévisible sur
[0,L] x [0,T] (et est nul pour T > s). L’application w,a,T,y,s — Dé’gY(y,s)(w) est
globalement mesurable.

4. Pour chaque n > 0 fixé, le processus D[)](’i T, ZnY(y, s) admet une version faible prévisible

(et est nul pour T, > s).

Remarque 4.19 Soit Z € S. Considérons la martingale cadlag Zs = E(Z|Fs). Ce processus
est Dy-prévisible-borné, et ||| Zs|||l2 < ||| Z]||2-

Ceci est une conséquence immédiate de la Proposition 4.14-1.
La remarque suivante va permettre de ”séparer” les variables y, s et w dans les intégrales stochas-
tiques.

Remarque 4.20 Dy muni de la norme ||| |||2 est un espace de Hilbert sur IR, et S en est un
sous espace vectoriel dense a base dénombrable. Soit {Zk}kzo une base orthonormée de S. Alors
tout élément Y de Dy se décompose de la maniére suivante :

Y = Z M 2P avec Z A <oo ol A= <Y, Zk> (4.32)
k>0 k>0 D2

Preuve : remarquons d’abord que S est & base dénombrable, car les espaces vectoriels C2(IR™),
L2([0,T] x [0, L]) et CL le sont.
Considérons Y € Dy. Y est limite d’une suite Y,, de S. Décomposons chaque Y, suivant la base
{24} -
_ k 2 N _ k
Y, = I;))\ZZ avec I;)()\Z) <oo ol Ay = <Yn,Z >D2

Comme la suite Y, est de Cauchy dans Dy, il est facile de voir que la suite {\"},>¢ =
{{\?}k>0}, 5 est de Cauchy dans [? ('ensemble des suites dont la série des carrés converge).
En effet,

YR = A2 = I1Ya = Yalll3
k>0

Mais I? est complet, et donc A" converge vers un certain A\ = {Ak}e>0 dans I2. Ceci implique
que
1Y =S N ZF)113 =D (W — \)?
k k>0
tend vers 0. Y;, converge donc dans Dy vers ), M:Z*, et on obtient Y = Yo A2 k par unicité de
la limite. Enfin, Ay = lim,, <Yn, A "“>D2 = <Y, Zk>D2, quel que soit &, et la remarque est prouvée.

Appliquons alors la remarque 4.20 & un processus Dsy-prévisible-borné :

Lemme 4.21 Soit Y (y, s) un processus Da-prévisible-borné sur [0, L] x [0, T].
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1. Par la Remarque 4.20, on peut décomposer Y dans Do :

s) = Z bi(y,s)ZF  avec supz P2 (y, s) < 00 (4.33)

k>0 Y5 k>0

ot ¢ (y,s) = <Y(y78)7 Zk>D est B([0, L] x [0, T])-mesurable.

2

2. 8i Z¥ = E(ZF|F,), alors pour tout N,

1Y (y, s Z¢k Y, 8)Z5|[l2 < 1Y (y, s Z¢k v, 5) Z"||l2 (4.34)
En particulier, Y (y, s Z or(y, s Z dans Ds.
E>0

Preuve : 1. ¢, est mesurable par les propriétés des processus Ds-prévisibles-bornés, et parce
que, comme Z* € S, les applications Dé’gZ’“(w) et Dg(’i(w) T (@) Zn(w)Zk(w) sont globalement
mesurables. ’ ’

2. se prouve exactement de la méme maniére que la deuxieme partie de la Proposition 4.14, en
utilisant le fait que pour s > 0 fixé, Y (y, s) et Zf ainsi que leurs dérivées sont JFg-mesurables,
et que ces dernieres s’annulent pour 7 > s.

Nous avons aussi besoin de la Définition suivante :

Définition 4.22 Soit S, r¢(y,s)(w) une fonction sur @ x ([0, L] x [0,T] x O) x ([0, L] x [0,T}).
On dira que S appartient a la classe DN si :

e S est bornée dans L?(P(dw)p(¢)N (w,dt,da, d¢)), i.e. sup E(({S(y,s)),n) < oc.
Y,S

e Pour chaque n > 0, le processus Sx, T,.7,(y,s) admet une version faible prévisible, et
s’annule quand T, > s.

Ces conditions, clairement satisfaites par la dérivée relative & N d’un processus Dy-prévisible-
borné, sont nécessaires pour établir le lemme calculatoire (mais fondamental) 4.24.

Lemme 4.23 Soit S une fonction de DN'. Alors le processus (S(y,s)),y admet une version
faible prévisible.

Preuve : sous la forme suivante,

(S, ) oy = 2 S%u T2 W, 9)0(Zn) = 5%, 10,2, W 9)p(Zn) i1, <5}
n>0 n>0

il est clair que (S(y, s)),n admet une version faible prévisible.
Le lemme technique suivant remplace 'isométrie L? constamment utilisée dans le cas des E.D.P.S.

conduites par un Bruit Blanc. Les fonctions f, g, et h qui y figurent sont les parametres de
IE.D.P.S. (1.1), et vérifient I’hypothese (H').



4. CALCUL DE MALLIAVIN. 95

Lemme 4.24 Soit Y (y, s) un processus admettant une version faible prévisible sur [0, L] x [0, T,
et Sarc(y,s) une fonction de DN'. On pose, pour 7 <t :

focet) = [ [ G @) £ 0 09 Sarnc )W )
Tocwt) = [ [ Gsa ) O (0,9 Sl iy

< (3,t) = // /Gt @Y (g, ), 2)Sarc (v, )N (ds, dy,dz)  (4.35)

eiTaTC( t) =T, (z,t) =T% , (x,) = 0 si 7 > t. Ces trois fonctions sont encore dans DN,
Bl ] = [ [ G B [0 ) (5,50 duds (4:36)
E[<Tb<x,t>>pN] < TL / /OLG%_sw,y)E[{g'(Y(y,s»}?<S(y,s>>pN]dyds (4.37)
Bl @] = [ [ [ @B (1009, 20 (80 9)] o(e)dzdyds

(4.38)

Remarquons que les intégrales dans (4.35) ne sont pas réellement définies pour chaque a, 7, (.
Une fois de plus, nous sous-entendons qu’il faut remplacer o, 7, par X,,, T, Z,,.

Preuve : tout d’abord, il est clair que si les égalités (4.36), (4.37), (4.38) sont vérifiées, alors T,
TP, et T° sont dans DN. La mesurabilité et la prévisibilité sont immédiates, et (H'), ’Appendice
(6.3), le fait que sup, , E((S(y,s)),y) < 00, et ces égalités conduisent a

sup F ((Ta(y,3)>p]v) + sgjle <<Tb(y,3)>pN> + S;JE)E ((Tc(y,s))pN) < 00

Y,s

Prouvons par exemple 1’égalité (4.38). En utilisant la Notation 4.8, puis en appliquant le
Théoreme de Fubini pour intégrands positifs, on obtient :

B ((T°(, 1)) = (Zp ) [T%, 10,20 t)]Q)

n>0

= E (p(Zn) 7% 5.2, (9”’”]2)

n>0
2
</Ot /OL/OGts(w,y)hfp(y(y,S),Z)\/@an,q"n,zn(y,s)N(ds,dy,dz)) ]

Mais par hypothese, /o(Zn)Sx, 1,2, (Y: 8) = Sx,.,1,2, (Y, 8) X \/p(Zn) 11, <51 admet une ver-
sion faible prévisible pour chaque n, et on peut appliquer la formule (2 3) :

E ((T%(,1) ,x)
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= Z/ / /Gt s(z,y) B {h, } p(Zn)S%, 1,2, (s s )) @(z)dzdyds

Enfin, une nouvelle application du Théoréme de Fubini pour intégrants positifs permet de con-
clure :

E (T, 1), )

=[] e ({h;(Y(y,s>,z>}2Zp(zn>s§<n,n,zn<y,s>) p(2)dzdyds

n>0

= [ [ [ 62 (A (5,9, 20)* (50,90 ) ol
Les équations (4.36) et (4.37) se vérifient de la méme fagon.

Nous sommes enfin dans la possibilité d’énoncer les trois propositions principales de cette sous-
section.

Proposition 4.25 Soit {Y (z,t)}.¢0,1] tefo,r] un processus Da-prévisible-borné. On note

t rL
= [ | Gl £ (5D W (dy.ds)
Alors U est aussi Do-prévisible-borné, et on a, si Y_ est une version faible prévisible de Y :

DéﬂU(z, t) = Gir(z,0)f(Y (o, 7)) l{7<p

—i—/ot/OL Gt—s(x,y)f’(Y(y,S))Di’fiY(y,s)W(dy,ds)

t pL
DR UGt = [ [ Geula ) ( () DYEY ()W (dy )

Proposition 4.26 Soit {Y (z,t)},¢0,1] tefo,r] un processus Da-prévisible-borné. On note

= [ [ Grstw 1ot )y
0 J0

Alors U est aussi Do-prévisible-borné, et on a :
1,0 bk ' 1,0
DLAUGt) = [ [ Gisla g (V (5. 9) DAY (v, s)dyds

DY Ula,t) = // Gy o(2,9)g (Y (4, )DL Y (3, )dyds
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Proposition 4.27 Soit {Y (z,t)}.e0,1] tefo,r] un processus Da-prévisible-borné. On note

t oL -
U(m,t):/o/0 /Oths(az,y)h(Y(y,s),z)N(ds,dy,dz)

Alors U est aussi Do-prévisible-borné, et on a, si Y_ est une version faible prévisible de Y :
t L -
DU (1) = / / / Gy (2, )W (Y (y, 5), 2) DAOY (y, )N (ds, dy, dz)
’ 0o Jo Jo ’

DY Ula,t) = Grrlz,a)h(Y-(a,7),()lires

t L )
+/0/0 /OGt—s(may)h;(Y(y,S),Z)Dg’}r’CY(y,s)N(ds’dy,dz)

Remarquons que les dérivées obtenues ne dépendent pas du choix de la version faible prévisible
Y_ de Y. En effet, si Y~ est une autre version faible prévisible de Y, alors il est clair que pour
tout z, t, p.s.,

t L
/0 / (Gir(,0) F(Vo (7)) — Giy (2, 0) F (Y~ (0, 7))} dadr

t L , , B ) )
+ /0 /0 /IR{Gt—T(x,a)hz(Y_(oz,T),C)—Gt_T(:v,oz)hZ(Y (@, 7))} p(O)N(dr, dayd) = 0

Ces trois propositions se ressemblent beaucoup. Néanmoins, la troisieme est sensiblement plus
difficile, ¢’est pourquoi on ne prouvera que celle-ci. Il est d’abord nécessaire d’établir le lemme
suivant, qui utilise ’hypothese (S) :

Lemme 4.28 Soit ¢ une fonction mesurable sur [0,T] x [0, L] x O, de classe C' sur O (en z),
avec ¢!, bornée, et telle que

(s, 2)| < Kn(z)
(oun € L2(0,p(2)dz) est définie dans Uhypothése (H')). Soit (t,z) €]0,T] x [0, L] fizé, et

G(Sa Y, Z) = ths(fpa y)qZS(S, Y, z)1{5<t}
alors N(G) = fOT fOL [ G(s,y,2)N(ds,dy,dz) est élément de Da, et on peut calculer ses dérivées :

Dclv’,g'N(G) =0 et DO’I N(G) = Gt—’r(xa a)¢; (Ta «, C)1{7'<t}

a37—’4—

Preuve : afin d’appliquer la Proposition 4.13, il faut approcher G par des fonctions bornées, &
support compact, de classe C! en z, et & dérivée bornée : il faut tronquer G, et ”compactifier”
son support. Soit donc {7¢} une suite de fonctions de troncation de classe C*° sur IR, & dérivées
premieres bornées par 1, telles que

u si|ul < -
1 ‘1
Te(w) =< 1+=  si u>2+-= et | Te(u)| < ful
61 61
—1—-——- si u<-2—-
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Par (S), on sait d’autre part qu’il existe une famille de fonctions {K .} sur O, positives et C',
bornées par 1, & support compact dans O, et vérifiant

V2eEO,K(2) —sesol /O (K'(2)* 2(2)p(2)p(2)dz —>e0 0 (4.39)

On pose alors
Ge(sa Y, Z) = 7;(th5($7 y)),]:f(gb(sa Y, Z))Ke(z)]-{s<t}

Il est clair que G¢ satisfait les hypotheses de la Proposition 4.13 : G, est bornée, & support
compact, C en z, et sa dérivée est bornée. On a

(GE)Iz(Sayaz) = ﬁ(Gt—S(xﬂy))l{S<t} (7;,(¢(37y7z))(ﬂz(sayaz)Ke(z) + 7'6(¢(Saya z))Ké(z))
Donc, par la Proposition 4.13, N(G,) € Dy,
Dclv’,g'N(Ge) =0 et Dy N(Ge) = (Ge);(aa 7,()

a37—’<

Vérifions que N(G,) converge vers N(G) dans Dy (avec les notations de 1'énoncé, méme si on
n’est pas encore sur que ces expressions sont bien les dérivées de N(G)). Tout d’abord, par la
formule (2.3) :

B <(N(GE) —N(G))2> - ((/OT /OL/O(G(s,y,z) —Ge(s,y,z))N(dsdydz)>2)

- /oT /OL/O(G(s,y,z) — Ge(s,y,z))2go(z)dzdyd3

Ce terme tend vers 0 par convergence dominée. En effet, pour chaque s,y, z, I'intégrand tend
vers 0, et

(G(s,y,2) — Ge(s,y, z))2 < 4G?(s,y,2) < AKG?  (z,y)n*(2) € L' (¢(2)10(2)dzdyds)

De plus,
E({(D""N(G) - Dl’ON(GE)>leb) =0

Enfin,
E <<D0’1Z\7(G) - D°’12\7(G5)>pN>
T rL
=P (/0 /0 /O (G, 7,¢) = (Go)(e,7,0))* p(Q)N (dr, da,dg‘))

T rL 9
= [ [ ] (@Llosm0) = (G)ilenm, 0)? Ol
0 0 O

Ceci tend aussi vers 0, par convergence dominée et grace a (4.39) . Le lemme technique est
prouvé.



4. CALCUL DE MALLIAVIN. 99

Preuve de la Proposition 4.27

Etape 1 : si z est fixé, h( . ,z) est de classe Cbl sur IR. Donc, par la Proposition 4.11, pour tout
(x,t,2) dans [0, L] x [0,T] x IR, h(Y (z,t),z) € Da, et on a

DSh(Y (w,t), 2) = Hy(Y (x,1), 2) DY (x,1)

et DYL h(Y(z,t),2) = W (Y (x,t),2) D> Y (1)

Oé sT C CM,T,C

De plus, vue (H'), on remarque que
sup I1(Y (2,0, )12 < Kn(2)
x’

Décomposons alors h(Y, z) dans Do, & l’aide d’une légére extension du Lemme 4.21 :

hY (z,t),2) = Z bi(z,t, 2) ZF

k>0

ou pour chaque k, ¢ est mesurable. On a de plus

sup 3 (0, ,2) = sup [[B(Y (21), )1 < K2
Ttk

Par le Théoréme de Lebesgue, comme (par (H')) |h(z,2)] < K(1 + |z|) et hY, est bornée,
comme h!, et b sont continues,

bi(ys5.2) = (h(Y(y,9),2), 2")

D2

= b [h(Y(y,S),z)Zk] +E [h;,(Y(y,s),z) <D1’0y(y,3),D1,oZk>leb]

est de classe C! en z, et sa dérivée est bornée. D’autre part, comme h’(.,z) est de classe Cbl,
la Proposition 4.11 affirme que b’ (Y (y, s),2z) appartient & Do, permet de calculer ses dérivées,
puis de voir que (toujours a I'aide de (H')) :

sup > ()} (w,1,2)) " = sup [[|BL (Y (2, 1), 2)|3 < o0

z,t,z k z,t,z

On a aussi

hlz(Y(ya 8)7 Z) = Z(gbk)lz(ya S, z)Zk

k>0

dans D,. Toujours grace au Lemme 4.21, si on pose Z¥ = E(ZF|F,) et

y,S Z Z¢k Y, 38, Z (440)
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on a les assertions suivantes :

Vy,S,Z |||\IIN(yasaz) _h(Y(y,S)aZ)Hb —0 (441)
Sp sup N (y,5,2) = (Y (y,9), 2)||I5 < Kn’(2) (4.42)
Vy,s,2 I1(®Y) L (y,5,2) = hL(Y(y,9),2)|lla — 0 (4.43)

sup sup ||| (™) (y, 5,2) — (Y (y, 8), 2)II3 < sup [[[1L(Y (3, 9), 2)[[[5 < 00 (4.44)

N y!s’Z y!s’

Afin de vérifier que U est bien dans Dy, nous allons écrire U sous la forme >, Uy, vérifier que
pour chaque k, Uy est bien dans D,, puis étudier la convergence de la série.

Etape 2 : montrons d’abord que pour chaque £,

- t rL -
Uk(fp,t):/o/o /OGt,s(az,y)gbk(y,s,z)ZfN(dsdydz)

appartient & Dy, et calculons ses dérivées. Il est vraiment nécessaire d’utiliser la suite Z*, car
les processus ¢y (y, s, 2) Z* n’admettent pas a priori de versions faibles prévisibles. On utilise une
approximation du type Péano pour Z*. Notons, si0 < s < T

sn:sup{%T/ %T<s}\/0

Approchons Uk par

- t pL -
Uk(n,t) = / / /O Gia(z, )by, 5, 2) Z% N (dsdydz)

= S k[ / | Grslo)ny. .20 (dsdydz)
i— " [O,t]ﬁ}ETT
Comme Zk appartient & Do et est F IT—mesurable comme ’application ¢y satisfait les hy-

potheéses du Lemme 4.28, ce lemme et la Proposition 4.15 nous permettent d’affirmer que
Uk (x,t) € Dy, et

n L ~
DY Uk(z,t) = Z/Ot y MT}/O /OGt_s(x,y)gbk(y,s,z)N(dsdydz)nglTCZk

+ Z Z 7 X Gir :E 04) (¢k) (04,7', C)l{Te}%T,H‘lT]ﬂ[O,t[}

n

- / / [ Gislw)nly,5,2)DYL 75 Ndsdydz)
0 JO O

+Gt*T(fE7 Oé) (¢k)lz(aa T, C)an ]-{Tgt}
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et de méme

- t rL -
DOt = [ [ [ Grsw)dnly, 5, 2)DESZE N(dsdydz)
’ 0o.Jo Jo o

On pose donc
0,1 7 t L 0,1 7
DY Tk(z,t) = // /Gt_s(x,y)qﬁk(y,s,z)Da’TCZfN(dsdydz)
iy 0 0 O iy

+Gt77($7 Oé) (¢k);(aa T, C)Zf— 1{T§t}

et i A i
D0ty = [ [ [ Gioslap)duly. 5. 20D 25N (dsdyd)
0 J0 (@]

Il reste a vérifier les convergences au sens de Dy. D’abord, par la formule (2.3), puis comme

E[(0*(z,t) = Uk (,1))’]
t L

= / / / G%_S(x,y)qﬁ(y,s,z)E ((Z;€ — an)Q) o(z)dzdyds
oJo Jo

t pL
<k [ [7G (@B ((2F - 25)?) dyds
0 J0

Ceci tend vers 0 par double convergence dominée : pour chaque s, |Z¥ — Z¥ | tend vers 0 p.s.,
et est majoré par 2sup,, |Z¥(w)| < co. Donc le Théoréme de convergence dominée montre que

pour chaque s, F ((Z;g — an)2) tend vers 0. Comme cette espérance est d’autre part majorée

par une constante, et comme G?__(z,v) est dans L'(dyds), le Théoréme de convergence dominée
appliqué & la mesure dyds permet de conclure.
Ensuite,

E {<D0’1ﬁk(ac,t) - DO’IU,'f(g:,t)>pN]
< C/Ot /OL/OG?T(%a) () (e 7.0))” B (25 = ZE)) p(O)p(C)dCdadr

t rL t rL
0,1 k 0,1 k
+C’E[/0/0 /O(/O/O /()Gt_s(x,y)(ﬁk(y,s,z) (Dok o7k, - DY 2F)

N(ds, dy, dz)) *p(C)N (dr, da, dc))|

Le premier terme tend vers 0 comme précédemment, et une adaptation du Lemme 4.24 permet
de majorer le second par

t pL
[ [ [ 6t swwdtws e (D28 - D02E) ) ele)dzdyds
o.Jo Jo " pN
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qui tend vers 0 pour les mémes raisons (cette fois <D0’1an — D0’1Z£“> N n’est plus majoré par
p

une constante, mais par la variable aléatoire

Xk=4supE{ DO zk ‘ ]—"]
0.7] < o | %

qui appartient & L'(Q) par I'inégalité de Doob, puisque <D0’1Zk> v E L%*(Q), car ZF € S).
p

Enfin, on prouve de méme que F [<D1’0ﬁk(x, t) — Dl’oﬁ,’f(x, t)>l b] tend vers 0, et I'étape 2 est
e
terminée.

Etape 3 : approchons maintenant U(x,t) par

N
t) =3 U(x,1)
k=0

Par I’étape 1, on sait que U™ (x,t) appartient & Ds, et on connait ses dérivées. Rappelons que
UV est défini par (4.40). On a :

DIUUN (1) / / / Gi—s(z,y) Di’,g‘I’N(y,S,z)N(dsdydz)
et
DY UN(@,t) = Grr(m, @) (IN), (a7, O e

t rL
+// /Gt,5($,y) aTC\I/N(y,S,Z) (dede)
0 J0 O

On notera DYIU (x,t) et D0 ! CU(zp t) les expressions de 1’énoncé, pour des raisons de notation,
méme si on n’est pas encore sir que ce sont bien les dérivées de U(x t). D’abord, par (2.3),

E [(U(x,t) _ UN(x,t))2]
/ / / Gt sy E (h(Y(y,s),z) — \I!N(y,s))Q) o(2)dydzds

t L
<k [ [7] G @l (u5),2) = ¥ (0. 5) | o) dydzds
Ceci tend vers 0 par convergence dominée, grace aux équations (4.41) et (4.42). De plus,

E [<D0’1U(g:, t) — DOLUN (g, t)>pN}

<k [ ] o a B (04070, 0) — ) 7,0)7) O

+KE[/OT/OL/O(/;/OL/OGtS<x,y (DR h(Y (4. 2) = DEL WY (3,5,2)

N(ds, dy, dz)) *p(C)N (dr, dev, dc))|
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Le premier terme tend vers 0 comme précédemment (grace & (4.43) et (4.44)). Quant au second,
on le majore a 'aide du Lemme 4.24 par

/ / / G?_(z,y) <<D0,1\11N(y,s,z) —DO,lh(Y(y,S),z)>pN> o(z)dzdyds

qui tend encore vers 0 par convergence dominée.
On prouve de méme la troisieme convergence, et ’étape 3 est finie.

Etape 4 : il ne reste plus qu’a vérifier que U(z,t) est Dy prévisible-borné. D’abord, U admet une
version faible prévisible par le Lemme 2.4, ainsi que D10 U (z,t) si o, T sont fixés. La mesurabilité

globale de DU (2, 1) et D0 ! - Ul t) est vérifide, et Dg(l 1,.2,U(x,t), pour n > 0 fixé, admet
une version faible prévisible. 'U est borné dans L2 par le Lemme 2.4, et E((D%'U(z,t)) N est
borné par le Lemme 4.24, (H'), et ’Appendice (6.3). De plus,

E (<D1’OU($’ t)>leb)
2
/OT/OL </0t /OL/OGt_s(x,y)hlx(Y(y,8),z)Dé”gY(y,3)]\7(ds,dy,dz)> dadr]

T /L t L . 2
:/0 /0 E (/0/0 /OGt_s(x,y)h'x(Y(y,3),z)Dé”gY(y,3)N(ds,dy,dz)> ]dadT

<[ /O G (VB ({DEY (,9))) o)y
—/ / /Gt sy (z)E (<D1’0Y(y,s)>leb) o(z)dzdyds

Ceci est clairement borné, car Y est Dy-prévisible-borné, car n € L?(0, ¢(z)dz), et par I’Appendice
(6.3). La preuve est achevée.

=F

4.5 Dérivation de la solution.

Afin de pouvoir appliquer le Théoreme 4.16, il faut prouver que V est dans Ds, et calculer ses
dérivées.

Théoréme 4.29 Sous les hypothéses (H'), (M), (D), et (S), si V est l'unique solution faible
de (1.1) au sens de la Définition 2.3, alors V est Dy-prévisible-borné, et, si V_ est une version

faible prievisible de V,
Di”(,),.V(.’L‘, t) = Gt—T(wa a)f(v— (aa T))]‘{tZT} (445)

+/0t/0L ths(fay)f’(v(ya3))D61¥’,2V(y,S)W(dy,ds)

t L
4 /0 /0 Gi_s(z,)g (V(y, 5) DLV (y, 5)dyds
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t rL ~
[ [ [ Gyl (V5. ). DLV (y,5) N (ds. dy.dz)
0Jo Jo ’

DY V(@ t) = Girlz, )WLV (e,7),0)Lisnr) (4.46)
bk ! 0,1
[ [ G (V. )DL V)W dy, )
K L ! 0,1
+/0/0 Gi—s(z,y)g9' (V(y,8)) Dy, V (y, s)dyds

t pL -
[ ] Grslw oV ,5), 2)DRE V(3 ) N (ds, dy, d2)
0 J0 O e

Toute la suite de cette sous-section est consacrée a la preuve de ce théoreme.

Nous allons pour cela définir Dé’gV et Dg”lT’CV comme les solutions respectives de (4.45) et
(4.46), puis nous vérifierons que ce sont bien les dérivées de V. Il faut donc montrer que ces
équations ont bien une unique solution chacune.

Les équations (4.45) et (4.46) sont en fait des “systémes d’équations”. En particulier, dans le
cas de I'équation (4.46), nous ne cherchons pas & résoudre ’équation pour chaque «, 7,( fixé,
mais pour chaque n fixé, en remplacant «, 7, ¢ par X, T}, Z,. La solution D%V (z,t) doit étre
considérée comme A valeurs dans L?(P(dw)p({)N (w,dr,da,dC)), pour chaque x, t.

Lemme 4.30 1. L’équation (4.45) admet une unique solution

z,t — DYV (z,t)
[0,L] x [0,T] +~ L*(P(dw)dadr)

telle que pour tout o, T fixé, le processus Dé”gV(x,t) admette une version faible prévisible.
La solution est unique au sens ou si S et S sont deux telles solutions de (4.45), alors

sup B [(S(z,t) — Sl(xat»leb] =0

Tt

2. L’équation (4.46) admet une unique solution

z,t — DYV(z,t)
[0,1] x[0,T] + L*(P(dw)p(¢)N(w,dr,da, dC))

appartenant a DN'. La solution est unique au sens ot si T et T sont deuz telles solutions

de (4.46), alors
sup F [<T($,t) — T'(x,t))pN] =0

z,t
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Preuve : prouvons par exemple 2., et commencons par 'unicité. Soit S et T" deux solutions dans
DN'. Un calcul utilisant le Lemme 4.24 et 'hypothese (H') montre que

B((S(.t) =T, 0),y) < K [ t / "G () E (S, t) —~ Tia,),) dyds

< K/Ot sng ((5(%3) _T(y’3)>PN) \/%

ou la deuxiéme inégalité provient de I’Appendice (6.2). En réiterant cette inégalité, puis en
utilisant le lemme de Gronwall, on obtient

sup F ((S(y,s) = T(y,5)) ) = 0

y!s

L’existence se montre & ’aide d’une itération de Picard. Soit

Sarc(@,t) = Gror (@, ) h,(V (0, 7), () {1nr)

Alors S appartient &4 DN. En effet, la mesurabilité globale est immédiate. De plus, si n > 0,
le processus Sg(an’ 7, (7,1) est cag et adapté, donc prévisible. Enfin, comme V_ est prévisible,

sup B (($(a1)) )—supE( [ [ [ )(v_<a,T>,<>p(<>so(<>dcdadr>

z,t

< Ksup/ / / G?__(z,a) (1 + |V(o¢,7')|2) p(O)e(C)dCdadr < 0o

par (H'), car p € L'(O, p(2)dz), car V est borné dans L2, et par I’Appendice (6.3).
On pose ensuite, pour n > 0 :

Setl(z,t) = Sp g(x,t)+/t/L G 0) ' (V (5, $))S™. (4, 5)W (dy, ds)
T ,T, o Jo "
+/ / G s(z,y)g (V(y, 5))S% . o (y, s)dyds

t L }
+ /0 /0 /O Gl )L (V (4, 5), 2)S™ (1, 5)N (ds, dy,dz)  (4.47)

Une récurrence utilisant le Lemme 4.24 montre que pour chaque n, S™ est dans DN
Le Lemme 4.24 et le Lemme de Picard permettent de vérifier que la série de terme général

[supE <<S"+1($at) - Sn($’t)>pN>]

x,t

1
2

converge. L’existence en découle.

Preuve du Théoreme 4.29 : on doit une fois de plus considérer V' comme la limite d’une suite
V™, montrer par récurrence qu’elle prend ses valeurs dans Ds, puis étudier la convergence.




66 CHAPITRE 1 : CALCUL DE MALLIAVIN POUR UNE EDPS DISCONTINUE

Considérons les approximations de Picard de la solution V définie dans la section 3 par les
équations (3.1) et (3.2). Comme V, est déterministe et borné, il est facile de voir que V° est
Ds-prévisible-borné. Un raisonnement par récurrence utilisant les Propositions 4.25, 4.26, et
4.27 montre que pour tout n, V" est Dy-prévisible-borné, et permet de calculer ses dérivées : si
V™ est yune version faible prévisible de V™,

DOV (2,8) = Giplz, @) f (Ve 7)) isn
t L Lo
[ [ G £V ) DESV ()W (dy )
t L
+// Gi—s(z,y)g (V"(y, s)) DSV (y, s)dyds
0 JO

t (L _
[ 7] Guslw g (Vg ),2) DESV™ (4, )N (ds, dy, d2)
0 Jo (@)

01 VnJrl(fEat) = thT(xaa)hlz(an(aaT)aC)l{tZT}

aT(

t prL

[ [ Gislaa 0V (s) DY V7, 5)W (dy ds)
t L 01

[ [ Gl (V7 s) DY V™ 0 9y

t rL ~
+/ / / Gt—s(xay)hlx(vn(yas)aZ)Dg’i—gvn(yaS)N(dsadyadz)
0o Jo Jo Y

Il ne reste plus qu’a vérifier que, si Dé’gV(az,t) et Dg’lT CV(gz,t) sont définies comme solutions
de (4.45) et (4.46), (au sens du Lemme 4.30), alors V"™ (z,t) converge vers V(z,t) dans Dy. On
a déja vu dans la preuve du Théoréme 3.1 que V"(z,t) converge vers V(z,t) dans L?. Posons
donc

(. 1) =E[<D0’1V(x,t)—DO’IV”(x,t)>pN] et flt) = Sup G (2,1

11 s’agit de prouver que pour chaque (z,t) dans [0, L] x [0,T], G,(z,t) tend vers 0. Majorons
GnJrl(fEat) :
Gpi1(z,t) < K(IT(z,t) + ... + I7 (2, 1))

B0 = [ [ ] G070, )~ 1 (@), 01 )olOplC

I3z, t) / / / / / Gi (@)l (V(y,9) = £ (V"(y,9))]

0,1 2
DYV (y, $)W (dy, ds)) p(Q)N (dr, da, dC)|
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I t) / / [ /OLGt_s(x,y)[g'(vw,s))—g'(V"(y,sm

D2 V(y, s)dyds) p(¢)N (dr, dav, d0)|

a,T,(

I (o, 1) / / / // /Gt (@, ) (V (g, 5),2) = KL (V™ (g, ), 2)]

0,1 - 2
DY, VY, )N (ds, dy, dz)) p(¢)N (dr, de, dC) |

In(z, t) /// /t/OLGt_s(:v,y)f'(V"(y,S))

X[DUL V(. ) — DL V™ (y, )]W (dy, ds)) p(C)N (dr, dov,d)]

17 (2, t) / / / /t/OLGt_s(:v,y)g’(V”(y,S))

2
x[DYL V(y,s) = DY) V™(y, 8)ldyds ) p(Q)N (dr, dev, dC)

I (z, t) /// ///Gtsxyh’V"(y,),)
XD V(y,s) = DL V™ (y, )N (ds, dy, dz)) p(Q)N (dr, dov, )]

Majorons ces termes un par un : h’, est bornée, donc
(W (V" (0, 7),¢) = R (V(er,7), O] < K(V(er,7) = V (@, 7))?

Or
sup (V™a,7) = V(a,7))?) — 0

Donc, par I’Appendice (6.3), I7(z,t) < K, — 0.
Le Lemme 4.24 permet d’affirmer que I} (x,t) est égal & :

t oL , , o , N
/0/0 /Oths(fE,y)E [(hz(v(y,S),Z)—hx(V (y,8),2)) ><<D V(y,s)>pN] o(z)dzdyds

Appliquons alors I'inégalité de Holder (pour la mesure dyds, avec p = 5/4 et ¢ = 5), pour
majorer I} (z,t) par :

l/ot /()L(Gts(x,y))s)/Qdde] 4/5
X [/OT /OL

1/5

/OE <(h’x(V(y,S),z) — Wy (V™(y,5),2))” <D°’1V(y,8)>pN> <p(z)dz]5 dde]
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Le premier terme du produit est majoré par une constante (par I’Appendice (6.3), car 5/2 < 3),
et le second ne dépend plus de z,t (c’est pourquoi on a appliqué 'inégalité de Holder). Notons
donc ce terme K,,. Mais K, tend vers 0 par (triple) convergence dominée. En effet comme h/; est
continue (en ) et majorée par , comme V" (y, s) tend vers V (y, s) dans L? (donc en probabilité),
et comme (D%'V (y,s)) ,n est dans L' (pour y, s fixé), le Théoréme de convergence dominée
appliqué & P implique que l'espérance tend vers 0 pour chaque y,s,z. Mais cette espérance
est d’autre part majorée par (A une constante prés) n?(z) € L'(O,p(z)dz). Le Théoréme de
convergence dominée pour la mesure p(z)dz permet donc d’affirmer que pour chaque v, s,

5

[/OE ((h;;(V(y,s),z) — KLV (y, 5), 2))? <D0,1V(y,s)>pN> o(z)dz

tend vers 0. Cette quantité est enfin bornée, et une derniere application du Théoréme de
convergence dominée (pour dyds) permet de conclure : K, tend vers 0.
On majore I3 et I§ grace au méme procédé, et on obtient (C' est une constante) :

Iy (z,t) + I3 (z,t) + I} (z,t) < CK, — 0
Apres avoir utilisé le Lemme 4.24 et (H'), on voit que
t oL
Bat) <K [ [7G(o.)Guly. 9)dyds
0o Jo

Les mémes majorations s’appliquent & I7(z,t) et If(x,t), et on obtient finalement :

t L
Gnyi(z,t) < Kn+K/O/0 Gn(y, 8)Gi_s(z,y)dyds

ds
t_

< Kn+K/0t¢n(s)

»

avec K, — 0. On en déduit que

t
buialt) < Kl + K’ / bu(5)ds

ou K] tend encore vers 0. Comme ¢y et ¢1 sont bornées grace & 1’étape 1, on peut appliquer le
Lemme de Picard (ou plutot une légere extension du Lemme de Picard) :

sup ¢, (t) — 0
[0,T7]
Puis
sup Gp(z,t) — 0

z,t

Un calcul similaire montre que

sup E [<D1’0V(x,t) - DI’OV”(x,t)>leb]

x,t

tend vers 0, et le Théoreme 4.29 est prouvé.
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4.6 Existence de la densité.

Nous sommes enfin armés pour prouver le Théoréme 4.1. Soit donc (z,t) € [0,L]x]0,T], et
supposons que les hypotheéses (M), (D), et (H') soient satisfaites. Par les Théorémes 4.16 et
4.29, il suffit de vérifier que presque stirement,

olat) = (DNV1),, + (D)

= o9z, t) + 0% (1)
est strictement positif sous 'une des hypotheses (EW), (EP1), ou (EP2).
On ne sait pas calculer explicitement o(z,t). C’est pourquoi on doit séparer les cas : nous allons
vérifier que sous (EW), o'(z,t) > 0 p.s., et que sous (EP1) ou (EP2), 0" (z,t) > 0 p.s. La

différence de nature entre les deux produits scalaires nous empéche d’établir un résultat sous
une hypothese de non-dégénerescence conjointe.

Existence de la densité sous (EP1).

Comme prévu, nous nous intéressons & o”>'. Commencons par la remarque suivante.
Remarque 4.31 Quel que soit ¢ > 0, on peut supposer que g' > c.

Preuve : il suffit d’utiliser la définition 2.3 des solutions faibles de (1.1), qui s’étend (cf Walsh
[47]) aux fonctions test ¢(z,t) de classe C* sur [0, L] x [0, 7] vérifiant ¢! (0,¢) = ¢ (L,t) =0
pour tout ¢ :

L L t L
/0 V(a,t)p(z, t)dz = /0 Vo(z) bz, 0)dz + /0 /0 V(w,3) (¢,(2,5) + ¢ (2, 5)) duds
t L t L
+ / / F(V(2,9)(z, )W (dz, ds) + / / g(V (. )z, 5)dxds

+/0t /OL/Oh(V(x,s),z)qﬁ(x,S)N(ds,dx,dz)

Ceci peut se réécrire
/OL V(z, t)p(z, t)dz = /OL Vo(#)(x, 0)dz
+/Ot /OL V(z,5) (¢5a(2, 5) — cl, 5) + ¢i(z, 5)) dads
+/0t /OLf(V(w,s))é(x,s)W(dw,ds) +/0t /OL (g(V(z,3)) + ¢V (z, 5)) p(=, s)dzds

-|—/0t /OL/Oh(V(m,3),z)¢(m,3)]\7(d3,dx,dz)
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Mais la fonction de Green associée au systéme

ou  0%u ou ou
Ezw—cu, %(O,t):%(L,t):o

est Hy(z,y) = e “'Gy(z,y). La solution faible V de (1.1) (et de maniére équivalente de (2.9)),
est donc aussi solution de I’équation (2.9) ou I'on a remplacé Gy(x,y) par Hy(x,y) et g(x) par
g(z) + cx. Comme les deux noyaux G et H se comportent de la méme maniére, comme la
fonction ¢’ est bornée, la remarque est prouvée.

Remarquons ensuite que, comme V est Dsy-prévisible-borné, Dg”lT,CV(x,t) =0desque T >t

(voir la Proposition 4.14). De plus, par (EP1), f = 0, et |h"| < 7 € L'(O, p(2)dz), donc en
posant G'(z) = ¢'(z) — [, hi(z, 2)p(2)dz, on obtient :

Doy cV(et) = Gror(e, ) (V-(a,7),0)
L 0,1
) Geala )G V) DRV (s
Tt JO v

L
[T [ G )V, 9),2) D28V, 9)N (s, dy, dz)
Imt[Jo JO e
sitT <t
Dg”lT’CV(x,t) = 0 siT>t

Soit Sy, r(z,t) I'unique solution (au méme sens que dans le Lemme 4.30-2.) de I’équation

Sa’T(x’t) = Gt—r(iv,a)
L
+/] t[/o Gt—s(x,y)G'(V(y,3))5a’T(y,S)dde

L
+/] [/ /OGt—s(ﬂﬁay)h'x(V(y,s),z)Sa,T(y,s)N(ds,dy,dz)
Tt J0
siT<t

Sar(z,t) = 0 siT>t
Par unicité, on remarque que
0,1
Da’T’CV(x,t) =h,(V_(,7),¢))Sa,r(z,t)
au sens oll

sup E <<D0’1V(x,t) SRV, ), .)S(x,t)>pN> —0

z,t
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ce qui implique bien entendu que pour chaque z, ¢, presque surement,
O ,t) = (V- (., ), )S(, 1)),

Par la Remarque 4.31, on peut supposer G’ > 0 (choisir ¢’ supérieure & [, 7(z)¢(2)dz). Comme
par hypothése h!, est positive, un raisonnement par récurrence sur les approximations de Picard
de S, r(z,t), puis un passage a la limite montre que pour chaque z,t, P(dw)N (w,dr, de, d¢)-
presque partout,

Saqr(z,t) > G 7 (7, 0) 1704

et il suffit de vérifier que pour tout ¢ > 0, tout xz € [0, L], p.s.,

[ [ ] GV (@,7), 000 N, o) > 0
0 JO O

Mais pour tout 7 € [0,#[, tout a € [0,L] et tout ¢ € O, G7_.(x,a)p(¢) > 0. Donc il suffit de
montrer que pour tout ¢ > 0, p.s.,

t L
Lent (v (eun N(dr, dev, d¢) > 0
/0/0 /O (L (Ve (ar7), )20} IV (dT, dev, dC)

Considérons pour cela le temps d’arrét

s rL
R = inf {S >0 / / / / 1{h’z(V_(a,T),()7é0}N(dTa dOt,dC) > 0}
0 JO O

et prouvons que R =0 p.s. :

R L
E</o /0 /o1{h2(V—(am,c)#o}w(C)dCdadT)

R rL
=k (/0 /0 /O Lnt (v (a.m).0)20) V (dT, dav, dC)) <1

R L
/0 /0 /O1{h;<vf(a,ﬂ,c#ow(C)dCdadT<°°

p.s., ce qui contredit ’hypothése

Ceci implique

Vz € IR, /o Lint (2,0)201P()d¢ = o0
sauf si R =0 p.s., et le Théoréme 4.1 sous (EP1) est démontré.

Existence de la densité sous (EP2).

Comme sous (FP1), on commence par écrire Dg’lT’CV(x, t) = h,(V_(a,7),()Sa,r(z,t), ol So,r(, 1)

)

est 'unique solution (au sens du Lemme 4.30-2) de ’équation :

L
Sor(@t) = Giop(z,0)+ /M / Gis (2, 9) I (V (Y, 9)) S (9, )W (dy, ds)
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* / . /OL Gis(2,9)g' (V (4, 5))Sa,r (4, 5)dyds

L ~
+/} t[/o /OGt—s(xay)h;:(v(ya3),Z)Sa’T(y,S)N(dS,dy,dz)
siT <t (4.48)

Saqr(z,t) = 0 sit>t

Par unicité dans L?(P(dw)p(¢)N (w,dT,da, dC)), on obtient 1’égalité presque siire :

T rL
)= [ 7] SEotwt) (W(V-(@,7),0))? Q)N (dr der o)

I1 est alors clair, par définition de I'ensemble H (voir (EP2)), que dés que

¥(z,t) / / / N(dr,da,dC) >

o%!(x,t) est aussi strictement positif. A cette fin, on décompose S en deux partie : la premiére
va ”exploser” autour de (z,t), alors que la seconde va rester suffisamment petite.

SaaT(x’ t) = Gt_T(x’ O{)l{’rst} + QaaT(x’ t)

ol Qu,r(z,t) =0 pour 7 > ¢, et, pour 7 <,

Qa,r(x t)y = /Tt/ Gi—s(z,y)f V( ))SaT(y, $)W (dy, ds)
+/Tt/ Gis(,9)9' (V (Y, 5))Sa,r(y, s)dyds

L ~
+/Tt/o /oGt*s(g”’y)hm(v(yv3)»Z)Sw(y»S)N(ds,dy,dz) (4.49)

On obtient ainsi, pour tout € > 0 assez petit :

S(z,t) > /t// N(dr, da, d¢)
3/”//(: p(C)N(dr, dav, dC)
—2/t E/ /Q N(dr,da, dC)

2
= gAe(:E,t) — 2B(z,t)

v

Le lemme suivant montre que B¢(z,t) est petit.
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Lemme 4.32 [l existe une constante C1 > 0 telle que pour tout € > 0,
E (Be(z,t)) < Che

Preuve : on peut directement majorer E (B¢(x,t)) par

// / <// Gis (2, 9) ' (V (4> ) Sar (y, )W(dy,ds)>2p(oN(dT,da,do
/te/ / (/rt/ G s(z,9)9'(V (Y, 5))Sa,r(y, s )dyds)Qp(C)N(dT,da,dC)
+KE/t/ / (/t/ /Gt (@)W, (V (4, 5),2) Sar (3, )N(ds,dy,dz)>2

p(QN (dr, dav, dC)]

KE

+KE

En utilisant le Lemme 4.24 puis (H'), on obtient

BB ) <K [ [ 68 @B ((Sarlys MO (), ) s

Mais pour s €], t],

IN

E <<Sa,7' (y,8)13(¢) 1[5*65[(7—) >pN>

KE(/S E/ /GSTy, ()N (deO[dC))
+KE(/5 6/ /QaTy, N(dr,da dC))

= K [[{(y5) + I3y, 9)]

B <<Sa17(y, s)lH(C)l[te,s[(7)>pN>

IN

Un calcul similaire au précédent montre que

s L
By <k [ [ 62 wy)E ((sa,f(y',s')lﬂ(c)l[s_e,sl[(f)m) dy'ds' < K+/e
par ’Appendice (6.4), et car S est définie comme vérifiant

sup B (¢S, ))n) < o0

De plus,

Ii(y, s /S E/ /Gs (4, )p(Q)p(C)d¢dadr < Ky/e

73
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car p € L'(O, ¢(¢)d¢), et par I’Appendice (6.4).
On obtient ainsi

E (B.(s,1)) SK\/E/ / G (w,y)dyds
et une derniere application de (6.4) conduit au résultat recherché.

Le prochain lemme montre que E (e*)‘Af (I’t)) est petit (quand A est grand), donc que A.(z,1)
est grand.

Lemme 4.33 Il existe Ay > 0, g > 0, et Ko > 0, tels que pour tout A > Xy, tout € < €,

/ / / @) () dzdyds > KNP 7 (4.50)

Preuve : remarquons d’abord que par I’Appendice (6.1), pour tout s € [¢/2,¢€], tout y € [z —
Ve x + /€], (C > 0 est une constante) :

C

Gilzy) > —

Le membre de gauche de (4.50) est donc minoré par

€ TH+/€ R
HSe/2 Jox—\/€

o
> Ke\/E/ (1 — e_C%p(z)) p(z)dz > ng% <é>
H

€

ou la derniére inégalité, valide des que C'A/e > vy, provient de I'hypothese (EP2).

Nous pouvons maintenant prouver que % (z,t) > 0 p.s. Remarquons que pour tout n > 0, tout
€ >0, et tout A > 0,

P(S(mt)>0) > P (;Ae(x,t) > n) L P@B.(n.t) <n)—1
p 2
> 1—ME (em3Me@)) _ 2B (B (x,t
> ( ) = L F (Blw.)

or E (Be(x,t)) < Cie, et sie <€, si A > %)\0,
2 t L 2 2
E (e—gz\Ae(fL‘,t)) = exp <_/ / / (1 — e—gAthr(x,a)p(C)) w(()dCdOsz>
t—eJO JH
exp ( / / / Gr@)el0)) go(C)dCdozch)

exp (—Cg)foe%_ro)

IN
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par le Lemme 4.33. Ainsi, pour tout n > 0, tout € < €y, tout A\ > %)\0,
P (S(w,t) > 0) > 1 —exp (—CaA™e2 70 4 \p) — 2015
n
On choisit A = 7! = ¢ ® avec a > 0. On obtient, pour tout € > 0 assez petit :
1\ @ro—5+r0
P(3X(z,t) >0)>1—exp|1—Co (—) — 207
€
Comme ry > %, on peut choisir a > 0 tel que

3
ar0—§+7"0>0 i 1—a>0

(prendre o = 3/4rp). En faisant tendre e vers 0, on en déduit que ¥(z,¢) > 0 p.s., puis que
o%(z,t) > 0 p.s., et le Théoréme 4.1 est prouvé sous (EP2).

En comparant les preuves du Théoréme 4.1 sous (EP1) et sous (EP2), on voit & quel point
l'utilisation d’une dérivée ”locale” est nécessaire : sous (EP1), on considére 1’objet
<D0’1V(x,t)>pN, et on n’a pas vraiment besoin de connaitre Dg”lT’CV(x,t) pour chaque a,T,(.
C’est d’une maniere équivalente que travaille Saint Loubert Bié dans [40]. Sous (EP2), on utilise
par contre les expression locales des dérivées, ce qui permet d’exploiter ”I’explosion” du noyau
de Green, et donc de n’émettre aucune hypothése de nullité, de monotonie, ou de positivité des
fonctions f, g, h

Existence de la densité sous (EW).

Nous allons prouver ici que o"?(z,t) > 0 p.s. Le raisonnement qui suit est largement inspiré de
celui de Bally et Pardoux dans [4], bien que ceux-ci utilisent la continuité de leur solution.
Considérons 'unique solution Sy, (z,t) de ’équation (4.48), mais cette fois-ci au sens du Lemme
4.30-1 (ce n’est pas le méme objet que dans le paragraphe précédent). Comme V est Ds-
prévisible-borné, DYOV (z,t) = 0 dés que 7 > ¢. Un argument d’unicité (voir le Lemme 4.30-1.)
conduit & I’égalité presque siire :

t L
Oz, t) = / / (Sar (@, 8)? F2V_(a, 7)) dadr
0 Jo
Donc grace a 'hypothese (EW), il suffit de montrer, pour conclure, que
t L
S (z,t) = / / (Sar(a,8))2dadr >0 p.s.
0 Jo

Décomposons S, (z,1) :

Sa,r(z,t) = Gi—r(z, a)l{rgt} + Qa,r (1)
ol Qo,r(z,y) est défini par I'équation (4.49). Alors, pour tout € > 0, suffisamment petit,

Y(z,t) > 3 . 6/ G? (z,a dadT—Z/ /OL(QQ,T(x,t))2dadT

2
= gJe(x,t) — 2I(x,t)
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Dans I’Appendice (6.5), on peut voir que J¢(z,t) > C'y/e. De plus, un calcul similaire & la preuve
du Lemme 4.32 montre que

E(I‘(z,t)) < Ke

Donc

P(%(z,t) >0) > i‘iIO’P <2I€(ac,t) < ;0\@)

3E(If(x,t))> _,

> sup(l— CVe

e>0

et le Théoréme 4.1 est prouvé sous I’hypothese (EW).

5 Extensions.

Nous présentons ici deux extensions du Théoreme 4.1. Elles tentent de réduire les hypotheses
portant sur la mesure de Poisson.

5.1 Extension par le Théoreme de Girsanov.

Le but de la premiere extension est d’alléger 'hypothese portant sur la mesure de Poisson, a
laide du Théoreme de Girsanov pour les mesures aléatoires. On cherche surtout a alléger I’
hypothese de régularité de la fonction . Nous allons voir qu’il suffit en fait que ¢ soit ”tres
proche” d’une fonction C'.

Emettons les hypothéses ci-dessous :

Hypothése (M) :

1. et 3. sont les mémes que dans (M) ;

2. N est une mesure de Poisson sur [0,7] x [0, L] x IR d’intensité
v(ds,dy,dz) = p(2)1o(2)a(z)dsdydz

ot O est un ouvert de IR, et oi1 ¢ est une fonction strictement positive de classe C' sur
O. a est strictement positive, mesurable sur O, et satisfait

/ (a(2) = 1)? p(2)dz < 0o
O

Hypothese (H'); : la méme chose que (H'), sauf que n € L%(0, a(z)p(2z)dz) N L*(0, ¢(2)dz).

La fonction p satisfait les conditions de la Section 4, et (EW), (EP1), et (EP2) ne changent
pas (on ne remplace pas p(2) par a(z)p(z) dans ces hypotheses).
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Remarque 5.1 Sous (M), (D), et (H')1, ’équation (1.1) admet une unique solution faible
V au sens de la Définition 2.3, grice au Théoréme 3.1. Si de plus (S) est vérifiée et si l'une
des hypothéses (EW), (EP1), ou (EP2) est satisfaite, si (z,t) € [0, L]x]0,T], la loi de V (z,t)
admet une densité par rapport o la mesure de Lebesgue sur IR.

Preuve : Placons-nous sur ’espace canonique produit §2 associé au Bruit Blanc et a la mesure
de Poisson. On considere sur € une probabilité P sous laquelle les processus canoniques W et
N satisfont ’hypothese (M). On consideére ensuite 'E.D.P.S. (1.1) associée & ces objets et aux
fonctions f, G, et h, ou

Gw) = g00) = | ho,2)(a(2) = Dp(2)d=

Les fonctions f, G et h satisfont (H'). Cette équation admet donc une unique solution V'
prévisible et bornée dans L2. De plus, on sait que (EW) ou (EP1) ou (EP2) est satisfaite, donc
si (z,t) € [0, L]x]0,T], la loi de V(z,t) (sous P) admet une densité.

Intéressons-nous alors & la martingale exponentielle de Doléans-Dade suivante :

M, = 1+/01t /OL/OMS_(a(z) _ )N (ds, dy, d2)

Cette martingale est strictement positive p.s., et de carré intégrable. Posons ensuite P’ = M. P,
qui est une probabilité équivalente & P. Par le Théoréme de Girsanov pour les mesures aléatoires
(cf Jacod, Shiryaev, [23], p 157), on sait que sous P’, N est une mesure de Poisson d’intensité
a(z)p(z)dz. 1l est d’autre part immédiat que W reste une Bruit Blanc basé sur dzdt sous P’
(par indépendance entre W et Mr). De plus, V satisfait sous P’ ’équation suivante :

V(z,t) = /ULvo(y)Gt(a:,y)dy+/()t/0LGts(m,y)f(V(y,s))W(dy,ds)
+ /Ot /OL Gi—s(z,y)G(V (y, 8),y, s)dyds
t rL B
+ /0 /0 /]RGt*s(l"ay)h(v(y,8),Z)N(ds,dy,dz)

t L
+ /0 /0 /IRths(ﬂz,y)h(V(y,s),z)(a(z)—1)<,o(z)dzdyds

En utilisant Pexpression de G, on en déduit que sous P’, le processus V satisfait 1’équation
d’évolution (2.9) associé & W, N, et f,g,h. Soit enfin (z,t) € [0, L]x]0,T]. Comme P ~ P', et
comme la loi de V(z,t) sous P admet une densité, on en déduit qu’il en va de méme pour la loi
de V(z,t) sous P'. La remarque est vérifiée.

5.2 Une deuxiéme mesure de Poisson.

La deuxieme extension consiste a ajouter une mesure de Poisson indépendante de la premiere.
Elle s’appuie sur article [6] de Bichteler et al. Considérons ’équation d’évolution suivante.

Viet) = /0 Vo) G, y)dy + /0 t /0 "V (0, 9) Gy ()W (dy, ds)
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+/0t/OLQ(V(y’S))Gt—S(xay)dyds
+/0t/0L /}Rh(v(y’s)’Z)Gt—s(xay)ﬁ(ds,dy,dz)

I -
[ ] oV, 0)Gi () N (ds, dy, du) (5.1
oo JR
Enoncons nos hypotheses :

Hypotheése (M) :

1. La méme chose que dans (M).
2. La méme chose que dans (M).

3. Ni est une mesure de Poisson sur [0,7] x [0, L] x IR d’intensité v (ds, dy,dz) = dsdyq(dz),
ou ¢ est une mesure positive o-finie sur IR.

4. {ft}te[o,T} est la filtration canonique complete et cad associée aux objets indépendants W,
N et Nl.

Hypotheése (H')o : la méme chose que (H'). De plus, la fonction o est de classe C! en z, et il
existe a € L2(IR, q) telle que, pour tout = € IR et u € IR,

|0(0,u)] + |o%(z,u)| < a(u)

Hypothése (EP1)s : la méme chose que (EP1). De plus, o, est positive, et il existe & € L' (IR, q)
telle que |o}| < é.

La fonction p doit satisfaire les conditions de la Section 4.

Remarque 5.2 Supposons (M)s, (D), (H')2, et (S). Soit V 'unique solution faible de (5.1).
Sous l'une des hypothéses (EW), (EP1)s, ou (EP2), si (z,t) € [0,L]x]0,T], la loi de V (z,t)
admet une densité par rapport o la mesure de Lebesgue sur IR.

Ici, la loi de V' (z,t) admet une densité soit grace & W, soit grace & N. La mesure Nj, ne
joue en fait qu’un réle minime (comme par exemple N sous (EW)). Elle permet néanmoins
d’ajouter un terme non "régulier” (’hypothése sur Nj est assez faible), tant que ’hypothése de
non-dégénerescence ne concerne que N. Techniquement, on définit les opérateurs de dérivation
liés & W et N comme dans la sous-section 4.1, et on choisit 'opérateur lié & N; identiquement
nul (comme nous aurions pu choisir D%! identiquement nul pour prouver le Théoréme 4.1 sous
(EW)). L’intégrale stochastique par rapport & Ny se comporte alors en gros (pour ce qui est de
la dérivation) comme 'intégrale par rapport & la mesure de Lebesgue.
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6 Appendice.

Les résultats qui figurent ici sont des propriétés élémentaires du semi-groupe Gy(z,y) défini
dans la section 2 par I’équation (2.8). Dans la plupart des lemmes qui suivent, les inégalités sont
vraies pour (z,t) € [0, L]x]0,T], et la constante positive C7 ne dépend que du temps terminal
T. Les trois premiers lemmes sont prouvés dans Walsh, [47].

Lemme 6.1 On peut estimer le semi-groupe de la maniére suivante :

&exp{%} < Gi(z,y) < %exp{%}

Lemme 6.2 Sir > 0, alors

L —r
/0 G (x,y)dy < Crt =
Lemme 6.3 5i 0 < r < 3, alors
t rL
/ / G (z,y)dyds < Cr
0 Jo

Les deux lemmes suivants sont prouvés par Bally et Pardoux dans I’Appendice de [4].

Lemme 6.4 Sir €]0, 3] alors pour tout € > 0,

/ /GtsxydydsgCTxeg%
t—e

Lemme 6.5 Pour tout € > 0,

/ / G?_ (z,y)dyds > K x /e
t—eJx—

Enfin, on trouvera une preuve du lemme suivant dans I’Appendice du premier chapitre de la
these de St Loubert Bié [40] (il faut toutefois adapter, car le semi-groupe qui y apparait n’est
pas exactement le méme qu’ici).

Lemme 6.6 Si 1 <r < 2, alors il existe s(r) > 1 tel que

t L
/ / Gy o(z + hyy) — Gis(z,y)|" dyds < C|h[*T
0 JoO



Chapitre 2

Existence of the density for
stochastic Volterra equations with
jumps

Abstract : We study the solution of a stochastic Volterra equation with jumps. We use
the Malliavin calculus in order to show that under some non-degeneracy assumptions, the
law of this solution admits a density with respect to the Lebesgue measure. To this end,
we introduce two derivative operators associated with the Brownian motion and the Poisson
measure.

1 Introduction and statement of the main results.

Consider on the time interval [0, 7] the stochastic Volterra equation with jumps :

t t t -
X = x0 +/ o(s,t, X, )dWs +/ b(s,t, X, )ds +/ / h(s,t, X, ,z)N(ds,dz) (1.1)
0 0 0 /R

where X ™ is a predictable version of X, where W is a standard one-dimensional brownian motion,
and N is a compensated Poisson measure. The stochastic Volterra equation (without jumps)
has been investigated for example by Nualart, Rovira, [31], who prove a large deviation principle.

We establish in this paper a theorem about the existence of a density for the law of X;. This
problem has been investigated by Bichteler and Jacod in [7], in the case of ordinary S.D.E.s, i.e.
when o, b, and h do not depend on s,t. Bichteler, Gravereaux and Jacod have extended in [6]
their theory, in order to study the smoothness of the density in any dimension.

In [7], Bismut’s approach of the Malliavin calculus is used. Bichteler et al. use in [6] Bismut’s

80
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and Malliavin’s approaches, and they compare the two methods.

Our method is not so far from the second one in [6], but we define some ”local” derivatives,
which give more information. We also consider a more general Poisson measure.

At last, we use a criterion of absolute continuity looking like that of Bouleau and Hirsch. Thus
the proofs are easier, and we can assume less regularity about o, b, and h.

As a matter of fact, this paper has been inspired by Chapter 1. We have studied in Chapter 1 the
Malliavin calculus for a parabolic S.P.D.E. driven by a white noise and a compensated Poisson
measure, and the classical methods did fail. We thus had to build a more precise stochastic
calculus of variations on the Poisson space. Since the method we used gives a slightly better
result than the one of [7] in the case of equation (1.1) when the coefficients do not depend on
s, t, and since it allows to solve the problem when X is not a semimartingale, we present it here.

Let us now state our assumptions :

Assumption (M) : W is a standard brownian motion on [0,7]. N is a Poisson mea-
sure on [0,7] x IR, with intensity measure v(ds,dz) = ¢(z)1o(z)dsdz, where O is
an open subset of IR, and ¢ is a strictly positive C' function on O. The probability
space (Q,F,{F;}, P) is the canonical product space associated with the independent
random elements W and N, and the filtration is cad and complete.

Assumption (H) : the functions o and b are measurable on {0 < s < ¢t < T} x IR,
and are C'! in z, we will denote by ¢’ and V' the derivatives of o and b with respect
to z. The function h is measurable on {0 < s <t < T} x IR x O, and admits the
continuous in (z, z) partial derivatives h/,, hl,, and b, = h! . There exists a function
a(s,t) on {0 < s <t <T} meeting

t
sup/ a?(s,t)ds < oo (1.2)
[0,77/0

and a function n € L?(0, ¢(2)dz) such that for all s,¢,z, z,

lo(s,t,0)] + |0’ (s, t,z)| + |b(s,t,0)| + |V (s, t,2)| < a(s,t) (1.3)
|h!,(s,t,0)| + |h), (s, t,2)] < a(s,t) (1.4)
|h(s,t,0)| + |5 (s, 8, 2)| < a(s,t)n(z) (1.5)

Assumption (P) :

1. Any sequence {f,(t)} of positive functions on [0,7] such that fy is bounded
and such that

t
fani(t) <K /0 fu(s)a2(s, t)ds (1.6)

satisfies supyg ) 25, v/ fu(t) < oo.
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2. IfY is a predictable bounded in L? process on [0, T, then the following processes
admit predictable versions (and are bounded in L? thanks to (H)) :

t t
Ut = [Cols . Y)dW, 5 UR= [ bt Y)ds
0 0

13 -
U = /E /i)h(s,t,Y;,z)PV(ds,dz) (1.7)

Let us notice that (P)-1 is satisfied if a(s,t) < C(t — s)®, with a > —1.
Remark also that (P)-2 is satisfied if (H) holds, and if

o(s,t,z) = als, t)5(z) ; b(s,t,z) =B(s,)b(z) : h(s,t,z,2) =y(s,t)h(z,2) (1.8)

For example, it suffices to approximate a(s, t) with 35— (a(., ), ex(.)) 12(j0,m) €x(s), where {ej}
is an orthonormal basis of L2([0, T]).

At last, (P)-2 does also hold if o, b, and h are sufficiently continuous in ¢ : approximate o(s, t, )
with

n—1 .
i
on(s,t,z) = Z 1{%TZS}O' (3, ET’ x> 1[%‘T’H—TIT[(t) (1.9)
i=0

The following proposition holds (see e.g. Tkeda and Watanabe, [20], p 230 for the case where o,
b and h do not depend on s,t.) :

Proposition 1.1 Assume (M), (H), and (P). Then Equation (1.1) admits a unique solution
X (admitting a predictable version X~ ) such that supyo,7 £ (th) < oo. If furthermore o, b and
h do not depend on s,t, then this solution is a.s. cadlag, and we can choose X, = X,_.

This proposition can be proved by using a Picard iteration, and a L?-convergence. Assumption
(P)-2 allows the Picard approximations to be well-defined, and these approximations converge
thanks to (P)-1.

Let us now turn to our problem. We will need a C'' function p on O, strictly positive, such that
p and p' are bounded, and satisfying

p € L' (0, p(2)dz) (1.10)
We also need to state the following technical condition.

Assumption (B) : there exists a family of C! positive functions K, on O, with
compact support (in O), bounded by 1, and such that

Vz€O,K(z) —es0l ; /O (Ké(z))QnZ(z)p(z)w(z)dz —es00 (1.11)

We will first prove a statement slightly more general than that of [7].

Assumption (S) : o, b, and h do not depend on s, ¢.
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In this case, we will assume the following non-degeneracy condition :

Assumption (NDS) : AU B = IR, where

A={z€IR/o(z)#0} and B= {x €eR/ /O Lint (2,0) 201 P(2)dz = oo}
(1.12)

Our first result is the following :

Theorem 1.2 Assume (M), (H), (B), (S), and (NDS). Then for all t > 0, the law of X
admits o density with respect to the Lebesgue measure on IR.

Bichteler and Jacod establish in [7] the same statement as Theorem 1.2 under the assumptions
(S), (M'"), (H'"), and (NDS), where (M') is the same as (M) with ¢ =1, and :

Assumption (H') : the functions o(z) and b(z) are twice differentiable on IR, and their deriva-
tives are bounded. The function A(z,z) is twice differentiable on IR x O, the partial deriva-
tives h., h”,, and h”, are bounded, and there exists n € L?(O,dz) N L*(O,dz) such that

zz)

110, 2)] < n(2), |l (2, 2)| <n(2), and |, (2, 2)] < n(2).

In our next statements, we will have to consider two cases. The law of X; will admit a density
either thanks to the Brownian motion, if ¢ is non-degenerated, either thanks to the Poisson
measure, if i is non-degenerated.

We first consider the case where the non degenerated term can be written as a product of func-
tions. We fix ¢t > 0, and we assume (M), (H), (P), (B), and (NDM1(t)) or (NDM2(t)) below

Assumption (NDM1(t)) : o(s,t,z) = a(s,t)d(x), & does never vanish. For every
small € > 0, fttfe a?(s,t)ds > 0. At last,

(/t; a®(s, t) </:E a2(u,3)du> ds) X </1:6 a2(s,t)ds> - —e00 (1.13)

Assumption (NDM2(t)) : h(s,t,z,2) = (s, t)h(zx, z). Let

H=3z€0 /1~, dz = VGIR} L

There exists a function y(€) growing to infinity when € goes to 0, such that

v(€) /tt a?(s,t) </ts a2(u,3)du> ds —>¢00 (1.15)

—€ —€

t .
/ / [1 - 677(6)62(5’”[)(2)] o(2)dzds — g 0 (1.16)
t—e JH
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Theorem 1.3 Lett > 0 be fized. Assume (M), (H), (P), (B), and (NDM1(t)) or (NDM2(t)).
Then the law of X; admits a density with respect to the Lebesque measure on IR.

We at last study the general case. We fix again £ > 0. We will assume one of the following
non-degeneracy conditions:

Assumption (NDG1(t)) : there exists a function v on {0 < s >t < T'} such that
lo(s,t,z)| > y(s,t). For every small € > 0, ftt_E v2(s,t)ds > 0, and
1

</tt€a2(3at) </t86a2(u,s)du> ds) X < tteny(s,t)ds)_ —e 00 (1.17)

Assumption (NDG2(t)) : there exists a function £ on {0 < s > ¢t < T} and a

function § on O such that p(z)h.*(s,t,z,2) > £2(s,t)6(z). There exists a function
v(€) increasing to infinity when e goes to 0, such that

v(€) /t a?(s,t) </ts a2(u,3)du> ds —>e00 (1.18)

t— —€

t .
/ / [1 — & MOLCDE] p(z)dzds —se-so +oo (1.19)
t—eJO
We will prove the following :

Theorem 1.4 Lett > 0 be fized. Assume (M), (H), (P), (B), and (NDG1(t)) or (NDG2(t)).
Then the law of X; admits a density with respect to the Lebesque measure on IR.

In the next section, we define our derivative operators, we state some properties, we establish
a criterion of absolute continuity, and we compute the derivatives of our solution process. This
section is adapted from Chapter 1. We will thus explain only the main ideas.

We prove Theorem 1.2 in the third section, by checking (in a very simple way, thanks to the
"local” derivatives), that the ”scalar product of derivation” associated with X; does never vanish
a.s.

Theorem 1.3 is proved in Section 4. At last, we give a proof of Theorem 1.4 in Section 5.

Let us say a word about our assumptions. Of course, (NDS) is not surprising, since Theorem
1.2 does only generalises slightly the result of Bichteler, Jacod in [7]. Assumption (NDM1(t))
does not seem so bad, since it is nearly always satisfied if & and a behave in the same way, and
do not vanish too much when s goes to t. Assumption (NDM?2(t)) is not so stringent, since it
deals with A : it means that there exists a ”large set” included in O on which %/, does not vanish.
Assumption (NDG1(t)) corresponds to the usual strong ellipticity assumption ((NDM1(t)) is
an ellipticity assumption). At last, (NDG2(t)) is quite stringent, since it does directly ask h/,
to be large. Nevertheless, Bichteler, Gravereaux and Jacod use in [6] similar conditions to study
the regularity of the density (under (5)).

The conditions are more and more stringent when o, b and h are more and more general, for the
following reasons. In the first case, the derivatives of X; satisfy a linear standard S.D.E., and
thus can be computed explicitely. In the second case, they do not satisfy anymore a S.D.E., but
can be written as a product. At last, we have to deal with their direct expression in the third
context.
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2 The derivative operators.

We build in this section two derivative operators. The first one is a ”derivative with respect to
the Poisson measure”, and the second one is a ”derivative with respect to the Brownian motion”.
We refer to Chapter 1 for the rigorous proofs of similar results.

Recall that CP(IRY) (resp. CP(IR?)) is the set of C? functions on IR? with compact support
(resp. of which the derivatives of order 1 to p are bounded).

We begin with the Poisson measure. First, we denote by CL the set of measurable functions

I(s,z) on [0,T] x O, with compact support, C? on O (in z), such that [, I, and I”, are bounded.
We define the domain of the ”simple variables” by

§" ={X = F(N(f1),-.N(fa)) +a [d>1, F € CAIRY), f; €CL, a € R} (2.1)

If X € SO, we set :

oix = LS upov N(f4))N i LA /
= 5 LRIV, V(1) (o5 + (o5 +4) 52)
d
oS A FN ) NN (050 2.2
ij—1

and, for 7 € [0,T], and ¢ € O,
d
DILX =S dF(N(f1), ey N(fa) (fi)l (7€) (2:3)
i=1
If S; ¢(w) and Ty ¢(w) are in L?(P(dw)p(¢) N (w,dr,d()), we set

T
(8 T)y = [ [ SucTrcplQON(r,de) and (S), = (S,5) (2.4)
Then we have to check the usual properties : first, it is immediate that
<D°’1X, D0’1Y> L= LYXY - XIMY - VIOX (2.5)
p

By adapting Bichteler et al., [6] Proposition 9-3, p 113, we check in the two lemmas below that
L% is well-defined and self adjoint in L?.

Lemma 2.1 If X = F(N(f1),..., N(fx)) € 8!, and if X =0, then L%' X = 0.

Lemma 2.2 If X and Y are in S%', then
1
EXLY'Y)=E(YL""X)=——E <<D0’1X, D°’1Y> ) (2.6)
2 pN

We deduce from (2.6) the following lemma, which shows that D%! is closable.
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Lemma 2.3 Let Z, be a sequence of S®' which goes to 0 in L?. Assume that there exists
Sr.c(w) € L2(P(dw)p(¢)N (w, dr,dC)) such that E (<D0’1Zn - S>pN) goes to 0. Then E((S),y) =
0.

We now define the derivative operator associated with the Brownian motion. First, we define
the domain of the simple variables :

SO ={X =FW(h),.W(fr)) +a [ k>1, F € CAR), f;€ L*([0,T)), a € R} (2.7)

(where W (f;) = [y fi(s)dWs). If X is in 8%', if 7 € [0, T], we set :

k
DX =% diF(W(f1), ., W (1)) fi(T) (2.8)

=1

If S, (w) and Ty (w) are in L?(P(dw)dr), we set
T
(S, T>l6b - A STTTdT and <S>leb - (S, S>leb

The following lemma can be found in Nualart [30] p 26.

Lemma 2.4 Let 7, be a sequence of S'° that goes to 0 in L?. Assume that there exists S, (w) €
L?(P(dw)dr) such that E ((D'°Z, — S),,) goes to 0. Then E({S},,) = 0.

Now we can build the operator on the product space. The smooth variables domain is

S = {Y = H(X1,., X4, Z1 0 Zi) + @ /k+d > 1, H € C2(IR*"), X; € 'Y,

Z;eS" ae ZR} (2.9)

If Y belongs to S, we define D®'Y and L%'Y (resp. DY) as previously, considering the
variables Xy, ..., X4 (resp. Z1, ..., Zy) as constants.

The scalar products are denoted as previously, and we see that if X and Z are in S, then X, 7,
and (DX, D'Z), . are bounded ; and L%' X, L% Z, and (D%'X, D%'Z) v are in L for all
p < o0.

If Z belongs to S, we set

11Z]]]s = [E (22) +E((D"z) )+E <<D0’IZ>pN>]% (2.10)

We denote by D the closure of S for this norm. Thanks to Lemmas 2.3 and 2.4, the operators
DLO et DE”é can be extended to the space Ds.

Remark 2.5 We have extended DV° and D' to Dy, and our solution will belong to this space.
But no integration by parts formula (like (2.6)) holds on D, because L®' can not be extended
to this space. Nevertheless, the "differentiability” of our solution will allow us to prove Theorem
1.2.
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We now give the usual properties of our derivative operators.

Proposition 2.6 Ds, endowed with the following scalar product, is Hilbert :

(Y, Z)p, = E(YZ)+ E (<D1’0Y, DLOZ>M)) +E <<D0’1Y, DO’IZ>pN> (2.11)

Proposition 2.7 Let Y be in Dy and let F be in C}(IR). Then Z = F(Y) belongs to Dy,
DIZ = F'(Y)DMY, and D);Z = F'(Y)D}[Y .

We at last state the absolute continuity criterion that we will use. This is adapted from Nualart
[30], p 87.

Theorem 2.8 Assume that Z belongs to Do, and set o = (D"Z), , + (D™ Z) . Then, if
o >0 a.s., the law of Z admits a density with respect to the Lebesgue measure on IR.

In order to apply Theorem 2.8, we have to prove that X; is in Ds, and we need to compute its
derivatives.

Proposition 2.9 Assume (M), (H), (P), and (B). Then for all t € [0,T], X; is in D3, and
its derivatives satisfy the following equations : if T >t, DX, = Dg’éXt =0, and if T < ¢,

t
DX, = o(nt, X, )+ / o'(s,t, X7 )DYOX T dW,
T

(2.12)
t t ~
+/ V(s,t, X, )DLOX ds +/ /Oh;(s,t,X;,z)D}OX;N(ds,dz)
T T
(it is the unique solution of (2.12) satisfying suppg p E((D"Xy),,) < 0)),
t
DYX; = H(r,t,X7.0)+ / o' (s,t, X7 ) DY e X7 dW,
T
(2.13)

t t
0,1 3 — - 0,1 y— )
+/T (s, t, X7)DVLX; ds—{—/T /Oh;,(s,t,Xs ,2)DYLX; N (ds,dz)
(it is the unique solution of (2.13) satisfying suppg E(<DO’1Xt>pN) < 00)).

The rigorous proof of a similar Proposition can be found in Chapter 1.

3 Absolute continuity under (NDS).

We assume (S) in the whole section. Thanks to Theorem 2.8 and Proposition 2.9, we just have
to prove that under (M), (H), and (NDS), m; > 0 a.s. for all ¢ > 0, where

my = (DX, ) L+ <D0’1Xt>pN (3.1)

le

To this end, we first rewrite equations (2.12) and (2.13) in suitable forms. Let us consider the
following L%-martingale :

M, = /Ot o' (X, )dW, +/Ot b’(XS_)ds+/0t/0h;(xs_,z)zv(ds,dz) (3.2)
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Then we see that for all 0 < 7 <,
DX, = o(X, ) + / DX, dM, (3.3)

Thus, using the the Doléans-Dade exponential formula (see Jacod, Shiryaev, [23]), one easily

checks that if ,

Gt,T:eMt M,— 5 o'2(Xs_)ds H (1+AMS)6—AMS (3.4)
T7<5<t

then D}OX; = o(X,_)Gy,;. We can compute DS’éXt in the same way, and we obtain :

t t
mt=/0 02(XT_)G§,Tdr+/0 /Oh’ZQ(XT_,C)G?’Tp(C)N(dT,dC) (3.5)

Proof of Theorem 1.2 : we fix £ > 0. The process G, is not predictable (in 7), since it is not
even adapted. We thus need to make it disappear. To this end, we consider the sequence of
totally inaccessible stopping-times :

So=0, S,=inf{s>S, 1/AM,=—1} (3.6)

It is clear that for S, < 7 < t < Sp41, Gir # 0. We will prove that if ¢ €]S,,Sp41[, then
ap + B > 0, where

oy =/ _)dr and S} —/S / L (x,_ )20y N (d, dC) (3.7)

Let R, = inf{s > S, / B¢ > 0}. Then gf,p <1, thus E(8},r ) <1, and hence

tARp
/ / 1{11’ X ,()#O}W(C)dCdT<OO a.s. (38)

Then we consider two cases : first, if R, = S, then the definition of R,, yields that g > 0.
Else, we deduce from (3.8) that for all 7 €]S,, R, A t], X,— ¢ B (recall that B is defined in
(NDS)). From Assumption (NDS), it is clear that for all 7 €]S,, R, A t], X;— € A which of
course implies that af > 0.

In every case, S, <t < Sy, implies that of' + 5 > 0. But it is easy to check that if o} + 3" > 0
and if £ > Sy, then m; > 0. Hence m; = -, milyg, 5., [(t) > 0 a.s., which was our aim.

4 Absolute continuity under (NDM1(t)) or (NDM2(t)).

Here, the use of local derivatives will be really usefull, because we can not compute explicitely
the derivatives of X : they do not satisfy a linear S.D.E. Let ¢ > 0 be fixed. As in the previous
section, we just have to prove that m; > 0 a.s., where m; is defined by equation (3.1).

Proof of Theorem 1.3 under (NDM2(t)) : we will prove here that (DU’IXt>pN > 0 a.s. We first
write DE:éXt = (X, ()S,(t), where S is the unique solution satisfying

sup E((S.(s)),y) < 00 (4.1)
s€[0,T
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of
t t
S.(f) = B(T,t)+/ a’(s,t,X;)s;(s)dWs+/ W (5,1, X, )S: (s)ds
Lro, o . (4.2)
+/ /Ohx(s,t,Xs,z)ST (s)N(ds,dz) if <t
= 0 ifr>t
Consider

/ / S2(t)p(¢)N (d,dC)

From (NDM2(t)), it is clear that if ¥; > 0 a.s., then the theorem will be proved. First, if we
set Sr(t) = B(7,1) + Q- (1),

9 rt
sz [ [ B 0p(ON (drdc) - 2/ | Qxwpc)N ) = SA(H) - 2B.(1) (43)
t—e JH t—e
We thus see that for all e > 0, A > 0, and 5 > 0,

P >0) > P(Alt)>3n) +P(Bc(t) <2n) — 1
(4.4)
> 11— eBE (M0 - Ly B(BL(1)

We choose An = 1, and X\ = y(e), where 7 is defined in (NDM?2(t)). First, by assumption (see
equation (1.16)),

t
B (ef)\Ae(t)) = exp (—/ / [1 _ efv(e)m(s,t)p(z)] (p(z)dz> 0 0 (4.5)
t—e JH

On the other hand, using twice inequalities like (we write here N = 3=, d(7,, z,))

B l/tte/ﬂ{/Tt/oh;(s,t,Xs_,z)ST_(s)N(ds,dz)}Qp(C)N(dT,d()]
=ZE[{ I8 /O o5, X7, 2)S7, (5 p(an(zn)1{t_egn<s}mds,dz)}Q]
<> / | @60 B (83, ()0(Z0) 1 Z) L s <)) ()

<K [ B (<s.( Mg eccny), ) ds (4.6)

t—e

and the fact that sup E({S(s < 00, one can check that
[0,7] pN

BB <C [ s / " @ (u, 8)du ds (4.7)

t—e
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Thus, condition (1.15) yields that v(e) E(Bc(t)) goes to 0 with e. From this and equations (4.5)
and (4.4), we deduce that P(X; > 0) = 1, and thus that m; > 0 a.s.

Proof of Theorem 1.3 under (NDM1(t)) : in this case, our aim is to check that a.s.,

<D1’0Xt>z p >0

€

We first write D}OX, = T, (t)5(X ), where T is the unique solution satisfying

sup E((T.(s)) ) < 00
[0,7]

of
T.(t) = Tt+/ (5,8, X )T (dW+/b’stX) ~(s)ds

o N : (4.8)
+//hl,(s,t,Xs,z)TT (s)N(ds,dz) ifr<t

T JO
= 0 ifr>t

Since & does never vanish, we just have to verify that A; > 0 a.s., where

t
A, = / T2(t)dr
0

First, writing T (t) = a(7,t) + R-(1),
2 [t t 2
A, > —/ A(rtydr —2 [ R2(t)dr > 2Cu(t) — 2D (1)
3 t—e t—e 3
Since C, is deterministic, we see that for all € > 0,

E(D(t))

P(At>0)21— Ce(t)

But one can check, by using a similar (but easier) argument as in the computation of E(B.(t))
above (see the previous proof), that
t s
E(D)<C [ a(s,1) / a2 (u, s)du ds (4.9)
t—e

t—e

Assumption (1.13) in (NDM1(t)) drives us to P(A; > 0) = 1, and the result follows.

5 Absolute continuity under (NDG1(t)) or (NDG2(t)).

This section is quite similar to the previous one. Let us first assume (NDG2(t)). We have to
check that a.s.,

Il = // D01 p(¢)N (dr, d¢) > (5.1)



5. ABSOLUTE CONTINUITY UNDER (NDGI1(T)) OR (NDG2(T)). 91

The main difference with the previous section is that we can not write DS’%X{ as a product,
this is why our non-degeneracy condition is more stringent in this case. We write, for 7 < ¢,

DY Xy = By(r,t, X, ) + Urc(t) (5.2)

Thus, thanks to Assumption (NDG2(t)),

1 2 [t 12 — t 2
oz 2[R x Qo de) ~2 [ [ U2 0N . do)

2 rt t
> o[ [ eansonuna) -2 [ [ viwpo ) (5.3)
and we can conclude exactly as in the proof of Theorem 1.3 under (N DM2(t)).

Under (NDG1(t)), we have to show that a.s.,
t 2
r2 = / (D)) dr >0 (5.4)
0

We thus split DX, into o(7,t, X, ) + V(). Then, from (NDG1(t)),
9 ot t
2> [ A3rt)dr —2 | V2(t)dr (5.5)
3 t—e t—e

and we can conclude again as in the proof of Theorem 1.3 under (NDM1(t)).



Chapitre 3

Support theorem for the solution of
a white noise driven parabolic
S.P.D.E. with temporal Poissonian
jumps

Abstract : We study the weak solution X of a parabolic stochastic partial differential
equation driven by two independant processes : a gaussian white noise, and a finite Poisson
measure. We characterize the support of the law of X as the closure in ID ([0, T], C([0, 1])),
endowed with its Skorokhod topology, of a set of weak solutions of ordinary partial differential
equations.

1 Introduction.

Consider on [0,7] x [0,1] a space-time white noise W (dz,dt) based on dzdt (see Walsh, [47],
p 269). Denote by (E,d) a Polish space, endowed with a positive finite measure ¢, and by
N(dt,dz) a Poisson measure on [0,7] x E, with intensity measure dtq(dz), independant of W.
Our purpose is to study the following stochastic partial differential equation on [0,7T] x [0, 1]

0X 9*X : :
S (ta) = S5 () + X (60) + o (X (6o Wos + [ (X (t=2),2)Ni(d2) (L)
with Neumann boundary conditions
0X 0X

92
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and deterministic initial condition Xp(z) € C([0,1]). The symbol N;(dz) (resp. W;,) stands
for the heuristical Radon-Nikodym density of N(dt,dz) (resp. W (dz,dt)) with respect to the
Lebesgue measure dt (resp. dtdz). We could also write, with abusive notations, N (dz)dtdz =
dzN(dt,dz) and W, ;dtdz = W (dz, dt).

We denote by ID ([0, T, C([0, 1])) the set of cadlag functions from [0, 7] into C([0, 1]), endowed
with the corresponding Skorokhod topology. In this paper, we characterize the support of the
law of a weak solution X of equation (1.1) as the closure of a set of weak solutions of ordinary
partial differential equations in ID ([0, T, C([0, 1])).

Parabolic S.P.D.E.s driven by a white noise, i.e. equation (1.1) with g = 0, have been intro-
duced by Walsh, [46] and [47]. In [47], he defines his weak solutions, then he proves a theorem
of existence, uniqueness and regularity. Since, various properties of Walsh’s equation have been
investigated : Malliavin calculus, large deviations, support theorem (see Bally, Millet, Sanz-Solé,
But Walsh builds his equation in order to model a discontinuous neurophysiological phenome-
nous. In [46], he explains that the white noise W approximates a Poisson point process. This
approximation is realistic because there are many jumps, and the jumps are very small, but in
any case, the observed phenomenous is discontinuous. However, S.P.D.E.s with jumps are much
less known. In the case of temporal and spatial jumps, Saint Loubert Bié has studied in [40] the
existence, uniqueness, regularity, and variational calculus. See also Chapter 1 for other results
on the same subject. Nevertheless, no result about the ”joint” regularity of the weak solutions
has been proved in this case : we do not really know in which space the weak solution “lives”,
thus no support theorem may hold for the moment.

In the case of equation (1.1) with o = 0, but with ¢(F) = oo, and with a compensated Poisson
measure, Albeverio et al. have checked in [2] the existence and uniqueness of a “modified cadlag”
weak solution u(t,x) : a.s., u is continuous in z ; and u is right continuous and has left limits in
L?(9) in the variable t. One more time, we do not know in which space lies a.s. the weak solution.

Since Stroock and Varadhan established in [42] their famous support theorem for diffusion pro-
cesses, there have been many investigations on the subject. In particular, Millet and Sanz have
considerably simplified in [28] the proof of Stroock and Varadhan. But the only support theorem
for jump processes seems to be that of Simon in [41], who studies a stochastic differential equa-
tion driven by a (compensated or not) infinite Poisson measure. In the case where the solution
of his S.D.E. has finite variations, the statement and the proof of his main result is quite natural.
But in the compensated case, the result is more astonishing, and the proof is quite hard.
Finally, let us mention that as far as we know, no support theorem seems to be known in the
case of equations driven by two independant (but different) random elements.

This work is organized as follows. In the second section, we define the weak solutions of (1.1),
by following the Walsh ideas, [47]. Using Ikeda and Watanabe’s method, see [20], and applying
Walsh’s results, we sketch the proof of an existence and uniqueness result. We define the
“squeleton” associated with equation (1.1), by using the Cameron-Martin space associated with
W and the set of finite counting measures associated with N. Finally, we state our support
theorem.
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The third section is devoted to a simplification of the problem. First, we use a localization
argument, in order to obtain weaker assumptions. Then we prove that it suffices to check two
simpler support theorems. The first one is proved in the fourth section, and is related to an
equation similar to (1.1), but without white noise : W;, is replaced by h(t x), where h is an
element of the Cameron-Martin space associated with W. The second one is proved in the fifth
section, and deals with an equation without Poisson measure, but with an additional ”jump
drift”. This concludes the proof of our main result.

The sixth section is devoted to an extension of our result to the case where the Poisson measure
is a.s. infinite (¢(E) = o0), but where the diffusion coefficient is constant (o(z) = o).

Finally, one can find technical results in the Appendix lying at the end of the paper.

2 Framework.
Let us first define the weak solutions of (1.1). To this aim, we need some assumptions :

Assumption (H) : the functions o and b : IR — IR, satisfy a global Lipschitz
condition. The function g : IR X E — IR is measurable on IR X E, and for each
z € E, the map ¢(., z) is continuous on IR.

We define the weak solutions of (1.1) by following the Walsh ideas, [47], p 311-322. Consider
the Green kernel G(z,y) associated with the deterministic system :

ou  0%u 0 ou

u
5 9a2 ; P +—(t,0) = P —(t,1) =0 (2.1)

This kernel can be explicitely computed :

—(y —z —2nL)? —(y +z —2nL)?
Gi(z,y) \/ZF 2 lexp ( p” ) + exp ( y )] (2.2)

If ¢ belongs to C([0, 1]), we set

o(z) if t=0
/ Gi(z,y)p(y)dy if t>0

The Appendix of this work contains technical results about this kernel. We endow our probability
space (2, F, P) with the canonical filtration associated with the independent random elements
W and N :

Fo=o{W(A); AeB(0,1] x [0,])} Vo {N(B): B e B(0,1 x E)} (2.4)

A process X (t,z) on [0,T] x [0, 1] is said to be adapted if for all £ > 0, all z € [0,1], X (¢,z) is
Fi-measurable.

As Walsh, see also Saint Loubert Bié, [40], or Chapter 1, we define the weak solutions of (1.1)
in the following sense.
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Definition 2.1 Consider an adapted process X (t,x) on [0,T] x [0, 1], lying a.s. in
ID (]0,T],C([0,1])). Then X is said to be a weak solution of (1.1) if and only if it satisfies the
following evolution equation

t 1
X(tz) = Gy(Xo,z)+ /0 /0 Gy s, y) [B(X (5,9))dyds + o (X (5,)) W (dy, ds)]

t 1
+/0 /;/0 Gis(z,y)9(X(s—,y),2)dy N(ds,dz) (2.5)

with the convention

[ Golw (X (s=9), )y = g(X(5-,),2) (2.6

We now establish a result of existence and uniqueness of such a solution. Since ¢(F) is finite,
N([0,T] x E) is a.s. finite, and thus N can a.s. be written as

I

N(dt,dz) =" 61, z,)(dt, dz) (2.7)
i=1

with p € IN, 0 < T} < ... < T, < T, and Z,...,Z, € E. Hence, equation (2.5) can be written
as

t 1
X(tz) = Gy(Xo,z)+ /0 /0 Gy +(,y) [B(X (5,9))dyds + o (X (5,)) W (dy, ds)]

© 1
+3 Ty /0 Gir (. 9)g(X (Ti—y), Z;)dy (2.8)
=1

Working recursively on the time intervals [0,Ty[, [T1,T3[,..., [Ty, T], as Tkeda and Watanabe
(proof of Theorem 9-1 p 231-232 in [20]), using Walsh’s Theorems of existence, uniqueness, and
regularity for equation (1.1) with ¢ =0 (see [47], Theorem 3-2 p 313 and Corollary 3-4 p 317),
and using the well-known estimates of the Green kernel stated in the Appendix, one can prove
the following proposition :

Proposition 2.2 Assume (H). Equation (1.1) admits a unique adapted solution X (t,x) on
[0,T] x [0,1], lying a.s. in ID ([0,T], C([0,1])). The uniqueness holds in the sense where if Y is
another adapted solution lying in ID ([0,T], C([0,1])), then a.s., || X =Y |loo=0.

We are now interested in the support of the law of X. Let us first recall the definition of the
Skorokhod distance on ID ([0,7T7], C([0,1])). On the set of the “changes of time”,

A={Xe C([0,T]) / X(0) =0, X\(T) =T, Xis strictly increasing } (2.9)

we consider the following norm

IIAlll = sup

0<s<t<T t—s

ln{MH (2.10)
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The Skorokhod distance between two elements ¢ and ¢ of ID ([0, T], C([0,1])) is given by

(¢, ¢) = inf {[ sup |p(A(t), z) — b(t, 2)| + |||>\|||} (2.11)

AGA { [0,7]x[0,1]

ID (]0,T1],C([0,1])), endowed with 4, is a Polish space (see e.g. Jacod, Shiryaev, [23], p 289).

We now introduce some notations, describing the “supports” of W and N : we denote by

M= {h(t,x) _ /Ot /Uxh(s,y)dyds/ i € £2(0,7] x [0, 1])} (2.12)

the Cameron-Martin space associated with W. We also consider the set of the finite counting
measures on [0,7] x E, of which the support is contained in [0, 7] x supp ¢ :

n neIN, <t <..<th, <T
M = ¢ m(dt,dz) = 25(ti’zi)(dt, dz) / (2.13)
i=1 21, ...y 2p € SUPP q

with the convention Z?:l = 0. Notice that for all w € 2, N(w) belongs to M. But in general,
(with abusive notation) W(w) ¢ H, since W (w) is not even well-defined.

The following proposition, describes the “squeleton” associated with our evolution equation.

Proposition 2.3 Assume (H). Let h € H and m € M be fized. The following ordinary evolu-
tion equation admits a unique solution, which we denote by S(h,m), lying in ID ([0,T], C([0, 1])) :

Sthem) () = GFoa)+ [ [ Gl ) oS m) s, )iy

+o(S(h,m)(s, y))h(s, y)dyds]

+/ / / Gi—s(2,y)g(S(h,m)(s—,y), z)dy m(ds,dz) (2.14)

This proposition can be proved as Proposition 2.2. Equation (2.14) is the same as (2.5), but we
have replaced W (dy, ds) and N(ds,dz) by h(s,y)dyds and m(ds,dz).

Finally, we recall the following standard remark :

Remark 2.4 Let Z be a random wvariable with values in a Polish space A endowed with a
distance «. Recall that the support supp, P o Z~' of the law of Z related to the distance « is
the smaller closed subset F' of (A, «) satisfying P(Z € F) = 1.

Let B be a subset of A, and let B® be its closure in (A, ).

1. If a.s., Z € B, then
supp, Po Z~' ¢ B* (2.15)
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2. If for all b€ B, all € > 0,
P(a(b,Z) <€) >0 (2.16)
then
B® C supp, PoZ ! (2.17)

In order to establish a support Theorem, we need the following assumptions.

Assumption (S1) : the function o is C? on IR.

Assumption (S2) : for each 2y € F, each n € IN,

sup |g(fE,Z) - g(az, z0)| d(2,20)—0 0 (218)
lz|<n
For each zy € E, each n € IN, there exists a constant £™(zp) > 0, and a function
Y (u) : IRT — IR", decreasing to 0 when u decreases to 0, such that for all |z < n,
lyl <mn,

sup |g(z,2) —g(y, z)| <7 (|z —yl) (2.19)
d(z,20) <€ (20)

Assumption (S1) is nearly the same as that of Bally, Millet, Sanz, [3], who prove a support
theorem in the case where ¢ = 0, and comes from a Taylor developpement of order 3. In fact
they assume that o is Cg, but a localisation procedure can be done (see the proof of Proposition
3.1 in the next section).

Notice that in the particular case where g(z, z) = a(x)n(z), (S2) holds as soon as « is continuous
on IR, and 5 is continuous on E.

Now we can state our main result :

Theorem 2.5 Under (H), (S1), and (S2), if X denotes the unique weak solution of equation
(1.1),

supps Po X ' ={S(h,m) /heH, mGM}5 (2.20)

3 Simplification of the problem.

First, we ”delocalize” (S1) and (S2), by using a standard argument. Consider the following
assumptions, stronger than (S1) and (52).

Assumption (S'1) : the function o is C? on IR, bounded with its derivatives.

Assumption (5'2) : For all z; € E,

sup |g(:v,z0)| <oo ; sup |g(:v,z) - g(x,z0)| —>d(z,z0)ﬁ0 0 (31)
z€R zelR

For all zy € E, there exists £(z) > 0, and a function 9,,(u) : IR" — IRT, decreasing
to 0 when u decreases to 0, such that for all z,y € IR,

sup  |g(z,2) — 9y, 2)| < Pz (|7 = yl) (3:2)
d(z,20) <E(20)
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Remark that in the case where g(z,z) = a(z)n(z), then (S’2) is satisfied when « is bounded
and uniformly coninuous on IR, and when 7 is continuous on F.

Proposition 3.1 If Theorem 2.5 holds under (H), (S'1) and (S'2), then it also holds under
(H), (S1) and (S2).

We will prove this proposition at the end of the section.

We now would like to check that Theorem 2.5 holds as soon as two easier support theorems are
valid. The first one deals with equation 2.5 with a ”deterministic” white noise, and the second
one with a ”deterministic” Poisson measure.

We first introduce some notations. If h € H (resp. m € M), we denote by X}, (resp. X,,) the

solution of equation (2.5) where we have replaced W (dy,ds) by h(s, y)dyds (resp. N (dt,dz) by
m(dt,dz)). In other words,

t pl .
Xalto) = GilXow)+ [ [ Geoaly) [BOX (5, ) dyds + (X ()5, )y

+/0t/E /01 Gi—s(2,y)9(Xn(s—,y), 2)dy N(ds,dz) (3.3)

t 1
Xp(ta) = Gy(Xo,7)+ /0 /0 Gr s (2, ) [D(Xom (5, 9))dyds + o(Xom (5, 9)) W (dy, ds)]

t 1
+/0 /E‘/O ths(ﬂfay)g(Xm(S—,y),z)dy m(ds,dz) (3_4)

We could also write, with abusive notations, X, = S(h,N), and X,,, = S(W,m). The next
sections are devoted to the proof of the following propositions.

Proposition 3.2 Assume (H) and (S'2). Let h € H, m € M, and € > 0 be fized. Then
P (6(S(h,m),Xp) <€) >0 (3.5)
We now denote by || || the supremum norm on [0, 7] x [0, 1].

Proposition 3.3 Assume (H), (S'1) and (S'2). Let m € M be fized. Then

suppy . Po X, = [S(h,m) JheH} ™ (3.6)

Let us remark that this second result implies the weaker one :

supp; Po X' = (S(h,m) Jhe HT (3.7)

Assuming for a moment that these propositions hold, we prove our main result.
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Proof of Theorem 2.5 : using Remark 2.4, we break the proof in two parts.

1) We first check that a.s., X belongs to {S(h,m) /h € H, m e M }5. Consider the map from
M to [0, 1], defined by

d(n) = P (X, € (Sh,m) [heH, me M}') (3.8)

Let us first prove that a.s.,

P(X eTSth,m) [heH, me M} | (V) = 6() (3.9)

where

o(N) =0 {N(A); A€ B(0,T] x E)} (3.10)

In order to understand (3.9), let us work with the canonical product space

(@, 7, P)=(@", F" P") g (@Y, FN, PY) (3.11)
associated with W and N. Every element w of  can be written as (w",w"), where "' €
C([0,T] x [0,1]) and w™ € M. Thus,

P (X e(8(hm) [heH, meMJ | o(N)) (@)
dP" (") (3.12)

_ /]1 ;
{X(ww,wN)E{S(h,m) / h€H, meM } }

But obviously, X (w) = X (w",w") = X~ (w"), where X,, was defined by (3.4) for each u € M.
Thus,

P (X e{S(hm) [heH, me M}

7(N)) (@)

= PV (X,v € (S(h,m) [heH, me M]') (3.13)

Now, we notice, since for each y© € M, X, is independent of NV, that

() = PV (X, € (S(hym) [he H, me MY') (3.14)

Comparing (3.13) and (3.14), we deduce (3.9). Hence, we obtain

P (X € (8(h.m) [heH, me M}') = E($(N)) (3.15)

Finally, it is clear from the definition of ¢ and from Proposition 3.3 that ¢ = 1. The conclusion
follows easily.

2) We now fix h € H, m € M, and € > 0. We have to check that

Py =P (§(X,S(h,m)) <€) >0 (3.16)
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First,
Py > P(6(X, X) < /25 6(Xp, S(h,m)) < €/2) (3.17)
Noticing that X}, is o(N)-measurable, we see that
Py>FE []I{é(Xh, S(h.m)) < e/2y P (3(X, Xp) < /2| U(N))] (3.18)
But we know from Proposition 3.3 that for all m € M,
Pp(m) = P (6(Xm,S(h,m)) <€/2) >0 (3.19)

Working on the canonical product space as in 1), and noticing that for all w = (W, w") € Q,
X(w) = X v (W) and Xj(w) = S(h,w") (all of this without abusive notation), we deduce
that a.s.,

P(8(X,Xp) < ¢/2| o(N)) = $(N) >0 (3.20)

Thus, (3.16) holds as soon as
P (6(Xp,S(h,m)) <€/2) >0 (3.21)

which never fails, thanks to Proposition 3.2.
Provided we check Propositions 3.1, 3.2 and 3.3, Theorem 2.5 is be proved.

In order to prove Proposition 3.1, we begin with a uniqueness Lemma.

Lemma 3.4 Consider some functions o, b, g (resp. &, b and §) satisfying (H), and denote by
X (resp. X ) the corresponding unique weak solution of (1.1). Assume that for some A € IR,

Viz| <A, Vz€eE, o(x)=a(z) , bx)=>bk) and g(zr,2z)=g(z,z) (3.22)
Then there exists Q C Q such that P(Q) =1 and

WeQ /| X) <A} C{wed /| X(@) ~ X(@) =0} (3.23)

Proof of Lemma 3.4 : we consider the process X defined by

) X(@) i X() o< A
Xw) =9 (3.24)
X(w) else

Then it is obvious that X is solution of (1.1) with the parameters &, b, §. Proposition 2.2
yields the existence of a set 0 C Q such that P(2) = 1 and such that each w € € satisfies
| X(w) — X(w) |leo= 0. In particular, for each w € Q such that || X(w) [|loo< A, we see that
X (w) = X (w) = X (w), which was our aim.

Proof of Proposition 3.1 : we assume that theorem 2.5 holds under (H), (S'1) and (S'2), and
we consider functions b, o and g satisfying only (H), (S1) and (52). We need a sequence of Cy°
functions ¢, : IRT ~ [0, 1], satisfying :

1 if |z|<n

Pn(z) = (3.25)
0 if |z|>n+1
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Then the functions oy, (z) = o(z)¢n(x) and gn(x,2) = g(x,2)¢n(x) clearly satisfy (S’1) and
(5"2). Denote by X, the solution of equation (2.5) with oy, and g, instead of o and g. Lemma
3.4 yields that there exists 2 C €2 such that P(2) = 1 and for all n € IN,

e /| X < n} C{wed /| X() ~ Xu(w) =0} (3.26)

In the same way, we define S,,(h,m), for h € H and m € M, as the solution of equation (2.14)
with o, and g, instead of ¢ and g. We obtain, for all n € IN,

if || S(h,m) [|co<n or | Sp(h,m)|cc<n, then S(h,m)=S,(h,m) (3.27)
Since Theorem 2.5 holds under (H), (S'1), and (5'2), we know that for each n € IN,

supps Po X' = [Sp(hom) JheH, me M} (3.28)

Using Remark 2.4, Proposition 3.1 will hold if we check that on one hand,

P(X e{8(hm) [heH, meM}')=1 (3.29)
and on the other hand that for all h € H, all m € M, all € > 0,
P (5(X,S(h,m)) <€) >0 (3.30)

Let us first prove (3.29). Let w € Q be fixed. Since X (w) belongs to ID ([0, T], C([0, 1])), it is
bounded, and there exists n € IN (depending on w) such that

n 2| X(w) flo +1 (3.31)

which yields X (w) = X, (w). But for all e > 0, we know from (3.28) that there exist h € H and
m € M (depending on w) such that

5(X (W), Sy (hym)) < € (3.32)

This and (3.31) yield (if e < 1), that || Sp(h,m) ||cc< n, and thus that S, (h,m) = S(h,m).
Hence,
5(X (@), S(h,m)) < e (3.33)

which concludes the proof of (3.29), since P(Q2) = 1.

In order to prove (3.30), we fix h € H, m € M, and € > 0. We consider n € IN such that
n >|| S(h,m) |lso +1 (3.34)
This way, if € < 1,
P (6(X,S(h,m)) <€) = P(6(X,5n(h,m)) <€)

= Pl X lleo< 1, 6(X, Sp(hym)) <€)
= P (6(Xn,Sn(h,m)) <) (3.35)

thanks to (3.26). From (3.28), this probability is strictly positive, which yields (3.30). Proposi-
tion 3.1 is proved.
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4 The case where ”W is deterministic”.

This section is devoted to the proof of Proposition 3.2. We follow here partially the method
of Simon [41], who studies the support of Poisson driven S.D.E.s (without Wiener term). The
extension of his method to S.P.D.E.s drives to technical problems, essentially because we have
to control the explosion of the Green kernel G¢(x,y). Another new difficulty appears, because
we have to add a second drift, in which the term (s, y) belongs only to L2([0,7] x [0, 1]).

In the whole section,

t rxo ., n
h(t, ) = /0 /0 h(s,y)dyds € H and m(dt,dz) =3 b, (dtdz) €M (41)
i—=1

are fixed. We set tg =0, t,41 =T, and

(o = inf n|ti+1 — ti| >0 (4.2)

=0,...,

For simplicity, we set S = S(h,m). We denote by 0 < T1(w) < ... < Tj)(w) the successive
times of jump of N(w), and by Z1(w), ..., Z,(,(w) the size of its jumps. In other words,

m(w)
N(w,dt,dz) = 8(7y(w),7 () (dt, d2) (4.3)
i=1
We recall that for all « €]0, (o[, and all £ > 0, the set
Qo,§) ={w € Q [ p(w) =n, ti —a <Ti(w) < ti, d(z, Zi(w)) <} (4.4)

has a strictly positive probability. We will check that for all € > 0, there exists « > 0, and £ > 0
such that for all w € Q(«, &),
5(Xn(w), ) < e (4.5)

which will imply Proposition 3.2.

In the whole section, the constant C' depends only on h, m, and on the parameters (o,b, g, Xp,
and T') of equation (1.1).

From now on, we consider w € Q(a, §).

First, we choose 0 < a < (p/4, and 0 < & < &(z1) A ... A&(2n), where &(z;) was defined in
assumption (5’2). For some v €]2a, (o /8[, which will be chosen later, we define the polygonal
change of time A € A by A(0) =0, A(T) =T, and for all 7 € {1, ...,n},

NTi=v)=Ti—v ;5 MT)=ti ; MLi+v)=ti+y AML+2y)=T+2y (4.6)
Notice that all the properties below hold :

for all t€ [T, T;+7], At)—t;=t—T, (4.7)



4. THE CASE WHERE "W IS DETERMINISTIC”. 103

T
/0 ]I{)\(s);,gs}ds < 3nry (4.8)
for all t € [O,T], )\(t) 2 t and ]I{/\(t)ztz} = ]I{tZT’L} (49)
[A=T o< (4.10)

Furthermore, it is easy to check that
A< In(1 = a/7)[ V [In(1 + o/7)| < 20/ (4.11)

where the last inequality holds because o/ < 1/2. We have to prove that if « > 0 and £ > 0
are small enough then for some -y well chosen,

I SA®), 2) = Xn(t,2) lloo +IIAIl < € (4.12)
We now set S)(t,z) = S(A(t),z). Then, using (4.9), we see that for any w € Q(«, ¢),

SA(t,x) = Xp(t, ) = Gy (X0, 2) — Gi(Xo, z)

" /ot /o1 (Gry—s (@) = Gis(,1)) [B(S(s,9)) + o(S(5,9))(s,y) | dyds
At) .

-I-/t ¢ /01 G)—s(T,9) {b(S(s,y)) + O’(S(s,y))h(s,y)] dyds

N /0 ' /0 Gr(zy) [{b(S(5.9)) — b(Sa(s,9))}

+Ho(S(5,9)) = 7(Sx(5,9)) Yls, )| dyds

+/0t/01 Gi_s(z,y) [{b(S)\(s,y)) —b(Xn(s,9))}

o (Sx(5,9)) = o (Xn(5,9) Ha(s, )| dyds
+2_ Loy /01 (Gaty 1.(@,9) = G mi(2,9)) 9(S(ti=, ), 20)dy
i=1
+ i T>7y /01 G, (x,y) [9(S(ti—, ), 2z) — g(S(ti—,y), Z;)] dy
i=1

£3 Moy [ Geon(0) [0(S(-0), %) — 9K (Tims ), %) dy
=1

=A(t,z) + ...+ H(t,x) (4.13)

We compute these terms one by one, still assuming that w € Q(a, ).
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Since A(t) =t for all ¢t < Ty — +, and hence for all t < 5¢,/8

1
|A(t, z)| < |A(t,7)[Tg>5¢0/80 <l X0 llo ]I{tzsgo/s}/o |Gy (7, y) — Gi(z,y)|dy (4.14)

Using the Appendix, (7.4), then (4.10), we see that
A(t) —t
A a) < 2=t < o1 < Ca (4.15)
(5¢0/8)2
Using Cauchy-Schwarz’s inequality, then the Appendix (7.5), and finally (4.10), we obtain

Bl < ([ [ [ + (5G] duds)
X </0t /01 [G/\(t),s) (z,y) — Gts(w,y)]Qdyds>

1
2

< < ) Cat (4.16)
Exactly in the same way, |C(¢,z)| < Ca i
Using (H), we see that
t ol .
Dt <C [ [ Guulew)S6m) = Sils)l (14 [hs.)l) dyds (417
Thanks to Cauchy-Schwarz’s inequality, and the Appendix (7.2),
1
t 9 1 9 2
Do) < C ( [ s 15(s,) = Syt ) ds [ Gts(a:,wdy)
0 yelo,1] 0
1
¢ ds 2
< C / PR 7> 4.18
< ( o e = (4.18)
Using (4.8), we easily deduce that
1
D(t,2)] < € (V3ny)” < Cy (4.19)
The same computation drives us to
1
.l < ([ s 56 - Xt ) (4.20)
y L) = sup A8 Y) — AnlS, Y :
0 yefo,1] t—s
Using (4.7), and (3.1) in (S'2), we see that
F(t0) < O3 Torany sup \GA 1 (@:y) = Goory(3,y)] (4.21)

i=1 z,y€[0,1
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Thus, thanks to the Appendix (7.4),

= At) —t;) — (t—T;
|F(t,£L‘)| < CZ ]I{tZTi-i-'y} |( ( ) l) ( Z)|§ (422)
i=1 [(A() —t:) A (E—T5)]2
But t > T; + v implies that \(¢) —t; > A\(T; + ) — t; = y. Hence, thanks to (4.10) and since
w 6 Q(a7 6)7

A—T || Nt —T; 3
Pt 0) < oA=Ll Foupilti 2T (4.23)
75
Using (7.3) of the appendix, we deduce that
G(t,2)] <> suplg(S(ti—,y), 2i) — g(S(ti—,y), Zi)| (4.24)

i=1 Y

Thanks to (3.1) in (5'2), recalling that for all 4, d(z;, Z;) < &, we see that there exists a function
@(&) from IRT into itself, decreasing to 0 when ¢ decreases to 0, depending only on h, m, and
on the parameters of equation (1.1), such that

|G(t,2)] < »(§) (4.25)

In the same way, but using (3.2) and the fact that £ < £(2z1) A ... A&(2y), we easily prove the
existence of a function B(u) : IR" +— IR", decreasing to 0 when u decreases to 0, such that

|H(t,z)] < > Tysry X6 ( sup [S(ti—,y) _Xh(Ti_ay)|>
=1

y€[0,1]
n
< D Mgsry x B ( sup [Sx(Ti—,y) — Xh(Ti—,y)|> (4.26)
i=1 y€[0,1]
since \(T;) = t;.
Finally, setting
I(t) = sup |Si(t,y) — Xnu(t,y)| (4.27)
y€[0,1]
and
K(a,7,6) = o'/ [y* 2 44V 1+ 0(6) (4.28)
we obtain :
1 n
I(t) < CK(a,v,€) +C </t I?(s) ds )2 +C0> 1 B(I(T;—)) (4.29)
= Y 0 \/m pat {t>T;} i .
Hence
¢ ds n
I’(t) < CK?*(a, 7, +C/12 +CS Tyar S2(I(T;— 4.30
(t) < (2, 7,€) ) (S)\/t——s ;{QTI}B((Z)) (4.30)
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[terating once this formula, we get

() < CK*0,7,6) +CY Ly B (1(T;-)) (4.31)
i=1
+ o/t CK(a §)+c/512(u) W O My P UT)) | -2
A Y 0 V5 —u pa {s>T;} i —_
Using Fubini’s Theorem, and noticing that / t ds < 4, we deduce that
_— w
g ) g W l—sus—u
t n
P(#) £ CKa,7,6) +C [ PP(wdu+C 3 Ny #(1(Ti-) (4.32)
0 =1
We now apply Gronwall’s Lemma on [0, 7}[. This gives :
sup I°(t) < CK*(a,7,£)e’" < CK?(a,7,€) (4.33)
[O’Tl[
Thus, on [0, Ty,
t
P(1) < CK*,7,8) + F(CK (0,7, ) + C [ P(s)ds (439
0
Thanks to Gronwall’s Lemma,
sup I2(t) < (CK2(a,7,€) + B (K (,7,6))) €T (4.35)

[07T2[

Iterating this argument, we deduce the existence of a function n(u) : IRT + IR™", decreasing to
0 when u decreases to 0, such that

sup I(t) <n(K(a,7,£)) (4.36)
(0,71

Hence, there exists 6 > 0 such that if K(«,7,£) <6, then supy 71 1(#) < €/2. It now suffices to
choose a, v, £ small enough, such that

Klamn) <6 5 20/7< /2 (.37
which will imply, for all w € Q(«, §),
6(Xp(w),8) <[ (W) [loo +IMw)[[| < € (4.38)

First, we choose & €]0,£(21) A ... A &(2zp)] small enough, in order to get ¢(¢) < /3. Then we
choose 7 in ]0, (¢o/8) A (§/3)*[. Finally, we choose

3 4
0<a<vy/2A (675/3) Aey/4 (4.39)

Proposition 3.2 is proved.
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5 The case where N is ”deterministic”.

It remains to prove Proposition 3.3. In the whole section,

m(dt,dz) =Y 6, . (dt,dz) € M (5.1)

=1

is fixed. We set tg =0, &1 =T.

We have to establish a support theorem for the solution of equation (3.4). Let us observe that
this equation is not much different from that of Walsh [47]. Indeed, it does only contain one
additional term, a ”jump drift”. Nevertheless, it is far from possible to use a method similar to
that of Bally, Millet, Sanz-Solé in [3], who proved a support theorem for Walsh’s equation, in
particular because the solution of (3.4) does not lie in C([0,7T] x [0, 1]).

But the times of jump of the solution X,,, of equation (3.4) are deterministic, and the associated
squeleton S(h,m) (m is fixed) has the same times of jump. Thus we do not need the Skorokhod
topology : we will work with the stronger supremum norm on [0,7] x [0, 1].

The method below consists in applying the result of Bally, Millet, and Sanz-Solé on each time
interval [t;,¢;11[. To this end, we will define some processes X/ , which equal X,, only on
[ti, ti+1[x[0,1], but also give information about the behaviour of X,, after ¢;;1. We will also
associate with X! some deterministic squeletons S?,(h). But we will apply the result of [3] to
the conditional law of X’ with respect to F;, (for each i). Thus, we will have to define a non-
deterministic ”conditional squeleton” T% (h). Then we will develop a technical way to ”paste

the pieces”.
Recall that thanks to Remark 2.4, we have to prove on one hand that for all h € H, all € > 0,
P(|| X — S(h,m) [|c<€) >0 (5.2)

and on the other hand that

P (Xm e [S(hm); he H} '°°> —1 (5.3)

To this aim, we introduce some notations. First, if S(¢,z) belongs to ID ([0, T], C(]0,1])), and if
0<u<v<T,

IS luu=  sup  [S(t,z)] (5.4)
te[u,v], z€[0,1]

We now define recursively, for 4 in {0, ...,n}, the processes X!, (t,x) on [t;, T] x [0,1] :
tiAt pl
X (to) = GilXoa)+ [ [ Geolon) (b0 (s p)dyds +
0 0

o(Xp(s,y)W(dy,ds)]  (5.5)
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and, for i € {1,...,n},

) ) 1 )
X(ta) = X'(o) + Ly [ Gonloy)g(Xy ! (hmv0). 2)dy (5.6

tip1 AL 1 A .
[ Gl [0S 5y )) s + (X (5, )W (dy )|
Notice that for all 7,
for all t € [ti,tir1[, all z€[0,1], X (t,2)= Xn(t x) (5.7)

Indeed, it suffices to use a standard uniqueness argument. In the same way, we define, for h € H,
the functions S}, (k) on [t;, T] x [0,1], by

0 _ t1 At 1 0
Shmte) = Gildo)+ [ [ Grloy) (oS (W) (s )dyds (5.9
0 0

+0(S5(h) (5,9)) (5, y)dyds]

and, for i € {1,...,n},

. . 1 .
Sm(h)(t, ) = S (h)(t,z) + ][{tZti}/O G, (,9)9(S (W) (ti—,y), ) dy (5.9)

+ /t _tmm /0 () [6(SE (B (s, 9))dyds + 7 (Sh, () (5, 5))h (s, y) dyds]
Then, for all 7,
for all ¢ € [t tipa], all 2 €[0,1], Si(h)(t,z) = S(h,m)(t,z) (5.10)

Finally, we define the ”conditional squeleton” associated with the conditional law of X’ with
respect to Fy; :

X X 1 ,
To(h)(ts) = X'(to) + Loy [ Gonlo)g(Xly ! (i), )dy (5.11)

+ /t ;MM /0 Gsfry) (6T, (B) (5,9))dyds + o (T, (k) (s, 1) (s, y)dyds]

The function T (k) is defined on [t;, T] x [0,1]. For all t € [t;,T], all x € [0,1], T% (h)(t,z) is
Fi;-measurable.

Then one can “nearly” use the Theorem of Bally, Millet, Sanz-Solé, [3] (see also Cardon-Weber,
Millet, [10] for a more general setting), which yields the following result.

Proposition 5.1 Assume (H) and (S'1). Then, with the above notations, for all i € {0,...,n},
the following conditional support theorem on [t;, T] x [0,1] holds :

i ; Il llge;,
SUPP|| ||1,.. 7y L (Xm | fti) ={T:,(h) /| h e 'H}‘ [t;,T] (5.12)
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In fact, the main theorem in [3] only yields the result for i = 0, with fg instead of g/\tl. But
conditioning is not a problem, and the initial values we obtain, for example

, 1 .
Xl (ta) + [ Geos g (X (im ), 20)dy

= X5 (6 2) + Gooy, (90X (=, ), 20), ) (5.13)

behave on [t;, T| exactly as G¢(Xp, z) on [0,T], since they are F; -measurable, since
g(Xi=1(t;—,.), ) is continuous on [0, 1], and since X’ ~!(¢,z) is continuous on [0,7] x [0, 1].
Finally, it is clear that considering the integrals from ¢; to ¢ A ¢;4; instead of 0 to ¢ will not
change much...

We now establish a Lemma, which will allow to paste the pieces. If | X! (w) — S (h) it 18
small, then the initial conditions associated with Si+1(h) and T/t (h)(w) are near, and thus the
distance between S*!(h) and T:H (h)(w) is small. We need this Lemma, because Proposition
5.1 gives an idea of the distance between X! (w) and T¢, (h)(w), but what we need to control is
the distance between S (h) and X, (w).

Lemma 5.2 Assume (H), (S'2). There exists a function y(z,u) : IRT x IRT — IR", such
that for each x, y(x,u) decreases to 0 when u decreases to 0, and such that for all € > 0, all
i €{0,...n —1},

fwea /I Xhw - Sum) lons e}

c{we [ISi (0 =T (@) Nt 1< YU bl 220} (5.14)

) bvs ol
where || b, 45000 ||%2= fti:f fol h?(s,y)dyds.

Proof : Let w belong to {|| X}, — Sk, (h) |l < €}. Then, for all ¢ in [t;41, 7], all z in [0,1],
using (H),

|SHL(R) (¢, 2) — TN (h) (8, 2)| < |SE (R) (8, 2) — Xi (, )]

N—

1 . .
+ [ Grsnto) o (X (=), z) =g (S0 1= ). )| dy

tigaAL 1
+0/ / Gi_s(z,y)
tiy1 0

We now set

S,l;,fl(h)(s,y) _ T,f,j'l(h)(s,y)‘ (1 + |h(s,y)|) dyds (5.15)

F(t) = sup
z€[0,1]

St ()1, 2) = T (1) 1, )| (5.16)

Using the assumption about w, assumption (5’2), the Appendix (7.3) and (7.2), and Cauchy-
Schwarz’s inequality, we get :

tir1 t—s

. t d %
F(t) < e+ 12,(6) + C (14 || Ml 1 ||Lz)( F2(s) ) (5.17)
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where 1., was defined in assumption (S’2). Hence,

ds
Vit—s

Iterating once this formula (see the previous section, inequalities (4.30), (4.31), and (4.32) for
more precisions), we obtain the existence of a function <y, satisfying the assumptions of the

F2(t) < Ce + Cn? C(1+ || A 2 tF2 5.18
( ) < Ce” + d’zl(e) + + H |[ti+1,ti+2] HL2 ] (3) ( . )
i+1

statement, such that
. . 2 rt
F2(t) <y (I Blier tigal 220€) + C (1 1 bl ) 12 / F2(s)ds  (5.19)
i+1

Gronwall’s Lemma allows to conclude.

Proof of Proposition 3.3 : In order to simplify the notations, we assume in the sequel that n = 2,
i.e. that

m(dt,dz) = 5(t1,z1) + 6(t2,z2) (5.20)
1) We fix h € H, and € > 0, and we check that

Py=P(|| X = S(hym) ||oc< €) >0 (5.21)
First, using (5.7) and (5.10), we see that

Py > P X5 = 8%(h) liom< e/3, 1| X — Sh(h) i m< €/3,

| X2, — S2,(h) llpom< €/3) (5.22)

Noticing that for each i, X}, is F,,,-measurable and S, (h) is deterministic, we obtain, by
conditionning our probability with respect to Fi,,

Py > E|l I
0= [ {1 X7 = Sn(h) o< ¢/3} HIl X = Sp(R) Iy 1< €/3}

<P (|1 X2, = S2(0) o< ¢/3 | Fi,) ] (5.23)

On the other hand,

P (| X2 = S2%(0) I < ¢/3 | Fi,)
> P (| X2, = Ta (k) lpoim< /6, 1| Toa(h) = S (k) lls,m1< €/6] o)

> 1 P (|| X2 —Th(h) |l < €/6] F 5.24
2 1 72 () = S2,06) < /0y 7 (1 X0 = T8 i< /6] 7) - (529
since S2,(h) is deterministic and T2 (h) is JF;,-measurable. Using Proposition 5.1, we also know
that a.s.,

P (1 X2, = T2(R) llps,m< /6] Fir) >0 (5.25)
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Hence, it suffices that P; > 0, where

P = P( I X = Sm(B) o< €/3, || Xpp = Sp(h) Iy 1)< €/3

| T2 (h) — S2,(h) i1 < €/6) (5.26)
Thanks to Lemma 5.2, we know that for oz > 0 small enough,
1 X% = S5 (R) 1< 00 = T2(R) = S2(R) [y < €/6 (5.27)
Thus,
P> P( | X5 = S50 lom< e/3, 1| X3, = Sha(B) llpn < @ Ae/3) (5.28)

Iterating this argument, we see that P, is strictly positive as soon as P, > 0, where
Py = P( || X§, = S5(h) o< B) (5.29)

for some 3 > 0 small enough. But it is clear that S° (h) identically equals T (k). Thus, Propo-
sition 5.1 implies that P, is strictly positive, and hence that (5.21) holds, which was our aim.

2) We still have to check that

P (Xm e [S(h,m), he H} '°°> —1 (5.30)

We know from Proposition 5.1 that for almost all w, say for all w € Q, with P(Q) =1,

X0 (w) € {10 (h), h € H}II lloo . XL (w) e (TL (M) (@), h e 7—[}” lloo

X2 (w) € (T2 (W) (@), he HY I~ (5.31)

We now fix w € Q. There exists h) € H, h. € H, h2 € H, (depending on w) such that, for
i € {0,1,2}, when n goes to infinity,

| X (@) = T (h1) (@) [l 7= 0 (5.32)
We now set
haesq(ts @) = By (b, @) Wg 41 () + hip (b, 2) T, 11(8) + B2 (t, 2) Wiy, 1y (2) (5.33)
We fix € > 0, and we prove that for n, k, ¢ large enough,
| Xm(w) = S(hn kg m) ll[o,m< € (5.34)
which will suffice. One can easily check, using (5.7) and (5.10), that
| X (@) = S(hnkgm) o< Ap(w) + Ap(w) + A7 () + By (w) + Bp(w) + Bi () (5.35)
where (if 1 = 0,1,2 and [ € IN)

Alw) =l X5, (@) = T (h) (@) N7y (5.36)
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and . o o
Bj(w) =[l Ty (ki) (w) = Sy (ki) Ny (5.37)
First notice that BY vanishes identically. Thanks to Lemma 5.2, we know that
Bi(w) < (I ikl ) 12, A5 (@) (5.38)
B2(w) < (Il B2ty 2, Ab(w) + Bi(w)) (5.39)
i) First, we choose ¢ large enough, in order that
2
Ag(w) < €/6 (5.40)
Now that ¢ is fixed, we consider @ > 0 such that
v (Il B2l ) N1z, @) < /6 (5.41)
ii) Then we choose k in such a way that
Ap(w) < €/6 A /2 (5.42)

and we consider 8 > 0 such that

Y (Il ikl o) 122, B) < e/6 A /2 (5.43)

iii) Finally, we choose n such that

Ad(w) <e/6AB (5.44)
We deduce from (5.44), (5.38), and (5.43) that
B} (w) < €/6 Na/2 (5.45)
Thanks to (5.45), (5.42), (5.41), and (5.39), we also see that
B (w) < €/6 (5.46)

Finally, using (5.35), (5.44), (5.42), (5.40), (5.45), (5.46), we deduce (5.34). We thus have
checked that for each w € €, all € > 0, there exists h € H such that

| Xim(w) — S(h,m) [o< € (5.47)
Since P(Q) = 1, (5.30) holds, and Proposition 3.3 is proved.

6 Extension to the case of an a.s. infinite number of jumps
when the diffusion coefficient is constant.

We now consider equation (1.1) in the following new setting : the diffusion coefficient is con-

stant, o(z) = o ; but the positive measure ¢ on E is only assumed to be o-finite (a priori,

g(E) = 00). N is still a Poisson measure on [0,7T] x E, with intensity measure dtq(dz). The
evolution equation associated with equation (1.1) is still given by (2.5).

We also consider an increasing sequence of subsets F, of E satisfying
q(Ep) <00 3 UpenwE,=E (6.1)

In order to obtain a result of existence and uniqueness, we state the following hypothesis :
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Assumption (A) : the function o is constant. The function b satisfies a global Lips-
chitz condition. There exists n € L'(E, q) such that for all 2,y € IR, all z € E,

19(0,2)] <m(z) 5 lg(z,2) —g(y,2)| < |z —yln(z) (6.2)

Proposition 2.2 yields that equation (1.1) with E, instead of E admits a unique weak solution
XP? lying in ID ([0,T],C([0,1])). Under (A), it is easy to check that there exists an adapted
process X such that, when p goes to infinity,

E ( sup | X(t,z) — Xp(t,x)|> —0 (6.3)
[0,7]x[0,1]

This way, we obtain the existence of an adapted weak solution X of equation (1.1) with our new
setting. The uniqueness is straightforward under (A), and we can state the following proposition.

Proposition 6.1 Assume (A). Equation (1.1) admits a unique weak solution X (t,x), lying a.s.
in ID ([0,T], C([0,1])), and bounded in L'.

We now consider

My = m(dt,dz) = 0, . (dt, dz)

=1

n nelN, 0<t; <..<t,<T,
/ (6.4)

21y ...y Zp € SUPP ¢ N E)

and we set M = U, M,,. The Cameron-Martin space H associated with W is still defined by
(2.12). For each m € M and h € H, we denote by S(h,m) the unique solution of equation (2.14)
(there is no difference with Proposition 2.3, since there exists p such that m € M,). Since g is
already Lipschitz, we assume (T") below instead of (52),

Assumption (T) : for each zy € E, each n € IN,

sup |g9(z,2) — g(x, 20)| —>a(z,20)—0 0 (6.5)

j&|<n

For each zy in E, there exists £(zg) > 0 such that

sup  n(z) <&(20) (6.6)
d(z,20)<&(20)

A function g(z,z) = a(z)n(z) clearly satisfies (A) and (T') if « is lipschitz, and n € L'(E, q) is
continuous. The aim of this section is to prove the following result.

Theorem 6.2 Under (A) and (T), if X denotes the unique weak solution of equation (1.1),

supp; Po X ' ={S(h,m) JheH, me M} (6.7)

Since the method of Simon [41], combined with the previous sections, applies easily, we will only
sketch the proof.



114 CHAPTER 3 : SUPPORT THEOREM FOR A DISCONTINUOUS SPDE

First, for the same reasons as in the previous sections, see Proposition 3.1, we can assume,
additionally to (A) and (T'), that for all z € IR, all z € E, |g(z, z)| < n(z) and for each 2y € E,

SEIII)JQ(%Z) _g($720)| —d(z,20)—0 0 (68)

Then, we notice that the direct inclusion (C) of Theorem 6.2 is immediate, thanks to Theorem

2.5 (for XP) and thanks to the convergence (6.3).

We now fix p€ IN, h € H, m = 31", d, € M,, and € > 0. We have to prove that

i12i)

P (6(X,S(h,m)) <€) >0 (6.9)

To prove this, we will use three lemmas. The first one is a very particular case of the result of
Bally, Millet, Sanz, [3].

Lemma 6.3 Let o > 0 be fized, and let

t ol )
Qo) = {w € /sup / / Gi—s(z,y) {W(dy,ds) — h(s,y)dyds} < a} (6.10)
t,x 0 JO
Then P(Qy(a)) > 0.
We now write the restriction N? = Nljo)xg, (recall that p is fixed) as
I
NP(ds,dz) = Zé(Ti,Zi)(ds’ dz) (6.11)
i=1

The second lemma can be proved by using the same method as that of Proposition 3.2 (see
Section 4).

Lemma 6.4 Let 3 > 0 be fized. There exists a set
01(8) € 0 {N(4) ; A€ B(0,T] x Fy)} (6.12)
such that P(Q(8)) > 0, such that for each w € Q1(8),
pw)=n ; Vi, d(z,Ziw)) <E(z) (6.13)
and such that for some a > 0 small enough, every w € Qo(a) N Q1 (B) satisfies
0(XP(w), S(h,m)) < B (6.14)
We will finally use the following result :

Lemma 6.5 Let v > 0 be fized, and let

Qa(y) = {w €N //OT /E/E n(z)N(ds,dz) < fy} (6.15)

Then P(Qs(7)) > 0.
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Proof of Lemma 6.5 : we set

6, = / /E |, AN (s, d2) (6.16)

and, for ¢ > p,

01 = / /E |, AN (s, ) (6.17)

We see that 6, = 6] + 0,, that for all g, (05 =0) > 0, and that when g goes to infinity, 6, goes
to 0 in probability. Since for each ¢, 6} is independent of §;, we can write

PO, <v) > P(9,‘§ =0)P(0, <) (6.18)
and the lemma follows easily.

We finally sketch the proof of Theorem 6.2. An easy independance argument yields that for
every a >0, >0, v > 0, the set

Q3(, B,7) = Qo(a) N4 (B) N Qa(y) (6.19)

has a strictly positive probability. We now have to choose o, 3,7 in such a way that for all
w € 93(047/677)7
S(X (@), S(hym)) < € (6.20)

Let w € Q3(a, 8,7) be fixed. If « is small enough, we know from Lemma 6.4 that

0(X(w),S(h,m)) < || X(w) = XP(w) [0 +6(XP(w), S(h,m))

< | X(w) = XP() |loo +8 (6.21)
We now set
VP(t) = sup |X(t,z) — XP(t,x)| (6.22)
z€[0,1]

Using the Appendix, (A), (T'), since |g(z, z)| < n(2), and since w belongs to Q3(a, 3,7), we see
that

t n
VD) < C [ VP(s)ds+ Y Ly VAT n(Z)
0 £ ez
/ / N(ds,dz)
E\Ep
" n
< 0/ VP(s)ds + C'S or VP(Ti—) + (6.23)
0 =1
Applying successively Gronwall’s Lemma on the time intervals [0, T1][, ..., [Ty, T], we deduce that
for all w € Q3(, 8,7),
sup VP (w,t) < Cy (6.24)
[0,T]

The conclusion follows easily.
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Remark 6.6 Of course, we are also interested in the case where q(E) = oo and o is a function.
In this case, it is possible to prove (under assumptions) that the sequence X, of weak solutions of
(1.1) where we have replaced E by E,, converges to an adapted process X (t,z) in the following
sense :

StupE(|X(t,fE) — XP(t,z)]) — 0 (6.25)
» T

Once X s built, it might be possible to check that it admits a modification lying in

ID ([0,T],C([0,1])), by using the fact that X satisfies the evolution equation, but this is not im-
mediate. If so, it seems natural to think that our support theorem extends to this case. However,
everything will become much more technical. In particular, the direct inclusion is not obvious
any more, since (6.3) does not seem to hold any more.

7 Appendix

We collect here well-known estimates about the Green kernel Gi(z,y) associated with the de-
terministic system (2.1), and which has the expression (2.2). In all the inequalities below, the
constant C' depends only on the terminal time value T'. The three first estimates can be found
in [47], and the next ones are either easy consequences or classical estimates.

First, for all z,y € [0,1] and all ¢ € [0, T,

(g — )2 (g — )2
\/Z%GXP{ (y4t )}SGt(w,y)S%exp{%} (7.1)

For all 0 <t < T, all z € [0,1],

1 5 C
Gi(z,y)dy < — 7.2
/0 i(z,y)dy < i (7.2)
and .
/0 Gi(z,y)dy =1 (7.3)
Forall0 <s<t<T,all z,y € [0,1], (see Lemma A3 in [12])
|t — 5]
S2

and (see Lemma B1 in [3])

s 1 t 1
|| Grrlosg) = Gy dyir + [ [ G2 (o pdydr <OVE=S (75)
0 0 s JO
Finally, for all ¢ € C(|[0,1]), the map
(t,z) = Gi(¢, z) (7.6)

is continuous on [0,7] x [0, 1] (see Lemma A2 in [3] for a similar result).
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Etudes probabilistes de certaines
équations de Boltzmann
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Chapitre 4

Existence and regularity study for a
2-dimensional spatially homogeneous
Boltzmann equation without cutoff
by a probabilistic approach

Abstract : We consider a 2-dimensional homogeneous Boltzmann equation without cutoff,
which we relate to a nonlinear stochastic differential equation. We prove the existence of a
solution for this S.D.E., and we use the Malliavin calculus (or stochastic calculus of variations)
to prove that the law of this solution admits a smooth density with respect to the Lebesgue
measure on IR. This density satisfies the considered Boltzmann equation.

Une version courte de ce travail a été acceptée pour publication
dans la revue The Annals of Applied Probability.

1 Introduction.

The Boltzmann equation describes the density of particles in a gas. This equation holds under
the following assumptions : the gas is dilute enough (there are only two-particles collisions),
the duration of a collision can be ignored, and the collision of two particles does not take into
account any correlation between the two particles. We are using f(¢,7,v) to denote the density
of particles which have the position ~ € IR® and the velocity v € IR* at the instant ¢ > 0. The
external force is denoted by F' and the mass of the system by m. Then the Boltzmann equation
can be written
af af F Of

o T+

_ B
ot “Or m'av_K(f’f)
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where K7 is a collision kernel. We study here a simplified model : the 2-dimensional spatially
homogeneous case. This means that we restrict our study to the case where f does not depend
on the position of the particles. We furthermore assume that there is no external force, and
that the particles take place in the plane. In this case, the Boltzmann equation can be written
as follows :

of

SH(t0) = Ks(F.D)(tv) (11)

The collision kernel is given by :
Kot = [ [ [ltclon o) (e (0,07,0) = ft0) (t.07)]

B(0,|v — v*|)dfdv*

where, if Ry is the #-rotation centered at 0,

*

v—v . N A v —v*
-I-Rg( 5 > and ¢*(v,v",0) = 5 Rg( 5 )

v+ v*

2

c(v,v*,0) =

We will need the following computation of ¢(v, v*,0) :

(v,0%,0) = cz(v,v,0) \ _ 1 [ (vz+wvy) + (va —vy)cos O — (vy —v;)sinf
avnvLy = ¢y (v,v*,0) (vy + vyy) + (v — v;;) cos O + (v — v;) sin @

In fact, c(v,v*,0) and c¢*(v, v*, 0) represent the velocities of two particles after their collision, if
these particles had the velocities v and v* before the collision, and if the angle due to the collision
is 6. Consequently, the cross section may explode near § = 0, because of an accumulation of
"grazing” collisions. We will assume that we are in a case of Maxwellian particles, i.e. that the
cross section 3 depends only on 6, and is even : (0, |v —v*|) = £(|60]|). We will also suppose the
physically reasonnable condition :

/0 " 625(0)df < o (1.2)

The Boltzmann equation "with cutoff”, namely when [J 3(6)df < oo, has been much investi-
gated by the analysts. It is really more difficult to assume only (1.2), and the only analytical
existence and regularity result under (1.2) is due to Desvillettes in [16].

A probabilistic approach using the underlying evolution Markov process allows to work under
(1.2) thanks to the L2-calculus. We obtain a slightly better existence result than Desvillettes,
and our regularity result is much better. Desvilletes builds a solution g(¢,v) of (1.1), and he
proves that for each ¢ > 0, f(¢,.) is in H'~¢(IR?) for all € > 0. The solution f(¢,v) we build is
continuous on ]0,T] x IR?, and for each t > 0, f(t,.) is in C*®(IR?).

Another advantage of a probabilistic approach is that we can assume that the initial data is a
probability, and not necessarily a density of probability. At last, we give a (probabilistic) notion
of uniqueness.

In order to define the weak solutions, we consider the following kernel, which depends on the
test function ¢ € CZ(IR?) (the set of C? function on IR? of which the derivatives of order 0 to
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2 are bounded) :

() (cy (v,0",0) = v,) | B(0)d0
5 [0 = 5) + )0y — 03] (1.3

™
where b = / (1 — cos0)B(0)dh. This expression is well defined for every test function thanks

™
to the assumption (1.2). Now we can define the weak solutions of (1.1).

Definition 1.1 Let 8 be cross section, (even and positive on [—m,w|\{0}) satisfying (1.2). Let
Py be a probability on IR? that admits a moment of order 2. A positive function f on IRT x IR?
is a weak solution of (1.1) with initial data Py if for every test function ¢ € CZ(IR?),

/ve]R2 f(t,v)p(v)dv = /ve]R2 (v)Po(dv) + /Ot /1/€R2 /11*€R2 Kg(v,v*)f(s,v)f(s,v*)dvdv*ds
(1.4)

Let us explain this definition : a priori, we should look for weak solutions satisfying, for every
test function,

/U EWf(lt,v)sb(v)dv = / - ¢(v)Po(dv) + /0 t / - Ks(f, f)(s,v)¢(v)dvds

Let us subsitute v’ = ¢(v,v*,0), v = ¢*(v,v*,60), and #' = —0 in the first part of K3(f, f). The
Jacobian of this substitution is equal to 1, and an easy drawing shows that v = c(v',v'",6’),
v* = c*(v',v'",0") and § = —0'. We obtain :

/2 / 2 ) f(t’ C(’U,U*,e))f(t, C*(U,U*,e))gﬁ(v)ﬂ(@)dedvdv*
R JIR® J—7

_ /R2 /R2 ﬁ : F(t,0)f (1, 0")d(c(v, 0", 0))B(6)dfdvdu”

and hence

/11€R2 f(t,v)p(v)dv = /1/€R2 #(v)Po(dv) + /Ot /1)€R2 /v*€R2 k?(v,v*)f(s,v)f(s,v*)dvdv*ds

where
™

B o.07) = [ [plev.0,6)) - 9()] 6(6)d0

-7

But this kernel does not make sense for every test function ¢ € C’E(ZRQ), except if we suppose

that [; 06(0)df < co. Consequently, we replace kg by Kg), in which there is a compensated
term. Notice that if [ 08(0)df < oo, then [™_sin03(0)dd = 0, and the two kernels are identical.
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The method is partially adapted from the papers of L. Desvillettes, C. Graham and S. Méléard
in [17] and [19], who solved this problem in dimension 1 : we first show that there exists a
nonlinear stochastic differential equation associated with the equation (1.1). This means that if
V; is a solution of this S.D.E. and if V; admits a density for each ¢ > 0, then this density will
be a weak solution of (1.1). The second section is devoted to the statement of the nonlinear
S.D.E., to the existence and the uniqueness of a solution of this S.D.E., and to the study of some
moment conservations for this solution, which can be related to physical conservations. The aim
of the third section is to use the Malliavin Calculus in order to show the existence of a weak
solution of (1.1), and to study the smoothness of this solution. We will use Bismut’s approach
of the Malliavin Calculus, by following the methods of Bichteler, Gravereaux, and Jacod in [6]
and [7]. In the fourth section, we study the joint regularity of our solution. At last, the fifth
section is devoted to approximate our weak solution of (1.1) with a simulable particle system,
by applying a result of Graham and Méléard in [18].

The most difficult and original part of this paper is the proof of the regularity (see Lemmas 3.26,
3.27, and Theorem 3.28), for which we need to use the particular form of our two-dimensional
nonlinear S.D.E.

In the sequel, (3 is a fixed cross section satisfying (1.2).

2 The probabilistic approach.

The whole section is an easy adaptation of the paper of Desvillettes, Graham and Méléard [17].
Nevertheless, we have to check all the results, because of a quite important difference between
the nonlinear S.D.E. in dimension 1 and 2.

Since we are looking for a solution f(¢,v) which is a density of particles at each instant ¢, it is
quite natural to relate f(¢,v) to the flow of marginals of a stochastic process. We restrict our
study to the time interval [0,7"], where T' > 0 is fixed.

Definition 2.1 We will say that a flow {P;}ycio,r) of probability measures on IR? such that P,
admits a moment of order 2 is a weak solution of (1.1) with initial data Py if for every test

function ¢ € CE(IR?),
(¢, Py) = (¢, Py) + /Ot <K§’(v,Q)*),Ps(dv)PS (dv*)> ds (2.1)

Remark 2.2 If a flow {P;},cj0,m) of probability measures on IR? is a weak solution of (1.1), and
if for every t €]0,T), P; admits a density f(t,.) with respect to the Lebesque measure on IR,
then f is a weak solution of (1.1) with initial data Py in the sense of Definition 1.1.

Definition 2.3 Let Q be a probability measure on Dy = ID(][0,T], IR?). We denote by {Q;} its
marginal flow, and we assume that Qo admits a second order moment. Let X; be the canonical
process on IDp. We will say that Q satisfies the nonlinear martingale problem with initial data

Qo if for every ¢ € Cg(lRQ),

H(X)) — d(Xo) — /Ot (K2(X,,07), Quldv®) ) ds (2.2)
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15 a square integrable (Q-martingale.

Remark 2.4 If QQ satisfies the nonlinear martingale problem with initial data Py, then its
marginal flow is a weak solution of (1.1) in the sense of Definition 2.1.

In order to state a nonlinear S.D.E. associated with the nonlinear martingale problem, we intro-
duce some notations. Following Tanaka, [44], we will consider two probability spaces : the first
one is an abstract space (2, F, P), and the second one is ([0, 1], B([0,1]), de). In order to avoid
any confusion, the processes on ([0, 1], B([0, 1]),da) will be some a-processes, the expectation
under da will be denoted E,, and the laws L,,.

On (Q,F, P), we consider a Poisson measure N (dfdadt) on [—m, 7] x [0, 1] x [0, T] with intensity
measure v(dfdadt) = 3(0)dOdadt and with compensated measure N (dfdads).
If @ is a probability on D7, and if p > 1, we will say that @ € P,(Dr) if

[ sup lla®) I? Q(ds) < 0
€Dr [0,T]

A cadlag adapted process Ys on [0,7] will be a L -process if its law belongs to P,(IDr).

Definition 2.5 Let Vy(w) € L?(), let Yy(w) be a L2-process, and let Zs(a) be a IL3-a-process,
every of these elements with values in IR?>. Then we denote by V = ®(Y, Z,Vy, N) the process
defined (and well defined) by

t 1 ™ ~
Viw) = Vo(w)+ /0 /0 [ elYer (@), Zo- (), 6) = Yoo (@)) N (dbdads)
t 1
_g /0 /0 (Y,(w) — Zs(«)) dods (2:3)
This can also be written :
VP = Vi+< t/l /7r [(YZ — Z% (a))(cos 6 — 1) — (Y2 — ZY_(a)) sin 8] N (dfdads)
2 / t / (V" — 79(a)) dads (2.4)

vy = 1/5!+1/0t/1 /” (VY — 2% (a)(cos 0 — 1) + (Y — Z% (a)) sin 6] N (d0dads)

_Q/tfl (YY = 7¥(a)) dads (2.5)

or, by using matrices :
t rl pm _ b rt rt
Vi = Vo + / / A(0) (Y, — 7, () N(dbdads) - - / / (Vs — Zy(a)) dads  (2.6)
0Jo J-= 0o Jo

where A(6) = % (cos@—l —sinf )

sin 0 cosf—1
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Definition 2.6 Let {Vi}icjom be a IL2-process and let {Witieror) be a L2-a-process, with
values in IR?. We will say that (V,W) is a solution of the nonlinear S.D.E. with initial data Vj
if

L(V) = Ly(W) and V=0V, W,Vy,N)
We notice here that this S.D.E. is symmetric in V and W, which is not the case in dimension
1. This yields that the solution of this S.D.E. does not behaves in the same way when the
dimension is 1 or 2. In particular the conservation of the momentum (i.e. E(V;) = E(V}) for

t > 0) will hold. Nevertheless, there will not be any fondamental change in this second section.

Remark 2.7 If (V,W) is a solution of the nonlinear S.D.E. with initial data Vy, then its law
Q = L(V) = Ly(W) is a solution of the nonlinear martingale problem with initial data L(Vp).

Proof : it suffices to apply the Ito formula. If ¢ € C’E(ZRQ),

t
BV = G0+ [ LT+ / 8, (Vo )AVY

+ 37 [0V5) = $(Vie) = ¢ (Vao)AVY = 6, (Vi) AVY]
s<t
This can be written :
50 = 00h) 5 [ [ [0~ W) + V)V — W (a)] dads

[ B0 e W @.0) - v
+, (Ve ) (g (Vi Wy (0),0) = V) | N(dOdads)
4 / / / Ve, Wy (),0)) — (Vie) — (Vi) (ca(Vie, Wi (), 0) — V)

~¢,(Va ) (ey (Ve , Wi (), 0) = Vi) | N (dBdods)

The expression in the last integral is in L'(v) N L?(v). Hence :
6 = 60)— 3 [ [ [SV 0V = W) + gy Vi) (V2 ~ WH(w)] dods
] eV Wi (0),0) — 6(V, )] N (d0dads)

+/// Vi, Wil(@),0) — $(Va) — $,(V3) (ca(Vi, W), 0) — V)

—,(V2) (¢, (Vs, Ws(a), 0) — V) | B(6)dbdads
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Since [¢(c(Vs—, W5 (), 0)) — ¢(Vs_)] is in L2(P ® v), the second integral is a square integrable
martingale M;. Then an easy computation shows that :

$(Vi) = ¢(Vo)+Mt+/0t/01K§(Vs,Ws(a))dads

= G(Vo) + My + / (K5(Vi, W) ds

Finaly, since L,(Ws) = Qs, :

$) = 08) + M+ [ (KEVi0"), Quldo®)) s

which was our aim.

2.1 Existence and uniqueness for the nonlinear S.D.E.

Let us first prove a usefull contraction formula for the map ® (see Definition 2.5) :

Lemma 2.8 Let Yy and Y, be two L%—processes, let Zs and Z. be two E%—a—processes, and let
Vo € L%(Q), every of these elements with values in IR:. We consider

V=0Y,ZVy,N) and V' =Y, 2 Vy,N)

These are IL%-processes, and the formula below holds (K is a constant depending only on T and

8):
<sup||v V'||2><K/ (Y=Y 1)+ B (I 2 - 2 17)]ds - (27)

[0,2]

Proof : let us compute V¥ — V'* :

vev = (v i) - - 250 x (eoso - 1)

— (VL = Y") = (ZY_ — 2"%_)] x sin0) N(dfdads)

u

b s z T
_5 0 [(Yux - Ylu) - EO&(ZZ,C - Z,u)] du

Using Doob’s and Cauchy-Schwarz’s inequalities, we get

E(sup(V V') ) < 8/ / /4 Yr —Y" ) —(ZF_ —Z", )] x (cos® —1)

[0,¢]

— [V —Y"Y Y~ (Z)_ - Z""_)] x sin 0}2)5(0)d0do¢du

b2 t T T\12
tot [ B([(VE=Y") - Ea(Zs = Z%0)]7) du
2 0 u u u u
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Using Jensen’s inequality for E,, using |cos — 1|+ |sinf| € L?(8(#)df), and the same compu-
tation for V¥ — V'Y the contraction formula is immediate.

Now we solve the classical S.D.E. associated with the nonlinear S.D.E.

Proposition 2.9 Let Vy € L?(Q2), and let Z be a L%-a-process. Then the classical S.D.E.
V = ®(V,Z,Vy,N) admits a unique solution, that belongs to L%. Furthermore, the law of the
solution depends only on L(Vy) and on the flow {La(Z4) }ieio, -

Proof : the existence and the uniqueness for this kind of S.D.E. is classical, and follows from
Lemma 2.8. In order to study the law of the solution, let us write the Poisson measure as
N = e In(8)d(0, a.,5), and let us set N* = 3= 107 In(s)d(p,,2,(a,),s)- Then N* is a
Poisson measure on [0, 7] x [, 7] x IR? with intensity 3(8)d0Ln(Z,)(dz)ds. (Recall that Z; is
”w-deterministic”). Then

t ™ ~ b t b t
ViVt [ |7 [ (Ve 20) ~ Vo) W (a0dzds) — 5 [ Vids + 3 [ Ba(Z)ds
0 J—n JIR? 2 0 2 0

and the law of V; is entirely determined by L£(V}), by the intensity of N*, and by {E(Zs)}s<7-
The result follows.

We now define recursively the Picard iterations that will converge to a solution of the nonlinear
S.D.E.

Definition 2.10 Let Vy € L?. Let V° be the process identically equal to V. Assuming that
we have defined the IL2-processes VO, ,VE and the L2 -a-processes Z0%,...,Z%1 we choose a
L2 .-a-process Zk satisfying

Lo(ZF| 7281, 2% = c(vE Ve, L v0)

then we set
vk = o(vk ZF vy, N)

The following theorem shows the existence of a solution for the nonlinear S.D.E. (and hence for
the nonlinear martingale problem), and begins the uniqueness.

Theorem 2.11 Let Vy € L*(Q) be fized. The sequences V¥ and Z* converge a.s. and in L2 to
some processes V. and W. The process V is in I3, and W is a IL%-a-process. Furthermore,

LV)=L(W)=P° and V =¢V,W,V,N)

Hence (V,W) is a solution of the nonlinear S.D.E. with initial data Vi, and P? is a solution of
the nonlinear martingale problem with initial data L(Vp).

Furthermore, the law PP does not depend on the possible choices for Q, for N, for Vi, and for
the Picard approzimations, but only on L(Vj).

Proof : the convergence (we show that these sequences are Cauchy) is easy by using Lemma 2.8,
and since for every k, Lo(ZF — ZF-1) = £(VF — V#71). Letting k go to infinity in the equality
VEH = ®(VE ZF V4, N), we see that V = ®&(V, W, Vj, N). At last, L(V) = L4(W) because the
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sequences {V¥} and {Z*} have the same law, and because the processes V¥ and Z* converge
uniformly in L2.

As in Proposition 2.9, we can check that the law of the sequence {V*} does not depend on the
choices for Q, N, Vg, and {Z*}, but only on the laws of these elements.

We thus have built a solution for the nonlinear martingale problem with initial data Py. Fur-
thermore, we have seen that the law of this solution does not depend on the choices for the
construction. We now prove the uniqueness in law for the nonlinear S.D.E. : it suffices to con-
sider a fixed ”space” (Q2,Vp, N), and to check that any solution of the nonlinear S.D.E. on this
space have the law P¥.

Theorem 2.12 Let 0, Vy € L*(Q), and N be fized. We consider the solution (V,W) (with
PP = L(V) = Lo(W)) of the nonlinear S.D.E. that we have built in Theorem 2.11. We also
assume that there exists another solution (U,Y), and we set Q = L(U) = Lo(Y). Then Q = PP.

Proof : we know that Q and P? are in Py(ID7). Hence, for 7 € [0,T], we consider

[0,7]

p-(P%, Q) :inf{Ea (sup | W, —Y/ ||2>§/£Q(W') =PP et L,(Y) :Q}

We will show that if 75 > 0 is small enough, p,,(P?, Q) = 0, which will yield that the restrictions
of P% and Q to DD, are identical. To this end, let us fix € > 0. There exist some a-processes
W€ and Y€ of which the a-laws are respectively P? and @, and satisfying

pi(PP,Q) < E, (ﬁ)uri | Wf =Yy ||2> < P2(PP,Q) +¢

By Proposition 2.9, we can define V¢ = (V¢ W€ Vy, N) and U = &(U,Y*<, Vy, N). Then, by
using Lemma 2.8,

E (sup Vs —Us ||2>

(0,7]

IN

K [ (B (1 =Us 1) + Ba (1 W5 =2 1)) ds

IN

K/UTE(H Ve - US ||2)ds+K><T(p3(P/3,Q)+e)

Using Gronwall’s Lemma, we obtain
E (sup | Ve —Us ||2) <7 (p2(P?,Q) +€) x KeXT = C7 (p2(P,Q) + ¢)
0,7

But, since Lo(W€) = PP = L(W), Proposition 2.9 yields that £(V¢) = PP. In the same way
we get L(U€) = @, and hence

p2(PP.Q) < E (ﬁ]u% vy —Ug H2> <Cr (p2(PP,Q) +e)

So we choose 79 > 0 such that Cmy < 1. Since e is arbitrary, we deduce that p,,(P?,Q) = 0,
and thus that the restrictions of P? and @ to ID,, are identical.
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We still have to iterate this result. If X is a process, we set X;* = X;,,,. Then for every n,
(V™ W™) (resp. (U™, Y™)) is a solution of the nonlinear S.D.E. with initial data VJ* = V,,,, (resp.
U§ = Uynsr,) and with Poisson measure N™ — N,,,,,. If we assume that V and U have the same law
on [0,n7p], then L(Vy") = L(Uf), and the first step of the proof shows that £(V"™) = L(U™) on
[0, 70]. Hence the laws of U and V are identical on [0, (n+1)79], and we can conclude recursively.

2.2 Some conservations for the solution of the nonlinear S.D.E.

In this short subsection, 2, N, and Vj € L?(Q2) are fixed. We consider a solution (V, W) of the
nonlinear S.D.E. with initial data V.

Proposition 2.13 The conservations of momentum and of kinetic energy hold : for every
t e 0,7,
EWV)=EWV) and  E(|Vi|?)=E (I [?)

Notice that the conservation of momentum does not hold in dimension 1.

Proof : in order to prove these equalities, it suffices to use the fact that the flow P, = L(V})
is a weak solution of (1.1) in the sense of Definition 2.1. Let us first consider the test function
d(v) = vy @ it is easy to check that

Hence for every s > 0,
(K§(v,0%), Py(dv)Py(dv*)) = 0

and we obtain [p2 v, P (dv) = [ v Po(dv). In the same way, [p2 vy Pi(dv) = [p2 vy Py(dv), and
the conservation of momentum is proved.

x y
s> 0, <K§(v,v*),P5(dv)Ps(dv*)> = 0, and we can conclude as above that the conservation of
kinetic energy holds.

Then we set ¢(v) = v2 -I-v; : since Kg’(v, v*) =1 (v*2 — v+ 03’52 - v2), it is clear that for every

We now deduce a usefull corollary :

Corollary 2.14 If L(Vy) is not a Dirac mass, then for every t € [0,T], L(V;) is not a Dirac
mass either.

Proof : let us assume that there exists t > 0 and X € IR? such that £(V;) = §x. Then

0 = E(IVi—X |?) =E(l Vi D+ 1| X P =2 (X, B(V))

= B(| Vo I+ 11 X I =2 (X, (Vo)) = E (|| Vo — X ||?)

which implies that V) = X a.s.

We now state a standard proposition :
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Proposition 2.15 If we assume that Vo admits moments of all orders, then for everyp > 1, V
is a ILh.-process, i.e. E (sup[O’T} | Vi ||p) < 00.

This is classical : it suffices to show that the Picard approximations of the definition 2.10 are in
fact Cauchy in LY., by using the Appendix (6.4).

3 Existence and smoothness of a weak solution.

We now want to study the existence and the smoothness of a density with respect to the Lebesgue
measure on IR? for the law of a solution of the nonlinear S.D.E. Indeed, if this density exists,
it will satisfy (1.1) in the sense of Definition 1.1. We thus will use the stochastic calculus of
variations (namely the Malliavin calculus). Bismut’s methods are here easier than Malliavin’s
original approach. The papers of Bichteler, Jacod [7] and of Bichteler, Gravereaux, Jacod [6]
explain the Malliavin calculus for diffusion processes with jumps in the case where the intensity
measure of the Poisson measure is the Lebesgue measure ; and although we cannot apply directly
their results, we will follow their methods. In [7], Bichteler and Jacod study the existence of a
density for these processes in dimension 1, and Bichteler Gravereaux and Jacod extend in [6] the
methods to the existence and the smoothness of this density in any finite dimension. This second
paper is very complete, but the assumptions that yield the existence of a density are too much
stringent, so that we have to use a mixed method to show the existence of a weak solution of (1.1).

First, let us state our assumptions.

Assumption (H) :

1. The initial data P, admits a moment of order 2, and is not a Dirac mass.
2. B = Bo + (1, where 3 is even and positive on [—m,7]\{0}, and there exists
ko
ko > 0, 6y €]0, [, and r €]1, 3[ such that Gy(6) = W]I[,goy(;o} (0).
We still assume [; 023(0)d6 < oc.

Assumption (5) :

1. All the moments of P, are finite.
2. The cross section 3 satisfies :
‘ sin 6

m\ Tgjcir/2,m) € Np>1LP(B(0)dO)

Then we state our main theorems.

Theorem 3.1 Under the assumption (H), the equation (1.1) admits a weak solution with initial
data Py in the sense of Definition 1.1.

Theorem 3.2 We assume (H) and (S), and we consider the weak solution f(t,v) of the equa-
tion (1.1) with initial data Py built in Theorem 3.1. Then for each t €]0,T| fized, f(t,.) is of
class C* on IR.
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Let us notice that Assumption (H)-1 is natural. Indeed, if Py is a Dirac mass at vy € IR?, then
all the particles have the initial velocity vy, and there cannot be any collision. Hence P, = Py
for all ¢ is a solution of (1.1) in the sense of Definition 2.1, and it is clear that in this case, P,
does not admit any density.

(H)-2 means that 3 sufficiently explodes at 0, and contains a regular part. We have chosen (3
according to a physical behaviour.

If the angle of a collision between two particles is 7, then these particles exchange their veloc-
ities, and this has no effect on the density f(¢,.). Thus if Py does not admit any density, and
if 5(0) is concentrated near , there cannot be any regularization property. Assumption (S)-2
means that § is very small near 7.

In [16], the analyst Desvillettes states a comparable theorem under the following assumptions
(here the initial data is a density of probability) :

Assumption (hl) : The cross section  is in Ly%.(]0,7[), and there exists By > 0, 81 > 0, and
v €]1, 3] such that :

Bolb]™7 < B(O) < Bil0] 7
Assumption (h2) : The initial data fo : IR?> — IR satisfies :

/119.,2 fo(v) (1 + vz + | lnfo(v)|) do < 0o

Theorem : Under (hl) and (h2), the Boltzmann equation (1.1) admits a weak solution f
satisfying, for every to >0, € >0 :

f € Lige (Ito, ool H'“(1R2)) N L35, (Tto, oo, H ™= ~(IR2))

Comparing this Theorem and Theorem 3.2 (see also Theorem 4.1 in nest section), we see how
the probabilistic approach is efficient.

Let us come back to our method.

Notation 3.3 In the whole section, Q2 and N are fized as in Section 2, and we assume at least
(H). We also consider on 2 a random variable Vi such that L(Vy) = Py, and a solution (V, W)
of the nonlinear S.D.E. with initial data Vy in the sense of Definition 2.6.

3.1 The techniques.

The Malliavin Calculus is based on the integration by parts settings (IBPS). Of course, the IBPS
needed for the existence of a density (which we will name weak IBPS) are less stringent than
the ones used for the smoothness of the density.

In the next definition, we follow [6] p 27, and we introduce the weak IBPSs. Recall that C7Z(IR?)
(resp. Cg(le)) is the set of C? functions on IR? of which all derivatives of order 0 to 2 are
bounded (resp. have at most a polynomial growth).
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Definition 3.4 Let ¢ be a random variable with values in IR?>. We will say that (0,7, D,?) is
an IBPS (resp. a weak IBPS) for ¢ if

1. o is a random variable with values in Ms(IR) (the set of the 2 x 2-matrices on IR).
2. v is a random variable with values in IR? such that v € Np<ooLP (resp. v € L?).

3. D is a linear space of random wvariables contained in Ny<ooLP (resp. L?), and is stable
under Cp (resp. C).

4. 6 = (01,02), where 0; is a linear map on D such that if n > 1, if F € Cg(lR") (resp.
C2(IR™)), and if = (1, .., bn) € D", then

§i(F o) = diF (1)di (1)
j=1

5. For every g € Cg(lR2) (resp. CE(IR?)), for every +h € D, for j = 1,2 the following equality
holds :

2
B (w zdz-gw)a“) = B (g()lon’ + ;) (3.1)
=1

We will use the following criteria :

Theorem 3.5 Let ¢ be a random variable with values in IR%. Assume that (0,7, D, ) is a weak
IBPS for ¢. If for each i,j € {1,2}, 0¥ is in D, and if det o # 0 a.s., then the law of ¢ admits
a density with respect to the Lebesque measure on IR?.

Theorem 3.6 Let ¢ be a random variable with values in IR?. We assume that (0,7, D,d) is an
IBPS for ¢, and we consider the following sets :

Co = {Uij,yi |i,j € {1,2}} and  Cnyy = Cp U{5; (1) | j € {1,2}, 9 € C,}

Then ¢ admits a density of class C™ with respect to the Lebesque measure on IR? provided for
alln >0, Cp, CD, and (deto)™" € Np<ooLP.

Theorem 3.6 is proved in Bichteler, Gravereaux, Jacod [6] p 33, and Theorem 3.5 is also proved
in [6] p 28 in the case where (0,7, D, ) is an IBPS for ¢. But it is easy to see that they use only
the fact (0,7, D,d) is a weak IBPS.

3.2 The perturbation.

The existence of the density for the law of a jump process is based on an accumulation of small
jumps. Recalling that 8 = [y + (61 and that [y explodes near 0, we will in fact be interested
only in Gy. Hence, we suppose that the Poisson measure IV splits into Ny + N1, where Ny and
N; are independent Poisson measures on [0,7] x [0, 1] x [—7, 7] with intensity measures

vo(dfdads) = By(0)dOdads 5 vi(dfdads) = (1(0)dOdads
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We will denote by Ny and N; the associated compensated measures. We also assume that our
probability space is the canonical one associated with the independent random elements Vj, Ny,
and Ny :

(Q.F AR}, P) = (2, F {F}, P) o (Q°, 7 {F}, P @ (2, F' {F},P') (3-2)
An element w € Q can be written w = (w',w", w!), where &' is a real number, and w° and w!
are integer valued measures on [0,7] x [0, 1] x [, 7].

Notation 3.7 Although No has its support in [0,T] x [0,1] x [—6p,60], we will still integrate
against Ny and Ny on [0,T] x [0,1] x [—m, 7|, even if the functions in the integrals are defined
only on [0,T] x [0,1] x [—6y, Op].

Let us briefly present the method we will use to build an I.B.P.S. for V;. We will first build a
perturbation, in order to obtain a new family of integer valued random measures Ng (for A € A,
where A is a neighbourhood of 0 in IR?). Of course, N must equal Ny. Then we will build a
family of probability measures P* = G}.P on €, such that £(Vp, Ng', N1|P*) = L(Vq, Ng, Ni|P).
This way, we will obtain a perturbed process V* satisfying £(V}P*) = L(V;|P), and thus
E(¢(VG}) = E(¢(V;)) for any borel bounded function ¢ on IR%. Then we will differentiate
this equality at A = 0 (if ¢ is regular enough), by using a L2-derivative of V;* and G}'. We will
obtain something like

E ((¢,(vi) ¢,(V0)).DVi) = —E(¢(Vi) DGy)
which looks like (3.1).

We now build the perturbation. Let p be a positive Cy([—6y,0y]) function satisfying :

pl6) < (ce—w"" ) A @ AM; p(0) el (p=0} = {-00,0,60)  (33)
where
y 1 1 r+1 -1 —|0|_’"' - 1
r'=—-(r—1)>0 ; c=—(r2""" sup |6 e >0 and M =-— (3.4)
8 4 0,00] g

In particular, we see that p € N,>1LP (5o (0)db).

We also need a predictable function v = (Z”) from Q x [0,T] x [—6q, 0] x [0,1] to IR?, such
y

that for every w,t, a, the map  — v(w, t,0,a) is of class C', and such that

I v(w,t,0,0) | V|| v'(w,t,0,0) |< p(6) (3.5)

/
where v/ = (Z",’“’) is the derivative of v with respect to 6. This function will be chosen at the
end of the section.
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We consider a neighbourhood A C B(0,1) of 0 in IR?>. For A\ € A, we define the following
perturbation :

YMw, t,0,0) =0 + (X, v(w, t,0,a)) = 0 + Ayvg(w, t,0, @) + Ayvy(w, t,0, o) (3.6)
If A is small enough (which we assume), we can check that for every A € A, for every w, t,
@, the map § — M w,t,0,a) is an increasing bijection from [—#, 8] into itself (by using

0" |< p < M and p(—b) = p(6o) = 0).
For A € A, we set N = yN(Np) : if A C [0,T] x [0,1] x [-m, 7] is a Borel set,
T rl1 pm
N} (w, A) = / / La(s,7(w, s,0, ), a)Ny(w, dddods)
0 0 J—m
We consider the shift S* defined (and entirely defined) by

Voo S w) =Vo(w), NyoSMw)=Nw), and NjoS*w)=Ni(w) (3.7)

We now look for a family of probability measures P* on Q satisfying P* o (S*)~! = P. To this
end, we consider the following predictable real valued function on Q x [0,T] x [—6y, 6] x [0,1]

50(7/\ (wa 2 9? a))

YMw,t,0,a) = (1+ A\)(w,t,0 A0l (w, t,0 :
(@,1,6,0) = (14 A (@316, 0) + Ayvf (w,,0,00) x S (3.8)
0 0
If p(0) = p(0) + 7"2’"“% + 7’27‘“,0(6')%, then
YAt 0,0) = 1] <[ A 4(6) (3.9)
Let us notice that 5 € Np>1 LP(By(0)df), and that thanks to our choices for ¢ and M, p < 3.
Then we consider the following square integrable Doléans-Dade martingale :
t rl pm ~
G =1+ / / G (YA(s,0,0) — 1) Ny(dOdads) (3.10)
0 JO J—m

Proposition 3.8 G} is strictly positive for every t € [0,T]. If P* is the probability measure
defined by P> = G%.P, then P o (8*)~! = P.

Proof : recall that if
t rl pm ~
M) :/ / / (Y (s,0, ) — 1) Ny (ddads)
0 JOo —m
then, (see Jacod, Shiryaev, [23], p 59),

G) = M (1 + AMYe 20
s<t

Since [Y(s,0,a) — 1] < 5(0) < 1/2 for |0] < 6y, the jumps of M* are greater than —1/2, and
G? is strictly positive.



134 CHAPITRE 4 : REGULARITY FOR A 2D BOLTZMANN EQUATION

In order to prove the equality between the probability measures, recall the definition of the
shift S* : we just have to show that L(NQ|P*) = L(Ny|P), L(N;{|P*) = L(N{|P), and
L(Vo|PY) = L(Vo| P).

Using the Girsanov Theorem (see the Appendix 6.5-1), with P*|z, = G}.P|,, and noticing that

G)\
A4P®M)<6§4MG*>M

75>::YA
we see that the compensator of Ny under P* is Y*.1q. Hence, the compensator of N6\ under P
is Y*(Y*.1p). But Y has been chosen such that y*(Y*.1g) = 19 : let A be a Borel subset of
[0,T] x [—m, ] x [0,1]. Then,

PO ) (A) = [[[ 11,7 0,6.0). )Y (1.6, 000 (6)dbdac
Let us subsitute ' = y*(t, 6, ), which implies 5y(8")d0' = Y (t,0, ) x By(0)df. We obtain

PO ) (A) = [[] 46,8, 0)50(0")d0'dadt = vo(1)

Hence, using the Appendix (6.5-2), L(Ng|P*) = L(No|P).

Since Ny and Ny are independent, they do never jump at the same time a.s. Thus, one can
check that
ﬁ>:1

and we can conclude that £L(N;|P*) = L(Ny|P) as above.

N
Mpgn, ( ey Liox S0y

At last, since Vj is Fy-measurable, it is easy to check that for every ¢ € Cy(IR?), EMN¢(Vp)) =
E(¢(Vy)), and we finally obtain £(Vp|P*) = L(V,|P).

We now introduce the following derivatives :

Definition 3.9 Recall that A is a neighbourhood of 0 in IR

1. Let {X*}xen be a family of real valued LP random variables, for some p > 2. We will say
xT
that X* is LP-differentiable at A = 0 if there exists a derivative DX = (ggﬁ) erLr
such that, when A\ goes to 0,

P
E(|x* = x° =, px)[") =o(| A7)
2. Let {X*}xea be a family of IR? valued LP random variables, for some p > 2. We will say

T YV Y YT
that X* is LP-differentiable at X\ = 0 if there exists a derivative DX = <gI§y gy§y> €
LP such that, when X goes to 0,

E(| X*= X"~ DXX|P) =o(| A"
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3. We denote by D (resp. D) the set of the real valued random wvariables X such that
XA = X o 8§* is L%-differentiable (resp. LP-differentiable for every p < oo) at 0, and by
Dy (resp. Dg°) its restriction to the set of the Fy-measurable random variables.

4. Let now {Y }xea be a family of real valued ILY.-processes, for some p > 2. We will say

T

that Y is LP-differentiable at X\ = 0 if there exists a ILY.-process DY, = (lD)y;?) such
t

that :

E (Sup Y ~Y — (A, DYy) |p> =o(I A7)
(0,77]

3.3 The perturbed equation.

We now describe the process Vt)‘ =V, 0 S*. The a-process W behaves here as a parameter.

Proposition 3.10 The perturbed process V> satisfies the following equation under P (i.e. Ny =
Ng - 7/0) N

vy = Vo—é/[]t/[]l(vs’\—Ws(a))dads (3.11)

* /ot /01 /7; A(G)(VS/\_ - WS—(a))N1 (dfdads)
+/0t/01 /_7; AV (5,0,0)) (VD — Wo_(a)) Ny (dOdads)

t rl pm
[ 07 6,0,0) = DAGA 5,0, (V= We (0))Bo(0)d0dads
0J0 J—m
Proof : we work here under P. The direct expression of V* is given by

vy = W —g/ot/Ol(VsA—Ws(a))dads-l-/Ot/Ol j AB) (V) — W, (a))Ny(ddads)

t 1 T
+/0 /0 L A(G)(VS)\— - Ws,(a))(Né\ — vp)(dfdads)

But the last term is equal to

/Ot /01 ’;A(vk(s,e,a))(vg_ — W,_(a))No(dfdads)

t 1w
T A0 W@ 7 o s
Since vy —y* (vp) = Y (Yovg) =y () = Y (Y —1).14) (see Proposition 3.8), the proof is finished.

Since we will study V* as a solution of (3.11), (we have no other information), we may need the
following proposition :
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Proposition 3.11 For every A € A, the equation (3.11) admits one and only one solution
VA € LZ. If furthermore Py = L(Vy) admits moments of all orders, then V* € LY. for every
p < oo.

Proof : let us prove the uniqueness. Let A be fixed, and let U and U’ be two IL% solutions of
(3.11). Then

b rt
v -vr = =5 [ wr-ugas

1 t 1 s .
b [ [ [~ U eost — 1) — U2~ U ) sin] Ny (dddads)
0o Jo J-x

T 0 - v o - 1)

—(UY. ~ UL ) siny(s,0,0)| No(dbdods)

_% /ot /01 /Z(Y)‘(S,O,a) —1) [(Uﬁ —U? )(cosy(s,0,a) — 1)

(U™ —UY )siny>(s, 0, a)] Bo(0)dodads
Let us notice that :
lcosB— 1/ < 0% [sinf] < |03 |cos v (5,6,0) — 1| < [7*(56, ) < (6] + p(6))? ;
and  [siny (s, 0, 0)] < Iy(s,0,0)] < (16] + p(0))
and that all these upperbounds are in N,>2LP(5(0)df). Furthermore,

[(YA(s,0, @) = 1) (cos YA (5,0, ) = D) <|| A || 5(O)(|6] + p(9))?

[(YA(s,0,0) — 1) siny?(s,0, )| <|| X || 5(6)(10] + p(9)) (3.12)

and these upperbounds are in Ny>1LP(B(6)df). Hence, using the Appendix (6.4) for p = 2, we
obtain

B (sple vz ) < [ U~ 0) + 2 (U2 - 2P)

The same computation holds for (UY — UY), and we finally get :
t
Elswp | vi-0, ) <& [ E(I00 -0, |7)ds
[0,¢] 0

This yields the uniqueness of a L% solution by Gronwall’s lemma. Furthermore, it is classical
to prove the existence of a E% (resp. E%) solution if Py admits a moment of order 2 (resp. of
order p), by using a Picard iteration and the same computation as above.
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3.4 An integration by parts setting for V.

We begin with an obvious remark :

Remark 3.12 For every w, s, 0, a, the function A\ — YNw, 5,0, a) is twice differentiable, and

¥ (5,0,0) = v 5,0, L)

+ 14 Aat (5,0, @) + My (5,0, 0)] UI(S,O,Q)W
aaj% (5,0,0) = 2u;(s,9,a)vx(s,9,a)%(£,a))

- [1 4 A5, 0, 0) + Ay (5,6,0)] x v2(s,6, a)W
aAfj;AyW(s,o,oz) = [1(5,0, @)vy (5,0, 0) + v} (5,0, 0)vs (5,0, )] %@?70‘))

1 A
+P+M%@&®+&%@ﬁﬂﬂXw@a@%wawiﬂf%#m
0

Now we can differentiate G*.

Proposition 3.13 The family {G*} is L? differentiable for every p < oo, and has the following
derivative

t 1 T ~
D*G, / / ai (s 0,04)‘/\_0N0(d9dads)
DG, = o -

DYG, // / —Y’\ (5,0 a)‘)\ZOZ\N/'O(dOdads) 1)

Proof : let p =29, with ¢ € IN*. We first notice, by using the Appendix (6.4) and since

I —YA(S 0 a)‘/\ < K |(99|) € Ng>1L4(Bo(0)d0)

that supgy 71 [| DGy || is in LP. On the other hand, it is easy to show that

sup E | sup |G}P | < oo
A [0,7]

by using Gronwall’s Lemma. Then, using the Appendix (6.4), since |[Y* — 1| <|| A || 4, and since
p € Np>1LP(Bo(0)dh), one can show that

E <Sup|G?— 1|”> S KA
[0,T]
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We now split U} = G — 1 — (\, DG) into :
t rl pm 0
U} = / / / G) <Y)‘(s,0,oz) —1- <)\, —Y*s,0,a)
0Jo Jom oA

_|_/0t/01/_7; (Gi‘,—l) <)\, %Y)‘(S,O,a)

H>> No(dfdads)

> No(dfdads)
A=0

But, using Remark 3.12 and the fact that [y*(s, 0, )| > |%|, we see that
‘YA(S 0 a)—1—<>\ 9y 75,0, 0) >‘ < KNP xsup | Lv(s.6.0) |
7 7 7 aA ? ? )\:0 — Ap 8A2 7 7
2 0)
< KA A
Furthermore,
9 p(0)
A, =Y (s,0 <KX x5
[ A N ES J FY L -
Hence, since (0) and pl0) are in Ny>1LP(By(€)dP), and by using the Appendix (6.4), we
) 0] 0] p>1 0 ) y g pp ),
obtain :
E ) < kAP [ E(@P) ds+ kAP [ B(E - 1P)d
[Souj%|t| < KA [ EGF ) ds+ KL AP [ E(GE —117) ds
< K| AP=o(lX]P)

This means that G} is L differentiable at A = 0. Of course, this holds in fact for every p > 1.

We also have to differentiate V*. Let us begin with a lemma.

Lemma 3.14 Let V* be the solution of E()\). There exists K > 0 such that
up E (sup % ||2> <K and B (sup 1V -V, rP) <K AR
€A \s<T s<T

If furthermore Py = L(Vy) admits moments of all orders, this holds also in LP for every p < oo.

Proof : since Vy € L2, and since W is a IL%-a-process, one can easily check that
t
B (sup |V IF) <K +C [ B(1V)?) ds
s<T 0

where K and C are some constants. Gronwall’s Lemma yields the first inequality. The second
inequality is less obvious. Let us split V)" — V/* :

%% —sz—i/(VsA —VZ)ds
0
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2/// cos6‘—1 (VAT —vZ) —sing(V2 Y — Vy)]Nl(deads)

—I—% /Ot /01 /_7; [(cos6' — cos (5,0, a))WZ (a) — (sinf — Sin’)’)‘(S,H,a))Wsy_(a)]

No(d8dads)
2/ / / [(cos 6 — 1)V = V) —sin(VX Y — V)] No(dbdads)
t ™ ~
-I-% / / / [(cos YA (5,0, ) — cos O) VAT — (siny?(s,0,a) — sinH)Vs)‘_y] Ny (dOdads)
0J0 J—m

+% /Ot /01 /Z(Yk(s,e,oz) —-1) {(COs»y/\(s,g,a) — D)W (@) — siny (s, 0, Q) W (a)]

Bo(0)dodads

t 1 T
s [ 070,00 = 1) [(eos2(s,0,0) = VAT —sina (5,0, 00V
0o Jo J-nx

Bo (0)dfdads
Let us notice that cos — 1 and sinf are in Ny>oLP(3(0)d#), that

|cos 0 — cos (5,0, 0)| < [7*(s,0,0) =0 <[ X | p(0) 5 |sind —siny(s,0,0)] <I| A || p(6)
(3.14)
Using these inequalities, (3.12), and the fact that W is a L%—a—process, using the first part of
the lemma, and Doob’s and Cauchy-Schwarz’s inequalities, we get

<wmv —w:)<c/ (IV2 = Vi ) ds+ K | AP
[0,2]

The same computation holds for Vt)‘y — VY, and we finaly obtain :

t
EGWHW—WW>30/E@%MWN%%+KHMP
[0,4] 0

Gronwall’s Lemma yields the conclusion.
If p = 29, one can use the same computation, using the Appendix (6.4) instead of Doob’s in-
equality. Of course, the result remains true for any p < oco.

Notation 3.15 We will denote in the sequel <$1> (y1 y2) = (3:12;1 $1y2>.
Z2 T2Y1  T2Y2
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Theorem 3.16 The family {V*} is L?-differentiable at X = 0, and its derivative DV =
(DIV"” Dvy=

DYy DyVy> satisfies the equation :

b t t rl pw ~
— _5/ DVsds-I-/ / / A(0)DV;_N(dfdads)
0 0 Jo -

+/ // A'(0) (Ve — Wo_(a))v" (5,0, ) No(dOdouds)

T
/// A(0) (Vs = Wi () ((v(s,-,G)ﬁo(-))’(a)) dodads  (3.15)

This means that E (SuPng | V} = Vs — DV, A HQ) =o(|| X ||?). If furthermore Py has moments
of all orders, then V is LP-differentiable for every p < oco.

Proof : We set Z} = V) — V; — DV;.\. Then
ZN =V VT = \DVE = \DYVE = a)} + ... + g}
where :

b t = 1 t rl pmw =z "
—2 | Z2ds+ < / / / [(coso— 1)Z> —sinozg,y] N (dfdads)
2 Jo 2Jo Jo J=

1t rpl gpm
b = 5/0 /0 /7 {Vs)‘,x (cos (3,0, @) — cos 9) +sin V" (A\zvg(s,0,a) + Ayvy(s,ﬁ,a))]
No(ddads)

1 t 1 m
__/0 / /77r [Vs/\—y [Sin'Y/\(S,H,Ol) - sinﬁ] —cos VY (Apvz(s,0, ) + Ayvy(S,H,oz))]

No(ddads)

1 t pl pm
d) = —5/0 /0 /4 Wi [cosq/)‘(s,ﬁ,a) —cosf +sinf (A\vz(s, 0, ) + )\yvy(s,e,a))]
No(ddads)

1 t 1 s
= 5/ / / Wy {sinvk(s,e,a) —sinf — cos 0 (A\vz(s,0,a) + )\yvy(s,g,a))]
0 -7
No(dfdads)

1 ™
_% /Utfo [V (o5 (5,0,0) = 1)V (5,0, 0) = 1) (6)
—V7Z (cosf — 1) (>\x [vz(s,.,0) B0 ()] (0) + Ay [y (s, -, ) Bo ()] (9)> }dedads

/ / / V/\ Ysiny? (s, 0, a) (Y (s,0,a) — 1)5y(0)
— VY sing (Ax V2 (55, @)Bo ()] (0) + Ay [0y (s, -, ) Bo ()] (9)) ]dodads
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We upperbound these expressions one by one. First, it is easy to see that

E(sup ><o/ (I 2 1)
0

Let us show that E (sup[o’t](bg)Q) < C || M|[*. To this end, we split b* into

t - )
- % / / / (cosy*(s,0, ) — cos 9)(VSA,I — V& )Ny(dOdada)
0o Jo J-x

2///_7T | % cosq/ (s,0,a) —cosB +sinf (A, vz(sﬁa)-l-)\vy(sea)))

No(d8dads)
The first expression makes no problem, thanks to Lemma 3.14 and since
(c0s 7 (5,0, @) — cos 0)% <|| A |12 p*(0)
The second one is also easy, because
|cos ¥ (s, 0, @) — cos O + sin @ (A\yvz(s, 0, @) + \yvy(s,0,a)) |
= | cosy (s, 0, a) — cos @ — cos'(0) (*y)‘(s, 0,a) — 0)) |

<J| c0s” 0 [|oo X[ (5,6, 0) — 02 < A |I? p2(0)

Hence we have upperbounded b*, and the same computation works for ¢*, and are easier for d*
A
and e”.

Now we study ¢*

1 t 1 T
i = =5 | [ ] s, 60,00 = DR V) o(0)dbdads
0 JO -

_% /ot/ol /_7; [siny(s,0,0) (Y (s,0,0) — 1)

a [1(5,5 DB O] (6) + Xy oy s, @) o O] (0
50(9)y ’ ]‘/;Ziﬁo(G)deads

—sinf x

1
= _EA?_

1
3B

Thanks to Cauchy-Schwarz’s inequality,

E (sup(A)‘ ) < E / / / (Y2(s,0, ) — 1)28y(0)dOdads

[0,¢]

t 1 T
x/ / / sin® 7 (s,0,0) (VA — V2 ) Bo(0)dbdods] < K | A |
0 JO —T
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where the last inequality is due to Lemma 3.14, equation (3.9) and the following one :

62 € LL(By(0)d9)

o

sin® y*(s, 0, ) < (v*(s,0,a))? <

In order to upperbound B*, we consider the map fsg0(A) = (Y*(s,0,a) — 1)siny*(s,0, a).
Since YO — 1 =0,

B/\ / / / [fs0a fs0a( )_Ax%fsﬂ,a( ) yaA fsoa( )] Vsy_ﬁg(g)dgdaxds

Hence, if we show that there exists z € L'(8y(6)df) satisfying

82 2 2
—fs,é‘,a()\)
Ry

IO, < 2(0)

-I—sup fsﬂa( )

Sup B—A%fs,a,a(k) + sup

we will have, thanks to Cauchy Schwarz’s inequality and since V is a IL%-process,

E<sup(33)2> <[ A" and hence E(sup(g§>2> <A
[0,¢] [0,¢]

Let us prove the existence of z :

0? 0?
a—)\%fs,ﬂ,a(k) a)\%

(s,0,a) x siny*(s, 0, a)

9 M s,0,0) x cos7 (5,0, )

0
+2 o

a)\IY)‘(s,H,oz) X

2
—(Y)\(S,G,OZ) - ]') X (ai ’YA(S,G,(X)) X siny/\(s,e,a)

Since
VA (5,0, )] <101 +p(0) 5 [Y(s,0,0) — 1] < 5(6)
9_ A
537 (5:0.0)| < Jos(s.0.0)] < p(6)
ﬂO(’YA(SvevO‘)) B[I](fy/\(svova)) .
. ] < s |25 ‘* A () H |
o2 20 [|Bo (7 (5,0, ) 0(1* (5,0, )
and N2 (s,0,a)| < Kp*(0) [ Bo(0) ‘-I- Go(0) H
we see that
0 185 (1 (5,0, )| + 1By (7} (5,0, )| + B0 (7 (5,0, )]
‘Wfsea( ) gK,ﬂ(@)[ 2 ! 50 0 —I—p(9)]
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ko e
Recalling that (5y(0) = |9|T]I|9‘<90, that 0]/2 < |y*(s, 0, a)| < 3|8]/2, and that p(6) < ce— 101" ,
we obtain )
2, 6
sup | 2 Feoa| < K2 € L1 (o))

The other derivatives can be studied in the same way, and Bg\, (and hence gg\) is upperbounded.
One can prove the same result for f*, and we finally get, (after the same computation for Zt)‘y) :

t
E (sup |z ||2) <KIA+C [ B(12))7)ds
[0,t] 0

Gronwall’s Lemma, yields the result.
If all the moments of V; are finite, the same computation works in LP for each p < oo, by using
the Appendix (6.4).

We can now state an IBPS for V;.

Proposition 3.17 Lett > 0. If X € D, (or if X € Dy°, cf Definition 3.9-3.), we set 6;(X) =
—DX. Under (H), (DVi,—DG¢, Dy, 6;) is a weak IBPS for Vi. Under (H) and (S5),
(DVy, —DGy,Dg°, &) is an IBPS for V.

Proof : let us for example assume (H) and (S) and prove the second claim. DV; is of course a
My (IR) valued random variable. Using Proposition 3.13, — DG, is a IR? valued random variable
which is in N, LP. Dy is a linear space, and it is classical to show that if X1, ..., X, are in Dy,
and if F € Cg(an), then F(Xy,...,X,) € Dg°, its derivative is given by :

DF(X17' 7 ZBZE X17 B )DXZ
i

It remains to prove that if f € Cg(lR2), and if X € D°, then E(D;) = 0, where
Dy =DXf(V))+ X (f1(Vi) f,(V)) DVi+ X f(V))DG; (3.16)
By using the facts that V; € NLP and f € Cg(lRQ), it is standard and natural to show that
E (| X (VNG = X (Vi) = (A, Di)|) = o( A )

Hence,
B (X (V)GD) — B (XF (Vi) = (A E(D))] = ofl| )

But, since X*f(V;}) = X f(V;) o S* and since P* o (S*)~! = P, we deduce that
E (X (VNGY) = B (X (V)

Hence |(X, E(Dy))| = o(]| A ||), and E(Dy) = 0, which was our aim.
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3.5 The choice of v and an explicit computation of DV'.

In order to apply Theorems 3.5 and 3.6, we have to study the inversibility of DV;. We will use
the Doléans-Dade martingales, in order to obtain a suitable expression of DV;. Then we will
choose v, which is really more difficult in dimension 2 than in dimension 1. Only a good choice
of v will allow DV} to admit moments of all orders (see Theorem 3.28) : v must be ”large” (this
way, DV; will be invertible) but also ”small” (in particular, we need || v ||< p).

We denote by I the unit matrix on IR2.

Lemma 3.18 One can rewrite the S.D.E. (3.15) in the following way :

t
DV, :/ dK,.DVs_ + Ly
0

t rl pm -
where K; = / / / A(O)N (dfdads) — gtl
0 JO J—m

t rl pm

and L; = / / A'(0)(Vee — W,_(a))vT (5,6, ) No(dfdads).
0J0 J—7

Proof : it suffices to prove that

t rl pm -
- /0 /0 AOVs = Wy () ([o(s, )] (0)) dodads

- /Ot/ol _7; A (0) (Vo — We_(a))v? (5,0, @) Bo(0)dOdads

This can be shown by using a (standard) integration by parts formula in the variable 6, and by
noticing that
VYw, s, a v(w, s, —0y, a) = v(w, s,0,a) = v(w,s, by, a) =0

Now we can write DV in an explicit form.

Proposition 3.19 Let M be the following Doléans-Dade martingale, taking its values in Mo (IR) :
t

M, = / dKs. Mg + 1T (3.17)
0

For all t, (I + AK}) is a.s. invertible. We thus know (see Jacod, [22]) that for all s, Ms and
M,_ are also a.s. invertible, and that DV, = M;H; where

t
o = /M;_I(I+AKS_)_1dL5
0

= /Ot/ol /_W M__l(I—i— A(G))*IA/(Q)(VS_ — WS—(Q))UT(S,G,a)No(dOdads)

The only claim we need to show here is that for every ¢, (I + AK}) is a.s. invertible. To this
end, let us write our Poisson measure as

N = Z ]ID(8)5(5,95,a5)
s€[0,T
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This way, we see that I + AK; = I + A(0s)1Ip(s) is invertible except if 05 € {—m, 7}, which
never happens a.s.

We now choose v. First we need a positive Cp° function 6 on [—6y, 6] such that (C' >0 is a
constant) :
—2r'
SO+ 15O <p0) :  {(5=0}={-00.0.60} : () Lce ¥ (3.18)
We will also use a function on IR? x (Ma(IR)) x [—0p, 0] with values in IR? :
g(z,,0) = (A'(0)z)" (I + A@) ™) (y™")"

We consider the C* function h(z) = (14 || z ||2)71 from IR? to ]0,1]. At last, we will use a
function £ from My (IR) to [0, 1], such that k(y) = 0 if and only if det y = 0, and such that the
map

(y )7k(y) if dety#0
y —>
0 if dety=0

is Cp° from My (IR) to itself.

Then, the function on IR? x M3 (IR) x [y, ] with values in IR? defined by

9(z.y,0) = glz,y,0)h (A'(0)z) k(T + A(0)) k(y)

102\
= % < k(T +A@®) ((T+A0) ) x k)™

is of class C;°. We now set
A(z,y,0) = g(z,y,0)d(0)

This function is of class C}°, and satisfies, for every integers a,b,c,d,1,j, k,[ :
, k
8(0)
e L 7( (Z,) ) z
21 \[(690)

Definition 3.20 We set v(s,0,a) = A (Vi — Ws_(a), Ms_,0). (This function satisfies the
assumptions of the subsection 3.2).

aa—i—b—l—c
sup

— A
zy |0T20ybOO° d0

(z,y,0)

3.6 Higher derivatives.

In order to apply Theorems 3.5 and 3.6, we have either to differentiate DV (under (H)) or to
differentiate infinitely DV and DG (under (H) and (S)). To this end, we first notice that M,
satisfies a quite similar (but easier) equation than V;. Hence, since the initial condition My = I
is deterministic, M* = M o S* is LP-differentiable at 0 for every p < co. Let us compute
v w, 5,0, a) = v(8*(w), s,0,a) : with the notations of the Definition 3.20,

v (s,0,0) = AV — W, (a), M} ,0)

S
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By using the expression of DV in Lemma 3.18, we can write DV* = DV o S as

t t prl pm .
DV} = —S/DVS’\ds—F/ // A(0) DV Ny (dOdods)
0 0 JO -
t 1 T ~
+ / / A(y(s,0,0)) DV No(dfdads)
0 JO -
t 1 s
—/// (Y2 (5,0, ) — 1)A(y (5,0, 0)) DV By(0)dOdads
0 Jo -

+/0t /01 7; A'(Y(s5,0,0)) (V= Wi_(a)) (v)‘(s,fy/\(s,e,a),oz))TNg(dOdozds)

One can show that under (H), the family DV* is L2-differentiable at 0, by using the properties
of v.

Assume now (H) and (5), and set Xy = (DV;, My, DGy, V;). Then X satisfies a S.D.E. with
initial condition Xy = (0,1,0,Vp). Using the properties of v, one can show that X* = X o0 §* is
L? differentiable at 0 for every p < oo, with DX; = (D*X;, DYX;). Hence, DV; o S*, M; o S*
and DGy o S are LP differentiable at 0 for every p < co.

Finally, we can iterate this method for Y; = (DX}, X;), and so on. We may state the following
theorem :

Theorem 3.21 Under (H), the derivative DV} is in Dy for every t € [0,T]. Under (H) and
(S), V and G are infinitely LP differentiable for every p < oo.

The first conditions of Theorems 3.5 and 3.6 are thus satisfied, and we still have to study the
inversibility of DV;.

3.7 Existence of a weak solution.

The following remark shows the way to prove that DV, = M;.H; is invertible. We already know
from Proposition 3.19 that M, is a.s. invertible for every ¢ € [0,T].

Remark 3.22 We consider the following symmetric nonnegative matriz :
T
T(z,0) = (I + A(0)) " (A'(0)z)(A'(0)2)" (I + A0)) ")
Then we set

Ry = /t/1 4 DV =W, (@),0) x h (A'(0)(Vs — W, () X k(I + A(0)) x k(M)
0Jo J—m

d(0) Ny (dOdads)

This matriz is also symmetric, nonnegative, and is increasing for the strong order (on the set
of symmetric nonnegative matrices : for every s < t, Ry — Ry is nonnegative). Furthermore, we
now can write H as

H, = /Ot M ar, (M)
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Hence, in order to show that H; (and hence DV;) is a.s. invertible, it suffices to prove that a.s.,
Ry — Ry is invertible for every 0 < s < t <T. At last, since the real valued expression in Ry is al-
ways in |0, 1], it suffices in fact to show that a.s., Ry— Ry is invertible for all0 < s <t < T, where

B t rl pm
R, — /0 /0 [T (Vie = We(@),0)6(6) No(dbdads)

Theorem 3.23 Let t €]0,T). Under (H), DV} is a.s. invertible.

Proof : recall that it suffices to show that a.s., for all 0 < s < t < T, Ry — R, is invertible. We
break the proof in several steps.

Step 1 : If Y is a (random) vector of IR? not equal to 0 an easy computation shows that for

0 €| —m, x|,

sin 0

T ey VeV = W (@) + Y, (VL ~ W ()]

VIV, =W, (a),0)Y = {

2
+ [~V (VL - WE(0) + Va(VE - WE(a)]}  (3.19)
Let us fix w, s, and «a. It is easy to see that if Vi_(w) # W,_(«), then

| o1t v - @y 1m0} @ =

Step 2 : Let s > 0 be fixed, and let ¥ be a (random) unit vector in IR? that is F,-measurable.
The aim of this step is to show that a.s. V¢ > s, YT(R; — Rs)Y > 0. To this end, we consider
the following stopping time :

7(V) = inf{t>s [YT(R — R)Y >0}

t rl pm
= inf{t > 8 // / Ty (r,0, ) No(dfdads) > 0}
0 JO J—m

B(Y)z{(r,O,oz)/r>s and YTT(V,_ —W,_ (a),H)Y>0}

where

(recall that R, is "increasing”). It thus suffices to check that 7(Y) = s a.s. By assumption,
L(Vp) is not a Dirac mass. By Lemma 2.14, for every ¢ > 0, L(V;) = L,(W}) is not a Dirac mass
either. This implies that for every r > 0, for every w,

1
/0 L, _(@#vi-@pydor = Po(Wr— # Vo (w)) > 0

Since ["_3y(0)df = oo, and thanks to the first step, for all w, for all r > s,

1 T
/0 /_ Tp(y (W) (1,0, @) Bo(0)dOda

1 T
> /0 /4 Liw, (a)2v,_ ) 1By () (1, 8, @) Bo(0)dfda = oo
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Consequently, except if 7(Y (w)) =

/ / / Ty (w)) (1: 0, @) Bo(0)dOdadr = oo

But a.s., by definition of 7(Y),

(YY) pl pm
/ / / Iy (r,0, ) No(dfdadr) <1
0 0 J—m

Taking the expectations, we obtain

T(Y) p1 pm
E (/ / Ty (r, 0, @) o (0)d0dozd7"> <1
0 0 J—m

T(Y) pl pm
/ / Ty (r, 0, a)Bo(0)d0dads < oo a.s.
0 0 J—m

and thus 7(Y') = s a.s., which was our aim.

Hence,

Step 3 : We now show that if s > 0 is fixed, then a.s., for all ¢ > s, R; — R, is invertible. We
set Kery = K er(Rt — Rs). For each random unit vector Y in ZRQ, that is Fg-measurable, we
know that a.s., for all ¢ > s, Y ¢ Ker;. Hence, since Ker; increases when ¢ decreases, we obtain
Y ¢ Kersy = U;ssKer; a.s. Since Kerg, is Fg-measurable, and since this is true for every unit
vector Fs-measurable, we deduce that Kers; = {0}, and the step 3 is finished.

Step 4 : We just have to get a "better a.s.”. First,
a.s. foralls<t with s,t€[0,T]N@® R;— Ry is invertible

Since Ry is increasing, it is easy to drop the N @”, and the theorem follows.

Proof of Theorem 3.1 : it is immediate, thanks to Theorems 3.23 and 3.21, Proposition 3.17,
Theorem 3.5, and Remarks 2.7, 2.4, and 2.2.

3.8 Smoothness of the weak solution.

We now have to study the inverse moments of DV;’s determinant. We use the notations of
the previous subsection. Recall that DV, = M;.H;, where M; is the following Doléans-Dade
martingale :

b rt t rl pm _
M,=T— 5/ Msds-i-/ / / A(6)M, N (dbdads)
0 0Jo J-n
The expression of H is given by

Hy = / / _WM T(Vee — W (), 0) (M) ¢(Vee — We— (), Ms—, 0)6(0) No(dOdouds)

where, for z € IR? and y € Ms(IR),
D(z,0) = (I+ A(0)) ! x (4 (0)z) x (A'(0)z)T x (I + A) HT
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and
((z,y,0) = h(A"(0)z) x k(I + A(6)) x k(y)

where h and k are defined in Subsection 3.5.

We first study the inverse moments of M;.

Theorem 3.24 Assume (H) and (S). For every t > 0, (det M;)~' admits moments of all
orders.

Proof : we will prove that under (S5)-2,

M= I+2/ Mo 1ds—// [ M1+ A(0))7 A(B) N (d6dods)

t 1 T
[ M2 ae+ aw)  a@)p0)dbdads (3.20)

A simple computation shows that :

o= 20 ()

and

AB)(I + A(6)) ' A(0) = - —*? (—sino 1_(;059)

2cosf+1 \cosf—1 —sinf
Thanks to Assumption (S5)-2, and since [ ?3(0)df < oo, one can check that

sin?@ + |sin@(1 — cos )|
1+ cosf

| sin 0|

T+ oosh © Np>2LP(B(0)dO)

€ Mp>1 L7 (B(6)db)

Hence it is clear that Mt_1 (and thus its determinant) is well defined and admits moments of all
orders (this S.D.E. is classical, and the initial data I is deterministic).

In order to check (3.20), we apply the It6 formula to the product M. M, ", ! where M s defined
by (3.20)

M. M;' = MMy +/ M,_.dM, +/ dM,. M+ AM AM!

s<t

= I+/Ot/01 /_W [A(H)Ms_.MS_ — My_. M. (I+A(0))*1A(9)] N(d@dads)
[ v M AW+ A0 @) ndods

/ / " “L(T + A(6))"" A(6) N (dbdads)

But I is also a solution of this S.D.E. Indeed,

/// I+A(9))‘1A(0)]N(d0dads)
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t rl pm
+ /0 /0 /_ AT+ A(8) 7 AO)(6)dbdds
_/Ot/ol /7r AO)(I + A(0)) "L A(0)N (dfdads)

- /Ot/01 /jr {A(O) — (I +A(0))tA(0) —A(G)(I+A(9))*1A(9)] N(dfdads) = 0
and the proof is finished.

It is more difficult to prove that H; admits moments of all orders. In fact, we will only
study the case where E(V)) = 0 by using the Malliavin Calculus. The generalization (see the
final proof of this section) will then follow from the uniqueness in law for the nonlinear S.D.E.
We begin with a lemma.

Lemma 3.25 The map (t,Y) — L((V},Y)) is weakly continuous on
0,T]x{Y e R?| ||Y ||=1}.

Proof : it classically suffices to consider Cb2 functions. Let ¢ be a Cg function on IR, let t € [0, 7],
and let || Y ||= 1. We will show that if (,,Y,) goes to (¢,Y), then

Ap=E@({V.Y)) = ((Vin, Ya)))

goes to 0. To this end, we set 1y (v) = ¢((v,Y)), which is a C? function on IR?. Using the fact
that the flow £(V}) is a solution of (1.1) in the sense of Definition 2.1, we obtain :

A, = E(zpy(Vg)—q/)yn(%))—l—/OtnE[Ea (K5 (Vi W) ] du

+ /t: E [Ea (KBY(VU,WU))} du

= An+Bn+Cn

Since v is globally Lipschitz and since Vj is in L?, it is clear that A, goes to 0. On the other
hand, a simple computation shows that for every ¢ € CbZ(ZRQ), for every v, v* € IR?,

[KG (0,0 < C UG oo X |0 = 0" [P +C (| ¢ oo x [ v =" |

Using the Lebesgue Theorem, the fact that V and W are E%—processes, we easily prove that B,
and C,, go to 0.

We now state a second lemma.

Lemma 3.26 Assume (H), (S), and E(Vy) =0. Let to > 0 be fized. There exist n >0, ¢ > 0,
and &€ > 0 (depending on to) such that for every t € [to, T), for every X € IR%, for every unit
vector Y € IR?,

Po (Wi = X, Y)Y >0, | W |2< &) > q (3.21)
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Proof : since supp p || Wi || is in M, LP, it suffices to show that there exists n > 0, ¢ > 0 such
that for every t € [to, T], for every X € IR?, for every Y € IR? such that | Y ||= 1,

Py (W= X,Y)* > 1) >2q

In order to check this claim, notice (by using Bienaymé Tchebichev’s inequality) that there ex-
ists &€ > 0 such that for every ¢, Py (|| Wy ||?°< €) > 1—q. We now break the proof in several steps :

Step1l : Let ¢ > tp and || Y ||= 1 be fixed. Thanks to the previous section, the law of
W, admits a density on IR?, and hence the law of (W, Y) admits a density with respect to
the Lebesgue measure on IR. By Proposition 2.13 and since E(Vj) = 0, we also know that
E,(W;) = E,(Wp) = 0, and hence E,((W;,Y)) = 0. Tt is then easy to show that there exists
n(t,Y) > 0 and ¢(¢,Y) > 0 such that

P, <(Wt,Y> > Mn(t,Y)) > 2(tY) and P, <(Wt,Y> <— n(t,Y)) > 2(t, V)

Step 2 : Using Lemma 3.25, Portemanteau’s Theorem, and the step 1, it is classical to show
that for every ¢ in [tg, T, for every || Y ||= 1, there exists a neighbourhood V(¢,Y") of (¢,Y) such
that for every (#,Y') € V(¢,Y),

P, <<Wt/,Y’> S Mn(t,Y)) > 2(6,Y)

Let us consider a finite covering UY ,V(¢;,Y;) of the compact set

to, T) < {Y € R? [ || Y ||=1}
If n = infi<n n(t;,Y;) and if ¢ = infi<n q(%;,Y;), we obtain for all £ > 5 and || Y [|=1,

Pa((We,Y) > /1) > 2q

In the same way, we get
Pa(<Wt7Y> < _\/7_7) > 2q
forallt >ty and || Y ||= 1.

Step 3 : At last, let X be in IR?, ¢t > ty, and || Y ||= 1 be fixed. If (X,Y) <0,
Pa((We = X,Y)' >n) 2 Pa((We=X,Y) > /i) 2 Pa((W2,Y) > /7 + (X, Y))
Z -Pa(<Wt7Y> > \/ﬁ) > 2q
If (X,Y) >0, the same kind of argument does work, and the proof is finished.

We carry on with next lemma :
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Lemma 3.27 Assume (H), (S), and E(Vy) = 0. Let ty > 0 be fized, and let n, q, and £ be
the strictly positive numbers associated with to introduced in the previous lemma. If X € IR?,
Y ||=1, and s > tg, we consider the set :

Hy(X,Y) = {(9,a) € [—00, 0] x [0,1] /|| Wi(a) |2< ¢ and YTT(X — Wy(a),0)Y > n}
(3.22)

Then for every even positive function z on [—6y, 6],
0
I[ =0pe(@)dvia>q [ =(6)60(0)d0 (323)
Hs(X,Y) 0

Proof : let X € IR? let || Y ||= 1, and let s > #; be fixed. Recall (see equation (3.19) in the
proof of Theorem 3.23) that :

YTT(X = Wi(a),0)Y = (f(O)Y + PY, X — W;(a))®

0 -1 sinf
P_<1 0) ’ f(o)_cose-l-l

The function f is an increasing bijection from | — 7, 7| to IR satisfying f(0) = 0. We set

where

he(X, PY) = {a €[0,1] /(Wy(@) = X, PY)* > 5, | Wy(a) |P< ¢}

Thanks to Lemma 3.26, we know that P, (hs(X, PY)) > q. We will show that if o € hs(X, PY),
then YTT'(X — Wy(a),0)Y > n either for all § €]0, [ or for all § €] —, 0[. Then the lemma will
be proved.

Let a € hs(X, PY). If (Y, X — Ws(a)) =0, then
YTT(X — W,(a),0)Y = (PY, X — Wy(a))> > 1

for every 6. Else, YIT'(X — Wy(a),0)Y > n for every @ such that f() € IR\[z1, 73], where
21 < o are the solutions of

22 x (Y, X — Ws())? + 2z x (Y, X — Wy(a)) (PY, X — Wi(a)) + (PY, X — Wy(a))’> —n =0
Hence, it suffices to show that the signes of z; and z2 are equal. But

—(PY, X — Wy(a)) + /7
(Y, X = Wi())

L1, T2 =

Since (PY, X — Wy(a))? > 1, the lemma follows.

Theorem 3.28 Assume (H), (S), and E(Vy) = 0. For every t > 0, (det H;) ' admits moments
of all orders (and thus so does (det DV;)~!).
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Proof : we fix {3 > 0, and we prove the theorem for every ¢ > ¢y, which of course suffices. Our
aim is to apply Lemma 6.1 to the matrix F'Hy, for a well-chosen IR-valued random variable F'.
We will use the notations of Lemmas 3.26 and 3.27.

Since 6y < 7, there exists dy > 0 such that, for every |0| < 6y,
1
|det(I + A(9))| = 5(1 + cos ) > dy
We choose k such that k(y) = 1 as soon as |dety| > dy. For every X in IR?,
/ 2 1 2
FA@)X [I°= 7 [ Xl

Hence, if « is in any set Hs(X,Y"), then

1 -1
MA'O)(V, = W) > (1+ 51 Ve P +6))

Hence, for every || Y ||> 0, a simple computation (using the Lemma 3.27) shows that for every
t > ty, YTH,Y is greater or equal than

/to // ( u1Ty ) | MY |2 e <1+ (Il Ve 12 4—5))1 x k(M,_)

HM‘1 Y|
d(0) Ny (dOdads)

Let us notice that the function on Q x [0,T] x [—m, 7] x [0, 1] defined by

s—

w,s,0,a — 1 o (0, )
M Y
v 22

=1

M_l i
{9|<00,|W5 ()|?<E, YT F(Vs—(w)Ws—(a)ﬂ)si_Y>ﬂ}

T 1T
flar; ! i Y| Ity
o

is predictable, because V;_ and M, ;_1 are predictable, and because W is a measurable a-process.
Let us define the following random variable :

F=sup { (14 30V 17 +9)) x (k040 122,27 13,) ']

(0,T]

where || M;lT |lop is the operator norm of MS_JT. Thus, for every || Y ||=1, t > o,

FxYTHY > n/ // <V Ty ) 5(6) Ny (dbdads)

T
||M oy
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In order to use the Appendix (6.1), we have to compute E (e_CFXYTHfY) for ( > 0,t>1ty. To
this end, we set

ne(s) = q/ooo (1-e7) 5o (0)do
//H <V ity ) (1= e79)) Bo(6)dbdx

1T
Iy
o

Choosing ¢ even, and using Lemma 3.27, we see that n¢(s) €]0,1[ a.s. for every s > ¢, { > 0.
Furthermore for every ¢ > 0, the following function on Q X [ty, T| X [—m, 7| x [0, 1] is predictable
and takes its values in [0, 1] :

9¢(s,0,a) = —C%(m In [1 —n¢(s) (1 - e{g(g))] ][rHS <VS 1Ty > 0, )

Hence, for every || Y |[|=1,¢ > tg, ¢ >0,

t rl pm
FxYTHY >n / / / g (.8, 0)5(8) No (dBdads) = nZ4(C)
to /0O -
Using It6’s formula,

e*CZt(C) - 1_ C/t 67(25_(§)dzs(c) + Z [e*CZs(C) _ e*CZs—(C) + Ce*CZS—(OAZS(C)]
0 s<t

t 1 g
-1 _/ / / e—CZs-(¢) (1 _ e—ng(s,G,a)fS(@)) No(dfdads)
to JO -

Taking the expectations, and using the expression of g¢, we obtain for every ¢ > £y, { > 0,

t rl pm
BletAQy — 1- E( / / / o7 (0) (1_e—Cgc(Sﬂ’a)‘S(e))ﬁo(a)dOdads>
to J0O -7

[4 t
— 1 —q/o (1O py(0)d0 x [ B(emO)ds

to

Thanks to the Appendix (6.2),

E(e—CZt(C)) — exp (—q(t 1) /090 (1 — e_C5(9)> 50(9)d9>

and for every ¢ > 0,t >, | Y ||=1,

B (exp (—CF % YTHY)) < B (6 7709) < oxp <_q(t 1) [ (1= o) 60(0)d0>

k o
Recall that Gy(0) = #]IWS@O. We choose 6(6) > %e"g‘ " for small 6 (with § even and
satisfying (3.18)). Thanks to the Appendix (6.3), there exists C' > 0 and {p > 0 such that for
every ¢ > Co,

/ 00(1 — e 1) 6y(0)d6 > C(In¢)?
0
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Thus for every ¢ > (o, t > tg, and || Y ||= 1,

B (exp (~CFYTHY)) < exp (~Cqlt — to)(In¢)?)

Hence, for every p > 0, for all ¢ > #,

E ( / | X ||? exp (—XTFH,X) dX> = / / pPE (e TV qy dp
ver? p=0JIv|=1
Vo %0
< K/ pPdp + K/ oP exp (—Cq(t — tg)(lnp2)3) dp < o0
p=0 p=1/Co

Thanks to the Appendix (6.1), this yields that for every ¢ > tg, (det FH;) ! = (F2det H;) ! is
in every LP. But it is possible to choose k such that F' has moments of all orders : F' < F} X Fy,
where

1 4T —1
F| = sup <1 +— || Vs ||2 +§> and Fy = sup (k(Ms) | M, 1 ||3p)
[0.7] 4 4 [0.7]

We have already seen that F; has moments of all orders. In order to study Fb, let us first recall
some norm inequalities for a symmetric positive matrix O :

[det O <[ O I*'< 1+ [ O®  [det Olx || 07! [|lop=[| O llop=[l O ||
We can choose k such that for every y,
| det y|?
h(y) >
W

(We still assume that k(y) = 1 if dety > dy). Hence,

Fy < sup (14 | My |®) x sup || M|
[0,T7] (0,77

Since My and M, ! are solutions of stochastic differential equations (with initial datum I), it is
classical to show that they have moments of all orders, and we can say that F' has moments of
all orders. Thus :

E (|det Hy|?) = E (|F| x |det FH,| ) < E (|F|4p)% E (| det FHt|_2p)% < o0

We have proved that for ¢ > #y, det H; admits some inverse moments of all orders, and the
theorem follows.

Proof of Theorem 3.2 : using Theorem 3.28, Proposition 3.24, Theorem 3.21, Proposition 3.17,
Theorem 3.6, the theorem is immediate when E (V) = 0.

We suppose now that V; is not centered. We denote by (V, W) (resp. (V',W')) a solution of
the nonlinear S.D.E. with initial data Vy (resp. Vj = Vy — E(Vp)). Since Vj satisfies (H) and
(S), so does Vj. We thus know that for every ¢ > 0, the law of V; admits a C* density f'(¢,.)
on IR%, and that V; admits a density f(¢,.) on IR2. On the other hand, one can check that
(V- E(WV),W — E(Vp)) is a solution of the nonlinear S.D.E. with initial data Vj. Hence, by
Theorem 2.12, L(V; — E(Vy)) = L(V/). This yields that f(¢t,v) = f'(t,v — E(Vp)), and the
theorem follows.




156 CHAPITRE 4 : REGULARITY FOR A 2D BOLTZMANN EQUATION

4 Joint regularity.

We are now interested in the joint regularity of the weak solution f of (1.1) built in Theorem 3.1.
For simplicity, we state a theorem under Assumptions (H) and (S) (see Section 3), although
(S) could be relaxed.

Theorem 4.1 Assume (H) and (S). Let f(t,v) be the weak solution of (1.1) on [0,T] with
initial data Py built in Theorem 3.1. The map (t,v) — f(t,v) is continuous on ]0,T] x IR%.

In the whole section, (V,W) is a solution of the nonlinear S.D.E. with initial data Vj, with
L(Vy) = Py. By Theorems 3.1 and 3.2, and since (H) and (S) hold, we know that for every
t > 0, the law of V; admits a C* density f(t,.) with respect to the Lebesgue measure on IR?.

In the case of a classical diffusion process with jumps X;, Bichteler, Gravereaux and Jacod give
in [6] a method to study the joint smoothness of f(¢,x), where f(t, ) is the density of the law
of X;. Their method is based on the Malliavin Calculus, and on the smoothness of the maps
t — E(¢(Xy)) for any ¢ sufficiently regular. In our case, these maps are only differentiable,
because our S.D.E. is not time-homogeneous, and we thus cannot apply their method.

In the case of white noise driven parabolic S.P.D.E.s, Morien [27] studies also this problem. If
X (t,z) denotes his solution, he proves that for any ¢ sufficiently regular,

E (|¢"(X(t + h,7)) = @' (X(t,2))]) < ClR [ ¢ [l

again by using the Malliavin theory, which yields regularity results for the densities. But the
nonlinearity of our S.D.E. does not allow us to prove such an inequality.

The method we use here is based on the weak continuity of ¢ — £(V;) and on Theorem 3.2. As
in the proof of Theorem 3.2, we assume that E(1j) = 0, the generalization beeing immediate
by the uniqueness in law for the nonlinear S.D.E. (see Theorem 2.12). We also fix ¢, > 0, and
we prove Theorem 4.1 on [ty, T] X IR?, which of course suffices. We begin with a lemma.

Lemma 4.2 Assume (H), (S), and E(Vy) = 0. For every multi-index «, there exists a constant
Cato such that for every g € Cp°(IR?), for every t € [to, T,

E(0ag(V1)) < Cao | 9 llso (4.1)

Proof : we just have to study the proof of Theorem 3.6 (which can be found in [6]). Let ¢ be
a random variable with values in IR? satisfying the assumptions of Theorem 3.6, with the same
notations. Then Bichteler et al. prove that for every multi-index «, there exists a constant K,
such that for every g € C°(IR?),

E(9a9(¢)) < Koo | 9 [l

Following closely their proof, one can check that the constants K, depends only on the moments
of the elements of C,, (n € IN), and on the inverse moments of det o.

Let us come back to our problem : here we have a family ¢; = V; of random variables satisfying
the conditions of Theorem 3.6, with oy = DV;. The sets C! are composed with the derivatives
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of all orders of V; and Gy. Then one can check that for any n, for every X; € C!, for all p > 1,
(see Theorem 3.21),

sup B (|X") < o0
[0, 77

Furthermore, following closely the proof of Theorems 3.28 and 3.24, one can see that for every

b,
sup E (| det DV3|7P) < o0
[to,T}

and the lemma follows.

We now prove that our weak solution f is equicontinuous :
Proposition 4.3 For every v in IR?,

sup [f(s,v+k) — f(5,0)] —k)1»0 0 (4.2)
SE[thT]

Proof : following Nualart [30] Lemma 2.1.5 p 88-89, and using Lemma 4.2, one can show that
if £(V;) = P, and if P, is the Fourier transform of P,, then for every ¢ € [to, T, pt(v)‘ <

A1 : it suffices to apply Lemma, 4.2 with o = (2,2) and with g(y) = /"%, In this case,

f is the following inverse Fourier transform :

1?2 o) £
st =(52) [, e Py (43
2 R?
Using Lebesgue’s theorem and the uniform upperbound of Pt, the Proposition is immediate.
Proof of Theorem 4.1 : recall that we assume that E (V) = 0, and that ¢y €]0,T] is fixed. Using

the fact that f(¢,v) is a weak solution of (1.1), we see that the map t — f(t,v)dv is weakly
continuous on |0, 7.

Let (t,v) € [to, T] x IR%. For all § > 0,

|f(t+hav+k)_f(tav)| < |f(t+h,v+k)—f(t+h,v)|

4+ hyv) — (762)! /

B(v,d)

+|(mo2)! /B(U T+ ) = () du

f(t-l-h,w)dw‘

o) = @7 [ g w)du)

B(v,0)
= a(t,h,v,k) +b(t,h,v,8) + c(t, h,v,0) + d(t,v, )

Let € > 0 be fixed. Using Proposition 4.3, we see that there exists n > 0 such that for all A
and for all || & ||< 7, a(t,h,v, k) < €/3. Using again this proposition, one can check that there
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exists 6 > 0 such that for all h, b(¢, h,v,d) + d(t,v,) < €/3. At last, using the weak continuity
of t = L(V}) = f(t,v)dv, there exists vy (depending on §) such that for all |h| <+,

c(t, hy,8) = (76%) "1 |P(Viyn € B(v,6)) — P(V; € B(v,0))| < ¢/3

and the theorem follows.

5 Stochastic approximations.

We now forget the two previous sections, and come back to Sections 1 and 2. We will first show
the uniqueness for the nonlinear martingale problem. The aim of this section is to approximate
the solution of the nonlinear martingale problem (and thus the weak solution of (1.1)) associ-
ated with an uncutoffed cross section g with the empirical law of a simulable system of particles.
To this end, we will apply directly a result of Graham and Méléard (in [18]), who discuss this
problem in a very general context, but in the cutoffed case. Then we will show that the solution
of the nonlinear martingale problem associated with a cutoffed cross section (converging to our
cross section) converges to the solution of the nonlinear martingale problem associated with our
cross section. Finally, we will give a simulation algorithm.

In the whole section, the initial data Py € Po(IR?) and the cross section 3 satisfying / 026(0)do <

—Tr
oo are fixed. As said previously, we first prove the uniqueness for the nonlinear martingale prob-
lem (2.2).

Proposition 5.1 The nonlinear martingale problem with initial data Py (see Definition 2.3)
admits a unique solution @ € Po(DDT).

Proof : we just have to prove the uniqueness. Since the uniqueness in law for the nonlin-
ear S.D.E. holds (see Theorem 2.12), it suffices to prove that any solution of the nonlinear
martingale problem is the law of a solution of the nonlinear S.D.E. Let ¢ be a solution of
the nonlinear martingale problem with initial data Py, and let X be the canonical process on
Dy = D([0,T], IR?). We also need an a-process Y of which the a-law is Q.

Applying (2.2) with ¢(v) = v, and ¢(v) = vy, we see that X admits the following decomposition
under @)

XO——// (X, — Y, ())dads + M, (5.1)

where M is a square integrable martingale. This decomposition is unique in the sense where
if Xy = Xo + F} + Ly, if F is a predictable process with finite variations, and if L is a local
martingale, then (see Jacod, Shiryaev, [23], p 43)

t 1
o[ ] = Yi(@)dads ;L= M,
0 JO

Then we prove that the continuous martingale part X¢ of X (defined as X¢ = M¢) vanishes.
To this end, we use the It6 formula : for all ¢ € CZ(IR?),

t
HX) = 6000+ [ $Xaxs + [ g X, ax
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3 X [ eneaa(x xr)
,Je{rr,y} ’

+ 37 [B(X) = B(Xs ) = @ (X, )AXT — ¢}, (X, )AXY]

s<t
Comparing this formula with (2.2), it is clear that X*¢ = X¥“ = 0. Hence M is purely discon-
tinuous, and it is the compensated sum of jumps of X.

Let us now compute the Doob-Meyer bracket (M?®, M*). To this end, we first show that the
process A; defined below is a martingale (under Q) :

A, =¥ (AXT)? / / / (ca(Xs, V() 0) — X7)2 B(0)d0dcxds (5.2)
s<t -
b
Since X7¢ =0 and dX¥ = dM? — 2/, (X — Y. (a))dads, we obtain by using the It6 formula :

oy = =2 [ xamz—o [ X - Vi @)deds + X (AXI? (53)

s<t

On the other hand, (2.2) with ¢(v) = v2 allows to say that

(X7)2 — / / / (ca(Xs, Yi(a), 0) — X7)2 B(0)dOdads
-7 (5.4)
+b / / X2(X? — YZ(a))dads
0 Jo
is a martingale. Thanks to (5.3) and (5.4), it is clear that A; is a martingale.
We apply one more time the It6 formula :
(MF) —2/ M7 dMT + Y (AMT)?
s<t
Since AMY = AX] for every s, and since A is a martingale, we see that
t rl pm
_ / / / (ca(Xs, Yi(a), 0) — X7)2 B(0)dOdads
0 JO J—7
is also a martingale, which implies that
t rl pm
(M, M®), = / / / (cx (Xa, Ya(@),0) — X7)2 B(0) dOdods (5.5)
0J0 J—m
In the same way, one can show that
(MY, M), / / [ (ey (Xs, Ys(c), 8) — XY)2 B(8) dOdords (5.6)

and

e a0, = [ [ (@060 Yal),0) = XE) (e (X, V), 0) = X1 6(0)dbdads— (5.7)
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We thus can build a Poisson measure N on [0,7] x [0,1] x [—m,n] with intensity measure
B(0)dfdads, independent of X, such that

t prl pm
M, = / / / ((Xs_, Y (),0) — X, ) N(d0dads)
0 JOo J—m
Hence X = ®(X,Y, Xy, N) (recall Definition 2.5), and the proof is complete.

We now give some notations and definitions.

1. For [ > 1, we set (3(0) = 5(9)]1{|0\>%} which is a cutoffed cross section : || G |1=

™

/ G1(0)df < oco. We denote by @ (resp. Q;) the solution of the nonlinear martingale
—T

problem associated with 3 (resp. ;) with initial data Py.

2. We endow D7 with the Skorokhod topology. We define three metrics on P(IDr). First,
the variation metric :

p—dr =swp{ [ dhnids) - [ s(wnti) [ 6 € B ). | 9 <1

The next one corresponds to the weak convergence and convergence of the second moment :

1
or(p,q) = inf{ (/ |lz—y ||?>o r(dm,dy)) 2/7“ has marginals p and q}
DTXDT

The last metric is weaker than pr and | |7, and corresponds to the weak convergence :
1
2
or(p,q) = inf{ </ | z—y % Al r(dm,dy)) /r has marginals p and q}
DTXDT

3. Letn,l > 1befixed. Ifh € IR?,ifi € {1,...,n}, weset h.e; = (0, ..., h, ...,0), where h stands
at the i-th place. We denote by V(8;,n) = (V'(6,n),...,V*(B,n)) € D([0,T], (IR*)") a
Markov process with infinitesimal generator

1

> [ B (cloi0s,0) — v).e) = $(0)] Gi0)a

1 _
T Y i<igi<n

(here v € (IR?)") and such that L£(Vy(B,n)) = PY™. This Markov process describes a
particle system with a simple meanfield interaction. Finally, we denote by uﬁl the empirical
measure on Dy :

1 n

l

o == Ovigm)
[t

Applying directly Theorem 3.1 p 121 in Graham and Méléard, [18], we obtain the following
proposition :
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Proposition 5.2 Let | > 1 be fized. There exists a constant K independent of | and n such

that
ellBilllT

‘5 (Vl(ﬂl,n)) - QZ‘T <K

Moreover, ,uﬁl converges in probability (when n tends to infinity) to Q; for the weak convergence
1
glIBIhT
e2

NG

We want to approximate @ with pl, for I and n large enough. We thus have to check that Q)
goes to Q when [ goes to infinity.

metric on P(IDr), with an estimate in K

™

Proposition 5.3 We set b = / (1 —cos0)5(0)dd and b = / (1 —cos0)B(6)dl. There exists

-

a constant C' depending only on_];:) and b such that
pr(Q,Q0) < C((b—b) + (b—h)?)

Proof : we consider on  two independent Poisson measures N; and N/ on [0, T] x [0, 1] x [—7, 7],
with intensity measures 3(9)dfdads and (3(6) — 3(6))dfdads. We set N = N;+ N7, which is a
Poisson measure with intensity 3(6)dfdads. We also consider a random variable Vj independent
of N; and NlA, such that £(Vp) = Py. In the same way than in Subsection 2.1 (see Definition
2.10 and Theorem 2.11), it is possible to build two L%—processes V and V!, two ]L%—a—processes
W and W' satisfying :

V =0(V,W,Vy,N,b); Vi=o(WV, W, Vo,N,b): Lo(W,W =LV, V)

(We precise here the dependence in b of the map ®). In particular, (V,W) is a solution of the
nonlinear S.D.E. associated with 8 with initial data V5. Thus L(V) = Lo (W) = Q. In the same
way, L(V!) = Lo(W!) = Q;, and hence

1
2

pﬂ@@ﬂﬁEGwnw—Wuﬂ
[0,T]

The proposition follows easily, by using a computation quite similar to the proof of Proposition
2.8, and by using Proposition 2.13.

Using the previous propositions, the following theorem is immediate :

Theorem 5.4 There exists some constants Ly and Lo such that for all I,n :

Bl T
e
or (L (V! <L Lo ((b—b) + (b—by)?
PT( ( (ﬁz,n)),Qz)_ 1 2(( 1) + ( z))
ellBiay W T
Choosing a suitable sequence I(n) going to infinity with n, such that — — 0 when n

tends to infinity, we deduce that pr (E (Vl(ﬁl(n),n)) ,Ql) goes to 0.
I(n)

With the same sequence l(n), the empirical measure pn ~ converges in probability to Q for the
weak convergence metric on P(IDr).
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It remains to simulate V(n) = V(B),n). Recall that this process describes an interacting
system of n particles, and that for each 7, V*(n) describes the evolution of the speed of the i-th
particle. This process can be written as

Vi(n) = Vo(n) + Z /Ot /7; [(c(‘fsi_,‘/sj;,9) - V;‘_)_ei] 1 (dfds)

1<izj<n

where L(Vp(n)) = P{", where y¥/ are independent Poisson measures on [0,7] x [—7, 7] with
intensity measures

n—1

dfds

independent of Vj(n).

We of course assume that Vj(n) is simulated, and we denote by
O<hi <Tr < ...

the successive times of jump of a standard Poisson process with parameter n || G, ||1. These
times are modeling the times of collision.
Before the first collision, the velocities do not change, so that we set

Vs<Ty, Vi(n)="Vyn)

Let us describe the first collision. First, we choose a couple (4, ) of particles, according to an
uniform distribution on {(k,l) € {1,...,n}?|k #[}. Then we choose the angle of collision 6 by
Bi(n)(0)

using a —————df-distribution. We set

| Biny It
Vi(n) = o(Vi(n),Vi(n),0)
VE(n) = V) if k#i

Since the velocities do not change between two collisions, we finally set Vi(n) = Vg, (n) for all
S € [Tl,TQ[.

Iterating this method (T}, goes to infinity a.s.), we can simulate V'(n), and thus approximate Q.

Notice here that we do not really simulate a gas : in the collisions between two particles, we
do only change the speed of one particle. It would also work if we were changing both speeds
(see the Bird algorithm in Graham and Méléard, [18]). However, the most natural system is
this simple meanfield approach, (related to the Nanbu algorithm), since the expression of the
martingale problem drives immediately to this algorithm.

6 Appendix.

We begin this annex by a lemma that can be found in [6], p 92 :
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Lemma 6.1 For every p > 0, there exists a constant C, such that for every 2 x 2 symmetric
positive matriz A,

(det A)™? < C | X |2 X" ANgx
p 2
XeR

The following lemma is well-known, and can be shown as Gronwall’s Lemma.

Lemma 6.2 Let 0 < e < T < 0o. Let g be a bounded function on [e,T], and let a be a real
number. Assume that for every t € [e,T],

t
t)y=1- a/ g(s)ds
Then g(t) = et~ on [¢, T).

The next lemma is a simple computation :

Lemma 6.3 Let r €]1,3[, let v = 1(r — 1), and let € > 0. We set §(0) = e, There egists
a constant C > 0, a real number (o > 0, such that for every ¢ > (o,

/OE (1 - e¢®) Z—e > C(In¢)?

Proof : we first notice that for every z € [0,1], one has 1 —e * > g Furthermore, for every

<1,6L0)=(no 1)~ e Hence, if (o is large enough (we need {;' < 1 and 67 1(¢,!) < e),
then for all { > (o,

€ 571(C71) 5—1(471) " .
I(¢) = / (1-e®) Z—f > g ) g > < T —3(6) x 7"
0 0

or =2 Jy gr’'+1
"
Since r — 7" — 1 = 3(r — 1) > 0, and since &'(9) = ﬁé(ﬁ), we obtain :
¢ o1y a0D oty _ L 3
10) > 55 x (37'¢™h) 0@y ¢ =5 5nQ)

which was our aim.

The following lemma is adapted from a lemma in the Appendix of [7]. We state it for N and S,
but it can be obviously adapted to Ny and Gy or Ny and 5.

Lemma 6.4 Let Y(s,a,8) be a predictable process such that |Y (s, ,0)| < |X(s,a)|z(0). Then

o if z is in Ny>2LP(B(6)dB), for every p = 27,

(sup / // Y (u, v, §) N (dOdovdu)

) < Cy(2) /Ot/olE(|X(s,a)|p) dads
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e if z is in L'(B(0)df), then for every p < oo,

E (sup
[0,]

o if z is in Np>1 LP(B(8)d0), for every p = 27,

s rl pm
E <sup / / / Y (u, a, O) N (dfdcxdu)
[O,t] 0 0 —T

We at last recall the Girsanov Theorem for random measures, reducing to our context the
statement that can be found in the book of Jacod, Shiryaev, [23]. If P is a probability measure
on (Q,F,{F:}), we denote by P (resp. P) the predictable o-field on Q x [0,7] (resp. £ x
[0, 7] x [—m,7] x [0,1]). Let x be a P-o-finite random measure on [0, T] x [, 7] x [0,1]. If W;
is an optional process on [0, T], we denote by Mpg,, (W| 75) the unique predictable function on
Q% [0,T] x [—-m, x| x [0,1] satisfying, for every predictable function U,

s pl pmw
/ / Y (u, o, 0)dOdadu
0 JOo J—m

p 1
) <o) [ [ B(X(s,00P) doas

p t
> < o,,(z)/o /OIE(|X(s,a)|p)dozds

E (/ U(s,0,0)Mpg,, (W|75) (s,9,a)u(d9dozd3)> —E (/ U(s,G,a)Wsu(deads)>
We now state the Girsanov Theorem, and a well-known characterisation of the Poisson measures.

Theorem 6.5 1. Let P! << P be two probability measures on (Q, F,{F}), and assume that
P'|z, = G1.P|x,. Let pu be a P-o-finite random measure on [0,T] x [—m, 7] x [0,1], with
compensator v under P and v' under P'. Then p is ﬁ'—a—ﬁnite, and any positive version
Y of Mpg, (%1{07 >0}‘ 75) satisfies V' = Y.

2. Any integer valued random measure p on [0,T] X [—m,w] x [0, 1] satisfying
p({0} x [=m, 7] x [0,1]) =0 a.s., and of which the compensator v is deterministic (under
a probability measure @ on Q) is a Poisson measure with intensity v (under Q).



Chapitre 5

Strict Positivity of the Density for a
Poisson Driven S.D.E.

Abstract : We consider a one-dimensional stochastic differential equation driven by a com-
pensated Poisson measure. We assume that this equation admits a unique solution Xj.
We prove that under a strong non-degeneracy condition, for each ¢ > 0, the law of X; is
bounded below by a measure admitting a strictly positive continuous density with respect
to the Lebesgue measure on IR. To this aim, we develop Bismut’s approach of the Malliavin
calculus for Poisson functionals.

Ce travail a été accepté pour publication
dans la revue Stochastics and Stochastics Reports.

1 Introduction.

Consider the following stochastic differential equation :

X, =x0—|—/0t/oh(Xs_,z)N(ds,dz) —{—/Otg(Xs_)ds—i—/Ot/Ef(Xs_,u)Nl(ds,du) (1.1)

where

Assumption (M) : N and N; are two independant Poisson measures on IR x O and
IR" x E, where O is an open subset of IR and E is a Blackwell space (see Jacod,
Shiryaev, [23], p 65). The intensity measures of N and N; are respectively

v(ds,dz) = p(z)dsdz ; wvi(ds,du) = dsq(du) (1.2)

165
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where ¢ is a strictly positive C' function on O, and ¢ is a positive o-finite measure
on E. We denote by N and N; the associated compensated measures.

We assume that equation (1.1) admits a unique solution, and we fix T' > 0. Our problem is to

prove, under some conditions, the existence of a strictly positive continuous function 6 : IR —
IR* such that for all f € C;f (IR),

(X)) > [ F@o)dy (13)

In particular, if the law of X7 admits a continuous density pr with respect to the Lebesgue
measure on IR, this will yield that pp(z) > 0 for all z € IR. In order to study this problem, we
transpose to our context a method based on the Malliavin Calculus for Gaussian functionals,
investigated by Ben Arous and Léandre in [5], and later by Bally and Pardoux in [4]. Bismut’s
approach of the Malliavin Calculus is used in [4]. Following this approach and the work of
Bichteler and Jacod, [7], we will build a sequence of perturbations, then we will differentiate our
perturbed process and study the obtained derivatives.

Comparing our work with that of Bally, Pardoux, we see that the big difficulty (and also the
limit) of our work is that when we differentiate, we obtain integrals against the Poisson mea-
sure instead of the Lebesgue measure. We thus have to choose non deterministic perturbations
and to deal with stopping times, which makes everything hard and drives to stringent conditions.

Of course, the result we obtain here in a quite general context is not completely satisfying : as
for the existence of a smooth density, the assumptions we need are not very explicit. However,
we have applied in Chapter 6 the present method for the case of a particular nonlinear S.D.E.
in order to study the strict positivity of the solution of a Kac equation, and we have obtained
quite a good result.

The present work is organized as follows. In the second section, we recall the assumptions given
by Bichteler, Gravereaux, and Jacod in [6] under which the law of X7 admits a continuous
density (in the case where ¢ = 1), then we give our assumptions and we state our main result.
The third section is devoted to the exposition of our notations and to the proof of the criterion
of strict positivity we will use. Finally, we prove our main theorem in the last sections.

Let us now mention alternative methods that could be used to study our problem. First, one
might use the Markov property of equation (1.1), in order to obtain minorations of the density.
This method looks natural, but in fact, it seems difficult to apply, and probably necessitates
more regularity of the density. Another idea could consist in applying the results of Simon, [41],
who characterizes the support (in ID([0,T], IR)) of the law of X, and in using a method as that
of Millet, Sanz, [29].

In the case of equation (1.1), all these methods might work and give different results. Anyway,
our method, based on the stochastic calculus of variations, seems to be the only (probabilistic)
way to prove that the solution of the Kac equation is strictly positive. Indeed, the S.D.E. asso-
ciated with the Kac equation is nonlinear, thus it may be very difficult to use a Markov property
or to prove a support theorem.
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In [24], Léandre, studies the behaviour of the density of X; when ¢ goes to 0, at the points
x # xo that can be reached in one jump by X;. Ishikawa, [21], studies also other points, in the
case where X; has finite variations. Finally, let us mention Picard, [36], who studies the density
in small time of X, at the points x # x that X can reach in a finite number of jumps.

2 Statement of the main result.

This section is divided in three parts. In the first part, we recall a result of Bichteler et al. in
[6]. We state our assumptions and results in the second one. At last, the third part deals with
remarks and examples of applications.

2.1 Existence of a continuous density in the case where ¢ = 1.

When ¢ = 1, Bichteler, Gravereaux, and Jacod give in [6] a sufficient condition under which the
law of X7 admits a continuous density. In fact, they do not prove a minimal assumption for this
problem, since they are interested in the (at least) continuous differentiability of the density.
When ¢ is a function, the existence of a density for equation (1.1) has been studied in Chapter
2, see also Denis, [14] for a much more general intensity measure, but no continuity result seems
to be known, even if the method of Bichteler et al. in [6] could probably be easily extended. Let
us recall the assumptions in [6].

Assumption (A —4) : the function g is four times differentiable on IR, and its derivatives of
order 1 to 4 are bounded. The function A is four times differentiable on IR x O, the partial
derivatives h(ﬁﬁg) are bounded as soon as ¢ > 1 (with n 4+ ¢ < 4), and there exists a function

N € Na<p<oolP (O, dz) such that

I8(0, 2)| + [y (2, 2)| + ... 4+ B (2, 2)] < n(2) (2.1)

For any u € E, the function f(.,u) is four times differentiable on IR, and there exists a function
0 € Na<pcoolP(E, q) such that

£ (0. u)] + | oz, )] + oo+ [ £ (2, 0)] < o(u) (2.2)

Assumption (SC) : there exists ¢y > 0 such that identically,

L+ hl(z,2) >co 5 14 frlw,u) > co (2.3)

In [6], a positive function § on O is called (¢, #)-broad (for some fixed ¢ > 0, 8 > 0) if

/ A lexp {—9/ (1 — e_/\‘s(z)) dz} d\ < o0 (2.4)
0 0

and one also considers functions « on O satisfying

5o

oz’

a>0 ; «aisCy?on0O ; «az) —,5900 ; VYrelN, € L'(0,dz) (2.5)
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Their last hypothesis is :

Assumption (SB)((,0) : there exists € > 0, ¢ > 0, a (¢, 6)-broad function ¢, and a function «
satisfying (2.5) such that

W2 (2, 2)oz) €

(14 hl(z,2))* ~ 1+ ||

d(z) (2.6)

We now can state the following partial result of [6] :

Theorem 2.1 Let T > 0 be fized. Assume (M) with ¢ =1, (A —4), (SC), and (SB)((,0) for
4
some 0 < T, and some ( > —=. Then the law of X1 admits a C density pr(x) with respect to

5]

the Lebesgue measure on IR.

2.2 Strict positivity of the density.

Let us now turn back to our problem. A classical way to write S.D.E.s consists in assuming that
h(z,z) splits into 1 (z)n(z). Although we state a more general formulation, all the hypotheses
below are especially adapted to this case.

The two first assumptions are quite similar to (A —4) and (SC).

Assumption (H) : the function g is C® on IR, and its derivatives ¢/, ¢”, and ¢"

are bounded. The function h admits the continuous partial derivatives hgﬁ—;g) for

n,q € {0,1,2,3} on IR x O, the derivatives B+ are bounded as soon as qg>1,and

™ 2q

there exists a function n € L?(0, p(2)dz) N L®(O, p(z)dz) such that

110, 2)| + [hi (2, 2)| + Wiy (, 2)| + Doz (2, 2)] < (2) (2.7)

For any u € E, the function f(.,u) is C* on IR, and there exists a function o €
L?(E,q) N L*®(E, q) such that

1£(0,u)] + Ifz (@, w)] + | frn(,w)] + | frra(z, u)| < o(u) (2.8)

Assumption (P) : there exists ¢y > 0 such that for all z € IR, all z € O,

1L+ h(x,2) > ¢ (2.9)

For all z € IR,
/E 1{1+f; (fv,u)zo}Q(dU) =0 (2.10)

In order to state our non-degeneracy condition, we introduce some notation.

Notation 2.2 We denote by 0O the boundary of O in IR = IR U {—00,+00}.
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Notation 2.3 We set

B(z) = sup { [

22 (1"7 Z)

. 7€ IR, qe{0,1,2,3}} (2.11)

Consider a C" positive function o on O such that || o ||c< 1 and such that a(z) goes to 0 when
z goes to the boundary of O (this implies that for all z € O, [z — a(z),z + a(z)] is contained in
O). Then we set

PR (21 O [R  E-1C0) S

o(2) ’ 2) = 1o/ (2)] + 3o(2) da(2) (2.12)
Cal) = sup {0 (z,w)| sz € R, g €{0,1,2,3}, w— 2] < al2)] (2.13)

Our last hypothesis is :

Assumption (SP) :

1. There exist continuous functions 1) > 0 on IR and § > 0 on O such that :

P(@)d(2) < [P, (w,2)] < d(2) (2.14)
Vne{1,2,3}, A (3, 2)] < 6(2) (2.15)

Thanks to (H), ¢ and § are bounded.

2. There exists a sequence of C! positive functions o, on O, a sequence of real
numbers a,, decreasing to 0, a constant dy €]0, 1] such that, if &, = &,,, ¢ =
Ca,,» (see Notation 2.3)

an +&n € Ll(O,(p(z)dz) sl am [loo + 1l én lloo< do 5 an(2) —25000 (2.16)

Vn, {6 =0} C{a, =0} (2.17)

and
an/oan(z)d(z)go(z)dz — +00 (2.18)
in [ [RRP6) +a2(2)66) + b)) ple)dz — 0 (219)

Now we can state our main result :

Theorem 2.4 Assume (M), (H), (P), (SP) and let T > 0 be fized. Then the law of Xt is
bounded below by a measure that admits a strictly positive continuous density with respect to the
Lebesgue measure on IR. This means that there exists a strictly positive continuous function

0: IR~ IR" such that for all f € C}f (IR),

B(U(Xr) > [ 10wy (220)

In particular, if the law of X1 admits a continuous density pr, then for every x € IR, pr(z) > 0.
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Let us say a word about N;. We add an independent Poisson measure, in order to generalize
our Theorem. Assume for example that the parameter h of equation (1.1) satisfies (SP) only on
an open subset A C O. Then, replacing N by N|4 and Ny by N1+ N|p/4, the conditions might
hold. The first part of Proposition 2.5 below will give an example for this kind of method.

The main supposition in (SP) is the following : h’(z,.) ¢ L'(O,¢(2)dz) (obtained by (2.14),
(2.16), and (2.18)). This assumption looks like (SB), but is much more stringent.

Somewhere in the proof of Theorem 2.4, we will need a function v(s,z) of class C' on O such
that h!, x v > 0. The first idea consists in choosing v = h/, X w, with w nonnegative, but this
would drive us to the assumption h’(z,.) ¢ L?(O, ¢(z)dz), which is more stringent than (SP).
This is why we state the following proposition.

Proposition 2.5 1. Thanks to (2.17), we can assume that the sign of h!, is constant on
IR x O.

2. In (SP), we can assume that dy €]0,1[ is as small as we want.

Proof :
1. We consider the solution X of equation (1.1). We assume only (SP), and we prove that X is
the solution of another S.D.E. satisfying (SP), with A, > 0 (or h’, < 0) identically. We first set

H=1{2€0/68(z >0}
HT={zeH /VzeIR, W, (z,2) >0} ; H ={z€H/VYVzelR, h)(z,2) <0}

Since h/,, and v are continuous, since 1) does never vanish, and since (2.14) is satisfied, we see
that H = HT UH~. We furthermore deduce that

HY ={z€ 0/ h,0,z2) >0} (2.21)

is an open set. Of course, so is #~. From the definition of #, and since H = HT UH ™, equation
(2.18) yields the existence of a subsequence nj such that either

i /H i (2)0()p(2)dz — oo (2.22)

or

n, /H 0 (2)3(2)p(2)dz —> +o00 (2.23)

Let us for example assume (2.22). We rewrite equation (1.1) as

t - t t .
X, = o+ /0 [ (X 2N (s dz) + /0 g(Xo_)ds + /0 /E F(X o u) Ny (ds, du)

t -
4 /0 /O 1 2ol (2.24)

where N* = N|p+, 3+, No = N|g+o\u+), and h*(z,2) = h(z,2)1,e0\n+)- It is clear that
our method would not fail with two independent Poisson measures (independent of N*) instead
of one. Furthermore, (M), (H), and (P) are clearly satisfied with the new coefficients. At last,
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the only problem to check that (SP) is still satisfied (with of course h), nonnegative on H™) is
to see that for all n, a,(2) goes to 0 when z goes to & HT.

Let z9p € 9 HT. Then Thanks to (2.21), we see that either 29 € O either lim,, 1} (0,2) = 0. In
the first case, there is no problem. In the second case, we obtain, from (2.14), lim,, d(z) = 0.
Since {0 = 0} C {a,, = 0}, we immediately conclude.

2. Tt suffices to notice that we can replace ay, by C' X a, in (SP), for any C €]0, 1] fixed.

In the whole work, we will assume that 7' > 0 is fixed, that (M), (H), (P) and (SP)
are satisfied. We will also suppose that 4/, is nonnegative on IR x O.

2.3 Examples.

First, we give one ”simple” way to obtain (SP) when ¢ = 1. Similar methods may be used for
any other particular .

Remark 2.6 Assume that ¢ = 1, that (SP)-1 and (SPI) below hold. Then (SP) is satisfied.

Assumption (SPI) : there exists a positive C} function y on O such that, for some
dO 6]07 1[7

[ lloo + 17 o< do 5 7(2) —25000 3 {0=0}C{y=0}  (2.25)

oy ¢ L'(0,dz) 5 0 +~4*B++%¢, € LYO,dz) (2.26)

where ¢, is defined in Notation 2.3.

Proof : in order to check this claim, choose a smooth version of

v(z) if z€0, |z]<n
an(z) = (2.27)
0 if z€O, |z|>n+1

_1
2

and set a, = </ an(z)é(z)dz>
@]
At last, we give two examples of function h(z, z) satisfying (H), (P), and (SP).

Example 1 : we assume that O =]1, oo[, that ¢ = 1, and that h(z, z) = ¢(x)n(z), where n(z) =
sin z/z, and where c is a strictly positive C® function on IR, bounded with all its derivatives.
A simple computation shows that there exists C' < oo such that |n(z)| + ... + | (2)] < C/=.
Thus (H) is satisfied. If || ¢ [|co< 1, it is clear that (P) is satisfied. Else, we replace O by
12 || € |loo, 00[, and we use the presence of Ny as in the proof of Proposition 2.5-1. Condition
(SP)-1 is satisfied with ¢(z) = c(x)/A, where A =| ¢ ||oo +-.-4 || ¢" |00, and with

5(z) = Ay (z)] = A |F22E T2 (2.28)

22
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Thus §(z) behaves as 1/z on a “large” subset of O. More precisely, there exists a constant
K < oo such that

2 -1_ K
forall z € Up>q]2km — /4, 2km + /4], 6(z) > A% x Z > — (2.29)

22 z

Hence we can say that §, 3, and (,, defined in (SP), will behave as 1/z. We now search a
function v such that h satisfies (SPI) : we need 7§ ¢ L'(O,dz), but v?8 + 3¢, € LY(O, dz).
We thus will choose v behaving as 1/1nz. We also need that {§ = 0} C { = 0}. This will hold
if the support of v is contained in Up>(]2km — m/4,2km 4 m/4[. At last, v has to be C', and
bounded with its derivative. The function we search is given by y(2) = by >_j~1 7x(2), where for
each k, the function -y, is C' on O, satisfies -

1
— if 2km — « /8, 2k 8
nh 1) if z € [2kn —n/8,2km + /8]

(2) = (2.30)
0 if z¢ [2km —7/4,2km + w/4]

and0 <y < — <81
PEVER S ) R S T+ 1)

some dy < 1. At last, it is clear that (2.26) is satisfied.

For by small enough, || v oo + || 7' [|eo< dp, for

Example 2 : we now set O =|0, oo, and we consider the standard Lévy measure on O, ¢(2)dz =
272dz. We assume that h(z, z) = c(z)n(z), where cis as in example 1, and where n(z) = z/(z+1).
Assumptions (H) and (P) are obviously satisfied, at least if || ¢’ ||oo< 1, and (SP)-1 is met with
P(z) = c(z)/A, where A =|| ¢ ||oo +-..7+ || ¢" ||oc, and with

3(z) = Al (2)| = A(1 + 2) 2 (2.31)

We now consider a sequence of C'' nonnegative functions a,, on O satisfying, for some 0 < k <
1/2, an(z) < k(z A2), and

0 if z€]0,1/n] 0 if z€]0,1/n]
an(z) =4 kz if z€2/n,1] and |a)(2)] << 4k if z€]l/n,?2] (2.32)
0 if z>2 0 if z>2

One can easily check that for some constants B, C, ¢, (2) < B/z, and that &, (2) < |, (2)] +
Cay(z)/z. Choosing k small enough, we see that || an ||oo + || €, o< do, for some dy < 1.
Since o, and &,, are bounded and vanish near 0, they belong to L'(]0,00[, 2 2dz). At last, the
existence of a sequence a,, yielding (2.18) and (2.19) is immediate, since

1 kz
/Oozn(z)é(z)go(z)dz > C/M o < ‘> c/ O e 00 (2.33)

2/n %
[ 02 @) + @@)86) + @) ez < € [ a5 (2:34)
0 0 z

o, dz
< 0/ 2anZ<c (2.35)
0 z
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3 A criterion of strict positivity.

In the whole work, Q@ = QN x QM1 is the canonical product space associated with the indepen-
dent random elements N and N;. We will in fact be interested only in N.

This section contains two parts. We first introduce some general notations and definitions about
Bismut’s approach of the Malliavin Calculus on the Poisson space associated with N. We extend
here the work of Bichteler, Jacod, [7], who work with ¢ = 1. Then we adapt the criterion of
strict positivity of Bally, Pardoux, [4] (which deals with the Wiener functionals) to the Poisson
functionals.

Definition 3.1 A predictable function v(w,s,z) on Q x[0,T] x O is said to be a perturbation
if for all fived w, s, v(w,s,.) is C' on O, if there exists two positive functions o and p on O such
that,

olw,5,2)| <alz) W (ws52)] < p(z) (3.1)

and such that, if

qsa(z):“p{'“w”;@'g)‘z'ga(z)} L £(2) = p(2) + 30(2)gal2) (3.2)

then, for some constant ¢ < 1,
a+ e L'NL®(0,p(2)dz) 5 a(z) —.5000 5 &(z)<c (3.3)
We now consider a fixed perturbation v. For each w € Q, A € [-1,1] and s € [0, T], the map
2 YN w,8,2) = 2+ M(w, s, 2) (3.4)
is an increasing bijection from O to O, thanks to (3.1) and (3.3). We now set
YMw,s,z) = (14 M (w,s,2)) x
Then, a simple substitution shows that
PYA)=v (3.6)

i.e. that for all Borel set A C [0,7T] x O,

T
/ / La(s, 7 (s,2))Y (s, 2)p(2)dzds = / / 1a(s,2")p(2)d2 ds (3.7)
0 @]
We also denote by N* = 4*(N) the image measure of N by v*
T
= [ [ 105,75 )N (s, 2) (3.8)
0 @]

and by S* the shift on Q defined by

NoSMw) =N w) ; NioSMw)= N (w) (3.9)
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Then we consider the following martingale

t ~
M) =/ /(Y)‘(s,z) — 1) N (ds, d2) (3.10)
0 Jo
and its Doléans-Dade exponential (see Jacod, Shiryaev, [23], p 59)
A Lo A M A —Aam
Gt=1+/G_dMs=e PIL (1 am) e (3.11)
0 0<s<t

which is clearly a square integrable martingale. Using the fact that Y is always strictly positive,
we see that G is strictly positive a.s. We now set P* = G4.P. Thanks to (3.6), the Girsanov
Theorem for random measures (see Jacod, Shiryaev, [23], p 157) shows that P* o (S*)~! = P,
i.e. that the law of (N*, N1) under P* is the same as that of (N, N1) under P.

It is easy to check that :
V2 (s,2) = Y¥(s,2)| < |A = plé(2) (3.12)

We at last check the following lemma, :

Lemma 3.2 Ifv is a perturbation, and if G* is the associated exponential martingale, then a.s.,
the map A — G2 is continuous.

Proof : using (3.11), we obtain

T T
G} = exp [—/ / (Y/\(s,z) — 1) cp(z)dzds] X exp l/ / InY*(s, z)N(ds, dz) (3.13)
0 (0] 0 O
Using (3.12) and the fact that ¢ € L'(O, ¢(z)dz), it is obvious that the first term in the product
is a.s. continuous. Furthermore,
YA(s,2) = 1| = [YM(s,2) = YO(s,2)| < €(2) <e< 1 (3.14)
Thus for all A\, u € [—1,1],

1
1—c¢

In (Y(5,2)) = In (V4 (s, )| € —— [V (5,2) = ¥(5,2)]| < %_(ju Cuez) (3.15)

and the second term is also continuous.

We now give a criterion of strict positivity.

Theorem 3.3 Let X be a real valued random variable on 2, such that Po X~ = p(x)dz, with
p continuous on IR, and let yo € IR. Assume that there exists a sequence v, of perturbations
such that, if X"(\) = X o S, then for each n, the map

A X7(A) (3.16)

is a.s. twice differentiable on [—1,1]. Assume that there exists ¢ > 0, 6 > 0, and k < oo, such
that for all r €]0,1],
lim P (A"(r)) >0 (3.17)

n—o0
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where

82
ol

A" (r) = {|X—yo| <r, %X"()\)‘ gk} (3.18)

0
—X"(0 ‘ ¢, sup
O |A<6l

Then there ezists a continuous function 0y,(.) : IR — IR" such that 0,,(yo) > 0 and such that
for all f € Cf (IR),

> [ 100y (3.19)
R

In order to prove this criterion, we will use the following uniform local inverse Theorem, that
can be found in Aida, Kusuoka, Stroock, [1] :

Lemma 3.4 Let ¢ >0, § >0, and k < oo be fized. Consider the following set :
G = {g RHIR/LCJ ) >c, sup [lg(z)| + |g'(= |+|9"(w)|]§k} (3.20)
z|<
Then there exists a > 0 and R > 0 such that for every g € G, there exists a neigbourhood V, of
0 contained in | — R, R] such that g is a diffeomorphism from Vg, to ]g(0) — e, g(0) + af.

Since this lemma deals with the behaviour of functions near 0, it can be obviously adapted to
functions on [—1,1].

Proof of Theorem 3.3 :
Step 1 : first notice that for all » < 1, all n, and all w € A, (7),

sup | X™"(w, \)| < |X"™(w,0)| + 0k = | X (w)| + 6k < |yo| + 1+ 0k = k' (3.21)
A<

Thus, using Lemma 3.4, there exists & > 0 and R €]0, 1], depending only on 4, ¢, k, and &',
such that for all » < 1, all n, and all w € A,(r), there exists V,,(w) a neighbourhood of 0
contained in | — R, R[ such that the map A — X"(w, ) is a diffeomorphism from V,(w) to
X" (w,0) — a, X" (w,0) + a[=] X (w) — o, X (w) + «f.

Choosing « small enough, we can assume that R < ¢/2k. Thus, for all w € A,(r) and X € V,,(w),
we have

‘ax )‘ > c/2 (3.22)

We now fix r < a, and we choose n large enough such that P(A,(r)) > 0.

Step 2 : the perturbations have been built in order to obtain, for all A and all f € C’gr (IR),
E(f(X)) = E(f(X"(X)GT(N) (3.23)
Thus

1 1
E(f(X)) = 5/_1E(f(X"(A))Cv"%(k))dA

v

SE| [ OGN X 14, (3.24
Vn
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Using the first step, we substitute y = X™(\), and we obtain :

n n1—1
By > gE|[ e ) ‘dyxl,\n(,.) (3.29

v

X*({x"}y)

oA
Gr(ixn -1
> [ swE [guix -yl | 1A Dy
XX )
where 1) is a continuous function on IR" such that Lioy) S < 1jg o) Let
1 Gr({xn -1
0u(w) = B | Sol(1X g x | 1A oy X0y (3.26)
SR XX 10))

Step 3 : on one hand, it is clear that 6,(yo) > 0 (recall the definition of A, (r)). On the other
hand, one can show by using the Lebesgue Theorem and Lemma 3.2 that 6,, is continuous. This
concludes the proof.

We at last state a usefull remark.

Remark 3.5 Let X be a real-valued random wvariable on Q. Suppose that for each yo € supp Po
X1 the assumptions of Theorem 3.3 hold. Then the law of X is bounded below by a measure
with a continuous strictly positive density.

Proof : for each yp in supp P o X !, we consider the continuous function 6, built in Theorem
3.3. Since 6y, (yo) > 0, there exists a neighbourhood W, of yo on which 6,, does not vanish.
We easily deduce from (3.19) that for each o in supp P o X1,

W, C supp Po X! 3.27
Yo

Thus supp P o X! is an open set, and therefore is the whole real line.
For each n € Z, we thus can build a strictly positive continuous function 8" on the compact set
[n,n + 1] such that for all f € C;"(IR),

B> [ fu)e )y (3.28)

[n,n+1]

One concludes easily, by choosing a strictly positive function 8 on IR such that for each n € Z,
all y € [n,n + 1], 0(y) < 0 (y).

In order to prove Theorem 2.4, we will of course apply the previous criterion. In the next
section, we will consider a fixed perturbation v,, and we will compute X}*(\) = X; o S;} and
its derivatives for any ¢ € [0,7]. Section 5 is devoted to the explicit choice of the sequence
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vy, of perturbations. In Section 6, we will prove that for each yq in IR, there exists a constant
C(yo) > 0 such that for any r > 0,

0
P (X202 Cn) [ Xr €l —rao+o7) — 1 (3.29)
At last, we will check in Section 7 that for some constant K,
P [ sup 3X"()\)‘
a<r L1oAT"

Since for all yy € supp PoX:Fl, forall r > 0, P(Xt €]yo —r,yo+r[) > 0, we will easily conclude
at the end of Section 7.

82
8>\2XT()\)‘} < K) —1 (3.30)

4 Computation of the derivatives of X.
Recall that
t ~
Xt—x0+/ / h(Xs_,z ds dz) +/ 9( 5_)d3+/0 /Ef(XS_,u)Nl(ds,du) (4.1)

We consider in this section a fixed perturbation vy, and compute X/'(\) = X, o S;}. Then we

0
prove that for each ¢, X/'(\) is a.s. differentiable on [—1,1] and obtain — X;*()). At last, we

oX
study the second derivative ;—;Xt"()\)
4.1 The perturbed process.
The direct expression of X/*()\) is given by
XrO) = x0+/ / WX™ (M), 2) (N — v)(ds, dz) +/ (X" (\)ds
_|_/ / f(X u) Ny (ds, du) (4.2)
But
/Ot/oh(XQ(A),z)( )(ds, dz) / / h(X™ ( — A () (ds, dz)

t
+ / /O WX (V) 2) (7 (v) — v)(ds, d2)

/t/ h(X;Z—(A)77r>z\(SvZ))N(ds,dz)
0 JO

+ /Ot /O (X (N7 (5,2)) = H(XT-(N), 2)| p(2)dzds (4.3)

Finally,
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Proposition 4.1 For each \ € [—1,1], the perturbed process XJ*(\) = Xy 08} is solution of the
following equation :

Xy = 330-l-/Ot/oh(X;l_()\),fy;}(s,z))N(ds,dz)
+/0t/0 [h(X;Zf(A),’)/{)(s,z)) —h(Xg,(A),z)] o(2)dzds

+/otg(X? d3+/ / F(XT-(N), u) N1 (ds, du) (4.4)

4.2 The first derivative.

We now would like to differentiate the paths of the map A — X™(\). Consider the following
linear equation, that is obtained by differentiating formally (4.4).

8a>\ //h' X (N1 (s, Z))ai ™ (AN (ds, dz)

[ R s s, )N s, )

+/Ot/0 I:hlx(X:;(A)?’YT/)(S,Z)) — hL(XT (N, )] ;}\X” (N p(2)dzds
+/Ot/oh’z(X;’_(A),y,é(s,z))vn(s,z)cp(z)dzds (4.5)
+/ 4 d8+/ / fo(X X;’_(A)Nl(ds,du)

Proposition 4.2 Fiz an integer n. The map A — X} (\) is a.s. differentiable on [—1,1], and

0
its derivative —X7(\) is the terminal value of the solution of equation (4.5).

oA

Proof : for simplicity, we drop the superscript n, since it is fixed. We break the proof in several
steps.

Step 1 : we consider an increasing sequence Oy (resp. FEj) of subsets of O (resp. of F) such
that Oy goes to O (resp. Ej goes to E), and for all k,

o p(z)dz < 00 ; /Ek- q(du) < oo (4.6)

_ 0 -
Then we denote by XF()\) and ﬁXf(A) the solutions of (4.4) and (4.5) where we have replaced
O and E by O and FEj. Using classical estimates, as Burkholder’s inequality and Gronwall’s

Lemma, one can easily check that X%(\) — X7(\) and ﬁ)@i(}\) ~

tions of Lemma 8.1 of the Appendix. Thus there exists a subsequence such that a.s., when [

X7()\) satisfy the assump-
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goes to infinity,

3)‘(’%) - 3XT(A) — 0 (4.7)

ki
sup ‘XT (A) XT()\)‘ + sup AT o

[A<1 <1

Step 2 : We now fix k, and we prove that there exists a random variable Z¥ < oo a.s. such that
for all A, p, and all ¢ € [0,T],

[XEO+ ) = XEO)| < |l (4.8)

Indeed, it is possible, using strongly the fact that N([0,T] x Ok)+ N1 ([O,T]| % E},) < oo a.s., that
there exists a constant C' < co and a random variable A¥ < oo a.s. such that for all ¢ € [0, 7]
and all A, p,

_ _ t, _ _
X+ = XEW| < a0 [ |RE () - XE )] ds

t
+o//
0 Jo,
t
+0//
o JE,

We denote by 0 < S < ... < S, < T the times of jump of the process N ([0,¢] x O) + N1([0, t] x
Ey). This way, we obtain

XE (A +p) — Xf,(A)‘ N(ds, dz)

X A tp) - X;a(x)\ N1 (ds, du) (4.9)

_ _ ty _ _
KEQ+m) = REO)| < Jula" +C [ |RE O ) - X ds

+OY|XE O+ ) - XE )] 1pss,y (4.10)
i=1
Using Gronwall’s Lemma on [0, Si[, we obtain for all ¢ € [0, S1],
[XEO -+ ) = XEO)| < ] A4ReC51 < | AbeCT (4.11)

This way, we can write for ¢ in [S1, S|

_ _ t_ _
[ XEO+ ) = XEQ)| < [ulAb + CSi|uaReCT - C /S XE (A ) = XE (V)] ds
1

+C|p| AFeCT (4.12)
Using again Gronwall’s Lemma, we obtain for all ¢ € [Sy, Sa],
[XEO A+ 1) = XEO)| < (1] [AF + AFCTeCT 4 CAFCT] T (4.13)

Iterating this argument, we obtain the existence of the announced random variable Z*, and the
second step is finished.
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Step 3 : we again fix k, and we set

3)‘(,{“(A) (4.14)

AT ) = | KO+ p) = XEQ) = pgy

Then one can check, by using Step 2 and the same arguments as in this previous step, that there
exists a random variable U¥ < oo a.s. such that for all ¢ € [0,7], and all X, ,

AF(\ p) < p’U* (4.15)
This of course implies that a.s., the map A — Xk () is differentiable on [—1, 1], and its derivative
9 k
— A).
is o X7(N)

This and the convergence (4.7) yield that Proposition 4.2 is proved.

Rewriting equation (4.5), we obtain

d
—X{"(A\) is solution of the following S.D.E.

Proposition 4.3 for each A € [—1,1], the process X

sxroy = t [ R 00,725 2)) o X ()R (s, d2)
! / n / n 0 n
+ /0 /O[hx(Xsf(A),vé(s,z))—hx(Xs,(A) 2)] 55 X0 (Ve(2)dzds
+/ ds+/ / fa(X X;’_(A)Nl(ds,du)
+/ / rL(X »yn(s 2))vn(8,2)N(ds,dz) (4.16)
This can also be written
aaAXt () = ta%X" (WK (A) + HE (V) (4.17)
where
[ K2 00,75, 2) N s, 2
0 JO
+/0t/o [h;(X?—(A)’%é(SvZ)) - h;(X?_(A),z)] ©(2)dzds
+/ g'( d3+/ / fo(X Nl(ds du) (4.18)
and

- /0 : /O BL(X™ (M), (5, 2))om (5, 2) N (ds, dz) (4.19)
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Thanks to assumption (P), 1+ AK? (A) does never vanish, thus the Doléans-Dade exponential
martingale £(K"™ (X)) is a.s. invertible, and we can write (see Jacod, [22]) :

SXLO) = €O x [ EERM ), (14 AKIO) BT (4.20)
0

Finally, since N and N; are independent, they never jump together a.s., and we obtain :

Remark 4.4 The process % X[ (X) is given by

O niyy _ ofgen ! w1 X (N), 7 (s, 2))
SXPO) = EKTO)): x/o /OE(K (A))S_th, OO ey (522N (s, d2) - (421)

4.3 The second derivative.

Exactly as in the previous subsection, we obtain :

2

Proposition 4.5 The second derivative X[ (N) is solution of the following equation

N2
82 t 82
e XN = | SE X AT () + LY () (4.22)

where

nw = z2f [ h;;z(X:_u),vz(s,z))a—ixzz(mn(s,z)N(ds,dz>

+/ [ X ), 2003 5. 2) N (ds, d2)

[ [ e vz(s,z»(aixn ) W,

[ I 0r 0022 — L 9] (2exe 0) e

+ [ o) ( D xe ) as

t p) 2
[ e o) (55X 00) Bids,du (4.23)
0 JE 1))
We end this section with a classical remark.
Remark 4.6 For each n € IN, and each N\ € [—1,1], the processes X['(\), %X{l()\), and

2
88)\2 X{'(X) are the solution of standard S.D.E.s. Thanks to (H), it is well-known that for each

A, each m, and each p < oo, there exists a constant C'(n,p,\) such that

P
>+E<sup
[0,7]

2

rO) S XE)

p) < C(n,p,A) (4.24)

E (sup |XZZ()\)|p> +FE (sup 88)\

(0,71 (0,71




182 CHAPITRE 5 : STRICT POSITIVITY OF THE DENSITY FOR JUMPING SDEs

5 Choice of the perturbation.

Let us first recall that, thanks to (4.18) and (4.21) :

;}\XT( Tx/ / S_%UH(S,Z)N(CJS,CJZ) (5.1)

/ / h (X, ,z)N(ds,dz) +/ s)ds+/0t/Ef;(Xs,u)N1(ds,du) (5.2)

The main idea consists in choosing v, in such a way that for some 0 < ¢ < K < oo, the

where

probability
0
P (X0 e ek [ Xr e o +1))

goes to 1 when n goes to infinity. In order to get rid of the random terms £(K )y and £(K);!
we will choose v, (s, z) equal to 0 for 0 < s < T — a,, for some sequence a,, decreasing to 0, and
we will use the a.s. continuity of £(K) at T. The term (1 + A% (Xs_,z)) ! is not a problem,
since it always belongs to [1/(1+ || 77 ||x), 1/co], thanks to (P) and (H). Thanks to (SP) and
proposition 2.5, h,(Xs_, z) ~ 1(yo)d(z) near T on the set { X7 € [yo—r,yo+7]}. Then, choosing
Up ~ Qp, we will use the fact that thanks to (2.18) in (SP),

/ /5 Z)a, (2)N (ds, dz)
T—an

goes a.s. to infinity when n goes to infinity. By this way, we will get a good lowerbound. The
upperbound will be obtained by using a well-chosen stopping time.

Let us now describe the sequence v, of perturbations. We will develop the arguments above in
the next sections.

Definition 5.1 Consider the sequences of increasing processes

Zr — / / an(2)8(x)N (ds,dz) ; UP = /0 t /O [02(2)B(2) + 0} (2)Gu(2)] N(ds, dz)  (5.3)

where ay, oy, 0, B, and (, are defined in (SP). Define the stopping times
T,=if{t>T—a,/Z} —Z}_, >1} 3 Ry=if{t>T—a,/U'—-Up_, >1} (5.4)

where [ > 0 is a strictly positive real number that we will choose (very small) in Section 7. We
now set

vn(s,2) = 1[T—an,T/\Tn/\Rn}(S)Qn(z)sg(E(K);}) (5.5)

where sg(x) denotes the sign of x.

It is clear from (SP) that for each n, v, is a perturbation in the sense of Definition 3.1. We will
need the following key lemma :
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Lemma 5.2 When n goes to infinity,
P(T,<T<R,) —1 (5.6)
Proof : first,
P(T, <T) = P(Z}—Zp_,, >1)

Y

1 — B [exp {— (23 — 73 o )}]

T
> 1—clexp l—/ / (1 — eﬂs(z)o‘"(z)) cp(z)dzds]
T—a, JO

> 1—clexp {—Kan/oan(z)é(z)go(z)dz} —1 (5.7)

We have used condition (2.18) of (SP), and the fact that, since || day, ||oo< dp || ¢ |00, there
exists a constant K such that for all z,

1 — e %)) > K§(2)an(2) (5.8)
Furthermore, thanks to (2.19) in (SP),
PR, <T) = PUR—UF ,, >1)

IN

1

= o [ [02(0() + ad () (2)] plz)dz — 0 (5.9)

The lemma, is proved.

At last, we notice that since U" and Z" are cadlag and increasing, since

an(2)0(2) <do | 6 o 5 ap(2)B(2) + ap(2)Cau(2) < do (|| B lloo + Il Gn llo)
forallt > T — a,,

ZiNTy = Zfmay <U+do | 6 lle 5 27, = ZF—q, 21 (5.10)

Ukt = Uy <140 (18 loo +500 [ llo) 5 U —Uf 20 (311)

6 Lowerbound for the derivative at 0.

Thanks to our choice for vy, since 1 + hl, > 0 thanks to (P) and since h), > 0 thanks to
Proposition 2.5, we can write

0 " Ry NT, AT 4
X0 = el x [ [ e,
T—an O

h(Xs—,2)
1+ hl(Xs—, 2)

This section is devoted to the proof of the following proposition :

an(z)N (ds, dz) (6.1)
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Proposition 6.1 For each yo € IR and each | > 0, there exists a constant C(yg,l) > 0 such
that for any r €]0,1],

P(|lxt0|> oot [ Xreh—ruw+il) —1 (6:2)

Proof : thanks to (H), 1 + Al <1+ || 7 ||, and thanks to (SP), hl,(z,2) > 1(x)d(z). Hence,

o 1 . R AT AT . )
T xno0) > — 8K x/ / K); !
‘8)\ il )‘ 14+ 7 e €] T—an o‘ (B o | 0

1

Xs-)0(2)an (2)N (ds, dz)

inf ‘S(K)TE(K)S__l x inf  (X,_)

1+ [| 7 |loo [T—an,T] [T—an,T]
RyANT, AT
/ / d(z)an (2)N(ds,dz)
T—an
1
- 1+ 17 o X Ap X Bp X (ZfnT, AR, — ZT—ay) (6.3)

where Z" is defined by (5.3).

Since £(K) is a.s. continuous at T', since, thanks to (P), £(K) does never vanish a.s., it is clear
that A, goes a.s. to 1 when n goes to infinity.

Since, from (SP)-1, 1 is continuous, since X is a.s. continuous at T', it is clear that on the set
{w €Q ) XT(w) E]?JO — Yo+ Ir[}ﬂ a.8.,

lim B,, > inf  (z) > inf () = P(yo) >0 (6.4)
Jyo—2r,yo+2r] lyo—2,90+2]

At last, since P(T, <T < Ry) goes to 1 (see Lemma 5.2), and since Z3 — Z3_, >1 a.s.,

P(Zinr, = Z—g, 2 1) — 1 (6.5)

Thus
P( ;}\XT(O)‘ 1 (m 1 x P(yo) x z) / X7 €lyo — 90 +7"[> 1 (6.6)

and we have checked the first part of Criterion 3.3 for Xr.

7 Upperbound for the derivatives.

We have to prove now that there exists a constant K < oo such that, when n goes to infinity,

P | sup
[A[<1

P | sup
[A[<1

%X%(A)‘ < K) 1 (7.1)

2

WX%(A)

< K) —1 (7.2)
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7.1 Upperbound for the first derivative.

Let us observe equation (4.16). Thanks to our choice for the perturbation vy, it is clear that

%,
5X"(>\) does vanish for s < T — a,. Thus only the second and fifth terms in (4.16) seem not

to go to 0. Hence, we consider the following S.D.E. : it looks like (4.16), but we have kept only
the second and fifth terms.

/Ot [ P 00325, 2)) = B (X2 (), )] T2 ()N (ds, d2)

+/ / hL(X 7n(3 2))vn (s, 2)N(ds, dz) (7.3)

Notice that the first term is an integral against N (ds,dz) instead of ¢(z)dzds. This comes from
the fact that we will have to control the paths of Ij*(\), and because our perturbation contains
a stopping time which gives information about N. Furthermore, the difference between the
integral against N and the one against ¢(z)dzds will go to 0.

Recall now that we can choose dy €]0, 1] (see (SP), and Proposition 2.5) and [ > 0 (see Definition
5.1) as small as we want. Remark that it is obvious from (H) that sup,, || (, ||eo< 00. We will
prove in this section the following estimate.

Proposition 7.1 If we choose
1

1
0<I<— ; 0<dy< Al (7.4)
64 32(/1 6 [loo + | B lloo +supy || G lloo)

then, when n goes to infinity,

P <sup ﬁxw)‘ < 1) 1 (75)
<119

In order to prove this, we will use the following lemmas.

Lemma 7.2 Assume that [ and dy are as in Proposition 7.1. Then for all n,

a.s. , sup sup |I}*(A)] < 1/2 (7.6)
IA[<1[0,T]

Lemma 7.3 Assume that | and dy are as in Proposition 7.1. Let p € [1,00[ be fized. There
ezists a constant Cp, < 0o such that for all X, p in [—1,1] and all n,

E <sup X7 ()] ) <0, (7.7)
E <SUP [ X3 (A) — X ()] ) < Cp|A — pf? (7.8)
P
E (sup ) <Gy (7.9)
o P
E (sup SXPO) = 5 XE (1) ) < CylA— P (7.10)
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Lemma 7.4 Assume that | and dy are as in Proposition 7.1. Let p € [1,00| be fized. There
ezists a constant Cp, < 0o such that for all X, p in [—1,1] and all n,

E (Sup [T (A) — I?(u)l”) < CplA = pf? (7.11)
(0,7

Furthermore, for all X € [—1,1],

E (sup
(0,77

We now assume for a moment that these lemmas hold.

0

PO - 55

XN

P
)—%Hwo (7.12)

Proof of Proposition 7.1 : from estimates (7.10), (7.12), (7.11), and Lemma 8.1 of the Appendix,
we deduce that, when n goes to infinity,

P | sup
[A[<1

_9
O

() X%(A)‘ > 1/2) 50 (7.13)

Thus, using (7.6),

P (sw [5rxp00] <1) > P swp OV < 1725 sup | xR0 - BOV| < 172
A<t 1OA A< A<t 1OA
> P | sup |[—=X7(X) —I%()\)‘ <1/2] —1 (7.14)
A<t 19X

and the proposition is proved.

Proof of Lemma 7.2 : we work here for a fixed w € 2. Using the functions 4, § and ¢, defined in
(SP) and Notation 2.3, the fact that |y} (s, 2) — 2| < |vn(s,2)| and |v, (s, 2)| < an(2), we obtain,
for all z € IR,

h'z(ﬂfﬁé(saz))‘ < |RL(w )|+ Iy (siz) =2l x  sup [BY(z,w))

|z—w|<|on(s,2)|

< 0(2) + |oa(s, 2)] x llh'z'z(:v,z)lJrlvn(SaZ)lx sup |17, (2, w)|

|z—w|<[vn(s,2)|

< 0(2) + [on(s,2)|B(2) + v5 (5. 2)Cn(2) (7.15)
and in the same way,

We(@, 9 (5, 2)) = hlx(xvz)‘ < on(s,2)|8(2) +v5(5,2)B(2) + |vn(s, 2)[*Ca(2) (7.16)

Thus, since |vy (s, 2)| < an(2)17_4, T AR.AT)(5), We see that

sup [I"(A)| < /(T“AR”M /O [3(2) + an(2)B(2) + 02 (2)a(2)]

[0,t] T—an)At
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X [[I? (N)| + 1] an(2) N (ds, dz)

™ d(z)an (2)N(ds,d
< 1+S[;1tp|I ] / / ) s,dz)
U (656 + eI (a)] s, o)
T—an
< |1+ m)uwn] x 20+ o[ 8 oo+ 11 8 1o + I G l1)] (7.17)

We have used here only the definitions of T;, and R,. But we have chosen dy and [ satisfying

21+ do([| 6 loo + | B llso + 1| Cn [lo0)] < 1/16 (7.18)
we thus obtain 1 )
sup 7)) < —sup [I7(\ 7.19

and the proof of (7.6) is finished.

Proof of Lemma 7.3 : first of all, we omit the proofs of (7.7), (7.8), and (7.9), because they are
.10

similar but easier than the one of (7.10). In order to prove (7.10), we set :
LY p) = X7 () = X' () 5 67 (A ) = BAXt (A) — BAXt (k) (7.20)

Then, using the expression (4.16), we see that (the constant K depends only on p)

B (sup ey u)l”)

[0,¢]

< KB [sup| [ [ (1 (00,3206:2) ~ RO ()7 2)

xa%xn NN (ds,d2)|']

+RB | [ [ (WX (1) 20652)) = RO () 2 2)

0

xS X (A)z\?(ds,dz)\”]
+KFE [sup / / BL(X™ (), v (s, 2)) x 07 (X, )N (ds, dz) p]
+2P1E{ [ 0032 s,20) = K002 (0,2 162 Ol ]
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+KE | ,,}

X O, 7 (5:2)) = B (X2 (7200220 [ X0 ()] ()

b
+KEH/Ot/O

h (X (N, 70 (s, 2) = by (XT(N), 2) = hip (XT (1), 4 (s, 2))

SO0 (0, 2)| [ X )| ot

]

0
ﬁX?—(A)

]

[ u ! n ! n n \J b
+KB [sup | [ [ (720X 00,0) = £ (0 0) % X2 ()i (s ]

]

R (X3 (N), 7 (5, 2)) = h;(X?_(u)»%?(s,Z))‘ X an(2) N (ds, dz)

x| [l o) - g o) s

+KFE

[ 19 0cz | x oz

+KE

[ [ R 0, 0) % 02 (0, ) N (s, )
L[0,4] 170 JO

t p
KB ‘ [ ]
||/ (T—an)At JO
+KE ‘ [ ]
||/ (T—an)At JO

= IO ) + e TP\ ) (7.21)

sup

WL (XS (1), v (s, 2)) = hlz(X;l—(M)77r)z\(Saz))‘ X o (2) N (ds, dz)

First, we compute J™'. Using Burkholder’s inequality, we obtain
T Owm) < KE|| / /O (PL(XI (), 7 (5, 2)) = By (X2 (), 7 (5, %)) (7.22)

0 wn 2 p/2
<5XS_(>\)> N(ds, dz)["”]
Using the functions 7, 6, 8, ¢, defined in (SP) and (H), using the facts that |v,(s, z)| < an(2)

and |y (s, z) — z| < |vn(s, 2)|, we see that for all z,y in IR,

By (0,72 (5,2)) = Bl 2 (5, 2))| < o = l[(2) + [om (s, 2)13(2)

Hon (5, 2)2B(2) + [on (5, 2) G (2)] (7.23)

Using Definition 5.1 of v, we see that J;"'(\, z) is smaller than
p/Q]

J

KE { [ ooum? (%X&(A))Z X 72 (2) N (ds, d2)
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t

+K 0 /(TW /O (T2 (A m)* <%X;’_(A)>2

x [dan + B + (radd] ()N (ds,d) \W]

We now apply Lemma, 8.2 for the first term. For the second term, we use Lemma, 8.4-1, of which
the conditions are satisfied thanks to (SP). This gives :

t p
o < K [ e[erouwr x| gxro]]ds
K [t o P
— E||IT? p — X" .24
e r2Ou P x | x| | ds (7.24)

At last, we deduce from Cauchy-Schwarz’s inequality, (7.8) and (7.9) that
TP O p) < KA = pl? (7.25)

In order to estimate J™2, we will use Burkholder’s inequality, then the fact that, since |y, (s, z) —
YE (s, 2)| <IN = p| X |vp(s, 2)]|, for all z € IR,

I (2, 7 (5, 2)) = b, 76 (5, 2)) < X = pl X [on(s, 2)] % [5(2) + |vn(s, 2)|5(2)

Hou(s, )2 (2)]  (7.26)
This way, J;' 2(A, p) is smaller than

KIA—pl? x B|| /(;_anw /O [5(2)cn(2) + B(2)02 () + Ga(2)ad (2)]

2

9 N(ds,dz)

—_Xnr
S X

i

X

P
>ds

< K|\ —pl? (7.27)

<Kp—ppx 2 [ E(‘3 n(3)
- M (T—an)At ox”’

for the same reasons as in the computation of J™!.

We now notice that for any real number z,

hlx(gjv'Yr)z\(Saz))‘ <0(2) + [on(s,2)] X 6(2) + [vn(s,2)[* x B(2) + |vn(s, 2)|> x Cal(2)  (7-28)
Thus, exactly as for J™!, we obtain :

t K t
7o <K [ EinemPlas <[ pleowrles )
0 Gn J(T—an)At

n
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We now are interested in J™*. First notice that

B (2,7 (5, 2)) = Biy(2, 2)] < [on(s, 2)|8(2) + v (5, 2)B(2) + |oals, 2)[*Ca(2) (7.30)
Hence
T ARp AL
o < 2] 1o u] x [p()an() + 812 ()
T an /\t

P
+n(2)a (2)] (=) dzds| |
P

] (7.31)
p]
Using Assumption (SP), Lemma 8.5, and the definitions of T}, and R,, (see Definition 5.1), we
deduce that

< 4'E H/T /\t/ 07 (X, )| X 8(2)am (2)p(z)dzds

+4r-'E H/(Tn::)/\t/o 07_ (X, )| [ﬁ(z)ai(z) + Cn(z)ozf’l(z)] o(z)dzds

Tt ) < 4! l?’_l(l +do || 0o )" x E (S[SIEW?(A,M)I”)]

4! [21"1(1 +do(|l B lloo + Il Gn ll0))” x E <?315 IH?(%M)V’)]

K t
i B (0" ()P ds (7.32)
An, J(T—an)At

But we have chosen [ and dy satisfying (7.18). Thus

t
T < o0 (s Ouml? )+ [ (o) ds (7.33)
2P\ jo, an, J(T—an)nt

A similar computation allows us to write

T 0 m) < K= pf? % [KE <sup JXI0)
[0,t]

p K [t 0
+ —/ E ( — X7 (A
) An J(T—an)At oA S( )

TP\ p) < K|\ — pfP (7.35)

p) ds] (7.34)

Thanks to (7.9), we obtain

Since

B, (5, 2)) = iy (,2) = W (y, 7 (5, 2)) + By, 2)|

< |z =yl [lon(s, 2)10(2) + v (s, 2)B(2) + |vn(s, 2)P¢n(2)] (7.36)
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one can check, as in the computation of J™*, that

n 0 P
T\ p) < KE(ﬁfWWAuW ?W))
K [t ) P
T E(W P x1‘>d
an Jr—an 057 | 55 X5 ()] ) ds
< KA—upf (7.37)

thanks to the Cauchy-Schwarz inequality, and estimates (7.8) and (7.9).
Using (H), Lemma 8.2 for the Poissonian terms, one easily checks that

0
X0

P
)ds

WK /0 B (07 (0 p)|P) ds (7.38)

t
T 4+ 00 < K[ E(|r2(A,m|”><
0

Using the Cauchy-Schwarz inequality, and estimations (7.8) and (7.9), we can conclude that
T 44 JO0u ) < KN 4 K [ B (02 )]) ds (7.39)
It is easy to check that
[ (2,9 (5, 2)) = B (9 (5, 2| < Jm—y] % [8(2) + [on(5, 2)] X B(2) + [om (5, 2)[? x Cu(2)] (7.:40)

Thus J;"'H(\, 1) is smaller than

Tn/\Rn/\t b
KEH . M/|r" Al % [8()em () + B(2)a (2) + Gul2)a ()]N(ds,dz)]
SKE[ z)an (2 %ddpxprﬂMMW

(0,77
+KE 2) + Gu(2)ai (2)] N(ds.dz)| x sup[T7 (N, M
[0,T]
< KX —pfP (7.41)

thanks to the definitions of T},, R,,, and equation (7.8).

At last, since

I (2, 7o (5, 2)) = B (2,74 (5, 2))] <IN = pal X Joa(s, 2)] % [B(2) + [on (s, 2)[¢n(2)] (7.42)
we see that (thanks to the definition of R,,) :

p

T 12()\ u) < KE l / A — p| x [B(z)oz,%(z) + Cn(z)ozf’l(z)] N(ds,dz)
T—an

< KA —pl

(7.43)
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Finally, we obtain, for some constants K, Ko, K3 depending only on p,

t
E(supww,unp) < K- P+ Kz [ E(0200 ") ds
0

[0,t]
K
W (e ds
An J(T—an )N\t
1 n
+—F lsup|6‘ (N)] ] (7.44)
2P 0,

Thus, since p > 1,

t
E(supww,unp) < 2K N -l 420, [ B (000 ds
[0,t] 0

2K

Gn

t
[ BgOwP)ds (7.45)
(T—an)At

Furthermore, it is clear, from Remark 4.6, that for each A, i, n, the function f(t) = E <sup 107 (A, 1)

)

is bounded on [0,7]. We thus can apply the extended Gronwall Lemma 8.6 proved in the Ap-
pendix, and conclude that there exists a constant C),, independent of A, 11, and n, such that

E <sup 02 u)l”) < Gy =P (7.46)
[0,£]
Proof of Lemma 7.4 : we first check (7.12). We set A?(\) = 88>\Xt (A)—I}*(X). Writing ¢(z)dzds
as N(ds,dz) — N(ds,dz) in the expression (4.16) of 3X"()\), we see that

oA

! ! n 0 X ~
/O/Ohx(Xs_( Y (8, 2)) g Xs= (AN (ds, dz)

+ /Ot /O [P (XI (0,7 (5, 2)) = B (X2 (V), 2)| AT (AN (ds, d2)

-[ / [h;(xs,umé(s,z))—h;<X;1(A> 2] ;’AX" (VN (ds,dz)  (7.47)
0 JO

+ / N)ds + / / fi(x X;’_(A)Nl(ds,du)

0
But it is easy to check that ﬁXZl()\) vanishes as soon as t < T — a,,. Hence, using Burkholder’s

inequality for the first, third, and fifth terms, using inequalities (7.28) and (7.30), the expression
of vy, (see Definition 5.1), and (H), we see that

B (sup |A2(A>|p>
[0,t]

)
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<KE[| [ [ [0+ o232 + 03@80e) + 216 (2)]

T—
D n | 5
X |53 X7 (V)| N(ds, d) ]
Tn/\Rn/\t p
4or-1p H et /O[ (2)5(z)+a?l(z)ﬂ(z)+ai(z)§n(z)] x |AT(N)| N(ds, dz) ]
t 2 %
e ‘/@anW/o[""<Z>5(z>+ai(z>ﬁ<z>+ai(z><n(z> \5 n ()| N(ds, dz) ]
t a . P
L R E{ax ) }ds
t 9 . 9 4
< DP'(A) + .o+ DN (7.48)
First,
D"'(\) < KE 0 "Ap% 7.49
(A < [sup] N XT(N\) (7.49)
% E[/T . / 2(2)0%(2) + ap(2)B(2) + af ()61 (2)] N (ds, d) r

Using Lemma 8.4, since from (SP),
an /O () + a2 (2)0%(2) + 0 (2)B82(2) + A (2)C2(2)] 9(2)dz —nsoe 0 (7.50)

and using (7.9), it is clear that D' (\) < K,,, where the sequence K, goes to 0. One can check in
the same way that DI"*(\) < L, where L, goes to 0. It is clear from (7.9) that D{"*(\) < Kay,.
Thanks to Lemma 8.2 and estimation (7.9), since o € L2(E, q), we see that D!"°(\) < Ka,. At
last, the definitions of T}, and R,, yield that

]

ey (‘/R”M )B(2) + a3 (2)Cn (2)]| A" (V)| N (ds, dz)

Tn/\t
4P1E H e an(2)0(2)|A%_(N)|N(ds,dz)

Dy*(X)

IN

pl

p

vE (s[;u}amz(w) : [21 o8 oo + 18 1o+ [ G 1)
7t n

IN

IN

%E <sup|A"( )P ) (7.51)

[0,1]
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since dy and [ satisfy (7.18). We finally can write

E <sup|A?( )| ) <Cp+ I E lsup|A”( )| ] (7.52)
[0,t] [0,t]

where the sequence C), goes to 0. Thus

E (sup |A?()\)|p> <2C, —0 (7.53)
[0,]

when n goes to infinity.

The proof of (7.11) is quite similar to the one of (7.10).

7.2 Upperbound for the second derivative.

The method is exactly the same as in the previous subsection : we set
/Ot /O [P (X2 (0,9 (5,2)) = W (XE-(V), 2)| Ji- (AN (ds, dz)
22 [0 [ OK (0,26 D O, 2) N s ) _—
[ X075, 2)) = (X (0, )] () N (s, d2)

and we state the following lemma, which can be proved as Lemmas 7.2, 7.3 and 7.4 :

Lemma 7.5 Let dy and | be as in Proposition 7.1. Let p € [1,00[ be fized. There exists a
constant C), < 0o such that for all X, p in [—1,1] and all n,

2 p 92 o2 p
E —X <C: F —X —X < — ulP .
(;ug SSXIO) )_c, <[sup] SIXEO) X ) >_O|A ap o (159)
1
a.s., sup sup|J;'(A)| < = (7.56)
IA[<1[0,7] 2
2 p
tim E (sup 7200 = 2 xp0| ) =0 B [sup |2 0) — 0P ) <Ch—pr (1.57)
n\[o,1] 2 [0.7]

Comparing equations (4.17) and (4.22), we see that in order to prove (7.55), we just have to
check that

E(supwwp) <0, E(supwm)—w(unp) <SGh-uP  (759)

[0,7] [0,7]



8. APPENDIX. 195

Similar simplifications may be used to prove (7.57). Let us just prove (7.56). Using Lemma 7.2,

inequality (7.16), the same inequality for h!_, the expression of v,, and inequality (7.18), we see

that
ThARnp
PN < sup [T x/ (et + o + Cao}] ()N (ds, dz)
[Ot T—an
T ARy,
+2sup [I7(N)| x / [604,, + B + Cnai] (2)N (ds, dz)
[O,t] —0n
Th ARy
+sup [IP(V) 2 % / [0t + o + a0 | (2)N(ds, d2)
[O,t] T—an
< RUAdo(fl 6 floo + 1 B lloo + 11 € Mloc)] x (?SJEU?()\H +2x1/2+ 1/4>
< Lol + > (7.59)
= 1600 64 '

This yields (7.56).
This Lemma, allows to conclude, as in the previous subsection, that the proposition below holds.
Proposition 7.6 Let dy and [ be as in Proposition 7.1. Then, when n goes to infinity,

2
P | sup
|AI<1

o )

< 1) —1 (7.60)

7.3 Conclusion.

Fix yo in the support of Po X, L 'We have actually proved that there exists C; > 0 and Cy < 0o
such that for all » > 0,

82

0
P <|XT Yo| <7 ‘SAXT(O)‘ >C sup‘aA )\)‘ BAQXT(A)

02> (7.61)
goes to P (| X7 — yo| < r), that is strictly positive.

Thus, the assumptions of Theorem 3.3 are satisfied for any yg in the support of the law of X,
and Remark 3.5 allows us to conclude that Theorem 2.4 is proved.

8 Appendix.

We begin this annex with a consequence of a standard limit theorem for continuous processes.

Lemma 8.1 Let {Y,())}ag[—1,1] be a sequence of real valued processes. Assume that there exists
a constant C < oo such that for all \,p € [—-1,1], all n € IN,

E ([Ya(h) = Ya(w)?) < CIA = pf? (8.1)
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Suppose also that for all X € [—1,1], when n goes to infinity,

E([Ya(V)?) — 0 (8.2)
Then the following convergence holds in probability :

sup |Y,(A\)| — 0 (8.3)

IAI<t

Proof : first notice that thanks to (8.1) and to the Kolmogorov criterion of continuity, see e.g.
Revuz, Yor, [39], p 25, there exists a constant K < oo such that for all n,

E( Yo (A) — Yn(u)l>§K (8.4)
s A=l

Thus for all n > 0,
limsup P [ sup [Yn(A)—Yu(u)|>n) <lim Krfl(ﬁ =0 (8.5)
0—0 n ‘/\_M‘S‘s 0—0

Furthermore, the family of the laws of Y;,(0) is clearly tight, thanks to (8.2). Thus, we deduce
from Theorem 1.3.1 p 31 in [43] that the family of the laws of Y, is tight.

On the other hand, it is obvious from (8.2) that for all Ay, ..., g in [—1, 1], (Yo(A1), ..., Yu(Ak))
goes to 0 in law when n goes to infinity. The standard limit Theorems for continuous processes
yield that Y;, goes to 0 in law for the supremum norm, i.e. that

[sup} |Yo(A)|] — 0 (8.6)
—1,1

in law. But the convergence in law to a constant implies the convergence in probability, and the
Lemma is proved.

We now give five technical lemmas. We omit the proof of the first one, because it is similar to
the one of Lemma 8.4 below.

Lemma 8.2 Letn € L?(0, ¢(2)dz)NL>®(0, p(z)dz), and let p > 1. There exist some constants
Cy and K,(n) such that for every predictable process Y on [0,T],

2

2>

(sup//n YNdsdz)> < C,,E( Ot

Ky [ B (o) 8.7)

Lemma 8.3 Let vy, be a sequence of positive functions on O and let a,, be a real valued sequence
decreasing to 0, such that for some constant C' < oo,

an/ T(2)p(2)dz < C (8.8)

2(2)Y2N(ds, dz)

IN

Let p > 1. Then there exists a constant K, such that for all predictable process Y on [0,T],

o[ oo
T—an)At

) < — E(|Ys]?) ds (8.9)

An J(T—an)Nt
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Proof : the left member of equation (8.9) is smaller than

t p t p
() <0 ..
(T—an)At an (T—an)At

Using Holder’s inequality (for the measure ds), we obtain

] (8.10)

p—1

K ¢ t Kt
<2 x / ds| xE / Vi [Pds| < —/ B (|V,[P) ds (8.11)
an (T—an)At (T—an)Nt An, J(T—an)At

which was our aim.

Lemma 8.4 Consider a sequence of positive functions v, € L'(O, o(2)dz), such that || Yn ||lco<
ko, let ay be a real valued sequence decreasing to 0, and let p > 1.

1. if an [ ¥m(2)p(2)dz < C, then there exists K, such that for all predictable process Y on

0, 7],
E H /(Tanw /O a(2)|Y3| N (ds, d2)

2. if an [om(2)p(2)dz — 0, then

l/Tan/%l N (ds,dz)

Proof : let us for example check 1. : we will prove (8.12) for every p = 29, recursively (on q).

First, if p =1,
t t
E[ [ %<z>|Ys|N(ds,dz)] S AW RAC LA EOEE
(T—an)/\t 0] T— an /\t
t
/ B(v.)) x Lds (8.14)
(Tfan)/\t Qp

¢ t ~ 2p
‘/ /q/n(z)|Ys|N(ds,dz) ‘/ /fyn(z)|Ys|N(d3,dz) ]
(T—an)At JO (T—an)At JO

t 2p
‘ /(Ta y | m@Yilo(e)dzds ] (8.15)

Thanks to Burkholder’s inequality and the inductive assumption, the first term is smaller than

p K t
< BV ds (812
An J(T—an )Nt

p
] 0 (8.13)

IN

Assume now that (8.12) holds for p = 27. Then

2p

E <KFE

+KFE

p

K.t
< kangpx—p/
Gnp

E(|v;[**) ds (8.16)
(T—an)At

t
KxCyE H [ [ R@m PN s
(T—an)At JO
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By using Lemma 8.3, the second term is smaller than

K t
i J E (|Y;**) ds (8.17)
(T—an)At

Gn

which was our aim.

Lemma 8.5 Let Y be a predictable process on [0,T], let a, be a sequence decreasing to 0, and
let I > 0 be fized. Consider a sequence of positive functions vy, on O such that

I lo< ko  ; / V2 (2)p(2)dz < K (8.18)

Consider also the following stopping time :

Tn—1nf{t>T—an // /*yn N(ds dz)>l} (8.19)
T—an

Then for all p € [1, 00|,

Tn/\t
/ |Ys|vn (2)p(2)dzds

an /\t

p

< x|+ kP xE (sup|Ys|p>
[0,2]

+ 2 / o B(v.P)ds (8.20)

Proof : we first write p(2)dzds as N(ds,dz) — N(ds,dz), to upperbound the left member of

(8.20) with :
p
b1 Tn AL
g ¥y (2) N (ds, d2)
(T—an)At JO

+2'B H / | Wabm(2) N (ds, dz2)
T—an)At JO

Thanks to Burkholder’s inequality, this is smaller than

p
] (8.21)

- P
2P~ E |sup |V, [P x / Yn(2)N (ds,dz) ]
_[Oat} T a‘"
o 2
+CpE ‘ / / Y292 (2)N(ds,dz) ] (8.22)
(T—an)At JO
At last thanks to the definition of 7,,, Lemma 8.4, and (8.18) this is smaller than
K.t
s+ kol x E [ sup Vil ) + —”/ B (Y, [P) ds (8.23)
[0,] an J(T—an)At

which was our aim.

At last, the next lemma is a consequence of Gronwall’s Lemma.
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Lemma 8.6 If f is a positive and bounded function on [0,T] satisfying, for some a €]0,T| and

some positive constants Cy, Co, and C3 :

<0t [ rsas+ S | L (s

a J(T—a)At
then
sup f(1) < C1 [1 + CyTe®T ] 2T+
[0,7]

Proof : first, it is clear from Gronwall’s lemma that

sup f(t) < Cre®?T
[0,T—a]

We now set g(t) = f((T — a) +t), which is well defined on [0,a]. We obtain
oxy Cs\ [
g(t) < Cy 4+ CoC1e”? (T —a)+ [ Co + — / g(s)ds
0
Thus Gronwall’s Lemma, yields that

sup f(t) =supg(t) < Cy [1 + CQTeC2T] eC2a+Cs
[T_asT} [Oza}

(8.24)

(8.25)

(8.26)

(8.27)

(8.28)



Chapitre 6

Strict positivity of a solution to a
one-dimensional Kac equation
without cutoff

Abstract : We consider the solution of a one-dimensional Kac equation without cutoff built
by Graham and Méléard in [19]. Recalling that this solution is the density of a Poisson driven
nonlinear stochastic differential equation, we develop Bismut’s approach of the Malliavin
Calculus for Poisson functionals, in order to prove that this solution is strictly positive on
10, oo[x IR.

Ce travail a été acceptée pour publication
dans la revue Journal of Statistical Physics.

1 Introduction.

We prove by a probabilistic approach the strict positivity of a solution of a one dimensional
Kac equation without cutoff, in the case where the cross section does sufficiently explode. In
the cutoff case, much more is known : Pulverenti and Wennberg, [38], have proved, by using
analytic methods, the existence of a Maxwellian lowerbound. But their proof is based on the
separation of the gain and loss terms, which typically cannot be done in the present case. No
result seems to have been found by the analysts in the non cutoffed case.

The solution we study has been built by Graham and Méléard in [19]. This solution f(¢,v) can

be related with the solution V; of a Poisson driven nonlinear S.D.E. : for each ¢ > 0, f(¢,.) is
the density of the law of V;. We will thus study f as the density of a Poisson functional.

200



2. THE KAC EQUATION WITHOUT CUTOFF, THE MAIN RESULT. 201

In Chapter 5, the strict positivity of the density for Poisson driven S.D.E.s is studied in the
case where the intensity measure of the Poisson measure is the Lebesgue measure. The method
is adapted from a paper of Bally and Pardoux, [4], which deals with a similar problem in the
case of white noise driven S.P.D.E.s, i.e. with Wiener functionals. This method is based on
Bismut’s approach of the Malliavin Calculus, which consists in perturbing the processes, see e.g.
Bichteler, Jacod, [7], for the case of classical diffusion processes with jumps. Nevertheless, we
can not directly apply the results of Chapter 5. We can not either use exactly the same Malliavin
Calculus as Bichteler and Jacod, because the intensity measure of our Poisson measure will not
be the Lebesgue measure. We generalize a Malliavin Calculus adapted to our model, inspired
by Graham and Méléard, [19].

Let us say a word about the difference between the techniques in the case of Wiener functionals
and Poisson functionals. The main difference is that the Malliavin calculus does product inte-
grals with respect to the Lebesgue measure in the first case, and with respect to the Poisson
measure in the second case. We thus have to deal with random perturbations and with stopping
times instead of deterministic perturbations and times. This is why the assumptions are very
stringent in Chapter 5. Nevertheless, the method gives a quite good result in the case of the
Kac equation without cutoff.

The present work is organized as follows. In Section 2, we recall the Kac equation, we give the
results of Desvillettes, Graham, and Méléard in [17] and [19], who solved this equation, and we
state our result. In Section 3, we define rigorously our ” perturbations”, and we state a criterion
of strict positivity. At last, we apply this criterion in the next sections.

2 The Kac equation without cutoff, the main result.

The Kac equation deals with the density of particles in a gaz, and is a one-dimensional ”car-
icature” of the famous spatially homogeneous Boltzmann equation. We denote by f(¢,v) the
density of particles which have the velocity v € IR at the instant ¢ > 0. Then

Faor= [ [ s e) - fe.0)f 0 0] plo)d0, 2.1)

where
v/ =vcosf —uv,sinf ; vl =wvsinf+ v, cosf (2.2)

and [ is a non cutoff cross section, i.e. an even and positive function on [—7, 7]\{0} satisfying

/0 " 623(0)d6 < oo (2.3)

™
The case with cutoff, namely when / B(0)df < oo, has been much investigated by the analysts,
and they have obtained some exister?ce, regularity and strict positivity results.
In [17] and [19], Desvillettes, Graham and Méléard give an existence and regularity result for such
an equation, by using the probability theory. See also Desvillettes, [15] for another statement
(using the Fourier Theory), and Desvillettes [16] or Chapter 4 for the 2-dimensional case. We
are interested in this paper in the strict positivity of the solution of (2.1) built by Graham and
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Méléard in [19]. Let us recall their main results.
First, we will consider solutions in the following (weak) sense.

Definition 2.1 Let Py be a probability on IR that admits a moment of order 2. A positive
function f on IR} x IR is a weak solution of (2.1) with initial data Py if for every test function
¢ € Cj(IR),

/velRf(t,v)gﬁ(v)dv - /Uem (v) Py (dv) +/0t /Uem /J*GRK‘b(v,v*)f(s,v)f(s,v*)dvdv*ds (2.4)

where
K?(v,v,) = —bvd' (v) + _7; {qﬁ(v cos @ — v, sin ) — p(v)
—[v(cos @ — 1) — v, sinf)] ¢'(v)}ﬁ(9)d9 (2.5)
and .
b= / (1 — cos 0)3(6)d0 (2.6)

Notice that b and the collision kernel K are well defined thanks to (2.3).

In [17] and [19], one assumes that

Assumption (H) :

1. The initial data Py admits a moment of order 2, and is not a Dirac mass at 0.

2. B = Py + (1, where (31 is even and positive on [—7, 7]\{0}, and there exists ky > 0, 6y €

10, 7/2[, and r €]1, 3] such that 5y(#) = #1[790,90](9). We still assume [j 028(0)d < oc.

They also build the following random elements :

Notation 2.2 We denote by Ny and N two independant Poisson measures on [0,T] x [0, 1] x
[—m, 7], with intensity measures :

vo(df, da, ds) = By (0)dOdads 5  vi(dB, da,ds) = B1(0)dOdads (2.7)

and by N[) and Nl the associated compensated measures. We will write N = Ny + N1. We
consider a real valued random wvariable Vi independant of Ny and Ny, of which the law is Py.
We also assume that our probability space is the canonical one associated with the independent
random elements Vi, Ny, and Ny :

(@, F AF}, P) = (@, F {F}, P) o (Q°, F {F}, P @ (@, F' {F}, P') (2.8)

We will consider [0,1] as a probability space, denote by da the Lebesque measure on [0,1], and
denote by E, and L, the expectation and law on ([0, 1], B([0, 1]), da).

The following Theorem is proved in [17] (Theorem 3.6 p 11).
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Theorem 2.3 There exists a process {Vi(w)} on Q and a process {Wi(a)} on [0, 1] such that

,

Vi(w) = vo(w)+/0t/01 /_7; [(cos 0 — 1)Vi_ (w) — (sin )W,_ ()] N (w, d0dads)

) /0 V, (w)ds (2.9)

Lo(W)=L(V) ; E (sup Vf) < 00
[0,T]

\

At last, Graham and Méléard show in [19] the following theorem (see Theorem 1.6, Corollary
1.8, p 4)

Theorem 2.4 Assume (H). Let (V,W) be a solution of (2.9). Then for all t > 0, the law of
Vi admits a density f(t,.) with respect to the Lebesque measure on IR. The obtained function f
is a solution of the Kac equation (2.1) in the sense of Definition 2.1. Assume furthermore that
Py admits some moments of all orders. Then for each t > 0, the function f(t,.) is of class C*
on IR.

Let us now give our assumption, which is more stringent than (H) : we need a stronger explosion
of the cross section.

Assumption (SP) :

1. The initial data Py admits moments of all orders, and is not a Dirac mass at 0.

2. B = [y + P1, where (31 is even and positive on [—m, 7|\{0}, and there exists kg > 0, 0y €
10, 7/2[, and r € [2, 3] such that §y(0) = %1[_90’90](9). We still assume [ 0%23(0)d6 < oc.

Our result is the following :

Theorem 2.5 Assume (SP), and consider the solution in the sense of Definition 2.1 of equation
(2.1) built in Theorem 2.4. Then f is strictly positive on ]0, 400X IR.

In (SP), we do not really need the fact that Py has moments of all orders, but only the fact
that the density f(¢,v) of the law of V; built in Theorem 2.4 is continuous on IR for each ¢t > 0.
Notice that our method does not work in the case where r belongs to ]1,2[ : we do really need
a large explosion of the cross section at 0.

In the whole work, we will assume (SP), use notation 2.2, and consider a solution
(V,W) of (2.9).

3 A criterion of strict positivity.

This section contains two parts. We first introduce some general notations and definitions about
Bismut’s approach of the Malliavin calculus on our Poisson space. We follow here Bichteler, Ja-
cod, [7], and Graham, Méléard, [19]. Then we adapt the criterion of strict positivity of Bally,



204 CHAPITRE 6 : STRICT POSITIVITY FOR A KAC EQUATION

Pardoux, [4] (which deals with the Wiener functionals) to our probability space.

Definition 3.1 A predictable function v(w, s,0,a) on Q x [0,T] x [0, 6] x [0,1] is said to be
a "perturbation” if for all fired w,s, o, v(w,s,.,a) is C' on [—0y, 0], and if there exists some
even positive (deterministic) functions n and p on [—6g, 0] such that

(s, 0,0 <n®) 5 [v(s,0,0)] < p(6) (3.1)
w0 <% ) = (o) =0 (3.2
if£<e>=p<e>+rzf+2% then ¢St and €EL'(AO)dD) (33

Notice that thanks to (3.3), n and p are in L' N L>(5y(6)d8).
Consider now a fixed perturbation v. For X € [—1,1] we set

Y(s,0,a) = 0 + \v(s, 0, ) (3.4)
Thanks to (3.1), (3.2), and (3.3), it is easy to check that for each \,s,a,w, ¥*(s,.,@) is an

increasing bijection from [—6y,]\{0} into itself. Then we denote by N§* = 4*(Ny) the image
measure of Ny by v* : for any Borel subset A of [0, 7] x [—6y, 6] x [0, 1],

NMA) = /0 ! /0 1 7; 14(3,77(5,0, &), ) No (dfdexds) (3.5)

We also define the shift S* on Q by
VooS*=Vy ; NygoS*=N; ; NoS=N, (3.6)
We will need the following predictable function :

BU(V/\(Sv 0, a))

Ys,6,a) = 14 X'(s,0, 3.7
( ) 5o(0) ( ( ) (3.7)

Then it is easy to check that for all A € [—1,1],
P (V) = (3.8)

and for all A\, 4 € [—1,1] (recall that £ is defined in (3.3)),
[V2(s,0,0) = Y¥(s,0,0)| < |x = sl x £(0) (3.9)

We also consider the following martingale

t 1 T ~
Mgz/0 /0 [W(YA(S,G,a)—1)Ng(d9dads) (3.10)
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and its Doléans-Dade exponential (see Jacod, Shiryaev, [23])

G =M, =M T (1+AM)) e 2M (3.11)
0<s<t

Since |Y* — 1| < ¢ < 1/2, it is clear that G* is strictly positive on [0,7] a.s. We now set
P* = G2..P. Using equation (3.8), and the Girsanov Theorem for random measures (see Jacod,
Shiryaev, [23], p 157) one can show that P* o (S*)~! = P, i.e. that the law of (Vp, Ng', Ny)
under P is the same as the one of (Vj, Ny, N1) under P.

The following lemma, can be proved as in Chapter 5 :

Lemma 3.2 Let v be a perturbation, and G* the associated exponential martingale. Then a.s.,
the map X — G2 is continuous on [—1,1].

We now give the criterion of strict positivity we will use.

Theorem 3.3 Let X be a real valued random variable on Q, such that Po X ' = p(z)dz, with
p continuous on IR, and let yy € IR. Assume that there exists a sequence v, of perturbations
such that, if X™(\) = X o S\, then for all n, the map

A X7\ (3.12)

is a.s. twice differentiable on [—1,1]. Assume that there exists ¢ > 0, 6 > 0, and k < oo, such
that for all v > 0,

nli_)ngoP(A (r)) >0 (3.13)
where
AN'(r)=<|X —yo| <r 3X"(O)‘ >c, su gX"()x)‘ + 8—2X"()\) <k (3.14)
- YIS ox = e |lox a2 = '

Then p(yo) > 0.

The proof is exactly the same as that of Chapter 5.
We at last state a usefull remark.

Remark 3.4 If X is a real valued random variable on 2, admitting a continuous density p with
respect to the Lebesque measure on IR, and if for all y € supp Po X!, p(y) > 0, then p is
strictly positive on IR.

Proof : since the support of the law of X is a closed set, we see that for y € d {supp Po X '},
p(y) > 0. Assume that (supp P o X 1) # (. Then there exists {yx} C (supp P o X~!)“ such
that y» — y € 0 {supp PoX*I}. Since p is continuous, we deduce that p(y) = 0. Thus
(supp P o X~1) = (), and the proof is finished.

In order to prove Theorem 2.5, we will of course apply the previous criterion. In fact, we will
only prove that f(T,.) is strictly positive on IR, which suffices since T has been arbitrarily fixed.
In the next section, we will consider a fixed perturbation v,, and we will compute V;*(\) and
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its derivatives for any ¢ € [0,7]. Section 5 is devoted to the explicit choice of the sequence v,, of
perturbations. In Section 6, we will prove (for some constant € > 0) that

lim P (‘%v%lm)‘ > e> ~1 (3.15)

n—o0
At last, we will check in Section 7 that for some constant K,

82
VIO

8 n
s (A)‘ -

lim P (sup < K> =1 (3.16)

Since for all yo € supp Po V!, for all » > 0, P(Vr €]yo — 7, yo +7[) > 0, we will easily conclude
in Section 8.

4 Differentiability of the perturbed process.

In this section, we consider a fixed perturbation v,,. We compute V;*(A) = V; o S;}, and we prove
that for each ¢ in [0, 7], this function is twice differentiable on [—1,1].

4.1 The perturbed process.

Recalling that b is defined by (2.6), that |cos@ — 1| < 62, and that (2.3) is satisfied, one can
easily check that equation (2.9) can be written :

Vi = V0+/0t/01 /_7;((:080— 1)V,_ N (dfdods) —/Ot/o1 /_T;(SinO)Ws_(a)]\Nf(dOdads) (4.1)

Hence, the perturbed process satisfies

Vi"(A) = W+ /Ut/01 /7;(0089 _ )V (0NN (d8dads)
+ /Ot /01 /Z(COS 0 — 1)V,2 (A) Ny (dfdouds)
- /Ot /01 /_Z(sin )W (a) [Né\’n(dOdads) - ,30(9)d9d04d3]

- /0 t /0 1 /_ Z(SinG)Ws(a)]\Nfl(deads) (4.2)
But

t rl pm
_ / / / (sin)W,_(a) [N[i""(dgdads) - ﬁo(@)d@dads]
0 Jo -

t rl pmw i
- - / / / siny)(s, 0, 0)W,_ () No(dfdads)
0oJo Jor



4. DIFFERENTIABILITY OF THE PERTURBED PROCESS. 207

_/Ot/ol /7; (sin%/}(S,@,a)—sino) W, () Bo(0)dOdads
— _/Ot/ol /_:(Sing)Ws_(a)Ng(deozdS)

t rl pm
_ /0 /0 /_ ] (sin7 (5,6, @) — sin0) We_ () No(dBdads) (4.3)

We finally obtain :

o) = Vot [ [ [ feosnh(s.6,0) = 1)V 0N dhdads)
+/0t/01 /7;((:056'— WYV (AN, (dfdads)
_ /0 ' /0 ' /_ Z(SinH)WS_(oz)Z\N/'(dOdads)

t rl pm
~ [ ] (sins,0,0) = sin0) W (@) No(d8dads) (4.4)

4.2 A Lipschitz property.

We study here the continuity of the map A — V;*()), which will be useful to study its differen-
tiability. We set U* (A, ) = V(A) — V" (u). This process satisfies :

t prl pm
vrOun) =[] teosys.0.0) = DUZ (A p) No(dbdads)
t rl pm
+ / / / (cos 0 — 1)U (A, ) Ni (ddads)
0J0 J—m
t rl pm
+/// (60372(3,0,04)—cos*yﬁ(s,@,oz)) VI () No(dOdads)
0 JO J—m

t pl g
_/0 /0 /_ﬂ (sinfyﬁ(s,e,a) —sinyﬁ(s,@,a)) Ws_(a)Ny(dfdads)  (4.5)

This equation is a linear S.D.E. If we set

KP() = /;/01 /i(cos%}l‘(s,e,a) — 1) No(d6dads)

+ /Ot /01 /_7;((:036' — 1)N1(dOdads) (4.6)

then we can write (see Jacod, [22]) :

1

1 s
U\ p) = 5(Kn(x))t/0t/0 _WE(K"(A));I X s A (5.0
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X {Vs", () {cos v (5,0, ) — cos v (s, 6, oz)]

—Ws_(a) [siny{)(s,@,a) - sinfﬁf(s,e,a)] }Ng(d@dads) (4.7)
where the Doléans-Dade exponential is given by (see Jacod, Shiryaev, [23]) :

E(E™N) =N T 1 +AKIN) e 25N = T (1+AKZ(N)) (4.8)
0<u<t 0<u<t

But since any cosinus is in [—1, 1], it is clear that for all s < ¢,

ek R )= TT 1+AKI) <1 (4.9)
s<u<t
Furthermore, since |y)| < 6y < 7/2, we see that
1 1
< 4.10
cos*y%‘(s,@,oz)‘ ~ cosfy < 0 (4.10)

At last, since |y)(s,0, )| < 36|,

3
[cos 72 (s 8, @) — cos (s, 6,0)| < 5161 x X = ul x fon(s,0, )

‘sin*y,i‘(s,@,oz) - sin*y,’f(s,@,a)‘ <A = | X |op(s, 0,a)] (4.11)
Hence, if
1 t 1l pmor3
Ve = [ [ [S160 < V001 + W @) % fon(s,6,0) No(dbdads) (412
cosBy Jo Jo J_x |2
then for all A\, i, |[U(A, 1)| < |A — p] x ¥YJ*(X). In particular, this yields that for all A,
V"] < Vil + U (A 0)] < [V +Y/7(0) (4.13)
Finally, if
n 1 t rl rmor3 3 n
Xi = [ [ [ |SI8X Vee 5161 5 YV22(0) + [Wa(@)]|  fon (5,6 )| No(dbdads)
cosby Jo Jo J_n |2 2
(4.14)
then for all A, p,
PO )] < A=l x X7 (4.15)
Since we know from Theorem 2.4 that
E (sup Vf) = FE, (sup Wt2> < 00 (4.16)
[0,7] 0,77

we deduce, recalling that vy, (s, 0, a)| < n, € L*(By(0)dh), that :
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N

E(supm"(on) < [ @B (v + W@, 0] sa(0)dodas

(0,7]

o
< K[ n(0)n©)do < B <sup |m|>
—bo [0,7]
0o
—I—K/ 1 (0)50(0)d0 x E, (sup |Wt|> < 0o (4.17)
—bo [0,T]
and, by using exactly the same computation,
E <sup |X§’|> < 00 (4.18)
(0,77

Thus X[ is a.s. finished on [0,7], and we can say that V;”()) satisfies a Lipschitz property on
[—1,1] (for each t).

4.3 Differentiability.

We set (for the moment, this is only a notation) :

o " t rl pm n - 1
V) =R [ [ [ SR
X {Vsn_()\) siny) (5,0, a) + W,_ () cos v (s, 0, oz)}vn(s, 0, a) Ny (dOdads) (4.19)

We obtained this expression by differentiating formaly (4.4), and by using the same argument
as in (4.7).
0

We set D (A, 1) = V" () — VP (A) — (p — A)aAVt (A). Let us compute DP*(\, p) :
KION TGN bt n(\ -1 1
Di' (A, p) = E(K™( ))t/o /0 /45([( (A)s- X s (5.0.0)
x{ VI (1) % [cos 74 (s, 0, @) — cos v (s, 0,@) + (1 — ) sin 7, (5,0, @) (s, 0, )]
LU (0, 1) (1 — N) sin g (5, 6, 05, 0, ) (4.20)

—W,_(a) x [siny"(s,0,a) —siny}(s,0,0) — (u — X) cos v (s, 6, a)vn(s,O,oz)]}Ng(deozds)

Then a simple computation using equations (4.9), (4.10), (4.15), and something like (4.11) shows
that if

1 t rl pmw 3
St = | [ [ LVl X2 2 (5.0,00 + 5100 ¢ [oas,0,0)| x X7

cos Oy

2100 % Wi ()] x 03 (5,0,0) | No(dfdads)  (4:21)
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then for all A, p,
IDEO )] < (A= )2 x 8P (4.22)

Using equations (4.16), (4.18), and the fact that

1 1
02(5,0,0) + 0] X |on(s,0,0)| + |6] x v2(s,0,a) < (5 S §7r> mn(0) € L' (Bo(0)d0)  (4.23)

we see that

E (sup |SY
[0,7]

) < 00 (4.24)

0
It is thus clear that V;”(\) is differentiable on [—1, 1], and that its derivative is ﬁVt"()\)

4.4 Second differentiability.

9,
One can check in the same way that 51@"()\) is differentiable, and that its derivative is given
by

82

ssvioy=ewm o [ [ ern ot

0373 (5,0, )

{253 (5,0,00 VL (N) X (5,0, 0) — Vi (V) cos 73,0, 0002 (5,0, )

+ W, (a)siny, (s, 0, a)v2(s,0, ) }Ng(dﬁdads) (4.25)

4.5 Upperbounds.

We will soon use the following inequalities :

0

SRV < Rr (4.26)
where
R = [ TV 42 00) % 2101 ¢ (s, 0,00)
E 7 cosOy Jo Jo Jon . 5= 2 Unls, 0> @
HW,— ()] % [vn(s, 0, @)]| No(dOderds) (4.27)
and
62 n n
‘th (M| < T (4.28)
where
1 t rl pm
rp = —— [ [ [ o x B x oo, 8,0)| + (Vee |+ Y2L(0)) x 02 (5.6,
cost Jo Jo J-x

W, (0)] X ;|9| x v2(s,0,0)| No(dfdads)  (4.29)
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5 Choice of the sequence of perturbations.

Recall that

0

T ™
Vi) =&y [ [ [ e«

COS

x { Vs_sinf + Ws_(a) cos 6
{ )

Xy (8,0, )Ny (dOdads) (5.1)

t rl pm
where K; = / / / (cosf — 1)N(dOdads).
0J0 J—m

The problem is now to choose v,, in such a way that for some € > 0, some K < oo, the probability
P <3v"(0) € e K])
a>\ T 7

goes to 1. First, we have to get rid of the random terms £(K)r and £(K),' in (5.1). To
this end, we choose v, (s,6,a) equal to 0 for s < T — a,, for some sequence a, decreasing to
0, and we use the a.s. continuity of £(K) at T. Then we notice that the dominant term in
Vs—sin€ + Ws_(«a) cos 0 is W,_(«) cos . We thus choose v,(s,0, ) equal to 0 for |§| < 1/n (in
order that |v,| € L'(B8y(#)d#)) and equal to k|6 for |8] € [2/n, 6] for some k > 0 and 6; < 6.
This way,

T 1 g
/ / / |sin 0] X [vn(s, 0, )| No(dBdads)
T—a, J0 -7

will go to 0, but if a,, is well-chosen, since from (SP), 8 ¢ L'(8,(6)d#),

T 1 ™
/ / / (o (5, 6, ) | No (dBdardss)
T—an /0 -7

will go to infinity. Of course, this is not satisfying, but a stopping times will allow us to ” cutoft”
this second integral.

Let us now be precise. First, let us recall a Lemma that can be found in Graham, Méléard, [19]
p 15.

Lemma 5.1 There ezxists 0 < ¢ < C' < o0 and q > 0 such that for all t € [0,T],
Po(c < W <C) >g¢ (5.2)
We will also need the following Lemma

Lemma 5.2 One can build a sequence ¢y, of positive, even, C' functions on [—0g, 0] such that
dn(—60) = Pn(0o) = 0, such that ¢, (0) < k|0| for some k < 1/2, such that if

£(0) = |61,(0)] + rf”ﬁT(f) (5.3)

then &, € LY(Bo(0)df) and &, < 1/2, and such that there exists a sequence a,, decreasing to 0

satisfying ,
an, , Dn(0)6p(0)d — oo (5.4)
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o [ 181006) + 42.6))80(0)d0 — 0 55)

—6o

Proof : for any k €]0,1/2], we clearly can build a sequence ¢,, of even, positive and C'! functions
such that ¢,(0) < k|f)|, such that

0 if 9|<1/n
¢n(0) = kIO if (0] € [2/n,00/2(1 + k)] (5.6)

0 if |0| € [90/(1 +k),90]

and such that
(0 if |9 <1/n

4k if |6] € [1/n,2/n]
¢ () < q Kk if [0] € [2/n,00/2(1 + k)] (5.7)

o if |0] € [6o/2(1 +&),00/(1 + k)]

L 0 if |0| € [90/(1+k),90]

Then &, is bounded, and vanishes near 0, it thus is in L'(3y()df). Furthermore, &, < 4k +
r2"+2k which is smaller than 1/2 if we choose k small enough. We now choose

1
0o 2
0 = ( 9 ¢n(9)50(9)d9> (5:8)
—vo
We see that
o 00/2(1+k) ko 0o/2(1+k)
b (0)5o(0)d6 > 2 EO x 220 = 2kky / 6'~"do (5.9)
—bo 2/n 2/n

goes to infinity when n goes to infinity, since r is greater than 2. Hence a, goes to 0, and
condition (5.4) is satisfied. On the other hand,

00 00
an [ (816(6) + 62(0)B0(0)d0 < K [ 67770 < Ka, (5.10)
—0o 0
which goes to 0 since r < 3. The Lemma is proved.

We now define a stopping time that will allow the derivative at 0 not to be too large. Consider
the following process :

t s
Z :/0 /KWMKC /4 b (0) No (d0dcxds) (5.11)

We fix [ > 0, and we set

T,=inf{t>T—a, | 2} — Z5_, >1} (5.12)
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We now can define our sequence of perturbations (sg(z) denotes the signe of ).

On (8,0, ) = 1ip_q, 171 (8) Le<|w, _ (a)| <} S9(E(K) s ) sg(Ws— (@) pn(0) (5.13)
For each n, v, is a perturbation (see Definition 3.1), since it is predictable, and since it satisfies
(3.1), (3.2), and (3.3) thanks to Lemma 5.2.
We at last prove the essential following convergence :

lim P(T, <T) =1 (5.14)

n— 00

Indeed,

P(T,<T) > P(Z}-2Z} ,, >1)>1-¢E (e*(Z” 75 an>)

T ™
> 1—elexp {—/ / / (1 — eid)”(e)) Bg(@)d@dads}
T—an Je<|Ws_(a)|<C J =7
> 1—cexp {—an X g % i ¢n(9)ﬁ0(0)d0} (5.15)

which goes to 1 thanks to equation (5.4). We have used Lemma 5.1 and the fact that since ¢,
is smaller than 1, 1 — e~ % > ¢,,/2.

6 The derivative at 0 is large enough.

Thanks to our choice for the perturbation v,, we can write

9 9y T, AT
= X
o\ 7 (0 )‘ K)rl ‘/ /<|WS |<C’/

x{ (tan 0)V;_sg(W; () + |Ws,(a)|}¢n(9)N0(d9dads)‘

TnANT

T—an /c<Ws <c/
T 1 o n

—|surnw/" [ [ few
T—an, /0 J—0g

)l

E(K) 1

Y

X ¢ X ¢n(0)No(dOdads)

x [ tan 8] x [Vy_| x ¢n(0)No(d0dads)

First A, is larger than

pinf | [EE)re ),

x ¢ X (Zar, = 27 a,) (6.2)

But £(K) is a.s. continuous (and does not vanish) at T, thus the first term in the product goes
a.s. to 1. Furthermore, using equations (5.12) and (5.14), we see that

>1) =1 (6.3)

—an

: n _n
nll)ngoP (ZT/\Tn Zr
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It is thus clear that
nll)ngoP(An >cl/2)=1 (6.4)

On the other hand,

1
cos O

B, < sup ‘E(K)TE(K);I X
[T—an,T)

T 1 fo
X/Tan/O /00|vs| % 0]¢hn(6) No(dOdads)  (6.5)

First, we have already seen (see equation (4.9)) that the first term in the product is always
smaller than 1. The last term goes to 0 in L', thanks to (5.5) and (4.16), since

T 1 rbo
el [ velx |0|¢n(0)No(d0dads)]
T—an J0O —6o
0o
<E (suplViel | xan [ 16140 (0)60(0)d8 (6.6)
[0,7] —0o
Hence B, goes to 0 in probability, and we finally deduce that
) 0
lim P (‘EVT’J(O)‘ > cl/4> —1 (6.7)

The first part of our criterion is satisfied.

7 The derivatives are not too large.

We still have to check that there exists K < oo such that

P (i1|1<pl %V{}(A)‘ < K) —1 (7.1)
and
82
P <i1|1<p1 WV{}()\) < K> — 1 (7.2)

We refer to Section 4 for the notations. In order to prove (7.1), we just have to check that
P (R} < K) goes to 1 (see (4.26) and (4.27)). First, we will need the following preliminary
estimate (L is a constant independant of n) :

E [sup Y/ (0)| <L (7.3)

(0,7]

But this expectation is smaller than (M is a constant)

To AT T
ME [ [ 161 % Vi + W (@] 60(0) No(dodads)
T—an Je<|Ws_(a)|<C J—7

T 1,0y
< ME [ /T B /0 [ 101 % |v;_|¢n(9)No(d0dads)]

T s
+ME [/T—an /CSWs(a)gc /_7r ¢n(0)N0(d9dads)] (7.4)
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Thanks to the definition (5.12) of T},, the second term is smaller than M (I+ || ¢n ||co). But ¢én
is always smaller than 1/2, and thus the second term is smaller than M (I 4 1/2). On the other
hand, the first term is smaller than

T 1 o
M /T /0 / o B (Ve x16160(6)60 (6)dbdards

SME<SHP|VZ|>><% / 16]6(6) 0 (0)d0 (7.5)

(0,7

which goes to 0, thanks to (5.5) and (4.16). Inequality (7.3) is satisfied.

1
We now write R} as p— (3R? s R?’2), where
0
1 t rl pm
R :/ / / (Vi |+ Y7 (0)) % |0] X [vn(s, 0, 0) | No(d6derds) (7.6)
0 JO J—m
R = / / / )| X |vn(s, 0, @)| Ny (dOdads) (7.7)

It is clear, thanks to the definitions of v, and T, and since ¢, S 1/2, that Rn2 < Cl+
1/2). On the other hand, (4.16), (7.3) and (5.5) yield that RT goes to 0 in Ll. Hence,
P (R} <2C(1+1/2)) goes to 1, and (7.1) is satisfied.

Notice that we have proved in particular that there exists a constant L independant of n such
that

E (sup R?) <L (7.8)

[0,7]

In order to prove (7. ), we have to check that P ('}, < K) goes to 1 (recall (4.28) and (4.29)).
Thanks to (5.5), (4.16), (7.3), and (7.8), we see that

E (%) — 0 (7.9)
which gives immediately the result.
Notice that we do not need to choose [ (see the definition of T},, (5.12)) : this might look strange,

but in fact, it is natural. First, if [ is large, then the derivative at 0 will be more easily large,
but the first and second derivatives will be less easily bounded on [—1,1]. As a second reason,

0
notice that we use a sequence of perturbations that would make explode —V7/(0) if we did not

oA
use T),.
8 Conclusion.
We have found some constants € > 0 and K < oo such that
lim P ‘ 0 V"(O)‘ > €; sup 0 —Vi ()\)‘ < K ; sup i —Vr(\)| <K 1 (8.1)
— €; < = .
n—0oo oA T - [A<1 oA T IA|<1 ON? T
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Let now yy be a point of the support of the law of V. Then for any r > 0,

0 0 02
PV =yl <r: —v;f(m\z@ sup —VM\ <K sup | v <K
2 A<l IAj<1|OA
—nsoo PV —y0| <7) >0 (8.2)

Theorem 3.3 allows us to say that f(T,y) > 0. Since we know from Theorem 2.4 that f(T,.)
is continuous on IR, Remark 3.4 allows us to deduce that for all y € IR, f(T,y) > 0. At last,
since T' > 0 has been arbitrarily fixed, this holds for any T" > 0, and the proof of Theorem 2.5
is finished.



Bibliographie

1]

[10]

[11]

[12]

S. Aida, S. Kusuoka, D. Stroock, On the support of Wiener functionals, Asymptotic prob-
lems in probability theory : Wiener functionals and asymptotics, K.D. Elworthy, N. Tkeda
eds, Pitman Research Notes in Math. 284, p 3-34, 1993.

S. Albeverio, J.L. Wu, T.S. Zhang, Parabolic SPDEs driven by Poisson white noise, Stochas-
tic Processes and their Applications, vol. 74, p 21-36, 1998.

V. Bally, A. Millet, M. Sanz-Solé, Approzimation and support theorem in Holder norm for
parabolic SPDEs, the Annals of Probability, vol. 23, p 178-222, 1995.

V. Bally, E. Pardoux, Malliavin Calculus for white noise driven SPDFEs, Potential Analysis,
vol. 9, no 1, p 27-64, 1998.

G. Ben Arous, R. Léandre, Décroissance exponantielle du noyau de la chaleur sur la diag-
onale (II), Probability Theory and Related Fields, vol. 90, p 377-402, 1991.

K. Bichteler, J.B. Gravereaux, J. Jacod, Malliavin calculus for processes with jumps, Num-
ber 2 in Stochastic monographs, Gordon and Breach, 1987.

K. Bichteler, J. Jacod, Calcul de Malliavin pour les diffusions avec sauts, existence d’une
densité dans le cas unidimensionel, Séminaire de Probabilités XVII, L.N.M. 986, p 132-157,
Springer, 1983.

J.M. Bismut, Calcul des variations stochastiques et processus de sauts, Z.W., vol. 63, p
147-235, 1983.

N. Bouleau, F. Hirsch, Propriétés d’absolue continuité dans les espaces de Dirichlet et
applications aux E.D.S., Séminaire de Probabilités XX, L.N.M. 1204, p 131-161, Springer,
1986.

C. Cardon-Weber, A. Millet, A support theorem for a generalized Burgers SPDE,
Prépublication 503 du Laboratoire de Probabilités de Paris 6, 1999.

C. Cercignani, R. Illner, M. Pulvirenti, The mathematical theory of dilute gases, Springer,
1994.

F. Chenal, A. Millet, Uniform large deviations for parabolic S.P.D.E.’s and applications,
Stochastic Processes and their Applications, vol. 72, p 161-186, 1997.

217



218

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

23]
[24]

[25]

[26]
[27]

[28]

[29]

[30]

BIBLIOGRAPHIE

E. Carlen, E. Pardoux, Differential calculus and integration by parts on Poisson space, in
Kluwer ed, Stochastic algebra and analysis in classical and quantum dynamics, p 63-73,
1990.

L. Denis, A criteria of density for solutions of Poisson driven S.D.E.s, Preprint, 1998.

L. Desvillettes, About the regularizing properties of the non cutoff Kac equation, Commu-
nication in Math. Physics 168, 416-440, 1995.

L. Desvillettes, Regularization properties of the 2-dimensional non radially symmetric non
cutoff spatially homogeneous Boltzmann equation for Mazwellian molecules, Trans. Theory
Stat. Phys., vol. 26, 341-357, 1997.

L. Desvillettes, C. Graham, S. Méléard, Probabilistic interpretation and numerical approz-
imation of a Kac equation without cutoff, & paraitre dans Stochastic Processes and their
Applications.

C. Graham, S. Méléard, Stochastic particle approzimations for generalized Boltzmann mod-
els and convergence estimates, the Annals of Probability, vol. 25, 115-132, 1997.

C. Graham, S. Méléard, Existence and reqularity of a solution to a Kac equation without
cutoff using Malliavin Calculus, & paraitre dans Communication in Math. Phys.

N. Tkeda, S. Watanabe, Stochastic differential equations and diffusion processes, North
Holland, 1979.

Y. Ishikawa, Asymptotic behaviour of the transition density for jump type processes in small
time, Tohoku Math. J., vol. 46, p 443-456, 1994.

J. Jacod, FEquations différentielles linéaires, la méthode de wvariation des constantes,
Séminaire de Probabilités XVI, L.N.M. 920, p 442-448, Springer, 1982.

J. Jacod, A.N. Shiryaev, Limit Theorems for Stochastic Processes, Springer, 1987.

R. Léandre, Densité en temps petit d’un processus de sauts, Séminaire de Probabilités XXI,
L.N.M. 1247, p 81-99, Springer, 1987.

P. Malliavin, Stochastic Calculus of variations and hypoelliptic operators, 1976, Kyoto, Proc.
Symp. on S.D.E.s, Wiley, 1978.

P. Malliavin, Stochastic Analysis, Springer, 1997.

P.L. Morien, The Hélder and the Besov regularity of the density for the solution of parabolic
S.P.D.E., Bernouilli, vol. 5, p 275-298, 1999.

A. Millet, M. Sanz-Solé, A simple proof of the support theorem for diffusion processes,
Séminaire de Probabilités XXVIII, L.N.M. 1583, p 36-48, Springer, 1994.

A. Millet, M. Sanz-Sollé, Points of positive density for the solution to a Hyperbolic S.P.D.E.,
Potential Analysis, vol. 7, 623-659, 1997.

D. Nualart, Malliavin Calculus and related topics, Springer, 1995.



BIBLIOGRAPHIE 219

31]

[32]

[33]

[34]

[35]

[36]

[37]

[38]

[39]
[40]

[41]

[42]

[43]

[44]

[45]

[46]

[47]

D. Nualart, C. Rovira, Large deviations for stochastic Volterra equations, Preprint, Univer-
sitat de Barcelona, 1998.

D. Nualart, M. Zakai, The partial Malliavin Calculus, Seminaire de Probabilités XXIII,
L.N.M. 1372, p 361-381, Springer, 1989.

E. Pardoux, T. Zhang, Absolute continuity for the law of the solution of a parabolic S.P.D.E.,
Journal of Functional Analysis 112, 447-458, 1993.

J. Picard, Formules de dualité sur l’espace de Poisson, Annales de I’ I.H.P., Probabilités et
Statistiques, vol. 32, 509-548, 1996.

J. Picard, On the existence of smooth densities for jump processes, Probability Theory and
Related Fields, vol. 105, 481-511, 1996.

J. Picard, Density in small time at accessible points for jump processes, Stochastic Processes
and their Applications, vol. 67, p 251-279, 1997.

N. Privault, Calcul chaotique et variationnel pour le processus de Poisson, These de
I'université Paris 6, 1994.

A. Pulvirenti, B. Wennberg, A Mazwellian lowerbound for solutions to the Boltzmann equa-
tion, Communication in Math. Phys., vol. 183, p 145-160, 1997.

A. Revuz, M. Yor, Continuous Martingales and Brownian Motion, Springer, 1991.

E. Saint Loubert Bié, Ftude d’une EDPS conduite par un bruit Poissonnien, These de
I'université de Clermont-Ferrand, 1998.

T. Simon, Support theorem for jump processes, Preprint de I'université d’Evry, 1998.

D. Stroock, S. Varadhan, On the support of diffusion processes with application to the
strong maximum principle, Proc. 6th Berkley Symp. Math. Stat. Prob., vol III, University
California Press, 1972.

D. Stroock, S. Varadhan, Multidimensional Diffusion Processes, Springer, 1979.

H. Tanaka, Probabilistic treatment of the Boltzmann equation of Mazwellian molecules,
Z.W., vol. 66, p 559-592, 1978.

C. Villani, Contribution da I’étude mathématique des équations de Boltzmann et Landau en
théorie cinétique des gaz et des plasmas, Thése de 'université Paris 9, Cérémade, 1998.

J.B. Walsh, A stochastic model for neural response, Advances in applied probability, vol.
13, 231-281, 1981.

J.B. Walsh, An introduction to stochastic partial differential equations, Ecole d’été de Prob-
abilité de Saint Flour 14, L.N.M. 1180, p 265-439, Springer, 1986.



