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Systèmes de parti
ules en intera
tion probabiliste. Appli
ations à lasimulation molé
ulaireRésumé : Ce travail présente quelques résultats sur les systèmes de parti
ules en intera
tionpour l'interprétation probabiliste des équations aux dérivées partielles, ave
 des appli
ations à desquestions de dynamique molé
ulaire et de 
himie quantique. On présente notamment une méth-ode parti
ulaire permettant d'analyser le pro
essus de la for
e biaisante adaptative, utilisé endynamique molé
ulaire pour le 
al
ul de di�éren
es d'énergies libres. On étudie également la sen-sibilité de dynamiques sto
hastiques par rapport à un paramètre, en vue du 
al
ul des for
es dansl'approximation de Born-Oppenheimer pour re
her
her l'état quantique fondamental de molé
ules.En�n, on présente un s
héma numérique basé sur un système de parti
ules pour résoudre des loisde 
onservation s
alaires, ave
 un terme de di�usion anormale se traduisant par une dynamiquede sauts sur les parti
ules.Mots-
lés : Systèmes de parti
ules en intera
tion probabiliste, interprétation probabiliste deséquations aux dérivées partielles, 
al
uls d'énergies libres, simulation molé
ulaire, méthodes deMonte Carlo en 
himie quantique, pro
essus de Lévy, lois de 
onservation hyperboliques.
Probabilisti
 intera
ting parti
le system and appli
ation to mole
ularsimulationAbstra
t : This work presents some results on sto
hasti
ally intera
ting parti
le systems andprobabilisti
 interpretations of partial di�erential equations with appli
ations to mole
ular dy-nami
s and quantum 
hemistry. We present a parti
le method allowing to analyze the adaptivebiasing for
e pro
ess, used in mole
ular dynami
s for the 
omputation of free energy di�eren
es.We also study the sensitivity of sto
hasti
 dynami
s with respe
t to some parameter, aiming at the
omputation of for
es in the Born-Oppenheimer approximation for determining the fundamentalquantum state of mole
ules. Finally, we present a numeri
al s
heme based on a parti
le systemfor the resolution of s
alar 
onservation laws with an anomalous di�usion term, 
orresponding toa jump dynami
s on the parti
les.Keywords : Intera
ting parti
le systems, probabilisti
 interpretation of partial di�erential equa-tions, free energy 
al
ulations, mole
ular dynami
s, quantum Monte Carlo methods, Lévy pro-
esses, hyperboli
 
onservation laws.
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1Préambule
Cette thèse regroupe des travaux portant sur l'utilisation des systèmes de parti
ules en inter-a
tion pour l'interprétation probabiliste des équations aux dérivées partielles.En introdu
tion, on donne des exemples 
lassiques d'interprétation probabiliste des équationsaux dérivées partielles. Les fondements de la physique statistique et de la physique quantique,dont nous utiliserons le formalisme, sont également rappelés.La partie II traite d'une approximation parti
ulaire pour la méthode de la for
e biaisanteadaptative (ABF en anglais), utilisée en physique statistique pour le 
al
ul d'énergies libres. Cetravail a été publié dans Modélisation Mathématique et Analyse Numérique, voir [37℄.Dans la partie III, on étudie la sensibilité de pro
essus de di�usion par rapport à un paramètre,en vue du 
al
ul de 
on�gurations éle
troniques en 
himie quantique.La partie IV présente une méthode numérique pour résoudre une équation aux dérivées par-tielles hyperbolique non linéaire ave
 une di�usion anormale. Cette méthode est basée sur unsystème parti
ulaire suivant une dynamique de sauts. Ce travail a été soumis à Sto
hasti
 Pro-
esses and their Appli
ations.





Partie I
Introdu
tion





2Interprétation probabiliste des équations aux dérivéespartielles
Les équations aux dérivées partielles jouent un r�le 
entral en mathématiques appliquées, 
arelles permettent de représenter toutes sortes de phénomènes, allant de la di�usion de la 
haleur àl'évolution des parti
ules quantiques, en passant par le mouvement des �uides et les prix d'options�nan
ières. Il est don
 
ru
ial d'être 
apable de résoudre 
es équations de manière performante.2.1 Quelques exemples d'interprétations probabilistesL'interprétation probabiliste des équations aux dérivées partielles permet de résoudre 
es équa-tions en évitant le re
ours aux méthodes déterministes 
lassiques, qui peuvent être très 
oûteuses,voire impossibles, lorsque la dimension du problème 
onsidéré est grande. Le prin
ipe est d'ex-primer la solution d'une équation aux dérivées partielles 
omme un objet probabiliste, typiquementune espéran
e ou une densité de probabilité, dépendant de la solution d'un problème probabiliste,le plus souvent une équation di�érentielle sto
hastique. On dispose ensuite d'outils 
lassiques dethéorie des probabilités pour simuler 
et objet probabiliste, par exemple les méthodes de MonteCarlo pour 
al
uler les espéran
es.Comme référen
e sur 
es di�érentes interprétations probabilistes, on pourra 
onsulter [40℄.2.1.1 Problèmes elliptiquesPrenons un exemple simple d'une telle interprétation : 
onsidérons l'équation de la 
haleur

{

∂tut(x) =
1
2∆ut(x), (x, t) ∈ Rd × (0,∞)

u0 donné , (2.1)où l'on note ∆ =
∑

i ∂
2
i l'opérateur Lapla
ien. Cette équation aux dérivées partielles est liée aumouvement Brownien par la formule d'It	o. En e�et supposons que la 
ondition initiale u0 soitune mesure de probabilité, et 
onsidérons un mouvement Brownien (Wt)t≥0 dont la 
onditioninitiale W0 suit la loi u0. Étant donnée une fon
tion test ϕ su�samment régulière, la formule d'It	oappliquée à ϕ(Wt) donne

ϕ(Wt)− ϕ(W0) =

∫ t

0

∇ϕ(Ws)dWs +
1

2

∫ t

0

∆ϕ(Ws)ds.Le premier terme du se
ond membre est une intégrale sto
hastique par rapport à la martingaleWt,et est don
 lui aussi une martingale, puisque la fon
tion ϕ est régulière. En 
onséquen
e, un passageà l'espéran
e donne
E[ϕ(Wt)]− E[ϕ(W0)] =

1

2
E

∫ t

0

∆ϕ(Ws)ds. (2.2)



6 2 Interprétation probabiliste des équations aux dérivées partiellesEn notant ut la loi de la variable aléatoire Wt, on peut ré
rire l'égalité (2.2) 
omme
∫

R

ϕut −
∫

R

ϕu0 =
1

2

∫ t

0

∫

R

∆ϕusds,
e qui est une formulation faible de l'équation de la 
haleur (2.1). Par 
onséquent, la solution del'équation aux dérivées partielles (2.1) peut s'obtenir 
omme la densité de la loi d'un mouvementBrownien dont la 
ondition initiale suit la loi u0.De manière plus générale, si (Xt)t≥0 est un pro
essus de Markov de générateur in�nitésimal Là valeurs dans un espa
e d'états E , ayant pour 
ondition initiale une loi u0, alors la loi ut de Xt àl'instant t est donnée par la solution de l'équation aux dérivées partielles suivante, appelée équationde Kolmogorov forward ou équation de Fokker-Plan
k
{

∂tut(x) = L∗ut(x), (x, t) ∈ E × (0,∞)

u0 donné , (2.3)où L∗ est l'adjoint de l'opérateur L. Notamment, les équations aux dérivées partielles paraboliquesentrent dans 
e 
adre, dans le 
as où l'opérateur L s'é
rit
L =

n
∑

i=1

bi(x)∂i +
1

2

n
∑

i,j=1

aij(x)∂i∂j .Sous de bonnes hypothèses de régularité et de non explosion sur les fon
tions a et b, 
et opérateurest le générateur de la solution de l'équation di�érentielle sto
hastique
dXt = b(Xt)dt+ σ(Xt)dWt, (2.4)où σσT = a.On peut également donner une autre interprétation probabiliste à l'équation (2.1). En e�et, enappliquant la formule d'It	o au pro
essus u0(x+Wt), on trouve

u0(x+Wt)− u0(x) =

∫ t

0

∇u0(x+Ws)dWs +
1

2

∫ t

0

∆u0(x+Ws)ds,d'où, en passant à l'espéran
e
E[u0(x+Wt)] = u0(x) +

∫ t

0

∆E[u0(x+Ws)]ds,montrant que E[u0(x +Wt)] est une solution de l'équation (2.3). Ce résultat se généralise auxéquations de la forme
{

∂tut(x) = Lut(x), (x, t) ∈ E × (0,∞)

u0 donné , (2.5)où L est le générateur in�nitésimal d'un pro
essus de Markov. L'équation (2.5) est appelée équationde Kolmogorov rétrograde. La solution de l'équation (2.5) est donnée par E[u0(X
x
t )] où (Xx

t )t≥0est un pro
essus de Markov de générateur L issu de x.2.1.2 Problèmes paraboliques ave
 
onditions aux bordsConsidérons un autre type d'équation, le problème de Diri
hlet



2.2 Systèmes de parti
ules en intera
tion probabiliste 7
{

∆u(x) = 0, x ∈ Ω

u(x) = f(x), x ∈ ∂Ω
, (2.6)où Ω est un ouvert borné de Rn, et f est une fon
tion bornée dé�nie sur ∂Ω. Supposons que 
etteéquation admette une solution régulière u. En 
onsidérant un mouvement Brownien (W x

t )t≥0 issud'un point x de Ω, et en notant τ le temps d'atteinte de ∂Ω, qui est presque sûrement �ni puisque Ωest borné, on peut é
rire, par la formule d'It	o,
u(W x

t∧τ ) = u(x) +
1

2

∫ t∧τ

0

∆u(W x
s )ds+

∫ t∧τ

0

∇u(W x
s )dW

x
s .Ce qui donne, en passant à l'espéran
e, puis en prenant la limite t tendant vers l'in�ni,

E[f(W x
τ )] = u(x).Par 
onséquent, la solution régulière du problème de Diri
hlet (2.6) s'exprime 
omme l'espéran
ede f 
ontre la loi du mouvement Brownien arrêté au bord de Ω.Cette interprétation se généralise à un pro
essus de Markov (Xt)t≥0 de générateur L. En e�et,
onsidérons un sous ensemble D de l'espa
e d'état E . Si une traje
toire de (Xt)t≥0 issue d'un pointquel
onque de E atteint presque sûrement D en un temps �ni, alors, pour une fon
tion f bornée,toute solution du problème

{

Lu(x) = 0, x ∈ E
u(x) = f(x), x ∈ D

,s'exprime 
omme E[f(Xx
τ )] où (Xx

t )t≥0 est un pro
essus de Markov de générateur L issu de x,et τ est le temps d'atteinte de D.2.1.3 La formule de Feynman-Ka
On a aussi une interprétation probabiliste pour les équations in
luant un terme linéaire multi-pli
atif, qui 
orrespond à une dissipation lo
ale :
{

∂tut(x) = Lut(x)− V (x)ut(x), (x, t) ∈ E × (0,∞)

u0(x) = f(x), x ∈ E
. (2.7)Soit (Xx

t )t≥0 un pro
essus de Markov de générateur L issu du point x. Si u est une solution régulièrede l'équation (2.7), en appliquant la formule d'It	o au pro
essus (ut−s(Xx
s )e

−
∫

s
0
V (Xx

u)du)0≤s≤t, onobtient la formule donnant l'interprétation probabiliste de (2.7), 
onnue sous le nom de formulede Feynman-Ka
 :
ut(x) = E

[

f(Xx
t )e

−
∫

t
0
V (Xx

s )ds
]

. (2.8)Par 
onséquent, toute solution régulière de (2.7) s'é
rit né
essairement sous la forme (2.8). Cetteinterprétation est une é
riture de ut 
omme la loi de Xt, pondérée par un poids exponentiele�e
tuant une moyenne de l'énergie du pro
essus sur toute sa traje
toire passée.Ce type d'interprétation probabiliste est notamment à la base de la méthode de Monte Carlodi�usive en 
himie quantique.2.2 Systèmes de parti
ules en intera
tion probabilisteLes systèmes de parti
ules en intera
tion sont des ensembles de pro
essus, appelés �parti
-ules� ou en
ore �mar
heurs� dans la littérature physique, dont le mouvement est régi par deux



8 2 Interprétation probabiliste des équations aux dérivées partiellesphénomènes. D'une part, les parti
ules suivent de manière indépendante une même dynamiqueMarkovienne, mais d'autre part 
ette dynamique est modi�ée par une intera
tion entre les parti
-ules, faisant que 
haque parti
ule est in�uen
ée par l'ensemble du système.Les systèmes de parti
ules en intera
tion peuvent servir aussi bien pour des motifs théoriquesque numériques. Dans un 
adre théorique, ils permettent d'étudier des équations aux dérivéespartielles non linéaires. Du 
�té numérique, ils permettent par exemple de réduire la varian
e dansle 
adre d'une formule de Feynman-Ka
, dont le terme exponentiel tend à avoir une varian
e trèsimportante, voir par exemple [27, 49, 59, 60℄.2.2.1 Interprétation des équations aux dérivées partielles non linéairesOn remarquera que les équations (2.3) et (2.5) sont linéaires par rapport à la fon
tion in
on-nue u. Le pro
essus sto
hastique asso
ié sera don
 quali�ée de linéaire au sens de M
Kean, mêmesi son évolution est régie par une équation di�érentielle sto
hastique dont les 
oe�
ients ne sontpas linéaires par rapport au pro
essus (Xt)t≥0.La question qui se pose alors naturellement est de trouver une telle interprétation probabilisteà des équations aux dérivées partielles semblables dont 
ertains 
oe�
ients ne sont pas linéaires.Par exemple, 
onsidérons l'équation de M
Kean-Vlasov, introduite par M
Kean dans [53℄ :
{

∂tut(x) = −∂x(B[x, ut]ut(x)) +
1
2∆
(

Σ[x, ut]Σ[x, ut]
Tut(x)

)

, (x, t) ∈ Ω × (0,∞)

u0(x) donné ,où on note
B[x, ut] =

∫

R

b(x, y)dut(y), et Σ[x, ut] =

∫

R

σ(x, y)dut(y).En appliquant la formule d'It	o 
omme pré
édemment, on voit que ut peut s'interpréter formelle-ment 
omme la loi d'un pro
essus (Xt)t≥0 satisfaisant l'équation






dXt =

∫

R

b(Xt, y)dut(y)dt+

∫

R

σ(Xt, y)dut(y)dWt

ut = Loi(Xt)
, (2.9)voir par exemple [54℄. Il y a une di�éren
e fondamentale entre les équations (2.4) et (2.9) : ene�et les 
oe�
ients de 
ette dernière dépendent non seulement de la position Xt de la solution àl'instant t, mais aussi de toute la loi de Xt, 
e qui fait qu'il est par exemple impossible de traiter
e genre d'équation par des méthodes traje
torielles. Ce type d'équation di�érentielle sto
hastiquesera quali�é de non linéaire au sens de M
Kean, le terme �non linéaire� traduisant le fait quel'équation aux dérivées partielles asso
iée est non linéaire.Comment peut-on montrer des résultats d'existen
e pour les équations (2.4) et (2.9) ? Dans lepremier 
as, on peut trouver des approximations su�samment simples de l'équation pour lesquellesl'existen
e de solutions est 
laire, par exemple en dis
rétisant le temps à l'aide d'un s
héma d'Euler(voir par exemple [9�11,58,65℄). On déduira ensuite par un 
ritère de tension la 
onvergen
e de lasuite de solutions appro
hées quand l'approximation tendra vers 0. Une identi�
ation des limitespossibles montrera alors que le pro
essus limite sera la solution re
her
hée.Pour avoir des résultats d'existen
e ou d'uni
ité dans le 
as non linéaire (2.9), une manière depro
éder est de 
onstruire une approximation de l'équation non linéaire par une équation linéaireen dimension plus grande en utilisant un système de parti
ules. Plus pré
isément, on va 
her
herà 
onstruire une estimation de la loi ut de Xt, 
e qui peut s'obtenir en 
onsidérant la loi empirique

1
N

∑N
n=1 δXn où les (Xn

t )t≥0 sont des approximations de (Xt)t≥0. Pour obtenir 
es approximationsdu pro
essus on 
onsidère la solution du système d'équations di�érentielles sto
hastiques obtenuen remplaçant 
haque o

urren
e de ut par son approximation 1
N

∑n
i=1 δXi

t
.



2.2 Systèmes de parti
ules en intera
tion probabiliste 9On obtient alors non plus une, mais un grand nombreN d'équations di�érentielles sto
hastiquesqui 
ette fois-
i sont linéaires. Pré
isément, on obtient le système










dXn,N
t =

1

N

N
∑

m=1

b(Xn,N
t , Xm,N

t )dt+
1

N

N
∑

m=1

σ(Xn,N
t , Xm,N

t )dWn
t , ∀n ∈ {1, . . . , N}

(Xn,N
0 )n∈{1,...,N} i.i.d. de loi u0 ,où les (Wn

t )t≥0 sont des mouvements Browniens indépendants issus de 0.Le type de résultats que l'on souhaite ensuite obtenir sur 
e genre de système sont des résultatsde propagation du 
haos, voir par exemple [64℄. Pré
isément, il s'agit de montrer que pour un entier
k �xé, la distribution jointe des k premières 
opies du système (X1,N , . . . , Xk,N) 
onverge quandle nombre de parti
ules N tend vers l'in�ni vers la distribution de k 
opies indépendantes dusystème.2.2.2 Méthodes de rédu
tion de varian
e pour les espéran
es de type Feynman-Ka
Si l'on veut utiliser l'é
riture (2.8) pour simuler la solution de l'équation (2.7), une premièreidée est de simuler un grand nombre de traje
toires indépendantes (X̄x,n

t )t≥0,n=1,...,N de même loique (Xx
t )t≥0 puis de 
al
uler la moyenne empirique

1

N

N
∑

n=1

f(X̄x,n
t )e−

∫ t
0
V (X̄x,n

s )dspour avoir une estimation de (2.8), sur le prin
ipe de la méthode de Monte Carlo. Toutefois,l'e�
a
ité de 
ette méthode dépend de la varian
e de la variable aléatoire à intégrer. I
i, le fa
teurexponentiel a en général une varian
e très grande, 
e qui entraîne une mauvaise estimation del'espéran
e.Les systèmes de parti
ules permettent de passer outre 
ette di�
ulté en évitant de 
al
uler lepoids exponentiel. Pour 
e faire, on utilise une pro
édure de meurtre et dupli
ation : les parti
ulesayant une énergie importante vont être multipliées pendant la simulation, alors que 
elles ayantune énergie faible vont être tuées, de sorte que les zones de basse énergie, qui sont majoritairesdans le poids exponentiel, seront mieux explorées, voir par exemple [59℄.Pour mettre en ÷uvre 
ette pro
édure, on é
rit le potentiel V sous la forme de la di�éren
ede deux potentiels positifs Vm et Vd, les lettres d et m signi�ant respe
tivement �dupli
ation� et�meurtre� :
V = Vm − Vd.Des 
hoix naturels de telles dé
ompositions sont

Vm = V − sup(V ), Vd = 0ou en
ore
Vm = V ∨ 0, Vd = (−V ) ∨ 0.On simule ensuite des parti
ules (X̃x,n

t )t≥0,n=1,...,N évoluant indépendamment selon des dy-namiques Markoviennes de générateur L. Chaque parti
ule X̃x,n
t , va, à taux Vm(X̃x,n

t ), être tuée etdépla
ée à l'empla
ement d'une autre parti
ule 
hoisie uniformément parmi les autres parti
ules.À l'opposé, 
haque parti
ule va, à taux Vd(X̃x,n
t ), être dupliquée en se voyant rejointe par uneautre parti
ule 
hoisie indépendamment parmi les autres. Plus pré
isément, on dé�nit τ 
ommele dernier instant de meurtre ou de dupli
ation, ou 
omme τ = 0, si ni l'un ni l'autre ne se sonten
ore produit. À 
haque parti
ule sont asso
iées des variables indépendantes aléatoires Edn et Emnde loi exponentielle de paramètre 1. On dé�nit les temps T dn et Tmn par les formules
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Edn =

∫ Td
n

τ

Vd(X̃
x,n
s )ds et Emn =

∫ Tm
n

τ

Vm(X̃x,n
s )ds.Si T dn ≤ Tmn , alors la parti
ule est tuée au temps Tmn , sinon elle est dupliquée au temps T dn . Après
haque meurtre ou dupli
ation, les variables aléatoires Edn et Emn sont réinitialisées pour 
haqueparti
ule.Un analogue en temps dis
ret de la formule de Feynman-Ka
 est présenté dans [27℄, sous laforme E[F (XK)

∏K
k=1G(Xk)], où le pro
essus à temps dis
ret (Xk)k∈N est une 
haîne de Markov.Dans 
e 
adre, le terme produit joue le r�le du poids exponentiel, et va aussi 
auser une grandevarian
e empê
hant le 
al
ul e�
a
e de la moyenne par la méthode de Monte Carlo standard.En revan
he, 
e problème peut toujours être 
ontourné par l'utilisation de systèmes de parti
-ules. On simulera i
i des parti
ules (Xn

k )k∈N,n=1,...,N évoluant selon la même dynamique que la
haîne (Xk)k∈N, mais qui seront réé
hantillonnées à 
haque pas de temps en donnant à 
ha
uneun poids proportionnel à G(Xn
k ). Plus pré
isément, pour 
haque parti
ule, on tire une variablealéatoire intermédiaire X̃n

k+1 obtenue en faisant une transition Markovienne à partir de Xn
k . En-suite, pour 
haque n = 1, . . . , N , on tire Xn

k aléatoirement parmi les (X̃n
k )n=1,...,N , 
ha
une ayantune probabilité G(X̃n

k )/
∑N
m=1G(X̃

m
k ) d'être tirée.Dans 
ha
un des deux 
as 
i-dessus, temps dis
ret 
omme 
ontinu, on peut appro
her l'e-spéran
e de Feynman-Ka
 en prenant la moyenne empirique du système de parti
ules multipliéepar un fa
teur de renormalisation. Il n'y a don
 pas à 
al
uler le terme exponentiel ou, en tempsdis
ret, le produit, réduisant de fait la varian
e de la variable aléatoire estimée.



3Simulation molé
ulaire et appli
ations
3.1 Quelques notions de physique statistique et de physique quantique3.1.1 La physique statistiqueLa physique statistique a été développée dans le but d'étudier des systèmes physiques 
om-plexes, pour lesquelles une résolution par les méthodes exa
tes 
lassiques s'avérait impossible.Typiquement, un volume ma
ros
opique de gaz est 
omposé d'un nombre de molé
ules de l'or-dre du nombre d'Avogadro N = 6 × 1023. Si l'on voulait dé
rire exa
tement le 
omportementdu gaz à l'é
helle mi
ros
opique, on obtiendrait un système d'équations di�érentielles ayant unnombre gigantesque de variables, qui serait impossible à résoudre dire
tement, même en utilisantun ordinateur moderne.La physique statistique, initiée par Ludwig Boltzmann à la �n du XIXe siè
le, 
her
he à résoudre
e problème en adoptant une démar
he probabiliste : au lieu de 
onsidérer indépendamment 
haqueparti
ule du gaz et son équation d'évolution, on 
onsidère le gaz de manière globale, en faisant les
al
uls sur la distribution des positions et des vitesses des parti
ules. L'équation d'évolution dusystème ne sera alors plus un système d'équations di�érentielles ordinaires dé
rivant le mouvementde 
haque parti
ule, mais une équation aux dérivées partielles dé
rivant l'évolution de la densité.Formellement, la physique statistique va dé
rire un système physique par deux éléments : unespa
e d'état E , qui désignera le plus souvent un ouvert de l'espa
e a�ne Rn, et une fon
tion Vdite d'énergie, dé�nie sur E et à valeurs dans R. L'espa
e E modélise l'ensemble de toutes les
on�gurations possibles du système, alors que la fon
tion V asso
ie à 
haque 
on�guration l'énergie
orrespondante.Toutes les propriétés physiques ma
ros
opiques du système sont alors représentées dans lamesure 1

Z e
−βV (x)dx, appelée mesure de Gibbs. On suppose que V et β sont tels que 
ette mesuresoit �nie, et on note Z =

∫

E e
−βV (x)dx la 
onstante de normalisation, de sorte que la mesure deGibbs soit une mesure de probabilité. Cette mesure minimise l'entropie par rapport à la mesureuniforme parmi les distributions de probabilité d'énergie �xée. Plus pré
isément, si on dé�nitl'entropie relative de µ par rapport à dx par

Ent(µ) =

{

∫

E f(x) ln(f(x))dx, ave
 f = dµ
dx , si µ≪ dx,

0 sinon ,alors 1
Z e

−βV (x)dx véri�e
Ent

(

1

Z
e−βV (x)dx

)

= inf

{

Ent(ν), ν probabilité,∫
E
V (x)dν(x) =

1

Z

∫

E
V (x)e−βV (x)dx

}

.L'entropie relative est une bonne façon de dé�nir une distan
e entre deux mesures de probabilité,
ar on n'a Ent(ν) = 0 que dans le 
as où ν(dx) = dx, en raison de l'inégalité de Jensen appliquée
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ulaire et appli
ationsà la fon
tion 
onvexe x ln(x). La mesure de Gibbs est don
 au sens de l'entropie la mesure la pluspro
he de la mesure uniforme, à énergie �xée.Le paramètre β apparaissant dans la dé�nition de la mesure de Gibbs est homogène à l'in-verse d'une température. Faire varier 
e paramètre donne plusieurs mesures de Gibbs di�érentes,asso
iées à des énergies totales di�érentes.3.1.2 La physique quantiqueLa physique quantique dé
rit le 
omportement de la matière à l'é
helle subatomique. L'idéedire
tri
e de la physique quantique est de ne plus voir les parti
ules 
onsidérées 
omme des objetspon
tuels ayant une masse et une position bien dé�nies, mais en leur attribuant une probabilitéde présen
e relativement étendue, aussi bien en position qu'en vitesse. Les physi
iens désignent 
ephénomène sous le nom d'indétermination.On voit i
i que l'aléa sur le système est d'une nature totalement di�érente en mé
aniquestatistique et en mé
anique quantique : alors qu'en mé
anique statistique l'aléa n'est dû qu'ànotre in
apa
ité à 
onnaître exa
tement l'état du système, en physique quantique, le système estpar nature indéterminé.L'état d'un système de parti
ules physiques en mé
anique quantique est représenté par unefon
tion ϕ, dite fon
tion d'onde, à valeur dans le 
orps C des nombres 
omplexes. Pour un ob-servateur, 
ette fon
tion d'onde a une interprétation probabiliste, puisque sur un grand nombred'observations de parti
ules dans un état dé
rit par une fon
tion d'onde ϕ, la répartition statistiquedes observations se fera selon le 
arré du module de la fon
tion d'onde |ϕ|2.Pour dé
rire l'évolution d'un système physique, on a don
 besoin d'une équation dé
rivant l'évo-lution de la fon
tion d'onde. Cette équation fondamentale de la physique quantique est l'équationde S
hrödinger, qui est le pendant quantique de la relation fondamentale de la dynamique deNewton en mé
anique 
lassique. Il s'agit de l'équation aux dérivées partielles suivante :
i∂tϕt(x) = −∆ϕt(x) + V (x)ϕt(x), (x, t) ∈ Rd × (0,∞). (3.1)La fon
tion V désigne i
i le 
hamp de for
e auquel le système 
onsidéré est soumis.Dans les 
as physiques, le potentiel V sera tel que l'opérateur de S
hrödinger, ou opérateurHamiltonien ∆ − V sera diagonalisable, ave
 un spe
tre dis
ret et minoré. On peut par exemplepenser, pour Ω un ouvert borné de Rn, au 
as V (x) = 0, si x est dans Ω et V (x) = ∞ sinon,
orrespondant à une parti
ule 
on�née dans Ω. L'opérateur de S
hrödinger est alors l'opérateurLapla
ien sur un domaine borné, dont le 
ara
tère diagonalisable est un résultat 
lassique d'analysefon
tionnelle.Dans le 
as diagonalisable, la résolution de (3.1) repose sur le 
al
ul des di�érentes valeurspropres et fon
tions propres asso
iées de l'opérateur de S
hrödinger, 
e qui revient au 
al
ul de lasolution de l'équation de S
hrödinger stationnaire

−∆ϕ(x) + V (x)ϕ(x) = Eϕ(x), x ∈ Rd (3.2)où les in
onnues sont la fon
tion ϕ ainsi que la valeur E de l'énergie. En e�et, si l'on dé
omposela fon
tion ϕ0 sur la base de ve
teurs propres (ψk)k≥0 de −∆+ V sous la forme
ϕ0 =

∞
∑

k=0

λkψk,alors la solution de l'équation de S
hrödinger s'é
rira
ϕt =

∞
∑

k=0

λke
itEkψk,



3.2 Cal
uls d'énergies libres par la méthode de la for
e biaisante adaptative 13où Ek est la valeur propre de −∆+ V asso
iée à ψk.C'est pour 
ela qu'une des questions fondamentales en physique quantique est de 
al
uler nonpas la solution de l'équation de S
hrödinger de manière générale, 
e qui serait trop 
omplexe,mais de 
al
uler les énergies propres du système, à savoir les valeurs propres de l'opérateur deS
hrödinger, et les états propres asso
iés. Notamment, l'énergie fondamentale du système, 
'est-à-dire la plus petite valeur propre de l'opérateur de S
hrödinger, et son ve
teur propre asso
iéjouent un r�le parti
ulièrement important, 
ar ils 
orrespondent à l'état non ex
ité du système.3.2 Cal
uls d'énergies libres par la méthode de la for
e biaisanteadaptativeUn problème ayant de nombreuses appli
ations en physique statistique est le problème du 
al-
ul d'énergies libres. Étant donné un système, 
e qui en physique statistique est la donnée d'unespa
e d'état E et d'une fon
tion d'énergie V , on peut 
her
her à étudier non pas le 
omporte-ment global du système, mais seulement le 
omportement de 
ertaines quantités d'intérêt. Pluspré
isément, on 
onsidère une fon
tion ξ, appelée 
oordonnée de réa
tion dé�nie sur E à valeursdans un espa
e de petite dimension, et on ne s'intéresse pas à l'évolution du système dans E , maisplut�t à l'évolution de l'image par ξ du système. La fon
tion ξ peut don
 être 
omprise 
ommeune observable ma
ros
opique.On peut penser 
omme exemple à l'évolution d'une réa
tion 
himique. Le système 
onsidéréest un ensemble de molé
ules qui vont réagir les unes ave
 les autres. L'information à retenir n'estpas alors la position mi
ros
opique de 
haque molé
ule, mais plut�t l'avan
ement global de laréa
tion, quanti�é par exemple par un réel de [0, 1] 
orrespondant à la proportion de molé
ulesayant réagi. Un autre exemple est la 
onformation des protéines. Une protéine est une longue 
haîned'a
ides aminés reliés les uns ave
 les autres d'une 
ertaine manière, de sorte à donner une formeparti
ulière à la protéine. Étudier la forme des protéines est utile pour pouvoir 
omprendre lesmé
anismes d'a
tion de 
elles-
i. Ce que l'on veut alors retenir dans une 
on�guration parti
ulièrede la protéine n'est pas la position exa
te de 
haque a
ide aminé, mais plut�t une forme générale,par exemple l'é
artement entre les deux extrémités, ou l'angle formé par deux sous-ensemblesparti
uliers d'a
ides aminés.Une information importante pour étudier 
ette quantité d'intérêt, est la �tra
e� de l'énergieglobale du système 
orrespondant à 
ette 
oordonnée, appelée énergie libre. Comme en physiquestatistique l'énergie n'intervient qu'à travers la mesure de Gibbs, il est naturel de dé�nir l'én-ergie libre 
omme la fon
tion A telle que la mesure e−βA(z)dz soit la mesure image de la mesure
1
Z e

−βV (x)dx par l'appli
ation ξ. On peut alors donner une expression de l'énergie libre, grâ
e à laformule de la 
o-aire qui est une généralisation du théorème de Fubini à des 
oordonnées qui nesont pas orthogonales. On obtient
A′(z) = E[F (X)|ξ(X) = z], (3.3)où X est tiré selon la mesure de Gibbs, et F est la fon
tion dé�nie par

F =
∇ξ · ∇V
|∇ξ|2 − 1

β
div( ∇ξ

|∇ξ|2
)

.La quantité −F (x) est à 
omprendre 
omme la 
omposante selon ξ de la for
e s'exerçant aupoint x, et −A′(z) est don
 la for
e moyenne à l'équilibre, sa
hant que le système s'envoie sur zpar la fon
tion ξ. La fon
tion A peut don
 bien être assimilée à une énergie potentielle sur la
omposante ma
ros
opique du système.Pour 
al
uler l'énergie libre, une méthode naïve serait de simuler une traje
toire ergodiquepar rapport à la mesure de Gibbs 1
Z e

−βV (x)dx jusqu'à avoir un é
hantillon important de variables
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ulaire et appli
ationsaléatoires de loi 1
Z e

−βV (x)dx, puis de prendre l'image par ξ de 
et é
hantillon. Une dynamiquetypique permettant 
e genre d'é
hantillonnage est la dynamique de Langevin sur-amortie,
dXt = −∇V (Xt)dt+

√

2

β
dWt. (3.4)Bien entendu, 
ette méthode serait trop lente à mettre en pla
e, 
ar les problèmes physiquesou biologiques typiques sont par nature métastables, 
'est-à-dire que bien que la traje
toire soitergodique, la 
onvergen
e est très lente 
ar le système reste bloqué pendant de longue périodesdans des minima lo
aux de la fon
tion d'énergie V .La méthode de la for
e biaisante adaptative, introduite dans [25, 32℄, permet de 
al
uler 
etteénergie libre de manière bien plus e�
a
e, en se débarrassant de 
ertains états métastables. L'idéeest de rajouter un terme à l'équation de Langevin (3.4) qui va éloigner le système des étatsmétastables déjà visités. Remarquons que l'expression (3.3) est toujours valable si la variable Xest distribuée non pas selon la mesure de Gibbs, mais selon la mesure modi�ée

1

Z
e−β(V (x)−A(ξ(x)))dx, (3.5)puisque l'expression de A′ est prise 
onditionnellement à ξ(X) et que la loi de X n'est modi�éeque par un fa
teur ne dépendant que de ξ(x).On peut don
 obtenir la même expression de A′ en é
hantillonnant X grâ
e à la dynamique

dXt = −∇(V (Xt)−A(ξ(Xt)))dt+
√

2/βdWt, (3.6)dont la mesure invariante est donnée par (3.5). Bien évidemment 
ette méthode ne peut pas êtremise en pla
e dire
tement, puisque la dynamique (3.6) dépend de la fon
tion A qui est pré
isément
e que l'on 
her
he à 
al
uler. Cependant, on peut 
al
uler une approximation de la fon
tion A enutilisant l'expression (3.3). Une dynamique possible est alors
{

dXt = −∇(V (Xt)−At(ξ(Xt)))dt+
√

2/βdWt

A′
t(z) = E[F (Xt)|ξ(Xt) = z]

. (3.7)Dans [48℄ il est montré, sous 
ertaines hypothèses, que toute solution de 
ette équation permetbien, sous réserve d'existen
e, d'obtenir A′ 
omme limite en temps long de A′
t. La preuve utiliseun dé
oupage de l'espa
e dans deux dire
tions, une selon ξ, 
orrespondant à une évolution ma
ro-s
opique, et une orthogonale à ξ, 
orrespondant à une évolution mi
ros
opique. Dans [48℄, on faitl'hypothèse que les mesures de Gibbs 
onditionnées à une valeur de ξ 
onstante véri�ent une in-égalité de Sobolev logarithmique (voir par exemple [6, 61℄), 
e qui signi�e une 
onvergen
e rapideau niveau mi
ros
opique. En revan
he, au niveau ma
ros
opique, la vitesse de 
onvergen
e rapideest assurée, puisque la densité de ξ(Xt) satisfait l'équation de la 
haleur, et 
e même si ξ(Xt)ne suit pas une dynamique Brownienne. D'une 
ertaine manière, l'ajout d'un terme de biais à ladynamique de Langevin permet de tuer les métastabilités au niveau ma
ros
opique.La simulation du système (3.7) est une question di�
ile, 
ar elle né
essite d'estimer une es-péran
e 
onditionnelle. Pour 
e faire, les prati
iens utilisent généralement des moyennes ergodiquesen temps long. Toutefois, il parait naturel de simuler un tel système par une méthode de MonteCarlo, en utilisant un système de parti
ules. En e�et on peut 
onstruire une estimation de l'e-spéran
e 
onditionnelle grâ
e à un estimateur de Nadaraya-Watson, de la forme

E[F (X)|ξ(X) = z] ≃
1
N

∑N
i=1 ϕα,ε(ξ(Xi)− z)F (Xi)

1
N

∑N
i=1 ϕα,ε(ξ(Xi)− z)

.



3.3 Cal
uls de sensibilité en 
himie quantique 15Dans 
ette expression, ϕα,ε est une approximation de la masse de Dira
, qui est 
hoisie de la forme
ϕα,ε = α + ψε, où ψε est une fon
tion positive d'intégrale unité à support dans [−ε, ε]. On peutdon
 dé�nir le système de parti
ules suivant pour appro
her la solution de (3.7) :










dXα,ε
t,n,N =

(

−∇V (Xα,ε
t,n,N ) +

∑N
m=1 ϕη(X

α,ε,1
t,n,N −Xα,ε,1

t,m,N)F (X
α,ε
t,m,N )

∑N
m=1 ϕη(X

α,ε,1
t,n,N −Xα,ε,1

t,m,N)
∇ξ(Xα,ε

t,n,N )

)

dt+
√
2dWn

t ,

Xα,ε
0,n,N de loi donnée ,pour n = 1, . . . , N . Sous 
ertaines hypothèse sur l'énergie potentielle V , nous avons montré que l'ona existen
e et uni
ité d'une solution faible de l'équation (3.7), et que l'approximation parti
ulairede A′ 
onverge vers la vraie énergie libre A′

t au temps t quand le nombre de parti
ules tend versl'in�ni et que le noyau régularisant pour le 
al
ul de l'espéran
e 
onditionnelle tend vers une massede Dira
. Plus pré
isément :
E





∫ T

0

∥

∥

∥

∥

∥

∑N
n=1 F (X

α,ε
t,n,N )ϕη(.−Xα,ε,1

t,n,N)
∑N

n=1 ϕη(.−Xα,ε,1
t,n,N )

−A′
t

∥

∥

∥

∥

∥

L∞(T)

dt



 = O
(

α+
√
ε+

1√
N
e

K
αε2

)

.3.3 Cal
uls de sensibilité en 
himie quantiqueLe but de la 
himie quantique est de 
al
uler les stru
tures éle
troniques de molé
ules. Dans le
adre de la physique quantique, 
ela signi�e 
al
uler la fon
tion d'onde du système 
omposé desnoyaux et des éle
trons de la molé
ule.Ce genre de problème amène à la résolution d'équations aux dérivées partielles en très grandedimension, 
e qui fait qu'une résolution par des méthodes numériques 
lassiques est très ardue.Par exemple, pour la molé
ule Li8, la dimension du problème est 8 × (3 + 1) × 3 = 96, puisque
ha
un des huit atomes de lithium est 
omposé d'un noyau et de trois éle
trons évoluant en troisdimensions.Une première simpli�
ation du problème est l'approximation de Born-Oppenheimer. Cetteapproximation 
onsiste à 
onsidérer que les deux types de parti
ules, éle
trons et noyaux, ont desvitesses d'évolution 
ara
téristiques très di�érentes ; pour être pré
is, les éle
trons se dépla
entbeau
oup plus rapidement que les noyaux. On va don
 séparer le problème en deux parties, et
al
uler di�éremment la position des éle
trons et 
elles des noyaux. Pour 
al
uler l'état fondamentaldes éle
trons, on suppose alors que les noyaux sont �xés dans l'espa
e, 
e qui induit un 
hampd'énergie potentielle V dans lequel évoluent les éle
trons. Typiquement, la fon
tion V est de laforme
V (x) =

N
∑

i=1

V1(xi) +
∑

1≤i<j≤N
V2(xi − xj),où V1 désigne le 
hamp de for
e que l'ensemble des noyaux applique sur 
haque éle
tron, et V2désigne la for
e d'intera
tion entre deux éle
trons. V1 sera généralement de la forme

V1(x) = −
K
∑

k=1

zkρk ∗
1

|x| ,où zk est la 
harge du kième noyau, et ρk représente l'étendue spatiale du noyau. Par exemple, onpourra avoir ρk = δyk pour un noyau pon
tuel en position yk, ou bien ρk pourra être une fon
tionrégulière à support dans un petit voisinage de yk, pour un noyau di�us.Dans le 
adre de l'approximation de Born-Oppenheiemer, le système étudié du point de vuequantique est 
omposé uniquement d'éle
trons, qui sont des parti
ules fermioniques, 
ette pro-
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ulaire et appli
ationspriété se traduisant par le fait que la fon
tion d'onde sera à 
her
her dans l'espa
e des fon
tionsantisymétriques.Pour 
al
uler la bonne position des noyaux, on suppose qu'ils suivent une dynamique 
lassique.L'énergie globale du système est donnée par
V(x1, . . . , xK) = E0(x1, . . . , xK) +

∑

1≤k<q≤K

zkzq
|yk − yq|

, (3.8)où E0 désigne l'énergie fondamentale des éle
trons. L'évolution des positions des noyaux est don
régie par l'équation de Newton
∂2t (m1x1, . . . ,mKxK) = −∇V(x1, . . . , xK),où mk est la masse du kième noyau. La position d'équilibre des noyaux peut don
 être 
al
ulée
omme la position minimisant la fon
tion V . Un problème important est don
 de savoir 
al
ulerla for
e ∇V(x1, . . . , xK) s'exerçant sur les noyaux.3.3.1 Les méthodes de Monte Carlo en 
himie quantiqueEn 
himie quantique, les 
al
uls de valeurs propres d'opérateurs de S
hrödinger sont générale-ment di�
iles à traiter dire
tement, à 
ause de leur grande dimension. C'est pourquoi un 
ertainnombre de méthodes probabilistes ont été développées pour résoudre 
es problèmes. Ces méthodessont désignées 
olle
tivement sous le nom générique de méthodes de Monte Carlo quantiques.L'énergie fondamentale d'un opérateur de S
hrödinger H est dé�nie pré
isément par
E = inf{〈ϕ,Hϕ〉 , ϕ ∈ D(H), 〈ϕ, ϕ〉 = 1}, (3.9)où H est un espa
e de Hilbert 
ontenu dans L2(Ω) pour un ouvert Ω de Rd, et D(qH) est ledomaine de la forme quadratique 〈ϕ,Hϕ〉 . La borne inférieure dans l'expression (3.9) est atteintepour une fon
tion normalisée ψ.Nous allons nous intéresser à deux méthodes probabilistes di�érentes pour traiter 
es prob-lèmes : la méthode de Monte Carlo variationnelle et la méthode de Monte Carlo di�usive. Cesdeux méthodes se servent d'une interprétation de E 
omme un objet probabiliste. Supposons quel'on 
onnaisse, à une 
onstante multipli
ative près, une bonne approximation ϕ, dite fon
tiond'essai, de l'état fondamental ψ. On peut é
rire,
E = 〈ψ,Hψ〉 ≃ 〈ϕ,Hϕ〉

〈ϕ, ϕ〉 = E

[

Hϕ

ϕ
(X)

]

, (3.10)où X est une variable aléatoire dont la loi est donnée par la fon
tion ϕ2

〈ϕ,ϕ〉 . La variable aléatoire
Hϕ
ϕ (X) peut don
 servir d'estimateur pour 
al
uler l'énergie fondamentale. De plus 
ette quantitéest une surestimation de l'énergie fondamentale, puisque E est la plus petite des valeurs propres.Cette propriété est importante, 
ar elle permet d'estimer l'erreur 
ommise sur le 
al
ul de E.Pour pouvoir utiliser 
e résultat, il faut être 
apable de simuler des variables aléatoires de loi
ϕ2/ 〈ϕ, ϕ〉. Cela est possible en utilisant une dynamique de Langevin sur-amortie

dXt = −1

2

∇ϕ
ϕ

(Xt)dt+ dWt.En e�et, sous de bonnes hypothèses sur ϕ, 
ette dynamique est ergodique de mesure invariante
ϕ2/ 〈ϕ, ϕ〉 On peut don
 estimer l'espéran
e (3.10), par exemple en 
al
ulant des moyennes er-godiques sur les traje
toires de Xt.Dans la méthode de Monte Carlo di�usive, on va utiliser la formule
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E =

〈ϕ,Hψ〉
〈ϕ, ψ〉 = E

[

Hϕ

ϕ
(X)

]

,où X est une variable aléatoire dont la loi est donnée par la fon
tion ϕψ/〈ϕ, ψ〉. Cet estimateurde l'énergie fondamentale est également d'ordre élevé par rapport à l'erreur 
ommise entre l'étatfondamental ψ et son approximation ϕ/ 〈ϕ, ψ〉.Il est également possible de simuler des variables aléatoires de loi ϕψ/〈ϕ, ψ〉 grâ
e à la méthodede Monte Carlo di�usive, qui est une méthode d'é
hantillonage préférentiel. Cette méthode estbasée sur le fait que la solution de l'équation
{

∂tΦt(x) = −HΦt(x), (t, x) ∈ [0,∞)×Ω,

Φ0 = ϕ,est équivalente en temps long à la fon
tion e−Etψ 〈ψ, ϕ〉 pourvu que 〈ψ, ϕ〉 soit non nul. L'étatfondamental de H peut don
 s'exprimer sous la forme
E =

〈ψ,Hϕ〉
〈ψ, ϕ〉 = lim

t→∞
〈Φt, Hϕ〉
〈Φt, ϕ〉

. (3.11)La fon
tion Φt est 
al
ulable par des méthodes probabilistes en utilisant la formule de Feynman-Ka
 suivante
Φt(x) = E

[

ϕ(x+Wt)e
−

∫

t
0
V (x+Ws)ds

]

,où (Wt)t≥0 est un mouvement Brownien standard. Il est toutefois préferable de ne pas utiliserdire
tement 
ette formulation et de passer par une méthode d'é
hantillonnage préférentiel, lefa
teur exponentiel pouvant être la 
ause d'une grande varian
e. On utilise don
 plut�t en pratiquela fon
tion f̃t(x) = ϕ(x)Φt(x)/ 〈ϕ, ϕ〉 qui nous permet de donner une autre expression du membrede droite de (3.11) :
〈Φt, Hϕ〉
〈Φt, ϕ〉

=

∫

Ω
Hϕ
ϕ (x)f̃t(x)dx
∫

Ω f̃t(x)dx
.La fon
tion f̃ est solution de

{

∂tf̃(x) = 1
2∆f̃(x) +∇ ·

(

∇ϕ
ϕ (x)f̃ (x)

)

− Hϕ(x)
ϕ(x) f̃(x), (t, x) ∈ [0,∞)×Ω

f0(x) = ϕ2(x)/ 〈ϕ, ϕ〉 , x ∈ Ω
.Cette équation aux dérivées partielles s'interprète 
omme l'équation véri�ée par la fon
tion hdé�nie par

∫

Ω

g(x)ht(x)dx = E
[

g(Xt)e
−

∫

t
0

Hϕ
ϕ (Xs)ds

]

,où (Xt)t≥0 suit la dynamique
{

dXt = −∇ϕ
ϕ (Xt)dt+ dWt

X0 de loi ϕ2/ 〈ϕ, ϕ〉
.Toutefois, il se trouve que les fon
tions f̃ et h sont en général distin
tes, sauf si la fon
tiond'essai ϕ a le même ensemble de zéros, appelé ensemble des n÷uds en physique, que le véritableétat fondamental ψ. Il est quand même possible de 
al
uler la quantité

EDMC(t) =

∫

Ω
Hϕ
ϕ (x)ht(x)dx
∫

Ω ht(x)dx
=

E
[

Hϕ
ϕ (Xt)e

−
∫ t
0

Hϕ
ϕ (Xs)ds

]

E
[

e−
∫ t
0

Hϕ
ϕ (Xs)ds

]
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ationsqui est une approximation de E(t). En fait, il est montré dans [21℄ que, sous de bonnes hypothèses,la quantité EDMC(t) 
onverge en temps long vers une 
onstante EDMC , qui est une surestima-tion de E pouvant aussi s'exprimer 
omme la solution d'un problème variationnel. Plus pré
isé-ment, EDMC est l'énergie fondamentale de l'opérateur H restreint à une 
omposante 
onnexe de
Ω \ ϕ−1(0). Cette erreur systématique dûe au 
hoix de ϕ est 
onnue sous le nom d'approximationdes n÷uds �xes.3.3.2 Estimateurs zéro biais/zéro varian
eIl peut également être intéressant, par exemple dans le 
as du 
al
ul des for
es dans l'approxi-mation de Born-Oppenheimer, d'estimer la dérivée ∂0λEλ de l'énergie fondamentale d'un opérateurde S
hrödinger Hλ dépendant d'un paramètre λ (pour une fon
tion fλ dépendant d'un paramètre,on notera par ∂0λfλ la dérivée en 0 de f par rapport à λ). En e�et, si l'on pose Hλ = −∆ + Vλ,où Vλ est l'énergie potentielle 
réée par une 
ertaine position des noyaux indexée par un paramètre
λ, le 
al
ul de ∂0λEλ intervient dans le 
al
ul des for
es (3.8).Cela peut également permettre de 
al
uler la moyenne d'une observable, puisqu'en posant
Hλ = H+λO pour un opérateur O, la dérivée de l'énergie fondamentale par rapport à λ est égaleà la moyenne de l'observable O. En e�et, si ψλ désigne le ve
teur propre normalisé asso
ié à Eλ,on a

∂0λEλ = ∂0λ 〈ψλ, Hλψλ〉 = 2
〈

∂0λψλ, Hψ
〉

+
〈

ψ, ∂0λHλψ
〉

= 2E
〈

∂0λψλ, ψ
〉

+ 〈ψ,Oψ〉
= 〈ψ,Oψ〉 .Les estimateurs présentés dans la partie 3.3.1 sont des estimateurs dont le biais et la varian
esont très petits si ϕ est 
hoisie pro
he de ψ, puisque la variable aléatoire Hϕ

ϕ (X) devient une
onstante égale à la valeur E à estimer quand ϕ = ψ. En fait on peut montrer que le biais et lavarian
e sont de l'ordre de δψ2 dans une 
ertaine métrique, où
δψ = ϕ/

√

〈ϕ, ϕ〉 − ψdans le 
as de la méthode de Monte Carlo variationnelle, et
δψ = ϕ/ 〈ϕ, ψ〉 − ψdans le 
as de la méthode de Monte Carlo di�usive.Si l'on veut généraliser 
es estimateurs à petit biais et petite varian
e au 
as de la dérivée en λde l'énergie il semble naturel d'utiliser, par exemple pour la méthode Monte Carlo variationnelle,l'égalité

∂0λEλ = ∂0λ

( 〈ϕ,Hλϕ〉
〈ϕ, ϕ〉

)

= E

[

∂0λHλϕ

ϕ
(X)

]

,où X a pour loi ϕ2/ 〈ϕ, ϕ〉. Cependant l'estimateur obtenu ne véri�e pas la propriété d'ordre élevépour le biais et la varian
e, notamment 
ar il ne devient en général pas 
onstant si ϕ = ψ.Une idée pour trouver des estimateurs à petit biais et petite varian
e, introduite dans [7, 68℄est de 
hoisir une fon
tion d'essai dépendante de λ. L'erreur s'exprimera alors à la fois en fon
tionde l'erreur entre ϕ et ψ, mais aussi de l'erreur entre ∂0λϕλ et ∂0λψλ. On trouve alors les bonsestimateurs en exprimant les dérivées
∂0λEλ = ∂0λ

( 〈ϕλ, Hλϕλ〉
〈ϕλ, ϕλ〉

) et ∂0λEλ = ∂0λ

( 〈ϕλ, Hλψλ〉
〈ϕλ, ψλ〉

)
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omme des espéran
es relativement à ϕ2/ 〈ϕ, ϕ, 〉 et ϕψ/ 〈ϕ, ψ〉. L'estimateur intéressant i
i estl'estimateur obtenu par la méthode de Monte Carlo di�usive qui est plus pré
is, 
ar non biaisé. Leproblème est que l'estimateur obtenu n'est en fait pas 
al
ulable, puisqu'il dépend de la fon
tion ψλqui est in
onnue. Une manière d'é
happer à 
e problème est d'utiliser une di�usion dépendant de λ.Plus pré
isément, si l'opérateur de S
hrödinger Hλ est de la forme −∆+ Vλ, au lieu d'appliquerun estimateur pré
is mais non 
al
ulable à une traje
toire de dynamique de Monte Carlo di�usive,on dérive l'égalité
Eλ =

〈ψλ, Hλϕλ〉
〈ψλ, ϕλ〉

= lim
t→∞

E

[

Hλϕλ

ϕλ
(Xλ

t )e
−

∫ t
0

Hλϕλ
ϕλ

(Xλ
s )ds

]

E

[

e
−

∫

t
0

Hλϕλ
ϕλ

(Xλ
s )ds

] , (3.12)pour obtenir une approximation, en temps long de ∂0λEλ.Dans (3.12), Xλ
t suit une dynamique de la forme

dXλ
t = −∇Vλ(Xλ

t )dt+ dWt.La dérivation de (3.12) par rapport à λ fait don
 apparaître des termes dépendants de la dérivéeen λ de Tt de Xλ
t , appelée ve
teur tangent qui véri�e l'équation di�érentielle ordinaire à 
oe�
ientsaléatoires

∂tTt = −∇2V0(X
0
t ) · Tt − ∂0λ∇Vλ(X0

t ).Le premier terme du membre de droite va 
réer des a

roissements exponentiels de la norme de Ttau voisinage des maxima et des points selles du potentiel V0. Le ve
teur Tt est don
 un fa
teurmultipli
atif pouvant prendre de grandes valeurs, faisant augmenter la varian
e.Il est possible de réduire la varian
e de Tt en utilisant le formalisme des formules de Feynman-Ka
 : on va simuler des 
opies du pro
essus (Xt, Tt) que l'on réé
hantillonnera à intervalles réguliersde sorte à multiplier les 
opies dont le ve
teur tangent prend de grandes valeurs.





4S
héma numérique pour une loi de 
onservation s
alairefra
tionnaire
4.1 Lois de 
onservationOn appelle loi de 
onservation un système d'équations aux dérivées partielles de la forme

∂tu
i
t(x) +

d
∑

j=1

∂xj

(

f ijt
(

u1t (x), . . . , u
I(x)

)

)

= git(x), i = 1, . . . , I, (x, t) ∈ Rd × (0,∞). (4.1)Ce type d'équation traduit, sous forme di�érentielle, le bilan d'une 
ertaine grandeur extensivephysique, 
omme par exemple, la masse, l'énergie, ou en
ore l'entropie. La quantité uit(x) 
orre-spond à la quantité de grandeur extensive de type i au point x à l'instant t.Le deuxième terme du membre de gau
he de (4.1) traduit le �ux de la grandeur i, alors que lemembre de droite est un terme sour
e, 
orrespondant à la 
réation (ou à la destru
tion) de 
ettegrandeur extensive, au taux git(x) au point x. Pour un panorama sur les lois de 
onservation, voirpar exemple [62℄.4.1.1 Notions de solutions pour les lois de 
onservation s
alairesOn 
onsidère dans 
ette partie des lois de 
onservation s
alaire, 
'est-à-dire pour lesquellesl'espa
e de départ est de dimension 1. Pour simpli�er l'analyse, on 
onsidère une équation sansterme sour
e. On obtient don
 l'équation
{

∂tvt(x) + ∂x(A(vt(x))) = 0, (x, t) ∈ R× (0,∞)

v0 donné . (4.2)On suppose par la suite que la 
ondition initiale v0 est bornée. Cette équation aux dérivées partiellesest remarquable par le fait qu'elle peut admettre des solutions irrégulières, même si sa 
onditioninitiale est très lisse.La méthode naïve pour résoudre l'équation (4.2) est de 
her
her des solutions régulières. Pour
e faire, on 
her
he, dans l'espa
e-temps R × (0,∞), des 
hemins, appelés 
ara
téristiques, lelong desquels la solution est 
onstante, 
orrespondant à des lignes de propagation de l'informa-tion 
ontenue dans la solution. Con
rètement, étant donnée une solution régulière v de la loi de
onservation (4.2), on 
her
he une fon
tion γt satisfaisant :
vt(γt) = v0(γ0),pour tout temps t. En dérivant 
ette équation par rapport au temps, on obtient l'équation suivante,
∂tγt = A′(vt(γt)). (4.3)
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héma numérique pour une loi de 
onservation s
alaire fra
tionnaireComme v est 
onstante le long des traje
toires de γ, 
ette équation peut se ré
rire
∂tγt = A′(v0(γ0)).Ainsi, la 
ara
téristique issue de x à l'instant 0 a pour équation γt = x+ tA′(v0(x)).L'équation (4.2) est alors entièrement résolue si les di�érentes 
ara
téristiques 
onstituent unepartition de l'espa
e temps R × (0,∞) : il su�t d'attribuer à vt(x) la valeur v0(x0), où x0 est lepoint d'origine de la 
ara
téristique passant par le point (x, t).Cette appro
he ne donne plus de résultat lorsque les 
ara
téristiques peuvent se 
ouper, oùlorsqu'elles ne remplissent pas l'espa
e. Cette situation est illustrée par les deux exemples suivants :pour A(x) = x2/2, 
onsidérons les 
onditions initiales v0(x) = 1(0,∞)(x) et v0(x) = 1(−∞,0). Dansle premier 
as, les 
ara
téristiques se répartissent en deux 
atégories : pour x0 < 0 elles, ont pouréquation x = x0, et pour x0 > 0, l'équation est x = x0+ t. On voit alors qu'au
une 
ara
téristiquene vient o

uper le domaine {0 < x < t}. Ce phénomène est l'expression d'une onde de détenterégularisante. Dans le deuxième 
as, en revan
he, les 
ara
téristiques ont pour équation x = x0 si

x0 > 0 ou x = x0 + t si x < 0, et par 
haque point du même domaine {0 < x < t} passent alorsdeux 
ara
téristiques. I
i, on observe la propagation d'une onde de 
ho
.On doit don
 
her
her une autre méthode pour résoudre 
ette équation. On voit que 
ephénomène de 
roisement des 
ara
téristiques entraîne la non existen
e de solutions régulières.Il faut don
 a�aiblir la notion de solution pour pouvoir 
her
her des solutions à l'équation dansun espa
e plus étendu.Une manière d'a�aiblir la notion de solution est d'utiliser la théorie des distributions, 
'est-à-dire que l'on teste la validité de la solution en intégrant par parties 
ontre une fon
tion testrégulière : une solution faible sera alors une fon
tion v de L∞(R× (0,∞)) (par exemple) telle quepour toute fon
tion ϕ régulière à support 
ompa
t, on a
∫

R

v0ϕ0 +

∫ ∞

0

∫

R

A(vt)∂xϕtdt = 0.Toutefois, il se trouve que la notion de solution a été i
i trop a�aiblie, et que l'on perd l'uni
itéde la solution. Il faut don
 utiliser une notion de solution intermédiaire entre solutions faibles etfortes.La �bonne� notion de solution pour la loi de 
onservation est la notion de solution entropiqueintroduite en 1970 par Kruzhkov dans [44℄. L'idée i
i est de rajouter un petit terme de di�usion àl'équation, rendant ainsi la dynamique sous-ja
ente irréversible. Le terme de di�usion ajouté ayantun e�et régularisant, l'équation obtenue aura de bonnes propriétés mathématiques. On fera alorstendre le terme de di�usion vers 0, et la suite de solutions de l'équation régularisée 
onvergera versune solution de l'équation (4.2), qui sera la �bonne�, au sens où elle retrans
rira bien les propriétésphysiques de l'équation.Plus pré
isément, l'équation
∂tv

σ(x) = σ∆vσt (x)− ∂x(A(v
σ
t (x))), (x, t) ∈ R× (0,∞) (4.4)a une unique solution vσ, qui appartient à l'espa
e de Lebesgue à poids L∞((0,∞),L1((1+x2)−1))et qui 
onverge dans 
e même espa
e, quand σ tends vers 0, vers une limite v qui se trouve être unesolution faible de (4.2). Il faut don
 trouver un 
ritère permettant de 
ara
tériser 
ette solutionparmi toutes les autres solutions faibles de (4.2). Si l'on multiplie l'équation (4.4) par η′(vσt ), où ηest une fon
tion 
onvexe, on obtient formellement

∂t(η(v
σ
t (x))) + ∂x(ψ(v

σ
t (x))) = ση′(vσt (x))∆(vσt (x)),où la fon
tion ψ est une primitive de A′η′. En intégrant en espa
e et en temps 
ontre une fon
tiontest régulière à support 
ompa
te, et en intégrant par parties de sorte à faire agir les dérivations
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onservation 23sur la fon
tion test, on obtient la formulation intégrale :
∫

R

η(vσ0 )v
σϕ0 +

∫ ∞

0

∫

R

η(vσt )∂tv
σϕt + ψ(vσt )∂xv

σϕtdt+ σ

∫ ∞

0

∫

R

η(vσt )∆v
σϕtdt

=σ

∫ ∞

0

∫

R

vσϕtη
′′(vσt )|∂xvσt |2.Par la 
onvexité de η, si l'on suppose que la fon
tion test ϕ est positive, le se
ond membre de 
etteégalité est positif et la troisième intégrale du membre de gau
he tend vers 0. Par 
onséquent, enprenant la limite σ → 0, on obtient l'inégalité
∫

R

η(v0)ϕ0 +

∫ t

0

∫

R

η(vt)∂tϕt + ψ(vt)∂xϕtdt ≥ 0. (4.5)Cette inégalité, qui traduit l'évolution irréversible de la solution de (4.2) 
ara
térise la limite vde vσ parmi toutes les solutions de (4.2). On a don
 trouvé la bonne notion de solution :Dé�nition 4.1. On appelle solution entropique de l'équation (4.2) une fon
tion v de l'espa
e
L∞((0,∞),L1((1 + x2)−1)) satisfaisant l'inégalité (4.5) pour toute fon
tion 
onvexe η, et toutefon
tion positive régulière à support 
ompa
t ϕ.4.1.2 Lois de 
onservation s
alaires fra
tionnairesIl est naturel de s'intéresser au 
omportement de l'équation obtenue en ajoutant à l'équa-tion (4.2) non pas un terme de di�usion 
lassique 
omme dans (4.4), mais un terme de di�usionfra
tionnaire obtenu à partir d'une puissan
e non entière du Lapla
ien −(−∆)

α
2 , ave
 α dansl'intervalle (0, 2). Pour des exemples physiques faisant intervenir 
e type d'opérateur de di�usion,voir [72℄. L'opérateur (−∆)

α
2 peut être dé�ni sur un espa
e de fon
tions su�samment régulièresen passant par la transformée de Fourier :̂

(−∆)
α
2 ϕ(ξ) = |ξ|αϕ̂(ξ).On voit sur 
ette expression que 
et opérateur est un opérateur de dérivation d'ordre α. Il peutse ré
rire sous une forme intégrale :

−(−∆)
α
2 ϕ(x) = cα

∫

R

ϕ(x+ y)− ϕ(x) − yϕ′(x)1|y|≤r
|y|1+α dy,où la 
onstante cα est une 
onstante dépendant de la normalisation 
hoisie dans la dé�nition de latransformée de Fourier. Il est à noter que le noyau 1|y|≤r sert à faire 
onverger l'intégrale qui sinonserait singulière, mais que la valeur de r ne joue pas sur la dé�nition de l'opérateur, la mesure

dz
|z|1+α étant symétrique par rapport à l'origine.Ce type d'opérateur est un 
as parti
ulier d'opérateur de Lévy. Un tel opérateur est de la forme

Lϕ(x) =
∫

R

(

ϕ(x+ y)− ϕ(x) − yϕ′(x)1|y|≤1

)

dν(y),où ν, appelée mesure de Lévy de L est une mesure intégrant la fon
tion 1 ∧ y2. Dans le 
as duLapla
ien fra
tionnaire, la mesure de Lévy est cα dy
|y|1+α .On peut alors s'intéresser à l'équation

∂tvt(x) + ∂x(A(vt(x))) = −σ(−∆)
α
2 vt(x), (x, t) ∈ R× (0,∞). (4.6)La valeur du paramètre α joue un r�le 
ru
ial sur le 
omportement des solutions de (4.6). Ene�et, on a vu au paragraphe 4.1.1 que la loi de 
onservation (4.2) non visqueuse peut 
réer des
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ho
s, alors que l'ajout d'un terme de di�usion régularise la solution. En 
onséquen
e, les deuxtermes de di�usion et de transport jouent des r�les antagonistes, et le 
omportement des solutionsde l'équation (4.6) va se déduire de la for
e relative de 
haque terme. Le terme de di�usion estd'ordre α, alors que le terme de transport est d'ordre 1, par 
onséquent, si α est plus grand que 1le 
omportement global de la solution de (4.6) sera di�usif et les solutions seront régulières, alorsque si α est plus petit que 1, le terme de transport domine et l'on peut observer des 
ho
s. Cetteapparition de 
ho
s dépend en réalité de la taille des 
onditions initiales, voir par exemple [5℄.On pourrait également rempla
er dans (4.6) le Lapla
ien fra
tionnaire par un opérateur deLévy L quel
onque. La distin
tion entre opérateur su�samment régularisant ou pas se ferait alorssur l'intégrabilité de la mesure de Lévy au voisinage de 0 : si ∫
R
|y| ∧ 1dν(y) = ∞, la di�usionest dominante par rapport au terme de transport. Si ∫

R
|y| ∧ 1dν(y) < ∞ le terme de transportdomine.Au vu de 
es 
onsidérations, il n'est pas étonnant que l'analyse mathématiques du 
as α > 1soit plus simple que 
elle du 
as α ≤ 1. Dans le premier 
as on a en fait existen
e et uni
ité d'unesolution faible pour l'équation (4.6), dé�nie 
omme une fon
tion satisfaisant l'égalité

∫

R

v0ϕ0 +

∫ ∞

0

∫

R

A(vt)∂xϕtdt+

∫ ∞

0

∫

R

(−∆)
α
2 vt(x)ϕt(x)dt = 0.pour toute fon
tion test régulière ϕ.Dans le 
as 
ontraire, le terme de transport domine l'équation, et il est né
essaire de passerpar une généralisation de la notion de solution entropique, dé�nie par Alibaud dans [3℄.Dé�nition 4.2. Une fon
tion v de L∞ est dite solution entropique de (4.6) si elle véri�e, pourtout réel positif r, pour toute fon
tion 
onvexe η et toute fon
tion positive régulière à support
ompa
t ϕ, l'inégalité

∫

R

η(v0(x))ϕ0(x) +

∫ ∞

0

∫

R

η(vt(x))∂tϕt(x) + ψ(vt(x))∂xϕt(x)dxdt

+ cα

∫ ∞

0

∫

R

∫

{|y|>r}
η′(vt(x))(vt(x+ y)− vt(x))ϕt(x)

dydxdt

|y|1+α

+ cα

∫ ∞

0

∫

R

∫

{|y|≤r}
η(vt(x))(ϕt(x + y)− ϕt(x)− y∂xϕt(x))

dydxdt

|y|1+α ≥ 0,où ψ est une primitive de η′A′.On peut remarquer que 
ette formulation est 
omposée, outre des termes déjà présents dans laformulation entropique de l'équation (4.2), de deux intégrales, l'une portant sur les grandes valeursdu paramètre y, l'autre sur les petites valeurs. Grâ
e à la 
onvexité de la fon
tion η utilisée dansla formulation entropique, on voit que si la formulation est véri�ée pour un paramètre r donné,elle est aussi véri�ée pour tous les r′ tels que r′ ≥ r. Par 
onséquent, la formulation entropiquedoit être 
omprise dans la limite r → 0.Cette notion de solution entropique est e�e
tivement né
essaire pour assurer l'uni
ité de lasolution. En e�et dans [4℄ une solution faible qui n'est pas solution entropique est exhibée.4.2 Interprétation probabiliste des lois de 
onservation s
alaires4.2.1 Interprétation probabiliste par dérivation en espa
eLa perturbation (4.4) de la loi de 
onservation (4.2) dé
rite dans la se
tion pré
édente étantune équation parabolique non linéaire, on peut se demander si une interprétation probabiliste de
ette équation existe, ainsi que pour les équations (4.2) et (4.6).



4.2 Interprétation probabiliste des lois de 
onservation s
alaires 25Pour trouver 
ette interprétation probabiliste, il faut en fait 
onsidérer non pas les équations(4.2), (4.4) ou (4.6) elles-mêmes, mais en fait l'équation satisfaite par la dérivée u = ∂xv de leurssolutions. Les trois équations se ré
rivent alors
∂tut(x) + ∂x(A

′(H ∗ ut(x))ut(x))) = 0, (4.7)
∂tut(x) + ∂x(A

′(H ∗ ut(x))ut(x))) =
σ2

2
∆ut(x) (4.8)et

∂tut(x) + ∂x(A
′(H ∗ ut(x))ut(x))) = −σ

α

2
(−∆)

α
2 ut(x). (4.9)Dans 
es trois équations, H désigne la fon
tion de Heaviside H = 1[0,∞), de sorte que H ∗ u est laprimitive de u.Formellement, si u0 est une mesure de probabilité, 
'est-à-dire si v0 est une fon
tion 
roissanteave
 des limites 0 et 1 en ±∞, l'équation (4.8) 
orrespond à l'équation de Fokker-Plank asso
iéeà une solution de l'équation

{

dXt = A′(H ∗ ut(Xt))dt+ σdWt,

X0 de loi u0 (4.10)où ut est la loi à l'instant t de Xt. On a don
 une équation di�érentielle sto
hastique non linéaireau sens de M
Kean, ave
 une dérive dépendant de la fon
tion de répartition de la solution. Onre
onnaît une perturbation de l'équation des 
ara
téristiques (4.3) par un mouvement Brownien.Si l'on rempla
e la loi exa
te ut par la loi empirique d'un système de parti
ules (X i
t )i∈{1,...,N}, lesystème d'équations satisfait par le système de parti
ules est

{

dX i
t = A′

(

1
N

∑N
j=1 1Xj

t≤Xi
t

)

dt+ σdW i
t

(X i
0)i=1,...,N i.i.d. de loi u0 ,les parti
ules interagissent don
 à travers leur fon
tion de répartition empirique.Cette interprétation se généralise immédiatement au 
as où u0 est une mesure positive quel-
onque, 
'est-à-dire si v0 est une fon
tion 
roissante bornée, quitte à renormaliser les 
oe�
ientsde l'équation. On peut toutefois généraliser 
ette appro
he au 
as où la 
ondition initiale est àvariations bornées et non 
onstante, en suivant la méthode de [34℄. En e�et, la dérivée u0 de la
ondition initiale sera alors la di�éren
e de deux mesures �nies, et on pourra supposer, quitte àrenormaliser, que la variation totale de 
ette mesure est une mesure de probabilité |u0|. La dérivéede Radon-Nikodym γ = du0

d|u0| est u0-presque partout à valeurs dans {−1, 1}. Cette fon
tion γ 
or-respond alors à un signe atta
hé à 
haque parti
ule. Dans le système de parti
ules, l'approximationnaturelle de ut est alors 1
N

∑N
i=1 1Xi

t≤xγ(X
i
0), qui est une fon
tion de répartition empirique signéedu système de parti
ules. Le système d'équations di�érentielles sto
hastiques dé
rivant l'évolutiondu système de parti
ules est alors

{

dX i
t = A′

(

1
N

∑N
j=1 1Xj

t≤Xi
t
γ(Xj

t )
)

dt+ σdW i
t

(X i
0)i=1,...,N i.i.d. de loi |u0| . (4.11)Ce système de parti
ules à été étudié dans [14, 17, 18, 36, 63℄. Le système de parti
ules véri�eun résultat de propagation du 
haos vers une solution de l'équation di�érentielle sto
hastiquenon linéaire (4.10), et la loi de 
ette solution véri�e l'équation (4.4). De plus, on peut estimerl'erreur dans l'approximation du pro
essus non linéaire par un système de parti
ules dis
rétisé en



26 4 S
héma numérique pour une loi de 
onservation s
alaire fra
tionnairetemps. L'erreur est de l'ordre de 1√
N

+∆t, où N est le nombre de parti
ules et ∆t est le pas dedis
rétisation.On peut signaler également que le 
omportement en temps long de 
e type de système departi
ules a été étudié, dans [38℄ et ind�pendamment dans [56℄, ave
 des méthodes di�érentes.Quand le paramètre σ tend vers 0, la solution entropique de l'équation (4.4) 
onverge versla solution de l'équation (4.2), il serait don
 naturel que la solution probabiliste 
onverge vers lasolution de l'équation non visqueuse dans la limite σ → 0.La dynamique limite du système de parti
ules (4.11) quand σ tend vers 0 à nombre de par-ti
ules N �xé est la dynamique des parti
ules 
ollantes, voir par exemple [19, 35℄. Dans 
ettedynamique, on tire des parti
ules (X i
0) selon la loi |u0|, 
ha
une étant initialement dotée d'unemasse 1 ou -1 donnée par γ(X i

0). Les parti
ules sont ensuite lan
ées initialement à la vitesse
A′
(

1
N

∑N
j=1 γ(X

j
0)1Xj

0≤Xi
0

), 
e qui n'est autre que la dynamique (4.11) où l'on a posé σ = 0.Quand deux parti
ules se ren
ontrent, elles se retrouvent 
ollées en une seule parti
ule dont lamasse est la somme des masses des parti
ules, et dont la vitesse est telle que le moment 
inétiqueest 
onservé.Toutefois on peut aussi penser à faire tendre le 
oe�
ient de di�usion vers 0 en même temps quele nombre de parti
ules tend vers l'in�ni. Dans 
e 
as, il est né
essaire d'adapter la dynamique pourpouvoir prouver la 
onvergen
e de la fon
tion de répartition empirique vers la solution de (4.2).En e�et, si deux parti
ules de signes opposés se 
roisent, leur 
ontribution dans la formulationentropique appro
hée véri�ée par le système de parti
ules porte le mauvais signe, 
e qui fait quel'on ne retrouve pas la formulation entropique en passant à la limite. Au niveau de la solution, un
roisement de deux parti
ules de signes opposés se traduirait par une augmentation de la variationtotale, 
e qui est en opposition ave
 l'irréversibilité de l'équation (4.4). La solution est alors detuer tout 
ouple de parti
ules de signes opposés entrant en 
onta
t, leur 
ontribution au momentoù elles se tou
hent étant de toutes façons nulle. L'existen
e de 
e système de parti
ules se montreà partir du théorème de Girsanov appliqué à un mouvement Brownien ré�é
hi sur les bords dusimplexe. On a alors également un résultat de 
onvergen
e de la fon
tion de répartition empiriquesignée vers la solution entropique de (4.2), [36℄.4.2.2 Pro
essus de LévyL'interprétation probabiliste de la loi de 
onservation à di�usion anormale (4.6) passe parl'interprétation probabiliste de l'opérateur −(−∆)
α
2 , qui est un 
as parti
ulier d'opérateur deLévy. Ces opérateurs sont les générateurs in�nitésimaux des pro
essus de Lévy.Les pro
essus de Lévy sont par dé�nition des pro
essus à a

roissements indépendants etstationnaires. Il s'agit don
 d'une généralisation du mouvement Brownien, puisqu'on ne présupposeplus de 
ontinuité sur les traje
toires du pro
essus, 
e qui amène naturellement à l'apparition desauts. On peut montrer que la loi d'un pro
essus de Lévy est entièrement 
ara
térisée par la loi de saposition à l'instant 1. On s'intéresse don
 uniquement à la fon
tion 
ara
téristique de la positiondu pro
essus à l'instant 1. Selon la formule de Lévy-Khint
hine, 
ette fon
tion 
ara
téristiques'é
rit ϕL

1 (u) = eΨ(u), où Ψ(u) est de la forme
Ψ(u) = iαu− σ2u2/2 +

∫

R

eiuz − 1− iuz1|z|≤1ν(dz),où ν est une mesure intégrant la fon
tion 1 ∧ z2. Le noyau 1|z|≤1 peut être rempla
é par toutefon
tion équivalente à 1 en zéro et 
onvergeant su�samment vite vers zéro en l'in�ni. Dans 
etteexpression, le terme iαu 
orrespond à une dérive α, et le terme −σ2u2/2 
orrespond à une di�usionBrownienne de 
oe�
ient σ. Le terme intégral 
orrespond à une dynamique de sauts. La mesure νdé
rit la distribution des sauts par unité de temps, les di�érents sauts étant distribués selon unemesure de Poisson d'intensité ν(du)dt. La 
ondition d'intégrabilité de 1∧ z2 pour ν traduit le fait
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alaires 27que les grands sauts doivent être en nombre �ni, tandis que les petits sauts, s'ils peuvent êtreen nombre in�ni, doivent être su�samment petits pour que leur somme 
orre
tement re
entrée
onverge dans L2(Ω).L'interprétation probabiliste de la loi de 
onservation fra
tionnaire (4.6) est alors
dXt = A′(H ∗ ut(Xt))dt+ σdLt, (4.12)où le pro
essus (Lt)t≥0 a pour générateur −(−∆)

α
2 .A priori on n'a pas de résultat d'existen
e ou d'uni
ité pour 
ette équation di�érentielle sto
has-tique. On n'a pas non plus existen
e du système de parti
ules asso
ié, 
ar le pro
essus dirigeantl'équation est un pro
essus de Lévy dont la mesure est singulière. Dans [39℄, le système de par-ti
ules analogue de (4.11) est étudié dans le 
as α > 1, ave
 une 
ondition initiale monotone,
'est-à-dire ave
 γ ≡ 1. Dans 
e 
as parti
ulier, on peut prouver l'existen
e du système de parti
-ules, ainsi que la propagation du 
haos vers une solution de l'équation non linéaire (4.12). On aégalement 
onvergen
e de la fon
tion de répartition empirique vers la solution de (4.6).Une manière de 
ontourner 
e problème de non existen
e est de passer en temps dis
ret, enutilisant un s
héma d'Euler. On obtient alors le s
héma suivant

X̄ i
(k+1)hN

= A′





1

N

N
∑

j=1

1X̄j
khN

≤X̄i
khN

γ(Xj
khN

)



 hN + σ(Li(k+1)hN
− LikhN

),où hN est le pas de temps, que l'on va faire diminuer au fur et à mesure que le nombre de parti
ulesaugmente, et où les (Lit)t≥0 sont des pro
essus indépendants de générateur −(−∆)
α
2 .Un autre problème se pose au niveau du meurtre des parti
ules. En e�et, en temps dis
ret, lesparti
ules ne peuvent pas réellement se trouver à la même position. Il faut alors tuer, à 
haque pasde dis
rétisation, les 
ouples de parti
ules de signes opposés se trouvant à une distan
e inférieureà un 
ertain seuil εN .On montre sous 
ertaines 
onditions sur la vitesse de 
onvergen
e des trois paramètres εN , hNet σN , que la fon
tion de répartition empirique signée 
onverge vers la solution de l'équation (4.2)ou (4.6), suivant la limite 
hoisie sur hN . Les 
onsidérations sur la valeur du paramètre α fontque les 
onditions de 
ette 
onvergen
e ne sont pas les mêmes si α est plus grand ou plus petitque 1. Pour être pré
is, on montre les résultats suivants, dans lesquels FN désigne la fon
tion derépartition empirique signée du système de parti
ules :

FNt (x) =
1

N

N
∑

i=1

1X̄i
t≤xγ(X

i
0),le pro
essus X̄ i

t étant obtenu en interpolant linéairement entre les valeurs X̄ i
khN

.Théorème 4.1. Supposons 0 < α ≤ 1, et soit σN ≡ σ une suite 
onstante. Si les deux suites εNet hN tendent vers 0 et satisfont
N−λ ≤ 4 sup

[−1,1]

|A′|hN ≤ εN , et N−1/α ≤ N−1/λεNpour un 
ertain réel positif λ, et si, pour α = 1, hN ≤ εNN
−1/λ, alors à tout horizon T > 0,

lim
N→∞

∫ T

0

E
∥

∥FNt − vt
∥

∥

L1
(

dx
1+x2

) dt = 0,où vt est la solution entropique de (4.6).Théorème 4.2. Si εN , hN et σN tendent toutes trois vers 0 et satisfont
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onservation s
alaire fra
tionnaire
N−λ ≤ 4 sup

[−1,1]

|A′|hN ≤ εNpour un 
ertain λ > 0, et si, quand α > 1, σN ≤ ε
1− 1

α

N N− 1
λ , alors, pour tout T > 0,

lim
N→∞

∫ T

0

E
∥

∥FNt − vt
∥

∥

L1
(

dx
1+x2

) dt = 0,où vt est la solution entropique de (4.2).I
i, une hypothèse supplémentaire est né
essaire quand α > 1, 
ar dans 
e 
as le terme dominant lepro
essus est la di�usion, alors que le terme dominant l'équation limite est le terme de transport.Il faut don
 s'assurer que la di�usion ne perturbe pas trop la dynamique de transport. Pour α ≤ 1,en revan
he le terme de transport est déjà dominant.Théorème 4.3. Supposons 1 < α ≤ 2. Si σN ≡ σ est 
onstant et que εN et hN tendent vers 0,alors pour tout T > 0,
lim
N→∞

∫ T

0

E
∥

∥FNt − vt
∥

∥

L1
(

dx
1+x2

) dt = 0,où vt et la solution faible de (4.6).



Partie II
Cal
uls d'énergies libres en dynamique molé
ulaire





5Existen
e, uni
ité et 
onvergen
e d'une approximationparti
ulaire pour le pro
essus de la For
e BiaisanteAdaptative
Résumé : Nous étudions une méthode de 
al
ul d'énergie libre introduite dans [25, 32℄, qui estbasée sur le 
omportement en temps long d'une équation di�érentielle sto
hastique non-linéaire.Le terme non-linéaire est une espéran
e 
onditionnelle par rapport à une des 
oordonnées dela solution. Dans [48℄, la 
onvergen
e en temps long d'une éventuelle solution est prouvée, sousquelques hypothèses de régularité.Dans le présent arti
le, nous montrons que 
ette équation a e�e
tivement une unique solution,sous quelques 
onditions, et nous étudions une approximation parti
ulaire basée sur un estimateurde l'espéran
e 
onditionnelle de type Nadaraya-Watson. Ce système de parti
ules 
onverge versla solution de l'équation non-linéaire quand le nombre de parti
ules tend vers l'in�ni, et quand lenoyau de Nadaraya-Watson 
onverge vers une masse de Dira
.Nous donnons également une vitesse pour 
ette 
onvergen
e, qui est illustrée par quelques sim-ulations numériques dans un 
as simple.Mots-Clés : Cal
uls d'énergies libres, équations di�érentielles sto
hastiques, équation de Fokker-Plan
k, systèmes de parti
ules en intera
tion, espéran
e 
onditionnelle, estimateur de Nadaraya-WatsonAbstra
t : We study a free energy 
omputation pro
edure, introdu
ed in [25,32℄, whi
h relies onthe long-time behavior of a nonlinear sto
hasti
 di�erential equation. This nonlinearity 
omes froma 
onditional expe
tation 
omputed with respe
t to one 
oordinate of the solution. The long-time
onvergen
e of the solutions to this equation has been proved in [48℄, under some existen
e andregularity assumptions.In this paper, we prove existen
e and uniqueness under suitable 
onditions for the nonlinearequation, and we study a parti
le approximation te
hnique based on a Nadaraya-Watson estimatorof the 
onditional expe
tation. The parti
le system 
onverges to the solution of the nonlinearequation if the number of parti
les goes to in�nity and then the kernel used in the Nadaraya-Watson approximation tends to a Dira
 mass.We derive a rate for this 
onvergen
e, and illustrate it by numeri
al examples on a toy model.Keywords : Free energy 
al
ulations, nonlinear sto
hasti
 di�erential equation, Fokker-Plan
kequation, intera
ting parti
le system, 
onditional expe
tation, Nadaraya-Watson estimator
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e, uni
ité et 
onvergen
e d'une approximation parti
ulaire pour le pro
essus ABFIntrodu
tionFree energy 
omputations are an important problem in the �eld of mole
ular simulation(see [24℄). The di�
ulty of those 
omputations lies in the fa
t that most dynami
s in mole
u-lar simulations are highly metastable : many free energy barriers prevent a good sampling. Westudy here the adaptive biasing for
e (ABF) method, whi
h was introdu
ed in [25, 32℄ to get ridof those metastabilities.The typi
al problems one 
an think about are the study of a stru
tural angle in the 
onfor-mation of a protein, or the measure of the evolution of a 
hemi
al rea
tion. Mathemati
ally, ea
h
on�guration of the system is modelized by an element of a high-dimensional state spa
e D, typ-i
ally an open subset of Rd, whi
h is endowed with a probability measure, 
alled the 
anoni
almeasure. This measure is given by (
∫

D e
−βV (x)dx)−1e−βV (x)dx, where V denotes the potentialenergy undergone by the physi
al system, and β is proportional to the inverse of the temperatureof the system.For some x in the state spa
e, one is interested in a parti
ular quantity, denoted by ξ(x), ξbeing assumed to be a smooth fun
tion from D to the one-dimensional torus T. The quantity

ξ(x) has to be understood as a 
oarse-grained information on the system, whi
h is the relevantinformation for the pra
titioner. In the examples above, ξ(x) would be a stru
tural angle in aprotein with 
onformation x, or a number measuring the evolution of a 
hemi
al system in state
x.We 
all free energy the e�e
tive energy asso
iated to the quantity ξ(x), that is, the fun
tion A(z)su
h that e−βA(z)dz is the image measure of the 
anoni
al measure by the fun
tion ξ. Our obje
tiveis to 
ompute numeri
ally the fun
tion A. When D = Rd, a naive method to do so is to simulate,for a given random variable X0 and an independent Rd−valued Brownian motion W , the pro
essde�ned by the (overdamped) Langevin dynami
s

dXt = −∇V (Xt)dt+
√

2β−1dWt, (5.1)whi
h, under some regularity assumptions on the potential, is ergodi
 and admits the 
anoni
almeasure as unique invariant measure. This approa
h appears to be untra
table in pra
ti
e, sin
ethe 
onvergen
e to equilibrium is very slow, due to multiple metastabilities appearing in mostproblems : typi
ally, a mole
ule moves mi
ros
opi
ally within times of order 10−15 se
onds, whilethe typi
al time s
ale of the ma
ros
opi
 moves is of order 10−9 se
onds.The idea of the ABF method is to prevent the pro
ess Xt from staying in metastable states byintrodu
ing a biasing for
e whi
h repel Xt from the states where it stayed for too long a time. Todo this, we use the following representation of A, that 
an be dedu
ed from the 
o-area formula(see [48℄) :
A′(z) = E [F (X)|ξ(X) = z] , (5.2)whereX is a random variable distributed a

ording to the 
anoni
al measure, and F is the fun
tionde�ned by

F (x) =
∇ξ · ∇V
|∇ξ|2 − 1

β
div( ∇ξ

|∇ξ|2
)

. (5.3)The fun
tion A′ is 
alled the mean for
e. A
tually, (5.2) also holds when X is distributed a

ordingto the measure
(∫

D
e−β(V (x)+W◦ξ(x))dx

)−1

e−β(V (x)+W◦ξ(x))dx,whi
h is the 
anoni
al measure asso
iated with the biased potential V +W ◦ ξ where W is anysmooth fun
tion.Equation (5.2) leads us to 
onsider the following dynami
s, whi
h should get rid of metasta-bilities for a well 
hosen ξ sin
e it ��attens� the energy lands
ape in the ξ dire
tion (see [48℄ andLemma 5.1.2 below for more pre
ise statements) :
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{

dXt = −∇
(

V −At ◦ ξ − β−1 ln(|∇ξ|−2)
)

(Xt)|∇ξ|−2(Xt)dt+
√

2β−1|∇ξ|−1(Xt)dWt,

A′
t(z) = E [F (Xt)|ξ(Xt) = z] . (5.4)The se
ond equality in (5.4) shows that if Xt is distributed a

ording to the 
anoni
al measureasso
iated with the potential V − A ◦ ξ, then the biasing for
e A′

t is a
tually the derivative A′of the free energy, and the �rst equation in (5.4) 
onsists in a Langevin dynami
s asso
iated tothe potential V − A ◦ ξ. Consequently, the dynami
s (5.4) admits a stationary point : A′
t = A′and Law(Xt) = (

∫

D e
−β(V−A◦ξ)dx)−1e−β(V−A◦ξ)dx. The di�usion term |∇ξ|−1(Xt) in (5.4) (andthe asso
iated modi�
ations of the drift term) is required to obtain natural longtime 
onvergen
eresults, but a 
onstant di�usion term 
an also be used, see [48℄ for more details.If we a
tually have 
onvergen
e to this stationary state, we have a method, that should bee�
ient (i.e. that should not see the metastabilities), to sample the 
anoni
al measure up to aknown perturbation eA◦ξ. This algorithm has thus two appli
ations : it allows the 
omputationof the free energy A, and it 
an be used as an adaptative importan
e sampling method for the
anoni
al measure.The long time behavior of Equation (5.4) has been studied in [48℄, where it has been proventhat for a su�
iently regular solution, one has, in some sense, an exponential 
onvergen
e to thestationary state, with a rate that is better (for a well 
hosen ξ) than the rate of 
onvergen
e toequilibrium for (5.1).The pra
ti
al di�
ulty in simulating (5.4) is to 
ompute the 
onditional expe
tation, whi
h isa highly nonlinear term. Sto
hasti
 di�erential equations involving 
onditional expe
tations havealready been studied, in a 
ase where the 
onditional expe
tation is 
omputed with respe
t toa random initial 
ondition (see [66, 69℄) or where the variable whose 
onditional expe
tation is
omputed is �xed (see [28℄). Our situation is mu
h more 
omplex sin
e both the 
onditioningand the 
onditioned variables 
hange with time and are a�e
ted by the previous 
onditionalexpe
tations.The same di�
ulty arises in Lagrangian sto
hasti
 models whi
h are 
ommonly used in thesimulation of turbulent �ows (see [16℄). The main di�eren
e between the system studied in [16℄and (5.4) is that the authors 
onsiders a Langevin dynami
s with noise only on the velo
ity.The la
k of ellipti
ity then leads to additional di�
ulties. In our setting we are able to derivea quantitative error estimate for the parti
le dis
retization while this seems more di�
ult forLangevin dynami
s.In this paper, we prove that existen
e and uniqueness hold for Equation (5.4) under suitable
onditions, and we study an approximation of Xt by an intera
ting parti
le system (see Theo-rems 5.1.3 and 5.1.4 below).The paper is organized as follows. In Se
tion 5.1 we state our main results.Se
tion 5.2 is devoted to some uniqueness and regularity results. More pre
isely, we prove thatthe time marginals of a solution to Equation (5.4) satisfy some partial di�erential equation. Then,under an integrability 
ondition on the initial 
ondition, we prove uniqueness for the solutions tothis equation, so that the nonlinear term in (5.4) is redu
ed to a bounded drift 
oe�
ient. Wethus prove pathwise uniqueness and uniqueness in distribution for the solutions of (5.4).Se
tion 5.3 is devoted to existen
e results. More pre
isely, we introdu
e a regularization of thedynami
s (5.4) involving two parameters α and ε, whi
h is another nonlinear sto
hasti
 di�erentialequation whose nonlinearity is less singular. We prove that strong existen
e, pathwise uniquenessand uniqueness in distribution hold for this equation and then we show that the solutions tothis sto
hasti
 di�erential equation 
onverge to some pro
ess whi
h satis�es (5.4) in the limit

(α, ε) → (0, 0), yielding strong existen
e. We also prove that this 
onvergen
e holds with rate
O(α +

√
ε).
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ité et 
onvergen
e d'une approximation parti
ulaire pour le pro
essus ABFIn Se
tion 5.4 we introdu
e an intera
ting parti
le system to approximate the regularizeddynami
s, and we prove a propagation-of-
haos result for this parti
le system. We also derive arate of 
onvergen
e for this propagation of 
haos.In Se
tion 5.5, we illustrate the e�
ien
y of the parti
le approximation of the ABF methodand the rate of those 
onvergen
es with some numeri
al examples in small dimension.NotationWe denote by T = R/Z the one dimensional torus, and for x ∈ R, we denote by {x} thefra
tional part of x, that 
an be seen as a proje
tion of x on T. In the following, we will workin two di�erent domains D : T× Rd−1 or Td. The 
ase D = T× Rd−1 will be 
alled the non
ompa
t 
ase, and the 
ase D = Td will be 
alled the 
ompa
t 
ase. For x ∈ Rd, depending onthe 
ase 
onsidered, we will also denote by {x} the element of T× Rd−1 (resp. Td) de�ned by
{x} = ({x1}, x2, . . . , xd) (resp. {x} = ({x1}, . . . , {xd})).In the following, we will 
all �fun
tion de�ned on T� (resp. on T× Rd−1, resp. on Td), a
Z−periodi
al (resp. Z−periodi
al in the �rst 
oordinate, resp. Zd-periodi
al) fun
tion de�ned on
R (resp. on Rd). Integrals on T, T× Rd−1 or Td mean integrals on [0, 1), [0, 1)× Rd−1 or [0, 1)d.We denote by L2(Td) the spa
e of fun
tions on Td whose square is integrable on Td, and by
H1(Td) the spa
e of fun
tions in L2(Td) whose weak gradient is square integrable on Td. We usesimilar notations on T× Rd−1 and T.For two fun
tions f and g de�ned on T× Rd−1 or Td, we denote f ∗ g the 
onvolution withrespe
t to the �rst 
oordinate, that is,

f ∗ g(x) =
∫

T

f(x1 − y1, x2...d)g(y1, x2...d)dy1.If f is de�ned on T, we also use the notation f ∗ g to denote
f ∗ g(x) =

∫

T

f(x1 − y1)g(y1, x2...d)dy1.When f and g are de�ned on D = T× Rd−1 or Td, the 
onvolution in all the 
oordinates is denoted
f ⋆ g :

f ⋆ g(x) =

∫

D
f(x1 − y1, x2...d − y2...d)g(y1, y2...d)dy1dy2...d.In the following, we 
all �probability measure on T� (resp. on T× Rd−1, Td) a nonnegative Z-periodi
al (resp. Z-periodi
al with respe
t to the �rst 
oordinate, Zd-periodi
al) measure µ su
hthat µ([0, 1)) = 1 (resp. µ([0, 1)× Rd−1) = 1, µ([0, 1)d) = 1).When {X} is a random variable taking values in T (resp. in T× Rd−1, Td), we 
all �distributionof {X}� or �law of {X}� the probability measure µ on T (resp. on T× Rd−1, Td) su
h that
E[f({X})] =

∫

f(x)µ(dx).For a given probability measure µ on T× Rd−1 (resp. a probability density u) and a givenbounded fun
tion g, we denote µg (resp. ug(x1)dx1) the marginal on T of the measure g.µ (resp.
g(x)u(x)dx). Namely :

µg(A) =

∫

A×Rd−1

gdµand
ug(x1) =

∫

Rd−1

g(x1, x2...d)u(x1, x2...d)dx2...d.
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ular, µ1 is the �rst 
oordinate marginal of µ. When we do not spe
ify the measure in anintegral, it is the Lebesgue measure.We will need the weighted spa
es
Lp(w) =

{

ψ ∈ Lp(T× Rd−1) s.t. ‖ψ‖Lp(w)
def
=

(∫

T×Rd−1

|ψ|pw
)1/p

<∞
}

,for 1 ≤ p <∞, and
H1(w) =

{

ψ ∈ H1(T× Rd−1) s.t. ‖ψ‖H1(w)
def
=

(∫

T×Rd−1

(

|ψ|2 + |∇ψ|2
)

w

)1/2

<∞
}with w(x) = (1 + |x2...d|2)λ, for some λ > (d − 1)/2. Noti
e that w does not depend on the �rst
oordinate x1, and that there is a positive 
onstant K su
h that

∀x ∈ T× Rd−1, |∇w(x)| ≤ 2λ(1 + |x2...d|2)λ−1
d
∑

i=2

|xi| ≤ Kw(x). (5.5)We will use several times the following statement :Lemma 5.0.1 For a bounded fun
tion g, and u ∈ L2(w) one has, for some 
onstant K,
‖ug‖L2(T) ≤ K‖g‖L∞(T×Rd−1)‖u‖L2(w).If moreover, g has bounded derivatives and u ∈ H1(w), then
‖ug‖H1(T) ≤ K‖g‖W1,∞(T×Rd−1)‖u‖H1(w).The same inequalities hold with the non weighted norms in the right-hand side, for u respe
tivelyin L2(Td) and H1(Td).Proof. Re
all that we assumed λ > d−1

2 , so that 1
w is integrable on Rd : ∫

Rd
1
wdx < ∞. Conse-quently, we have the estimation

‖ug‖2L2(T) =

∫

T

∣

∣

∣

∣

∫

Rd−1

gu

∣

∣

∣

∣

2

≤ ‖g‖2L∞(T×Rd−1)

∫

T

(
∫

Rd−1

|u|2w
∫

Rd−1

1

w

)

≤ K‖g‖2L∞(T×Rd−1)‖u‖2L2(w).The proof is similar in the spa
e H1(w).In the following, K will denote some positive 
onstant, whose value 
an 
hange from line toline.5.1 Assumptions and statement of the main resultsIn this paper, we 
onsider a parti
ular 
ase of Equation (5.4) to simplify the argumentation :we assume β = 1 (this 
an be realized by a 
hange of variable), D = T× Rd−1 or D = Td.We 
onsider as rea
tion 
oordinate the �rst 
oordinate fun
tion ξ : D → R de�ned by ξ(x) =

ξ(x1, x2, . . . , xd) = x1. This should not 
hange the theoreti
al results, but will simplify the proofs.The de�nition (5.3) of F is then redu
ed to
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F = ∂1V,where V is de�ned on Td or T× Rd−1.The two settings D = Td and D = T× Rd−1 will be respe
tively 
alled the 
ompa
t and thenon-
ompa
t 
ase. Our results hold in both settings, and the proofs are mostly identi
al, withsome slight additional di�
ulties in the non 
ompa
t 
ase. Thus, in those situations, we only givethe proofs in the non-
ompa
t 
ase.With those assumptions, Equation (5.4) rewrites

dXt =
(

−∇V (Xt) + E
[

∂1V (Xt)|{X1
t }
]

e1
)

dt+
√
2dWt, (5.6)

e1 denoting the �rst ve
tor in the 
anoni
al basis of Rd. We will 
all solution to Equation (5.6)a pro
ess {Xt} where Xt satis�es (5.6). The initial 
ondition of (5.6) is a random variable de-noted X0, and is supposed to be independent of the Brownian motion W . We denote by P0 thelaw of {X0}, whi
h is a probability measure on D.To ensure the integrability of ∂1V (Xt), we make the following assumption :Assumption i V is a twi
e 
ontinuously di�erentiable fun
tion, whi
h has bounded �rst andse
ond order partial derivatives.Noti
e that Assumption i yields boundedness of the drift 
oe�
ient in (5.6). In the 
ompa
t 
ase,assumption i is satis�ed as soon as V is a twi
e di�erentiable fun
tion.We have to make some assumptions on the initial 
ondition X0. What is needed to prove ourresults will depend on whether we 
onsider the 
ompa
t or the non 
ompa
t 
ase. In the 
ompa
t
ase, we 
onsider the following assumption :Assumption ii The probability measure P0 has a density p0 lying in L2(Td) and whose �rst
oordinate marginal p10 is bounded from below by a positive 
onstant. (Noti
e that p10 is a probabilitydensity on T.)In the non 
ompa
t 
ase, we will need a stronger assumption : we have to 
ontrol the de
ay ofthe initial 
ondition at in�nity, so we work in the weighted spa
e L2(w). We will use, in additionto Assumption ii, the following one :Assumption iii The density p0 of P0 lies in both L1(w) and L2(w).Noti
e that Assumptions iii implies that {X0} has �nite moments of order less than 2λ, andthat Assumption i then yields a 
ontrol on the 
orresponding moments of any solution to (5.6),uniformly in t ∈ R :Lemma 5.1.1 Under Assumptions i and iii, on any bounded time interval [0, T ], the moments oforder less than 2λ of any solution X of (5.6) are bounded :
sup

0≤t≤T
E[|Xt|2λ] <∞.Proof. This 
omes from the boundedness of the drift 
oe�
ient bs(x) = −∇V (x)+E[∂1V (X)|X1 =

x1], whi
h holds in regard of Assumption i. Indeed, we have E[|Xt|2λ] = E[|X0 +
∫ t

0
bs(Xs)ds +√

2Wt|2λ] ≤ K
(

E[|X0|2λ] + t2λ + tλ
), whi
h is bounded on [0, T ].A

ording to the following fundamental lemma, the solution to (5.6) samples e�
iently the
oordinate rea
tion state spa
e T.Lemma 5.1.2 Denote by Pt the law of {Xt}, where Xt is a solution to Equation (5.6). Then, P 1

thas a density p1t , su
h that p1 satis�es the heat equation on T with initial 
ondition p10. Thus, p1is uniquely de�ned on T× [0,∞), and smooth on T× (0,∞).



5.1 Assumptions and statement of the main results 37Proof (Proof of Lemma 5.1.2). Let f be a smooth fun
tion on T. One has, by It	o's formula
∂tE

[

f(X1
t )
]

= −E
[

f ′(X1
t )∂1V (Xt)

]

+ E
[

f ′(X1
t )E

[

∂1V (Xt)|{X1
t }
]]

+ E
[

f ′′(X1
t )
]

.But, f being a fun
tion on T, f ′(X1
t ) only depends on {X1

t }, so that the two �rst terms in theright hand side 
an
el. Then, it holds that
∂tE

[

f(X1
t )
]

= E
[

f ′′(X1
t )
]

,whi
h is exa
tly the heat equation in the weak sense for t 7→ p1t , p1t being the distribution of {X1
t }.For uniqueness and regularity of this solution, see [26, Chapter XIV℄.Lemma 5.1.2 allows us to rewrite equation (5.6) using the distribution of {X1

t }. Indeed, sin
e
P 1
t has a density, the measure given for A ⊂ [0, 1) by P ∂1Vt (A) = E

[

∂1V (Xt)1A({X1
t })
] also hasa density p∂1Vt . We 
an thus write







dXt =

(

−∇V (Xt) +
p
∂1V
t (X1

t )

p1t (X
1
t )

e1

)

dt+
√
2dWt,

Pt = distribution of {Xt}.
(5.7)Moreover, under Assumption ii the density p1t satis�es 0 < infT p

1
0 ≤ p1t , uniformly in time, thanksto the maximum prin
iple. This assumption will 
onsequently prevent the denominator in these
ond term of (5.7) from vanishing.In view of Equation (5.7), a natural parti
le approximation of Xt is then obtained using theNadaraya-Watson estimator of a 
onditional expe
tation (see [70℄), given, for some parameter ηand for a positive integer N , by the system of N sto
hasti
 di�erential equations

dXη
t,n,N =

(

−∇V (Xη
t,n,N ) +

∑N
m=1 ϕη(X

η,1
t,n,N −Xη,1

t,m,N)∂1V (Xη
t,m,N)

∑N
m=1 ϕη(X

η,1
t,n,N −Xη,1

t,m,N)
e1

)

dt+
√
2dWn

t , 1 ≤ n ≤ N(5.8)where (Wn
t ) is a sequen
e of independent Brownian motions, and ϕη is a smooth approximationfor the Dira
 measure at the origin on T. For the initial 
ondition, we work with the followingassumptionAssumption iv The initial 
ondition of Equation (5.8) is (Xη

0,n,N )0≤n≤N = (X0,n)0≤n≤N , where
(X0,n)n∈N is a sequen
e of i.i.d random variables with density p0, and independent of the Brownianmotions (Wn

t )t≥0.We also need an assumption on the shape of ϕη. The parameter η = (α, ε) will be 
hosenin (0,∞)2, and ϕη will have the form
ϕη(x) = α+ ψε(x), (5.9)where ψε is a sequen
e of molli�ers on T as ε → 0. Namely, assuming ε < 1/2, ψε is a smoothnon-negative Z-periodi
al fun
tion, su
h that ψε ≡ 0 on [−1/2, 1/2] \ [−ε, ε] and su
h that
∫ 1/2

−1/2

ψε = 1.A simple way to 
onstru
t su
h a sequen
e is to 
onsider a smooth non-negative fun
tion ψde�ned on R, with support in [−1, 1] su
h that ∫
R
ψ = 1, and then 
onsider the Z-periodization

ψε of ψε = 1
εψ(

.
ε ) (ψε is well de�ned for ε < 1/2). This example makes the following assumptionnatural :
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onvergen
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ulaire pour le pro
essus ABFAssumption v The fun
tion ψε satis�es
‖ψε‖L∞(T) ≤

K

ε
, and ‖ψ′

ε‖L∞(T) ≤
K

ε2
.The reason for adding a positive 
onstant α to the molli�er is to avoid singularities at the de-nominator in the right-hand side of (5.8). Noti
e that (5.9) yields strong existen
e and uniquenessfor (5.8), sin
e the drift is globally Lips
hitz 
ontinuous.We are going to prove the following two results :Theorem 5.1.3 [Existen
e and uniqueness of the solution℄ In both the 
ompa
t and non 
ompa
t
ases, under Assumption i, weak existen
e holds for Equation (5.6). If P denotes the distributionof a solution, then for all s > 0 the time marginals Ps of P admits a density ps, su
h that for all

0 < t < T ,
p ∈ L∞((t, T ),L2(D))

⋂

L2((t, T ),H1(D)). (5.10)Moreover, under both Assumptions i and ii for the 
ompa
t 
ase, and under Assumptions i, iiand iii for the non 
ompa
t 
ase, strong existen
e, pathwise uniqueness and uniqueness in distri-bution also hold, and one 
an take t = 0 in (5.10).Theorem 5.1.4 [Parti
le approximation of the pro
ess Xt℄ Let us 
onsider the pro
esses Xt,n,Nde�ned by (5.8). Then, under Assumptions i, ii, iv and v in the 
ompa
t 
ase, and the additionalAssumption iii in the non-
ompa
t 
ase, it holds that, for any positive T , and for α and ε smallenough,
E





∫ T

0

∥

∥

∥

∥

∥

∑N
n=1 ∂1V (Xη

t,n,N )ϕη(.−Xη,1
t,n,N )

∑N
n=1 ϕη(.−Xη,1

t,n,N )
−A′

t

∥

∥

∥

∥

∥

L∞(T)

dt



 = O
(

α+
√
ε+

1√
N
e

K
αε2

)

.Theorem 5.1.3 is a 
onsequen
e of Theorem 5.2.8 and Corollary 5.3.10 below, and Theorem5.1.4 is a 
onsequen
e of Theorems 5.3.11 and 5.4.1 below.The 
onvergen
e rate in Theorem 5.1.4 is 
ertainly not optimal. Indeed, it is natural that, forthe error to vanish, the number N of parti
les should go to in�nity as ε goes to zero, but thedependen
y of N on ε whi
h is required for the 
ontrol of the error in Theorem 5.1.4 to go to zerois 
ertainly pessimisti
. This is dis
ussed more pre
isely in Se
tion 5.5.5.2 Notion of solution, regularity and uniqueness resultsIn this se
tion we 
onsider the Fokker-Plan
k equation asso
iated to the nonlinear sto
hasti
di�erential equation (5.6) and prove that uniqueness holds for weak solutions of this partial dif-ferential equation. From this uniqueness result, the study of Equation (5.6) 
an be redu
ed to thestudy of a linear sto
hasti
 di�erential equation. We 
an thus prove uniqueness for Equation (5.6).Let us derive the Fokker-Plan
k equation asso
iated to Equation (5.6). Let ψ be a twi
e 
on-tinuously di�erentiable fun
tion. Applying It	o's formula and taking the expe
tation, we obtainthat the law Pt of a weak solution {Xt} to equation (5.6) satis�es
∫

D
ψ(x)dPT (x) =

∫

D
ψ(x)dP0(x) −

∫ T

0

∫

D
∇ψ(x) · ∇V (x)dPt(x)dt+

∫ T

0

∫

D
∆ψ(x)dPt(x)dt(5.11)

+

∫ T

0

∫

D
∂1ψ(x)

(

p∂1Vt

p1t
(x1)

)

dPt(x)dt,whi
h is a weak formulation of the following partial di�erential equation
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∂tPt = div (Pt∇V +∇Pt)− ∂1

(

Pt
p∂1Vt

p1t

)

, (5.12)with initial 
ondition P0. Using integration by parts, we introdu
e a stronger de�nition for solutionsto (5.12) whi
h will allow us to prove existen
e and uniqueness.De�nition 5.2.1 In the 
ompa
t 
ase, a fun
tion u is said to be a solution to (5.12) if, for anypositive T ,� u belongs to L∞((0, T ),L2(Td))
⋂

L2((0, T ),H1(Td)) ;� for any fun
tion ψ ∈ H1(Td), we have :
∂t

∫

D
utψ = −

∫

D
ut∇V · ∇ψ −

∫

D
∇ut · ∇ψ +

∫

D
ut
u∂1Vt

u1t
∂1ψ, (5.13)in the sense of distributions in time ;� u0 = p0.In the non 
ompa
t 
ase, u is said to be a solution to (5.12), if, for any positive T ,� u belongs to L∞((0, T ),L2(w))

⋂

L2((0, T ),H1(w)) ;� for any ψ ∈ H1(w)

∂t

∫

D
utψw = −

∫

D
ut∇V · (w∇ψ + ψ∇w)−

∫

D
∇ut · (w∇ψ + ψ∇w) +

∫

D
ut
u∂1Vt

u1t
(∂1ψ)w,(5.14)holds in the sense of distributions in time ;� u0 = p0.Noti
e that (5.13) is a variational formulation of (5.12) in the spa
e L2(Td) and that (5.14) isa variational formulation of (5.12) in the spa
e L2(w).These 
onditions make sense. Indeed, in both 
ases, the 
onditions on u and ψ are su
h thatthe variational formulations (5.13) and (5.14) are well de�ned (noti
e that one has |∇w| ≤ Kw).Moreover, for the 
ompa
t 
ase, if u lies in L2((0, T ),H1(Td)), and satis�es (5.13) then ∂tu lies in

L2((0, T ),H−1(Td)), so that (see [51, page 23℄) u lies in C([0, T ],L2(Td)), allowing us to de�ne thevalue of u at time t = 0. The same argument holds for the non 
ompa
t 
ase.5.2.1 Existen
e of regular densities for solutions to the nonlinear equationIn this se
tion, we 
onsider a solution X to Equation (5.6) and we denote by Pt the lawof {Xt}. We show that Pt has a density pt, and that p is a solution to Equation (5.12), in thesense of De�nition 5.2.1.Lemma 5.2.2 Consider both the 
ompa
t and the non 
ompa
t 
ases. Under Assumption i, forany t ≥ 0, Pt admits a density pt with respe
t to the Lebesgue measure satisfying the followingmild representation
pt = Gt ⋆ P0 +

∫ t

0

∇Gt−s ⋆ (∇V ps)ds−
∫ t

0

∂1Gt−s ⋆

(

p∂1Vs

p1s
ps

)

ds, (5.15)where Gt is the density of √2 times the Brownian motion on D, namely
Gt(x) =

1

(4πt)d/2

∑

k∈Z

e−
|x−ke1|2

4tfor the non-
ompa
t 
ase, and
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Gt(x) =

1

(4πt)d/2

∑

k∈Zd

e−
|x−k|2

4tfor the 
ompa
t 
ase.Proof. Let χ be a smooth fun
tion with 
ompa
t support on T× Rd−1 and T > 0. Then, for
t ∈ [0, T ], the fun
tion ψ de�ned by

ψs = Gt−s ⋆ χ,is the unique smooth solution to the following problem
{

∂sψ = −∆ψ on (0, t)× T× Rd−1,

ψt = χ on T× Rd−1.
(5.16)Computing ψs(Xs) by It	o's formula and using (5.16) we get

∫

T×Rd−1

ψtdPt =

∫

T×Rd−1

ψ0dP0 −
∫ t

0

∫

T×Rd−1

∆ψsdPsds+

∫ t

0

∫

T×Rd−1

∆ψsdPsds

−
∫ t

0

∫

T×Rd−1

∇ψs · ∇V dPsds+

∫ t

0

∫

T×Rd−1

∂1ψs
p∂1Vs

p1s
dPsds

=

∫

T×Rd−1

ψ0dP0 −
∫ t

0

∫

T×Rd−1

∇ψs · ∇V dPsds+

∫ t

0

∫

T×Rd−1

∂1ψs
p∂1Vs

p1s
dPsds.Using the expression of ψt and Fubini's Theorem, we have :

∫

T×Rd−1

χdPt =

∫

T×Rd−1

χ(Gt ⋆ P0) +

∫

T×Rd−1

χ

∫ t

0

∇Gt−s ⋆ (Ps∇V )ds

−
∫

T×Rd−1

χ

∫ t

0

∂1Gt−s ⋆

(

p∂1Vs

p1s
Ps

)

ds.This last equation being true for any smooth fun
tion χ with 
ompa
t support, then Pt is givenby the right-hand side of (5.15), whi
h is an integrable fun
tion, so that for any positive t, Pt hasa density pt satisfying (5.15).In regard of the following lemma, p ne
essarily satis�es some integrability 
onditions.Lemma 5.2.3 In both the 
ompa
t and the non 
ompa
t 
ase, under Assumptions i and ii, plies in L∞((0, T ),L2(D)) for any T > 0, and we have ‖p‖L∞((0,T ),L2(D)) ≤ C, where C is some
onstant only depending on P0, ∇V and T .In the non 
ompa
t 
ase, under Assumptions i, ii and iii, p lies in L∞((0, T ),L2(w)) for any
T > 0, and we have a bound ‖p‖L∞((0,T ),L2(w)) ≤ C, where C is some 
onstant only depending on
P0, ∇V and T .We only give the proof of Lemma 5.2.3 in the non 
ompa
t 
ase, the one in the 
ompa
t 
ase beingsimilar.Proof. The mild formulation (5.15) will allow us to prove that u ∈ L∞((0, T ),L2(w)). Sin
e p0lies in both L1(w) and L2(w), it lies in Lq(w), for any 1 ≤ q ≤ 2. We �rst prove that we have auniform in time estimate in Lq(w), 1 ≤ q ≤ 2, for pt.From equation (5.15), it follows

‖pt‖Lq(w) ≤ ‖p0‖Lq(w) +

∫ t

0

‖∇Gt−s ⋆ (∇V ps)‖Lq(w) +

∥

∥

∥

∥

∂1Gt−s ⋆

(

p∂1Vs

p1s
ps

)∥

∥

∥

∥

Lq(w)

ds. (5.17)One has, from Jensen's inequality,
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‖∇Gt−s ⋆ (∇V ps)‖qLq(w) ≤K

∫

T×Rd−1

(|∇Gt−s| ⋆ ps)q w

≤K
∫

T×Rd−1

(|∇Gt−s|q ⋆ ps)w

=K

∫

T×Rd−1

∫

T×Rd−1

|∇Gt−s(y)|qps(x− y)w(x)dxdy.Now, noti
e that w(x) ≤ K(1 + |y2...d|2λ)w(x − y)
def
= π(y)w(x − y), so that

‖∇Gt−s ⋆ (∇V ps)‖qLq(w) ≤K
∫

T×Rd−1

∫

T×Rd−1

|∇Gt−s(y)|qπ(y)ps(x− y)w(x − y)dxdy

=K‖ps‖L1(w)

∫

T×Rd−1

|∇Gt−s(y)|qπ(y)dy.In view of Lemma 5.1.1, ‖ps‖L1(w) is bounded. Moreover, one has for 0 ≤ s ≤ t ≤ T ,
|∇Gt−s(y)|qπ(y) =

∣

∣

∣

∣

∣

(4π(t− s))
−d/2∑

k∈Z

− y − ke1
2(t− s)

e−
|y−ke1|2

4(t−s)

∣

∣

∣

∣

∣

q

(1 + |y2...d|2λ)

≤ K

(t− s)q(d+1)/2

∣

∣

∣

∣

∣

(

1 +
|y2...d|2λ/q
(t− s)λ/q

)

∑

k∈Z

|y − ke1|√
t− s

e−
|y−ke1|2

4(t−s)

∣

∣

∣

∣

∣

q

.Then, sin
e a fun
tion f with polynomial growth satis�es f(x)e−x2 ≤ Ke−x
2/2 for some 
on-stant K, using Hölder's inequality, we dedu
e,

|∇Gt−s(y)|qπ(y) ≤
K

(t− s)q(d+1)/2

∣

∣

∣

∣

∣

∑

k∈Z

e−
|y−ke1 |2

8(t−s)

∣

∣

∣

∣

∣

q

≤ K

(t− s)q(d+1)/2

∣

∣

∣

∣

∣

∑

k∈Z

e−
q|y−ke1 |2

16(t−s)

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∑

k∈Z

e−
q′|y−ke1 |2

16T

∣

∣

∣

∣

∣

q

q′

≤ K

(t− s)q(d+1)/2

∑

k∈Z

e
−q|y−ke1 |2

16(t−s) ,where q′ satis�es 1
q +

1
q′ = 1. Consequently, one has, for 0 ≤ s ≤ t ≤ T,

(∫

T×Rd−1

|∇Gt−s(y)|qπ(y)dy
)1/q

≤ K

(t− s)(d+1)/2−d/2q . (5.18)The last term in (5.17) 
an be bounded in the same way, so we dedu
e that ∫ t
0
‖∇Gt−s ⋆

(∇V ps)‖Lq(w) +
∥

∥

∥∂1Gt−s ⋆
(

p∂1V
s

p1s
ps

)∥

∥

∥

Lq(w)
ds is �nite as soon as

1 ≤ q <
d

d− 1
. (5.19)In view of (5.17), p lies in L∞((0, T ),Lq(T× Rd−1)) for all T and all q satisfying (5.19), and wehave a bound on its norm depending only on P0, ∇V and T . We now bootstrap this estimate torea
h a uniform-in-time L2(w) bound for p.
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essus ABFLet n0 be an integer large enough so that
n0 + 1

n0 + 1/2
<

d

d− 1
,and de�ne for n = 0, . . . n0, q = n0+1

n0+1/2 and qn =
(

1
q + n

(

1
q − 1

))−1

. Noti
e that (qn)n=0...n0satis�es q0 = q, qn0 = 2 and
1 +

1

qn+1
=

1

qn
+

1

q
,so that, a

ording to Young's Inequality, 
onvolution 
ontinuously maps Lqn × Lq to Lqn+1 . Con-sequently, we have for n < n0

‖∇Gt−s ⋆ (∇V ps)‖Lqn+1(w) ≤K
(∫

T×Rd−1

(|∇Gt−s| ⋆ ps)qn+1(x)w(x)dx

)1/qn+1

=K

(∫

T×Rd−1

(∫

T×Rd−1

|∇Gt−s|(y)ps(x− y)dy

)qn+1

w(x)dx

)1/qn+1

.We have w(x) ≤ w(x − y)π(y) ≤ w(x − y)qn+1/qnπ(y), sin
e qn ≤ qn+1, yielding, by Young'sinequality and the polynomial growth of π,
‖∇Gt−s ⋆ (∇V ps)‖Lqn+1(w) ≤K

(∫

T×Rd−1

(∫

T×Rd−1

|∇Gt−s|(y)π(y)1/qn+1

× ps(x− y)w(x − y)1/qndy

)qn+1

dx

)1/qn+1

=K‖(|∇Gt−s|π1/qn+1) ⋆ (psw
1/qn)‖Lqn+1(T×Rd−1)

≤K‖|∇Gt−s|π1/qn+1‖Lq(T×Rd−1)‖ps‖Lqn (w)

≤ K

(t− s)(d+1)/2−d/(2q) ‖ps‖Lqn (w),the last inequality being proved in the same way as (5.18) is. As a result, for n < n0,
‖pt‖Lqn+1(w) ≤ ‖p0‖Lqn+1(w) +K

∫ t

0

‖ps‖Lqn(w)

(t− s)(d+1)/2−d/(2q) ds.By indu
tion on n, sin
e 1
(t−s)(d+1)/2−d/(2q) is integrable on [0, t], this estimate shows that p lies in

L∞((0, T ),L2(w)), for all positive T . Sin
e we 
ontrol supt∈[0,T ] ‖pt‖Lq0 (w) by a 
onstant dependingonly on P0, ∇V and T , we also have su
h a 
ontrol on supt∈[0,T ] ‖pt‖L2(w).Now, we prove that p is a solution to Equation (5.12) in the sense of De�nition 5.2.1. First, weshow that it satis�es the regularity 
ondition.Lemma 5.2.4 In the 
ompa
t 
ase, under Assumptions i and ii, one has
p ∈ L∞ ((0, T ),L2(Td)

)

⋂

L2
(

(0, T ),H1(Td)
)

. (5.20)Moreover ‖p‖L∞((0,T ),L2(Td)) + ‖p‖L2((0,T ),H1(Td)) ≤ K, where K only depends on ∇V , P0 and T .In the non 
ompa
t 
ase, with the additional Assumption iii, one has
p ∈ L∞ ((0, T ),L2(w)

)

⋂

L2
(

(0, T ),H1(w)
)

. (5.21)Moreover ‖p‖L∞((0,T ),L2(w)) + ‖p‖L2((0,T ),H1(w)) ≤ K, where K only depends on ∇V , P0 and T .
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ording to Assumption ii, p0 lies in L2(D). Consequently, from Lemma 5.2.3, weknow that Pt has a density pt su
h that p ∈ L∞((0, T ),L2(D)). We now prove that p lies in
L2((0, T ),H1(D)). We know that p lies in L∞((0, T ),L2(D)) ⊂ L2((0, T ),L2(D)), and that p∂1V

p1is in L∞([0, T ]×D), so that the fun
tion f de�ned by
f = div(p∇V )− ∂1

(

p∂1V

p1
p

)lies in L2((0, T ),H−1(D)). Consequently, it 
an be shown, for example using a Galerkin approxi-mation (see [26, Chapter XVIII℄) that the problem
{

∂tv −∆v = f,

v0 = p0,
(5.22)admits a unique weak solution v in the spa
e L∞((0, T ),L2(D))

⋂

L2((0, T ),H1(D)). Here, �weaksolution� means that for any ψ in H1(D),

∂t

∫

D
ψvt +

∫

D
∇ψ∇vt =

∫

D
ψf (5.23)holds. Thanks to an a priori estimate, we 
an �nd a bound K depending only on ∇V , P0 and T ,su
h that this weak solution lies in the ball of radius C in the spa
es L∞((0, T ),L2(D)) and

L2((0, T ),H1(D)). For the non 
ompa
t 
ase, noti
e that under Assumption iii, f satis�es for any
ψ ∈ H1(w),

∣

∣

∣

∣

∫

T×Rd−1

fψw

∣

∣

∣

∣

=

∣

∣

∣

∣

∫

T×Rd−1

p∇V · ∇(ψw) − p∂1V

p1
p ∂1(ψw)

∣

∣

∣

∣

≤K
∫

T×Rd−1

|p∇ψ|w +K

∫

T×Rd−1

|pψ|w

≤K‖ψ‖H1(w),the last bound being dedu
ed from Lemma 5.2.3. From the following a priori estimate,
1

2
∂t‖vt‖2L2(w) =−

∫

T×Rd−1

∇vt∇(wvt) +

∫

T×Rd−1

fvtw

≤−
∫

T×Rd−1

|∇vt|2w +K

∫

T×Rd−1

|vt∇vt|w +K‖vt‖H1(w)

≤− 1

2
‖∇vt‖2L2(w) +K‖vt‖2L2(w) +K,standard arguments show that v also lies in L∞((0, T ),L2(w))

⋂

L2((0, T ),H1(w)), if p0 ∈ L2(w).We are now going to show that v is a
tually equal to the fun
tion p. For a �xed t in [0, T ],
onsider ψs = Gt−s⋆χ, solution to the problem (5.16), where χ is some test fun
tion, and 
ompute
∂s
∫

D ψsvs. From [67, page 261, Lemma 1.2℄, we obtain
∂s

∫

D
ψsvs =

∫

D
ψsf,in the sense of distributions. Using the expression of ψs, this equation rewrites

∂s

∫

D
(Gt−s ⋆ χ)vs =

∫

D
(Gt−s ⋆ χ)f,whi
h is equivalent to
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∂s

∫

D
χ(Gt−s ⋆ vs) =

∫

D
χ(Gt−s ⋆ f). (5.24)Sin
e v ∈ L2((0, T ),H1(D)), and ∂sv ∈ L2((0, T ),H−1(D)), then v lies in C((0, T ),L2(D)) (see [26,Chapter XVIII, �1, Theorem 1℄, so that the left hand side in (5.24) is the derivative with respe
tot s of a fun
tion whi
h is 
ontinuous in s. Moreover, one has

Gt−s ⋆ f = ∇Gt−s ⋆ (p∇V )− ∂1Gt−s ⋆

(

p∂1V

p1
p

)

∈ L1((0, t),L2(D)),so that the right hand side in (5.24) is integrable in time. Consequently, integrating on [0, t], one�nds
∫

D
χvt =

∫

D
χ(Gt ⋆ p0) +

∫

D

∫ t

0

χ(∇Gt−s ⋆ (∇V ps))ds−
∫

D

∫ t

0

χ

(

∂1Gt−s ⋆

(

p∂1Vs

p1s
ps

))

ds.Identifying in the sense of distribution, one has
vt = Gt ⋆ p0 +

∫ t

0

∇Gt−s ⋆ (∇V ps)ds−
∫ t

0

∂1Gt−s ⋆

(

p∂1Vs

p1s
ps

)

ds. (5.25)The right hand side in (5.25) is exa
tly the right hand side in (5.15), and (5.25) holds for all t > 0,so that v = p, and the regularity we wanted on p a
tually holds.We �nish this se
tion by proving :Lemma 5.2.5 The fun
tion p satis�es Equation (5.12) in the sense of De�nition 5.2.1.Proof. A

ording to Lemma 5.2.4, in the 
ompa
t 
ase (resp. in the non 
ompa
t 
ase), for any t >
0, p lies in L∞((0, T ),L2(Td)

⋂

L2((0, T ),H1(Td)) (resp. in L∞((0, T ),L2(w)
⋂

L2((0, T ),H1(w))).Moreover, thanks to It	o's Formula, p satis�es Equation (5.11) for any smooth test fun
tion ψ.But, a

ording to the regularity of pt, and by the density of smooth fun
tions in H1(Td) (resp. in
H1(w)), Equation (5.13) holds for any ψ in H1(Td) (resp. (5.14) holds for any ψ in H1(w)). Thismeans that pt is a solution to (5.12) in the sense of De�nition 5.2.1.5.2.2 Uniqueness resultsIn this se
tion we prove that uniqueness holds for solutions of Equation (5.12) in the sense ofDe�nition 5.2.1, yielding uniqueness for solutions of the nonlinear equation (5.6).Uniqueness for the Fokker-Plan
k EquationTheorem 5.2.6 In the 
ompa
t 
ase, under Assumptions i and ii or in the non 
ompa
t 
aseunder Assumptions i, ii and iii, uniqueness holds for the solutions to the Fokker-Plan
k equation(5.12) in the sense of De�nition 5.2.1.Proof. We only give the proof in the non 
ompa
t 
ase, whi
h 
an be adapted straightforwardlyfor the 
ompa
t 
ase by performing the same 
omputations in the spa
e L2(Td). Let u and v betwo solutions of (5.12) in the sense of De�nition 5.2.1 with same initial 
ondition u0 = v0. We useGrönwall's Lemma to prove that ‖ut − vt‖L2(w) = 0 for all t > 0. Adapting the proof of [67, page261, Lemma 1.2℄, one has 1

2∂t‖ut − vt‖2L2(w) =
∫

T×Rd−1(ut − vt)∂t(ut − vt)w. Consequently, sin
e
u and v satisfy De�nition 5.2.1, and using (5.5) and Assumption i, it holds that
1

2
∂t‖ut − vt‖2L2(w) ≤ K‖ut − vt‖2L2(w) +K‖ut − vt‖L2(w)‖∇ut −∇vt‖L2(w) − ‖∇ut −∇vt‖2L2(w)

+

∫

T×Rd−1

∂1(ut − vt)

(

ut
u∂1Vt

u1t
− vt

v∂1Vt

v1t

)

w.



5.2 Notion of solution, regularity and uniqueness results 45We want to estimate the last term. Noti
e that, thanks to Lemma 5.1.2, u1 = v1, so that
∫

T×Rd−1

∂1(ut − vt)

(

ut
u∂1Vt

u1t
− vt

v∂1Vt

v1t

)

w =

∫

T×Rd−1

∂1(ut − vt)ut
u∂1Vt − v∂1Vt

u1t
w

+

∫

T×Rd−1

∂1(ut − vt)(ut − vt)
v∂1Vt

u1t
w.Sin
e ∂1V is bounded, the se
ond term in the right-hand side is smaller than

K‖ut − vt‖L2(w)‖∇ut −∇vt‖L2(w),and the �rst term is smaller than
‖∇ut −∇vt‖L2(w)

(

∫

T×Rd−1

(

ut
u1t

)2
(

u∂1Vt − v∂1Vt

)2

w

)1/2

.Then,
(

∫

T×Rd−1

(

ut
u1t

)2
(

u∂1Vt − v∂1Vt

)2

w

)1/2

=





∫

T

(

u∂1Vt − v∂1Vt

u1t

)2
(∫

Rd−1

(ut)
2w

)





1/2

≤
∥

∥

∥

∥

1

u1t
(u∂1Vt − v∂1Vt )

∥

∥

∥

∥

L∞(T)

‖ut‖L2(w).The fun
tion t 7→ ‖ut‖L2(w) is bounded on [0, T ], and, thanks to Lemma 5.1.2, Assumption ii andthe maximum prin
iple, u1 is bounded from below by some positive 
onstant, so that
(

∫

T×Rd−1

(

ut
u1t

)2
(

u∂1Vt − v∂1Vt

)2

w

)1/2

≤ K‖u∂1Vt − v∂1Vt ‖L∞(T).To 
on
lude, noti
e that, for any positive γ, H1/2+γ(T) 
ontinuously imbeds in C(T) (see [1, page217℄). Consequently, interpolating H1(T) and L2(T) (see [51, Page 49℄, we obtain for a fun
tion fin H1(T) and γ ∈ (0, 12 ),
‖f‖L∞(T) ≤ K‖f‖H1/2+γ(T) ≤ K‖f‖1/2−γ

L2(T) ‖f‖
1/2+γ
H1(T) . (5.26)All the previous inequalities give us

1

2
∂t‖ut − vt‖2L2(w) + ‖∇ut −∇vt‖2L2(w) ≤ K‖ut − vt‖L2(w)‖∇ut −∇vt‖L2(w) +K‖ut − vt‖2L2(w)

+K‖u∂1Vt − v∂1Vt ‖1/2−γ
L2(T) ‖u

∂1V
t − v∂1Vt ‖1/2+γ

H1(T) ‖∇ut −∇vt‖L2(w).We �nally obtain, from Lemma 5.0.1 and Young's inequality ab ≤ εap + q−1(pε)−q/pbq, holdingtrue for any positive a, b, ε, p and q su
h that 1
p + 1

q = 1,

∂t‖ut − vt‖2L2(w) + ‖∇ut −∇vt‖2L2(w) ≤ K‖ut − vt‖2L2(w),yielding uniqueness through Grönwall's lemma.Remark 5.2.7 A more natural uniqueness proof 
an be performed, using an entropy estimate.In parti
ular, this proof does not require the introdu
tion of the weighted spa
es. Unfortunately, it
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ité et 
onvergen
e d'une approximation parti
ulaire pour le pro
essus ABFdoes not apply to the solutions in the sense of De�nition 5.2.1. Uniqueness a
tually holds in thesubspa
e of fun
tions su
h that the following 
omputations make sense.Let u and v be two solutions of (5.12) with same initial 
ondition u0 = v0. Noti
e that fromLemma 5.1.2, the fun
tions u1 and v1 are equal. De�ne the relative entropy of u with respe
t to
v :

E(t) =

∫

T×Rd−1

u log
u

v
.If all quantities involved are �nite, it holds that

E′(t) = ∂t

(∫

T×Rd−1

u

)

+

∫

T×Rd−1

∂tu log
u

v
−
∫

T×Rd−1

∂tv
u

v

= 0−
∫

T×Rd−1

u∇V ∇ log
u

v
−
∫

T×Rd−1

∇u ∇ log
u

v
+

∫

T×Rd−1

u
u∂1V

u1
∂1 log

u

v

+

∫

T×Rd−1

v∇V ∇u

v
+

∫

T×Rd−1

∇v ∇u

v
−
∫

T×Rd−1

v
v∂1V

u1
∂1
u

v

= −
∫

T×Rd−1

v2

u

∣

∣

∣∇u

v

∣

∣

∣

2

+

∫

T×Rd−1

(

u∂1V − v∂1V
) v

u1
∂1
u

v
.But, using Csiszár-Kullba
k inequality, it holds that

∫

T×Rd−1

(

u∂1V − v∂1V
) v

u1
∂1
u

v
≤ K

∫

T×Rd−1

v
∣

∣

∣∂1
u

v

∣

∣

∣

∥

∥

∥

u

u1
− v

u1

∥

∥

∥

TV (Rd−1)

≤ K

∫

T×Rd−1

v
∣

∣

∣∂1
u

v

∣

∣

∣

(∫

Rd−1

( u

u1
log

u

v

)

)1/2

.In 
on
lusion, we �nd
E′(t) ≤ −

∫

T×Rd−1

v2

u

∣

∣

∣
∇u

v

∣

∣

∣

2

+K

(∫

T×Rd−1

v2

u

∣

∣

∣
∂1
u

v

∣

∣

∣

2
)1/2

(E(t))1/2 .We 
an 
on
lude the proof using Young's inequality and then Grönwall's Lemma.Uniqueness for the nonlinear pro
essTheorem 5.2.8 Pathwise uniqueness and uniqueness in law hold for Equation (5.6) in the 
om-pa
t 
ase under Assumptions i and ii, and in the non 
ompa
t 
ase under Assumptions i, ii andiii.Proof. As stated in Lemma 5.2.5, if X solves (5.6), then {Xt} admits a density pt su
h that psatis�es (5.12) in the sense of De�nition 5.2.1. Thus, in regard of Theorem 5.2.6, pt is uniquelyde�ned. Consequently, Equation (5.6) rewrites
dXt =

(

−∇V (Xt) +
p∂1Vt (X1

t )

p1t (X
1
t )

e1

)

dt+
√
2dWt, (5.27)where pt is the unique solution to Equation (5.12) in the sense of De�nition 5.2.1. Noti
e that thedrift

bt(x) = −∇V (x) +
p∂1Vt (x1)

p1t (x
1)

e1
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s 47in Equation (5.27) is bounded, so that pathwise uniqueness holds (see [45℄), as well as uniquenessin law, from the Girsanov Theorem.5.3 A regularized approximate dynami
sTo estimate the di�eren
e between the nonlinear pro
ess de�ned by Equation (5.6) and itsparti
le approximation (5.8), we introdu
e an intermediate pro
ess, 
alled the regularized nonlinearpro
ess, whi
h is the natural expe
ted limit as N goes to in�nity of the parti
le approximation(5.8). The nonlinear term in this equation is more regular than the one in (5.6), so that we 
anshow existen
e and uniqueness for this pro
ess.The aim of this se
tion will be, in a �rst time, to prove existen
e and uniqueness for theregularized nonlinear pro
ess, see Theorem 5.3.1, and in a se
ond time to show that the regularizednonlinear pro
ess 
onverges to the nonlinear pro
ess solution to (5.6) as ε and α go to zero, andto estimate the rate of this 
onvergen
e, see Theorem 5.3.11 below. This will yield an existen
eresult for the nonlinear pro
ess.Under Assumption iv on the initial 
ondition, for a �xed positive integer n, we expe
t thesequen
e of pro
esses (Xη
n,N)N>0 de�ned by (5.8) to 
onverge to a solution to











dX̄η
t,n =

(

−∇V (X̄η
t,n) +

ϕη ∗ P η,∂1Vt

ϕη ∗ P η,1t

(X̄η,1
t,n )e1

)

dt+
√
2dWn

t ,

P ηt = distribution of {X̄η
t,n}

(5.28)with initial 
ondition (X0,n).5.3.1 Existen
e and uniqueness for the regularized problemIn this se
tion, we show that pathwise uniqueness, uniqueness in distribution and strong exis-ten
e hold for the regularized dynami
s.We �rst show existen
e and uniqueness of a solution to (5.28), using a �xed point method.Theorem 5.3.1 Consider both the 
ompa
t and the non 
ompa
t 
ases. Under Assumptions iand iv, strong existen
e and uniqueness hold for Equation (5.28).Here we follow [64℄ : we show that a measure on the spa
e of 
ontinuous paths from [0, T ] to Rdis the law of a solution to (5.28) if and only if it is a �xed point of some fun
tion ΦT . Then weshow existen
e and uniqueness of this �xed point by a 
ontra
tion argument. This 
annot be donedire
tly for Equation (5.6), sin
e its nonlinear term is too ill-behaved, so that we do not have
ontra
tion in that 
ase.For a probability measure µ on the set CT = C([0, T ],Rd) we denote by ΦT (µ) the distributionon CT of the pro
ess X de�ned by
dXt =









−∇V (Xt) +

∫

CT

ϕη(X
1
t − x1t )∂1V (xt)dµ(x)

∫

CT

ϕη(X
1
t − x1t )dµ(x)

e1









dt+
√
2dWt (5.29)whose initial 
ondition X0 has law P0 and is independent of W . The distribution ΦT (µ) is wellde�ned sin
e Equation (5.29), having global Lips
hitz 
oe�
ients, has a unique strong solution.Noti
e that, sin
e

ϕη ∗ µ∂1Vt

ϕη ∗ µ1
t

=

∫

CT
ϕη(· − x1t )∂1V (xt)dµ(x)
∫

CT
ϕη(· − x1t )dµ(x)

,
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ité et 
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ulaire pour le pro
essus ABF
µ is the distribution of a solution to (5.28) up to time T if, and only if ΦT (µ) = µ. We will showthat su
h a µ exists and is unique using Pi
ard's Theorem.The Wasserstein metri
 DT (µ1, µ2) between two probability distributions µ1 and µ2 on CT isde�ned by

DT (µ1, µ2) = inf
π∈Π

∫

CT×CT

1 ∧ ‖x− y‖CT dπ(x, y),where Π = {π ∈ P(CT × CT ), π having µ1 and µ2 as marginal distributions} is the set of all 
ou-pling of µ1 and µ2, and ‖.‖CT is the uniform norm on CT :
‖f − g‖CT = sup

t∈[0,T ]

|f(t)− g(t)|.More generally, for t ∈ [0, T ], we set
Dt(µ1, µ2) = inf

π∈Π

∫

CT×CT

1 ∧ sup
s∈[0,t]

|xs − ys|dπ(x, y).Endowed with the Wasserstein metri
, the spa
e P(CT ) of probability measures on CT is 
om-plete. In order to apply a �xed point argument, we will need the following 
ontra
tion lemma.Lemma 5.3.2 Consider both the 
ompa
t and non 
ompa
t 
ase. Let T be a positive time. UnderAssumption i, there is a positive 
onstant K, not depending on t, satisfying
Dt(ΦT (µ1), ΦT (µ2)) ≤ K

∫ t

0

Ds(µ1, µ2)ds,for all t in [0, T ] and for all probability measures µ1 and µ2 in P(CT ).Proof. Let µ1 and µ2 be two probability measures on CT . For i = 1, 2, de�ne Xt,i by
dXt,i =









−∇V (Xt,i) +

∫

CT

ϕη(X
1
t,i − x1t )∂1V (xt)dµi(x)

∫

CT

ϕη(X
1
t,i − x1t )dµi(x)

e1









dt+
√
2dWtwith given initial 
ondition X0,i = X0, for i = 1, 2.Noti
e that

∫

CT
ϕη(· − x1t )∂1V (xt)dµi(x)
∫

CT
ϕη(· − x1t )dµi(x)

=
ϕη ∗ µ∂1Vi,t

ϕη ∗ µ1
i,t

, (5.30)and that from (5.9) and Assumption i, the numerator and the denominator of (5.30) are respe
-tively bounded from above and from below by positive 
onstants depending only on η and V .Then, for any x, y and 0 ≤ s ≤ T ,
∣

∣

∣

∣

∣

ϕη ∗ µ∂1V1,s

ϕη ∗ µ1
1,s

(x) −
ϕη ∗ µ∂1V2,s

ϕη ∗ µ1
2,s

(y)

∣

∣

∣

∣

∣

≤ K (|x− y| ∧ 1 +Ds(µ1, µ2)) .Consequently,
E [1 ∧ ‖X1 −X2‖Ct ] ≤ K

(∫ t

0

E [1 ∧ ‖X1 −X2‖Cs ] ds+

∫ t

0

Ds(µ1, µ2)ds

)

,for all t ≤ T . Using Grönwall's Lemma, we then �nd, for any t ≤ T ,
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E [1 ∧ ‖X1 −X2‖Ct ] ≤ K

∫ t

0

Ds(µ1, µ2)ds.But
Dt(Φt(µ1), Φt(µ2)) ≤ E [1 ∧ ‖X1 −X2‖Ct ]sin
e X1 and X2 respe
tively have Φt(µ1) and Φt(µ2) as distributions, �nishing the proof.Proof (Proof of Theorem 5.3.1). Iterating Lemma 5.3.2, we �nd existen
e and uniqueness of a�xed point of ΦT , given X0, whi
h yields uniqueness of the distribution P of the solution to (5.28)on [0, T ].The law P of any solution being unique, we 
an substitute the marginal of P at time t inEquation (5.28), and we obtain a linear sto
hasti
 di�erential equation with Lips
hitz 
ontinuous
oe�
ients. Pathwise uniqueness holds for that kind of equation, so that weak existen
e andpathwise uniqueness hold for (5.28). Consequently, from Yamada-Watanabe Theorem, it admits aunique strong solution.5.3.2 Convergen
e to the nonlinear pro
essWe are now going to let ε and α go to 0 in (5.28).We denote by Xη

t the unique strong solution to (5.28), with initial 
ondition X0 and Brownianmotion Wn repla
ed with W. The distribution of {Xη
t } will be denoted P η. We expe
t a possiblelimit X of Xη as η goes to 0 to be a solution to (5.6). To this aim, we de�ne the followingmartingale problem :De�nition 5.3.3 We say that a probability measure P on the spa
e CT of 
ontinuous paths is asolution to the martingale problem asso
iated to (5.6) if its time marginals Pt admit a density ptwith respe
t to the Lebesgue measure, and if, under the measure P ,� the 
anoni
al pro
ess x ∈ CT is su
h that for any twi
e di�erentiable fun
tion whi
h isbounded as well as its �rst and se
ond derivatives, the pro
ess

mt = ψ(xt)−ψ(x0)+
∫ t

0

∇ψ(xs)∇V (xs)ds−
∫ t

0

∆ψ(xs)ds−
∫ t

0

∂1ψ(xs)
p∂1Vt (xt)

p1t (xt)
ds, (5.31)is a martingale with respe
t to the �ltration σ(xs, s ≤ t).� {x0} has law P0.Noti
e that, sin
e the drift 
oe�
ient is bounded, the Girsanov theorem shows that it is notrestri
tive to assume that Pt has a density.We dedu
e from Theorem 5.2.8 the following result :Proposition 5.3.4 In the 
ompa
t 
ase under Assumptions i and ii, or in the non 
ompa
t 
aseunder Asumptions i, ii and iii, uniqueness holds for the martingale problem de�ned in De�ni-tion 5.3.3.Our aim in this se
tion will be to prove the following results :Theorem 5.3.5 Let Assumptions i and ii hold.In the 
ompa
t 
ase, (P η)η>0 
onverges as η goes to 0 to the solution of the martingale problem.In the non 
ompa
t 
ase, the family of probability measures (P η)η>0 is tight, and any 
onvergingsubsequen
e 
onverges to a solution of the martingale problem de�ned in De�nition 5.3.3. Underthe additional Assumption iii, (Pη)η>0 a
tually 
onverges to the unique solution.As a 
orollary of Theorem 5.3.5, one has existen
e of solutions to (5.6) (under regularity assump-tions on the initial 
ondition).
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e d'une approximation parti
ulaire pour le pro
essus ABFFrom Proposition 5.3.4, in order to prove Theorem 5.3.5, it is enough to prove that the family
(P η)η>0 is tight, and that any 
onverging subsequen
e 
onverges to a solution of the martingaleproblem.Our �rst step will be to derive the Fokker-Plan
k equation satis�ed by the distribution of {Xη

t }.Let ψ be a smooth bounded fun
tion on D, with bounded derivatives. Applying It	o's formula to
ψ(Xη

t ) and taking the expe
tation, we �nd that
∫

D
ψdP ηT =

∫

D
ψp0(x)dx +

∫ T

0

∫

D
(∆ψ −∇ψ · ∇V ) dP ηt dt+

∫ T

0

∫

D
∂1ψ

ϕη ∗ P η,∂1Vt

ϕη ∗ P η,1t

dP ηt dt.(5.32)Equation (5.32) is a weak formulation of the following partial di�erential equation
∂tP

η
t = div (P ηt ∇V +∇P ηt )− ∂1

(

P ηt
ϕη ∗ P η,∂1Vt

ϕη ∗ P η,1t

)

. (5.33)We are going to show that P ηt , or more pre
isely, its density, is a
tually a solution to equation(5.33) in the following stronger sense.De�nition 5.3.6 A fun
tion u is said to be a solution to (5.33) with initial 
ondition p0 if, inthe 
ompa
t 
ase,� u belongs to L∞((0, T ),L2(Td))
⋂

L2((0, T ),H1(Td)) ;� for any fun
tion ψ ∈ H1(Td), we have :
∂t

∫

D
utψ = −

∫

D
ut∇V · ∇ψ −

∫

D
∇ut · ∇ψ +

∫

D
(∂1ψ)ut

ϕη ∗ u∂1Vt

ϕη ∗ u1t
(5.34)in the sense of distributions in time ;� u0 = p0.In the non 
ompa
t 
ase these 
onditions are repla
ed by� u belongs to L∞((0, T ),L2(w))

⋂

L2((0, T ),H1(w)) ;� for any fun
tion ψ ∈ H1(w), we have :
∂t

∫

D
utψw = −

∫

D
ut∇V · (w∇ψ+ψ∇w)−

∫

D
∇ut · (w∇ψ+ψ∇w)+

∫

D
(∂1ψ)ut

ϕη ∗ u∂1Vt

ϕη ∗ u1t
w(5.35)in the sense of distributions in time ;� u0 = p0.As for De�nition 5.2.1, these 
onditions make sense.With this de�nition, one has the following result :Lemma 5.3.7 Consider both the 
ompa
t and the non 
ompa
t 
ases. Under Assumptions i and ii,the distribution P ηt of {Xη

t } has a density pηt with respe
t to the Lebesgue measure su
h that pηsatis�es (5.33) in the sense of De�nition 5.3.6.Moreover, the family (pη)η>0 is bounded in L∞((0, T ),L2(D)) ∩ L2((0, T ),H1(D)) and, in thenon 
ompa
t 
ase, under Assumption iii, (pη)η>0 is bounded in L∞((0, T ),L2(w))∩L2((0, T ),H1(w)).Proof. Sin
e the drift 
oe�
ient in (5.28) is bounded, following the proof of Lemmas 5.2.3 and5.2.4, we obtain that P ηt has a density pηt , where pη satis�es the �rst 
ondition in De�nition 5.3.6.Applying It	o's formula to ψ(Xη
t ) for some smooth ψ, we �nd that (5.34) ((5.35) in the non 
ompa
t
ase) holds for a smooth ψ. Using the density of smooth fun
tions in H1(T× Rd−1), it holds forany ψ in H1(Td), and the same is true for H1(w) in the non 
ompa
t 
ase.
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s 51To prove that pη is bounded independently of η, noti
e that from the boundedness of ∇V ,the fun
tion ϕη∗pη,∂1V
t

ϕη∗pη,1
t

is bounded from above uniformly with respe
t to η. Consequently, fromCau
hy-S
hwarz inequality,
1

2
∂t‖pηt ‖2L2(T×Rd−1) =− ‖∇pηt ‖2L2(T×Rd−1) −

∫

T×Rd−1

pηt∇pηt · ∇V +

∫

T×Rd−1

(∂1p
η
t )p

η
t

ϕη ∗ pη,∂1Vt

ϕη ∗ pη,1t
≤− ‖∇pηt ‖2L2(T×Rd−1) +K‖pηt ‖L2(T×Rd−1)‖∇pηt ‖L2(T×Rd−1).where, the 
onstant K does not depend on η. We �nish the proof using Young's inequality, andthen Grönwall's Lemma.The proof is similar in the non 
ompa
t 
ase.Thanks to Lemma 5.3.7, we 
an prove the relative 
ompa
tness of the family pη in a ni
e sense.Lemma 5.3.8 Consider both the 
ompa
t and the non 
ompa
t 
ases. Under Assumptions i andii, for any bounded open domain O in D, the set (pη|O)η>0 of restri
tions of the fun
tions pηto O is relatively 
ompa
t in the spa
e L2((0, T ),L2(O)). Moreover, the set (P η)η>0 of laws of thesolution is tight.Proof. We �rst prove the relative 
ompa
tness of pη in L2((0, T ),L2(O)). We use the fa
t that fora bounded open domain O and for p, q ∈ (1,∞), the spa
e

Ep,q = {f ∈ Lp((0, T ),H1(O)), su
h that ∂tf ∈ Lq((0, T ),H−1(O))}imbeds 
ompa
tly in Lp((0, T ),L2(O)) (see [50, page 57℄). We already know that the set (pη)η>0is bounded in L2((0, T ),H1(D)), so that the set (pη|O)η>0 is bounded in L2((0, T ),H1(O)). Thus,it is enough to show that (∂tp
η
|O)η>0 is bounded in Lq((0, T ),H−1(O)), for some q ∈ (1,∞) to�nish the proof. The following equation holds

∂tp
η = div(pη∇V ) +∆pη − ∂1

(

pη
ϕη ∗ pη,∂1Vt

ϕη ∗ pη,1t

)

,showing, sin
e (pη)η>0 is bounded in L2((0, T ),H1(D)), that (∂tpη)η>0 is bounded in L2((0, T ),H−1(D)),thus, ∂tpη|O is bounded in L2((0, T ),H−1(O)). This shows that (pη|O)η>0 is relatively 
ompa
t in
L2((0, T ),L2(O)).Now we prove the relative 
ompa
tness of (P η)η>0 in P(CT ). For this aim, we use Kolmogorov
ompa
tness 
riterion. At time t = 0, Xη

0 is equal to X0, independently of η. Consequently, thefamily (Xη
0 )η>0 is tight. To 
on
lude the proof, it is enough to show that for some positive 
onstants

a, b and K,
sup
η>0

E [|Xη
t −Xη

s |a] ≤ K|t− s|1+bfor 0 ≤ s, t ≤ T . Sin
e ∇V is bounded, we have, for 0 ≤ s, t ≤ T and p > 1,
E
[

|Xη
t −Xη

s |
p]1/p ≤ E

[

∣

∣

∣

∣

∫ t

s

∇V (Xη
τ )dτ

∣

∣

∣

∣

p
]1/p

+ E [|Wt −Ws|p]1/p + E

[∣

∣

∣

∣

∣

∫ t

s

ϕη ∗ uη,∂1Vτ (Xη,1
τ )

ϕη ∗ uη,1τ (Xη,1
τ )

dτ

∣

∣

∣

∣

∣

p]1/p

≤ K
(

|t− s|+ |t− s|1/2
)

.This rewrites
E
[

|Xη
t −Xη

s |p
]

≤ K|t− s|p/2,for some positive K. Taking p = 3, Lemma 5.3.8 follows.
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e, uni
ité et 
onvergen
e d'une approximation parti
ulaire pour le pro
essus ABFAs a 
onsequen
e of Lemma 5.3.8, using a diagonal argument, we 
an extra
t a subsequen
eof η → 0, still denoted η su
h that :� pη 
onverges almost everywhere on (0, T )×D and in L2((0, T ),L2(O)) = L2((0, T )×O) as
η goes to 0, for any bounded open domain O to a fun
tion p0.� P η 
onverges in P(C([0, T ])) as η goes to 0 to a probability measure P 0.To let η go to zero in (5.28), we �nally need the following lemma.Lemma 5.3.9 Consider both the 
ompa
t and the non 
ompa
t 
ases. Under Assumptions i andii, the limit p0 of pη is su
h that p0t is the density of the time marginal of P 0 for almost all times t.Moreover, the 
onvergen
e of pη to p0 also holds in L1((0, T )×D) and up to a se
ond subsequen
eextra
tion, ϕη ∗ pη,∂1V

ϕη ∗ pη,1

onverges almost everywhere on (0, T )× T to p0,∂1V

p0,1
as η goes to zero.Proof. We �rst prove that pη 
onverges to p0 in L1((0, T )×D). One has

∫ T

0

∫

D
|pη − p0| =

∫ T

0

∫

D
(pη − p0) + 2

∫ T

0

∫

D
(pη − p0)−

= 2

∫ T

0

∫

D
(pη − p0)−.But pη 
onverges almost everywhere to p0, and (pη−p0)− is bounded from above by the integrablefun
tion p0. Consequently, by the Lebesgue theorem, pη 
onverges to p0 in L1((0, T )×D).A 
onsequen
e of this 
onvergen
e and of the boundedness of ∂1V is that the sequen
es

(pη,∂1V )η>0 and (pη,1)η>0 
onverge in L1((0, T )× T) respe
tively to p0,∂1V and p0,1.As a 
onsequen
e, ϕη ∗ pη,1 and ϕη ∗ pη,∂1V also 
onverge in L1((0, T )×T) to the same limits.Therefore, up to the extra
tion of a se
ond subsequen
e, we have pointwise 
onvergen
e almosteverywhere for the denominator and the numerator of ϕη ∗ pη,∂1V
ϕη ∗ pη,1

.Now we show that p0t is for almost all t the density of the time marginal P 0
t of P 0. Sin
e P η
onverges to P 0 as η goes to 0 in P(CT ), then E [Ψ(Xη)] 
onverges to E

[

Ψ(X0)
] as η goes to 0, forany bounded 
ontinuous fun
tional Ψ on CT . Taking a fun
tion of the form Ψ(Y ) =

∫ T

0 θ(t)Ψ̃ (Yt)dtwhere Ψ̃ and θ are bounded and 
ontinuous, one has
E[Ψ(Xη)] =

∫ T

0

θ(t)

(∫

T×Rd−1

Ψ̃pηt

)

dt.Moreover, sin
e pη 
onverges to p0 in L1((0, T )× T× Rd−1), one has
∫ T

0

(

θ(t)

∫

T×Rd−1

Ψ̃pηt

)

dt→η→0

∫ T

0

θ(t)

(∫

T×Rd−1

Ψ̃p0t

)

dt.As a result,
E

[

∫ T

0

θ(t)Ψ̃ (X0
t )dt

]

=

∫ T

0

θ(t)

(∫

T×Rd−1

Ψ̃p0t

)

dt,so that, almost everywhere, p0t is the time marginal of P 0.We 
an now prove Theorem 5.3.5. We want to prove that P 0 is a solution to the martingaleproblem de�ned in De�nition 5.3.3. It is enough to show that for 0 ≤ s1 ≤ . . . ≤ sn ≤ s ≤ t, anybounded 
ontinuous fun
tion g and any twi
e di�erentiable fun
tion ψ with bounded derivatives,one has ∫CT
g(xs1 , . . . , xsn)(mt −ms)dP

0 = 0.Under the probability measure P η, the 
anoni
al pro
ess x ∈ C([0, T ]) is su
h that
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mη
t = ψ(xt)− ψ(x0)−

∫ t

0

∆ψ(xs)ds+

∫ t

0

∇V (xs)∇ψ(xs)ds−
∫ t

0

∂1ψ(xs)
ϕη ∗ pη,∂1Vs (x1s)

ϕη ∗ pη,1s (x1s)
dsis a martingale. We thus have

∫

CT

g(xs1 , . . . , xsn)(m
η
t −mη

s )dP
η = 0.Consequently, denoting η̃ = (ε̃, α̃)

∣

∣

∣

∣

∫

CT

g(xs1 , . . . , xsn)(mt −ms)dP
0

∣

∣

∣

∣

≤
∣

∣

∣

∣

∫

CT

g(xs1 , . . . , xsn)(m
η̃
t −mη̃

s)dP
η

∣

∣

∣

∣

+

∣

∣

∣

∣

∫

CT

g(xs1 , . . . , xsn)(m
η̃
t −mη̃

s)d(P
η − P 0)

∣

∣

∣

∣

+

∣

∣

∣

∣

∫

CT

g(xs1 , . . . , xsn)
(

(mη̃
t −mη̃

s)− (mt −ms)
)

dP 0

∣

∣

∣

∣

.Taking lim supη̃→0 lim supη→0, we obtain :
∣

∣

∣

∣

∫

CT

g(xs1 , . . . , xsn)(mt −ms)dP
0

∣

∣

∣

∣

≤ lim sup
η̃→0

lim sup
η→0

∣

∣

∣

∣

∫

CT

g(xs1 , . . . , xsn)(m
η̃
t −mη̃

s)dP
η

∣

∣

∣

∣

.(5.36)Indeed, g(xs1 , . . . , xsn)(mη̃
t −mη̃

s) is a bounded 
ontinuous fun
tion of x, and P η 
onverges to P 0.Moreover, we have
∣

∣

∣

∣

∫

CT

g(xs1 , . . . , xsn)
(

(mη̃
t −mη̃

s)− (mt −ms)
)

dP 0

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∫

CT

∫ t

s

g(xs1 , . . . , xs2)∂1ψ(xτ )

[

ϕη̃ ∗ pη̃,∂1Vτ

ϕη̃ ∗ pη̃,1τ
− p0,∂1Vτ

p0,1τ

]

(x1τ ) dτ dP 0(x)

∣

∣

∣

∣

∣

≤K
∫ t

s

∫

D

∣

∣

∣

∣

∣

[

ϕη̃ ∗ pη̃,∂1Vτ

ϕη̃ ∗ pη̃,1τ
− p0,∂1Vτ

p0,1τ

]

(y)

∣

∣

∣

∣

∣

p0τ (y) dy dτ.This last integral goes to 0 as η̃ goes to 0, sin
e the fun
tion [ϕη∗pη̃,∂1V
τ

ϕη̃∗pη̃,1
τ

− p0,∂1V
τ

p0,1τ

] 
onverges almosteverywhere to 0 on [s, t]×D, and is bounded fom above by some positive 
onstant. To 
on
lude,we estimate the right hand side in (5.36) :
∣

∣

∣

∣

∫

CT

g(xs1 , . . . , xsn)(m
η̃
t −mη̃

s )dP
η(x)

∣

∣

∣

∣

=

∣

∣

∣

∣

∫

CT

g(xs1 , . . . , xsn)((m
η̃
t −mη̃

s )− (mη
t −mη

s))dP
η(x)

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∫

CT

g(xs1 , . . . , xsn)

∫ t

s

∂1ψ(xτ )

(

ϕη ∗ pη,∂1Vτ

ϕη ∗ pη,1τ
− ϕη̃ ∗ pη̃,∂1Vτ

ϕη̃ ∗ pη̃,1τ

)

(x1τ )dτdP
η(x)

∣

∣

∣

∣

∣

≤K
∫ t

s

∫

CT

∣

∣

∣

∣

∣

ϕη ∗ pη,∂1Vτ (x1τ )

ϕη ∗ pη,1τ (x1τ )
− ϕη̃ ∗ pη̃,∂1Vτ (x1τ )

ϕη̃ ∗ pη̃,1τ (x1τ )

∣

∣

∣

∣

∣

dP η(x)dτ

=K

∫ t

s

∫

T

∣

∣

∣

∣

∣

ϕη ∗ pη,∂1Vτ (y)

ϕη ∗ pη,1τ (y)
− ϕη̃ ∗ pη̃,∂1Vτ (y)

ϕη̃ ∗ pη̃,1τ (y)

∣

∣

∣

∣

∣

pη,1τ (y)dydτ.
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e, uni
ité et 
onvergen
e d'une approximation parti
ulaire pour le pro
essus ABFThis last integral tends to 0 as η and η̃ go to 0, sin
e pη,1 
onverges in L1((s, t) × T), and sin
e
ϕη ∗ pη,∂1Vτ (y)

ϕη ∗ pη,1τ (y)
− ϕη̃ ∗ pη̃,∂1Vτ (y)

ϕη̃ ∗ pη̃,1τ (y)
is bounded and 
onverges almost everywhere to 0. We then obtainTheorem 5.3.5.5.3.3 Another existen
e result for the nonlinear pro
essFrom Theorem 5.3.5, we know that existen
e holds for (5.6) under some regularity assumptionson the initial 
ondition. Indeed, if P 0 is the limit of some subsequen
e of P η, then the 
anoni
alpro
ess x de�ned on the 
anoni
al spa
e (CT , P 0) is a solution to Equation (5.6). By approximatingthe initial 
ondition by regular densities, one 
an relax the regularity assumption.Theorem 5.3.10 Consider both the 
ompa
t and non 
ompa
t 
ases. Under Assumption i, weakexisten
e holds for Equation (5.6) with given initial 
ondition X0. Moreover, for positive s, thelaw of {Xs} has a density ps su
h that, for 0 < t < T ,

p ∈ L∞((t, T ),L2(D))
⋂

L2((t, T ),H1(D)).Noti
e that, under the hypotheses of Theorem 5.3.10, we have no uniqueness result.Proof. Theorem 5.3.5 yields existen
e for (5.6) when the initial 
ondition satis�es Assumption ii.To prove existen
e without assumption on the initial 
ondition, we use approximations of theinitial 
ondition. Let (pk0)k∈N be a sequen
e of probability densities satisfying Assumption ii and
onverging to p0 in P(D) (for example, this sequen
e 
an be obtained by 
onvolution with agaussian kernel). From Theorem 5.3.5, there exists a solution (Xk
t ) to Equation (5.6) driven bya Brownian motion W de�ned on some probability spa
e (Ω,F ,P), su
h that Xk

0 admits pk0 asdensity.As in the proof of Lemma 5.3.8, we 
an apply Kolmogorov 
riterion, so that the family ofdistributions P k of ({Xk
t })0≤t≤T is tight. Consequently, we 
an extra
t from (P k) a 
onvergingsubsequen
e whose limit is denoted P . To prove that P satis�es the martingale problem de�nedin De�nition 5.3.3, we need some estimate on the time marginals of P k, uniformly in k.A

ording to Lemma 5.2.4, the law of {Xk

t } has a density pkt su
h that pk lies in L∞((0, T ),L2(D))and L2((0, T ),H1(D)). Noti
e that the drift 
oe�
ient bkt (Xt)
def
= −∇V (Xt)+E[∂1V (Xt)|{X1

t }]e1in Equation (5.6) is bounded, so that we 
an apply the Girsanov Theorem. Indeed, de�ne
Lkt = exp

(

− 1√
2

∫ t

0

bks(X
k
s )dWs −

1

4

∫ t

0

‖bks(Xk
s )‖2ds

)

.Novikov's Condition is satis�ed for this pro
ess, so that the formula
Qk(A) = E[1AL

k
t ],for A ∈ σ(Ws)s≤t, de�nes a probability distribution Qk on Ω su
h that, under Qk, the pro
ess

1√
2

(

Xk
t −Xk

0

)

=Wt +
1√
2

∫ t

0

bks(X
k
s )dsis a Brownian motion. Denote γkt the law of {Xk

t } under Qk. Noti
e that sin
e, under Qk, Xk
t isthe sum of √2 times a Brownian motion at time t and an independent random variable Xk

0 , γkt hasa density with respe
t to the Lebesgue measure whi
h is bounded by K
td/2

where K is a 
onstantnot depending on k and t. As a result, for a given fun
tion ψ in L2(D), one has
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∣

∣

∣

∣

∫

D
ψ(x)dP kt (x)

∣

∣

∣

∣

=
∣

∣E
[

ψ
(

Xk
t

)]∣

∣

=
∣

∣

∣EQk

[

ψ
(

Xk
t

) (

Lkt
)−1
]∣

∣

∣

≤
(∫

D
ψ2dγkt

)
1
2

E
[

(Lkt )
−2
]1/2

≤ K

td/4
‖ψ‖L2(D) ,where K is a positive 
onstant, whi
h does not depend on k sin
e ∣∣bk∣∣ is bounded from aboveby ‖∇V ‖L∞ . Consequently, for any 0 < t < T , ‖pks‖L2(D) is bounded uniformly in k and in

s ∈ [t, T ]. Moreover, sin
e pk is a solution to Equation (5.12) in the sense of De�nition 5.2.1 onehas, from (5.13)
∂t‖pks‖2L2(D) ≤ −‖∇pks‖2L2(D) +K‖pks‖2L2(D),so that (pk)k∈N is also bounded in L2((t, T ),H1(D)). Adapting the proof of Lemma 5.3.8, we �ndthat the family (pk|O) is 
ompa
t in L2((t, T ),L2(O)) for any open subset O of D. By a diagonalargument, and using the proof of Lemma 5.3.9 we 
an thus 
onstru
t a subsequen
e kn su
h that� P kn 
onverges to a probability measure P 0 whose time marginals Pt have a density p0t , forall t > 0,� pkn 
onverges almost everywhere on (0, T )×D and in L1((0, T )×D) to p0,� pkn,∂1V

pkn,1

onverges almost everywhere on (0, T )×D to p0,∂1V

p0,1
.Then, adapting the proof of Theorem 5.3.5, we see that P 0 solves the martingale problem.5.3.4 Rate of 
onvergen
eWe are going to exhibit a 
ontrol on the rate of the 
onvergen
e of pη to p. Moreover, we givean estimate of the di�eren
e between ϕη ∗ pη,∂1V

ϕη ∗ pη,1
and the biasing for
e A′

t =
p∂1Vt

p1t
whi
h is thequantity one is interested in pra
ti
e.Theorem 5.3.11 Under Assumptions i and ii, one has, in the 
ompa
t 
ase,

‖pη − p‖L∞((0,T ),L2(Td)) + ‖pη − p‖L2((0,T ),H1(Td)) ≤ K(α+
√
ε),and, in the non 
ompa
t 
ase, under the additional Assumption iii

‖pη − p‖L∞((0,T ),L2(w)) + ‖pη − p‖L2((0,T ),H1(w)) ≤ K(α+
√
ε),for some positive 
onstant K not depending on α and ε. Moreover, we have the following boundon the estimation of the biasing for
e :

∥

∥

∥

∥

∥

ϕη ∗ pη,∂1Vt

ϕη ∗ pη,1t
− p∂1Vt

p1t

∥

∥

∥

∥

∥

L2((0,T ),L∞(T))

≤ K
(

α+
√
ε
)

.Proof. We give the proof in the non 
ompa
t 
ase, the one in the 
ompa
t 
ase being very similar.Similar 
al
ulations as in the proof of Theorem 5.2.6 yield :
1

2
∂t‖pt − pηt ‖2L2(w) + ‖∇pt −∇pηt ‖2L2(w) ≤ K‖pt − pηt ‖L2(w)‖∇pt −∇pηt ‖L2(w) +K‖pt − pηt ‖2L2(w)

+ ‖∇pηt −∇pt‖L2(w)

∥

∥

∥

∥

∥

pt
p∂1Vt

p1t
− pηt

pη,∂1Vt ∗ ϕη
pη,1t ∗ ϕη

∥

∥

∥

∥

∥

L2(w)

.
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ité et 
onvergen
e d'une approximation parti
ulaire pour le pro
essus ABFWe now estimate the last term.
∥

∥

∥

∥

∥

pt
p∂1Vt

p1t
− pηt

pη,∂1Vt ∗ ϕη
pη,1t ∗ ϕη

∥

∥

∥

∥

∥

L2(w)

≤
∥

∥

∥

∥

pt
p1t

(

p∂1Vt − ϕη ∗ pη,∂1Vt

)

∥

∥

∥

∥

L2(w)

+

∥

∥

∥

∥

∥

pt ϕη ∗ pη,∂1Vt

(

1

p1t
− 1

ϕη ∗ pη,1t

)∥

∥

∥

∥

∥

L2(w)

+

∥

∥

∥

∥

∥

(pt − pηt )
ϕη ∗ pη,∂1Vt

ϕη ∗ pη,1t

∥

∥

∥

∥

∥

L2(w)

≤ ‖pt‖L2(w)

∥

∥

∥

∥

1

p1t

(

p∂1Vt − ϕη ∗ pη,∂1Vt

)

∥

∥

∥

∥

L∞(T)

+ ‖pt‖L2(w)

∥

∥

∥

∥

∥

ϕη ∗ pη,∂1Vt

p1t (ϕη ∗ pη,1t )

(

ϕη ∗ pη,1t − p1t

)

∥

∥

∥

∥

∥

L∞(T)

+

∥

∥

∥

∥

∥

(pt − pηt )
ϕη ∗ pη,∂1Vt

ϕη ∗ pη,1t

∥

∥

∥

∥

∥

L2(w)

.From Lemma 5.1.2, p1t is bounded from below uniformly in time. Using this together with the fa
tsthat ∂1V is bounded and p ∈ L∞((0, T ),L2(w)), one obtains
∥

∥

∥

∥

∥

pt
p∂1Vt

p1t
− pηt

pη,∂1Vt ∗ ϕη
pη,1t ∗ ϕη

∥

∥

∥

∥

∥

L2(w)

≤ K
(

‖p∂1Vt − ϕη ∗ pη,∂1Vt ‖L∞(T) + ‖p1t − ϕη ∗ pη,1t ‖L∞(T) + ‖pt − pηt ‖L2(w)

)

.Consequently, we have to estimate ‖p1t − ϕη ∗ pη,1t ‖L∞(T) and ‖p∂1Vt − ϕη ∗ pη,∂1Vt ‖L∞(T). One has,for γ ∈ (0, 1/2),

‖p∂1Vt − ϕη ∗ pη,∂1Vt ‖L∞(T) ≤ ‖ϕη ∗ (p∂1Vt − pη,∂1Vt )‖L∞(T) + ‖p∂1Vt − ϕη ∗ p∂1Vt ‖L∞(T)

≤ Kα+ ‖p∂1Vt − pη,∂1Vt ‖L∞(T) + ‖p∂1Vt − ϕη ∗ p∂1Vt ‖L∞(T)

≤ K
(

α+ ‖p∂1Vt − pη,∂1Vt ‖1/2+γ
H1(T) ‖p

∂1V
t − pη,∂1Vt ‖1/2−γ

L2(T)

)

+ ‖p∂1Vt − ϕη ∗ p∂1Vt ‖L∞(T)

≤ K
(

α+ ‖pt − pηt ‖1/2+γH1(w) ‖pt − pηt ‖1/2−γL2(T)

)

+ ‖p∂1Vt − ϕη ∗ p∂1Vt ‖L∞(T).Likewise, we have
‖p1t − ϕη ∗ pη,1t ‖L∞(T) ≤ Kα+K‖pt − pηt ‖1/2+γH1(w) ‖pt − pηt ‖1/2−γL2(T) + ‖p1t − ϕη ∗ p1t‖L∞(T).To 
on
lude, noti
e that, in view of Lemma 5.0.1, p∂1Vt lies in H1(T). Thus p∂1Vt is Hölder 
on-tinuous with exponent 1/2 and 
onstant C‖p∂1Vt ‖H1(T) (see [20, Corollaire IX.13℄). Consequently,sin
e ψε ≡ 0 outside [−ε, ε],
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∣

∣

∣p∂1Vt (x)− ϕη ∗ p∂1Vt (x)
∣

∣

∣ =

∣

∣

∣

∣

α

∫

T

p∂1Vt (x)dx +

∫

T

ψε(y)
(

p∂1Vt (x) − p∂1Vt (x− y)
)

dy

∣

∣

∣

∣

≤ K

(

α+ ‖p∂1Vt ‖H1(T)

∫

T

ψε(y)
√
ydy

)

≤ K

(

α+ ‖p∂1Vt ‖H1(T)

√
ε

∫

T

ψε(y)dy

)

≤ K
(

α+
√
ε‖pt‖H1(w)

)

. (5.37)The same inequality holds for p1
∣

∣p1t (x) − ϕη ∗ p1t (x)
∣

∣ ≤ K
(

α+
√
ε‖pt‖H1(w)

)

.Gathering all the previous inequalities, we obtain,
1

2
∂t‖pt − pηt ‖2L2(w) + ‖∇pt −∇pηt ‖2L2(w) ≤ K‖pt − pηt ‖L2(w)‖∇pt −∇pηt ‖L2(w) +K‖pt − pηt ‖2L2(w)

+K‖pt − pηt ‖1/2+γH1(w) ‖pt − pηt ‖1/2−γL2(T) ‖∇pt −∇pηt ‖L2(w)

+K
(

α+
√
ε‖pt‖H1(w)

)

‖∇pt −∇pηt ‖L2(w)

+Kα‖∇pt −∇pηt ‖L2(w).Consequently, from Young's inequality,
∂t‖pt − pηt ‖2L2(w) + ‖∇pηt −∇pt‖2L2(w) ≤ K

(

‖pt − pηt ‖2L2(w) + α2 + ε‖pt‖2H1(w)

)

.Grönwall's Lemma yields the �rst statement of Theorem 5.3.11, noti
ing that p lies in L2((0, T ),H1(w)).For the se
ond statement, arguing as we did above, it holds that
∥

∥

∥

∥

∥

ϕη ∗ pη,∂1Vt

ϕη ∗ pη,1t
− p∂1Vt

p1t

∥

∥

∥

∥

∥

L∞(T)

≤ K

(

∥

∥

∥p1t − ϕη ∗ pη,1t
∥

∥

∥

L∞(T)
+
∥

∥

∥ϕη ∗ pη,∂1Vt − p∂1Vt

∥

∥

∥

L∞(T)

)

≤ K
(

α+
√
ε‖pt‖H1(T) + ‖pt − pηt ‖H1(w)

)

.We �nish the proof by squaring this inequality and then integrating.5.4 An intera
ting parti
le system approximationIn this se
tion, we prove the 
onvergen
e of the intera
ting parti
le system to the regularizednonlinear pro
esses, and we estimate the di�eren
e between the regularized biasing for
e ϕη∗pη,∂1V
t

ϕη∗pη,1
tand its parti
le approximation.Theorem 5.4.1 Let T be a positive time. Under Assumptions i, ii, iv and v, the solution

(Xη
t,n,N )N≥1 of (5.8) with initial 
ondition Xη

0,n,N = X0,n 
onverges to the solution X̄η
t,n to (5.28)with initial 
ondition X0,n in the following sense : for all 1 ≤ n ≤ N , and for ε, α ≤ 1,

E

[

sup
t∈[0,T ]

∣

∣

∣X̄
η
t,n −Xη

t,n,N

∣

∣

∣

]

<
1√
N
e

K
αε2 ,

K being some 
onstant not depending on α, ε and N .Moreover, one has
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E

[

sup
t∈[0,T ],x1∈T

∣

∣

∣

∣

∣

ϕη ∗ pη,∂1V
ϕη ∗ pη,1

(x1)−
∑N
n=1 ϕη(x

1 −Xη,1
t,n,N)∂1V (Xη

t,n,N )
∑N
n=1 ϕη(x

1 −Xη,1
t,n,N)

∣

∣

∣

∣

∣

]

≤ 1√
N
e

K
αε2 . (5.38)Noti
e that the the right hand side of (5.38) explodes when ε goes to 0 for a �xed value of N, sothat the size of ε has to be 
hosen 
arefully depending on the value of N. We will also investigatethis point numeri
ally in the next se
tion.To simplify notation, we omit the subs
ript N and the supers
ript η. We �rst establish thefollowing inequality :Lemma 5.4.2 We have, for ε, α < 1, and for any t in (0, T ],

∣

∣Xt,n − X̄t,n

∣

∣ ≤ K

αε2

∫ t

0

(

∣

∣Xs,n − X̄s,n

∣

∣+
1

N

N
∑

m=1

∣

∣Xs,m − X̄s,m

∣

∣

)

ds+K

∫ t

0

An,Ns ds,where K does not depend on α, ε and t, and An,Nt is de�ned by
An,Nt =

1

α

(∣

∣

∣

∣

∣

1

N

N
∑

m=1

ϕη(X̄
1
s,n − X̄1

s,m)∂1V (X̄s,m)− ϕη ∗ pη,∂1Vs (X̄1
s,n)

∣

∣

∣

∣

∣

+

∣

∣

∣

∣

∣

1

N

N
∑

m=1

ϕη(X̄
1
s,n − X̄1

s,m)− ϕη ∗ pη,1s (X̄1
s,n)

∣

∣

∣

∣

∣

)

.Proof. From the de�nition of Xt,n and X̄t,n, we have
∣

∣Xt,n − X̄t,n

∣

∣ ≤
∣

∣

∣

∣

∫ t

0

(

∇V (Xs,n)−∇V (X̄s,n)
)

ds

∣

∣

∣

∣

+

∣

∣

∣

∣

∣

∫ t

0

∑N
m=1 ϕη(X

1
s,n −X1

s,m)∂1V (Xs,m)
∑N

m=1 ϕη(X
1
s,n −X1

s,m)
ds−

∫ t

0

ϕη ∗ pη,∂1Vs (X̄1
s,n)

ϕη ∗ pη,1s (X̄1
s,n)

ds

∣

∣

∣

∣

∣

.First, ∣∣∣∫ t0 (∇V (Xs,n)−∇V (X̄s,n)
)

ds
∣

∣

∣ is bounded from above by K ∫ t0 |Xs,n − X̄s,n|ds, sin
e ∇Vis Lips
hitz 
ontinuous. Now, we de
ompose
∣

∣

∣

∣

∣

∑N
m=1 ϕη(X

1
s,n −X1

s,m)∂1V (Xs,m)
∑N

m=1 ϕη(X
1
s,n −X1

s,m)
−
ϕη ∗ pη,∂1Vs (X̄1

s,n)

ϕη ∗ pη,1s (X̄1
s,n)

∣

∣

∣

∣

∣

≤
∣

∣

∣

∣

∣

∑N
m=1 ϕη(X

1
s,n −X1

s,m)∂1V (Xs,m)
∑N

m=1 ϕη(X
1
s,n −X1

s,m)
−
∑N
m=1 ϕη(X̄

1
s,n − X̄1

s,m)∂1V (X̄s,m)
∑N

m=1 ϕη(X̄
1
s,n − X̄1

s,m)

∣

∣

∣

∣

∣

+

∣

∣

∣

∣

∣

∑N
m=1 ϕη(X̄

1
s,n − X̄1

s,m)∂1V (X̄s,m)
∑N
m=1 ϕη(X̄

1
s,n − X̄1

s,m)
−
ϕη ∗ pη,∂1Vs (X̄1

s,n)

ϕη ∗ pη,1s (X̄1
s,n)

∣

∣

∣

∣

∣

. (5.39)Using Assumptions i and v, the �rst term in the right hand-side of (5.39) 
an be boundedby K
αε2

(

∣

∣Xs,n − X̄s,n

∣

∣+ 1
N

∑N
m=1 |Xs,m − X̄s,m|

)

, and the se
ond term in the right hand side of(5.39) 
an be bounded by KAn,Nt .Proof (Proof of Theorem 5.4.1). As a 
onsequen
e of Lemma 5.4.2, we get, for α, ε ≤ 1 ,
sup
t∈[0,T ]

|Xt,n−X̄t,n| ≤
K

αε2

∫ T

0

(

sup
s∈[0,t]

∣

∣Xs,n − X̄s,n

∣

∣+
1

N

N
∑

m=1

sup
s∈[0,t]

|Xs,m − X̄s,m|
)

dt+K

∫ T

0

An,Nt dt.Taking the expe
tation, and using the ex
hangeability of the 
ouples (Xn, X̄n)1≤n≤N , we get
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E

[

sup
t∈[0,T ]

|Xt,n − X̄t,n|
]

≤ K

αε2

∫ T

0

E

[

sup
s∈[0,t]

|X̄s,n −Xs,n|
]

dt+K

∫ T

0

E
[

An,Nt

]

dt.By Grönwall's lemma, one obtains
E

[

sup
t∈[0,T ]

|Xt,n − X̄t,n|
]

≤ Ke
K

αε2
T

∫ T

0

E
[

An,Nt

]

dt.To 
on
lude, we estimate ∫ T
0
E[An,Nt ]dt. Let

Φmt = ϕη(X̄
1
t,1 − X̄1

t,m)∂1V (X̄t,m)− ϕη ∗ pη,∂1Vt (X̄1
t,1)and

Ψmt = ϕη(X̄
1
t,1 − X̄1

t,m)− ϕη ∗ pη,1t (X̄1
t,1).We have, for t ≤ T , using again the ex
hangeability of the 
ouples (Xn, X̄n)1≤n≤N ,

[

EAn,Nt

]2

≤ E
[

(An,Nt )2
]

≤ K

α2



E





(

1

N

N
∑

m=1

Φmt

)2


+ E





(

1

N

N
∑

m=1

Ψmt

)2








=
K

N2α2

∑

m,m′

(

E
[

Φmt Φ
m′

t

]

+ E
[

Ψmt Ψ
m′

t

])

.But the Φmt and Ψmt are 
entered for m ≥ 2, and, for m 6= m′, Φmt and Φm
′

t , (as well as Ψmtand Ψm′

t ) are independent 
onditionally on X̄t,1. Therefore the double produ
ts vanish, and, byex
hangeability
[

EAn,Nt

]2

≤ K(N − 1)

α2N2

(

E
[

(Φ2
t )

2
]

+ E
[

(Ψ2
t )

2
])

+
K

α2N2
(E
[

(Φ1
t )

2
]

+ E
[

(Ψ1
t )

2
]

).But one has E
[

(Φ2
t )

2
]

+ E
[

(Ψ2
t )

2
]

≤ Kε−2 and E
[

(Φ1
t )

2
]

+ E
[

(Ψ1
t )

2
]

≤ Kε−2, and the �rstassertion in Theorem 5.4.1 follows.For the estimation of the for
e, adapting the proof of Lemma 5.4.2, we see that
E

[

sup
t∈[0,T ]

∣

∣

∣

∣

∣

ϕη ∗ pη,∂1Vt

ϕη ∗ pη,1t
(x1)−

∑N
n=1 ϕη(x

1 −X1
t,n,N)∂1V (Xt,n,N)

∑N
n=1 ϕη(x

1 −X1
t,n,N)

∣

∣

∣

∣

∣

]

≤ 1

α
E

[

sup
t∈[0,T ]

∣

∣

∣

∣

∣

1

N

N
∑

n=1

ϕη(x
1 − X̄1

t,n)∂1V (X̄t,n)− ϕη ∗ pη,∂1Vt (x1)

∣

∣

∣

∣

∣

]

+
1

α
E

[

sup
t∈[0,T ]

∣

∣

∣

∣

∣

1

N

N
∑

n=1

ϕη(x
1 − X̄1

t,n)− ϕη ∗ pη,1t (x1)

∣

∣

∣

∣

∣

]

+
K

αε2N
E

[

sup
t∈[0,T ]

N
∑

n=1

∣

∣Xt,n − X̄t,n

∣

∣

]

≤ 1√
N
e

K
αε2 .Indeed, (ϕη(x1 − X̄1

t,n)∂1V (X̄t,n) − ϕη ∗ pη,∂1Vt (x1))n∈{1...N}, as well as (ϕη(x
1 − X̄1

t,n) − ϕη ∗
pη,1t (x1))n∈{1...N}, are i.i.d. 
entered random variables whose varian
e is bounded by K

ε2 , uniformlyin time.
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ulaire pour le pro
essus ABF5.5 Numeri
al resultsIn this se
tion we give some numeri
al simulations to illustrate our previous results. Here, theparameter α, whi
h was introdu
ed to enable theoreti
al estimations, is taken to be 0.Noti
e that the dis
retization method used here in the simulations and based on a Nadaraya-Watson estimator is di�erent from the 
lassi
al implementations of the ABF te
hnique [32℄. Indeed,in mole
ular dynami
s 
odes, time averages are used in order to smooth the problem : �rst theequation on At given in (5.4) is typi
ally repla
ed by
∂tA

′
t(z) =

1

τ
(E[F (Xt)|ξ(Xt) = z]−At)whi
h makes At vary more smoothly. Se
ond, in addition to the parti
le approximation, an ergodi
average for the 
omputation of the 
onditional expe
tation in (5.4) is used.In order to a

elerate the 
onvergen
e, one 
an also use a sele
tion me
hanism that gives moreweight to parti
les lo
ated in less explored areas (see [47℄).5.5.1 E�
ien
y of the ABF methodLet us introdu
e a low dimensional example to illustrate the e�
ien
y of the ABF method andits parti
le approximation.In this �rst example, we simulated the parti
le approximation with 1000 parti
les, in thepotential de�ned for (x, y) in [−2, 2]× R by

V1(x, y) = 5e−x
2−y2 − 5e−(x−1)2−y2 − 5e−(x+1)2−y2 + 0.2x4 + 0.2y4, (5.40)and extended periodi
ally in the x dire
tion with period 4. The level sets of V1 are depi
ted onFigure 5.1.On Figure 5.1, we also plotted the position of the parti
les after 2000 iteration of an Euler-Maruyama approximation of Equation (5.8) with a time step of 0.01. The value of the parametersare ε = 0.01, β = 10 and N = 1000. On Figure 5.2, we plotted the graph of the mean for
e(
omputed by numeri
al integration, whi
h is still possible due to the low dimensionnality), andthe value of the approximate mean for
e 
omputed on a regular grid. The L1−distan
e betweenthe two fun
tions is 6.93× 10−2, while the L1−norm of the fun
tion A′ is 12.9.Noti
e that without biasing for
e, one obtains a very poor sampling, sin
e the parti
les do notes
ape from the well they started in : see Figure 5.3, where we plotted 200 independent simulationsof a Langevin dynami
s (5.1) using 2000 iterations of an Euler-Maruyama s
heme of time step

0.01.On Figure 5.4 we show the L1 distan
e between the a
tual value of the mean for
e A′ and itsapproximation at time 20, obtained for one simulation of the system, as a fun
tion of the numberof parti
les used in the simulation. Using a least square regression, we �nd that the slope of the
urve is approximatively −0.59, whi
h mat
hes with the theoreti
al rate of N−1/2.5.5.2 Tuning of the parametersIn Theorem 5.4.1, we showed that the parti
le approximation 
onverges as ε goes to 0 and
N goes to in�nity, provided that ε does not go to zero too fast 
ompared to N . The pra
ti
aldi�
ulty that one en
ounters to apply this result is to 
hoose a good s
aling for ε in term of N .On Figure 5.5, we 
an see the L1 error between the mean for
e and its aproximation at time
20, as a fun
tion of the parameter ε, using N = 1500 parti
les.A
tually, for a �xed value of N , there is only a small range of values for ε for whi
h the erroris small.
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Fig. 5.1. Contour plot of the potential V1 with the positions of 1000 parti
les at time t = 20.
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Fig. 5.2. Parti
le approximation of the mean for
e. The smooth 
urve is the a
tual value of the meanfor
e, the rough one is the approximation.
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Fig. 5.3. 200 independent realizations of a Langevin dynami
s at time t = 20.
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Fig. 5.4. Error as a fun
tion of N (logarithmi
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Fig. 5.5. Error as a fun
tion of ε.First, the limit of the error as ε goes to 0 does not even vanish as N tends to in�nity. Thereason is that, sin
e the parti
les intera
t with ea
h other in a range of ε, the number of parti
leswhi
h intera
t with a given parti
le is of order εN . Hen
e, when ε tends to 0 while N is �xed,the parti
les 
annot see ea
h other. Therefore, the natural limit of the parti
le system in the limit
ε→ 0, N �xed, should be a system of independent parti
les following the dynami
s

dXt = (−∇V (Xt) + e1∂1V (Xt)) dt+
√

2β−1dWt.Unfortunately, in the general 
ase, the drift in the above dynami
s is not obtained as the gradientof a potential, so that no invariant measure for Xt is known. This would 
onsequently indu
e anon vanishing bias in the estimation of A.For example, for the potential V (x, y) = 1
2 (y − sin(2πx))2, one 
an prove that the dynami
sobtained by 
an
eling the for
e on the rea
tion 
oordinate x, namely the 
ouple ({Xt}, Yt) de�nedby the dynami
s

{

dXt =
√
2dW 1

t ,

dYt = (−Yt + sin(2πXt)) dt+
√
2dW 2

t
onverges in law to the 
ouple (ξ, ∫∞
0
e−s sin(2π(ξ +

√
2Ws))ds+G

), where W is a standardBrownian motion, ξ is uniformly distributed on T, and G is a standard normal random variable,
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al results 63independent of W . This is not the 
orre
t limit distribution, sin
e the law of Y 
onditionned tothe value of {X} should be Gaussian, whi
h is not the 
ase here.For a large value of ε, the behavior of the parti
le system 
an be really di�erent from theexpe
ted behavior of the dynami
s (5.4). In the following example, the parti
les, instead of freelyvisiting the x axis, keep stu
k in the lo
al minima they started in. Indeed, the large value of εmade that the biasing term is 
lose to the mean of ∂1V (X i) on all parti
les, whose value is 
lose to
0. Consequently, the biasing for
e is not large enough to prevent the parti
le from being trappedin the lo
al minima.In the following example we 
onsidered the potential V1 de�ned in (5.40), took ε = 1, and sim-ulated 200 parti
les during 2000 iterations of time step 0.01. The result 
an be seen on Figure 5.6.
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Fig. 5.6. Bad sampling due to a too large value of ε.One way to in
rease the sample size while keeping the number N of parti
les �xed is to in
ludetime averages for the estimation of the 
onditional expe
tation. This is a
tually the 
ommonpra
ti
e in the applied 
ommunity (see [24, 32℄).5.5.3 Dis
ussion on the 
hoi
e of the rea
tion 
oordinateWe now give another example to illustrate the limitations of the ABF method. We 
onsiderthe 4-periodi
al potential (in the x-dire
tion) de�ned for (x, y) in [−2, 2]× R by
V2(x, y) = 3e−x

2−(y−1/3)2 − 3e−x
2−(y−5/3)2 − 5e−(x−1)2−y2 − 5e−(x+1)2−y2 +0.2x4 +0.2(y− 1/3)4,(5.41)whose level sets are depi
ted on Figure 5.7. This potential has been introdu
ed in [55℄.The potential V2 displays two deep minima approximately lo
ated at (±1, 0). There is a max-imum lo
ated at (0, 0.5), so that there are two possible paths between the main minima. The�rst one is a dire
t path meeting a saddle point approximately at (0,−0.3). The other path goesthrough two saddle points at (±0.5, 1) and a small minima at (0, 1.5). Even if the �rst path ismore dire
t than the se
ond one, the prefered path in low temperature regimes will be the se
ondone, sin
e its energy barrier is smaller.We simulated the parti
le approximation of the ABF method with N = 1000 parti
les, windowwidth ε = 0.01, after 2000 iterations of an Euler-Maruyama s
heme of time step 0.01, and plottedthe positions of the parti
les on Figure 5.7.At the low temperature β = 10, the parti
les are expe
ted to hop from one well to the othermainly through the upper 
hannel, whi
h is not the 
ase here. This is due to a bad 
hoi
e ofthe rea
tion 
oordinate. Indeed, the biasing for
e only a
ts in the x dire
tion, so that a parti
le
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e, uni
ité et 
onvergen
e d'une approximation parti
ulaire pour le pro
essus ABF
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Fig. 5.7. Poor sampling due to a bad 
hoi
e of the rea
tion 
oordinate.
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Fig. 5.8. Biased evaluation of the biasing for
e due to a bad 
hoi
e of the rea
tion 
oordinate. The smooth
urve is the value of the mean for
e. The rough 
urve is the approximation. Here, the approximation doesnot see the variations of the mean for
e around 0.trapped in the left side well will naturally es
ape through a horizontal path, and will take the lower
hannel. As a result, the 
omputation of the for
e is 
learly biased, be
ause of the poor samplingof the upper 
hannel, see Figure 5.8, the L1−distan
e between the two fun
tions is of 0.4.We still have 
onvergen
e to the 
orre
t mean for
e, but at a slow rate, sin
e the rea
tion
oordinate has not been 
hosen in an optimal way. Indeed, with the same parameters, but after
2.106 iterations, the result is mu
h better, see Figures 5.9 and 5.10. The L1−distan
e between themean for
e and its approximation is of 0.15, while the fun
tion A′ has L1−norm 10.9.
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Fig. 5.9. Same simulation as on Figure 5.7 at time 2000.
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Fig. 5.10. Approximation of the free energy 
orresponding to Figure 5.9. The smooth 
urve is the freeenergy, the rough one is the approximation.





Partie III
Sensibilité d'une di�usion par rapport à un paramètre





6Sensibilité d'une di�usion par rapport à un paramètre
Résumé : On présente des estimateurs d'ordre élevé utilisés en 
himie quantique pour le 
al-
ul d'éléments propres d'opérateurs de S
hrödinger. Pré
isément, on 
her
he à 
al
uler l'énergiefondamentale de l'opérateur ainsi que sa dérivée par rapport à un paramètre. Dans le 
adre de laméthode de Monte Carlo di�usive, le 
al
ul de 
et estimateur né
essite l'introdu
tion d'un pro
es-sus de di�usion dont le terme de dérive dépend d'un paramètre, ainsi que le 
al
ul de la dérivéede 
e pro
essus par rapport à 
e paramètre, appelée pro
essus tangent. Nous montrons que lamoyenne de l'estimateur peut être obtenue 
omme une moyenne en temps long sur les traje
toiresde la di�usion et de son ve
teur tangent. Un 
al
ul e�
a
e de 
ette moyenne en temps demandeun 
ontr�le sur la varian
e du pro
essus tangent. Nous donnons quelques 
onditions assurant que
ette varian
e est �nie, et nous présentons quelques méthodes parti
ulaires permettant de réduire
ette varian
e.Mots-Clés :Méthode de Monte Carlo variationnelle, méthode de Monte Carlo di�usive, équa-tions di�érentielles sto
hastiques, rédu
tion de varian
e, formules de Feynman-Ka
.Abstra
t : We present high-order estimators used in the �elds of quantum Monte Carlomethods for the 
omputation of eigenvalues of S
hrödinger operators and of their derivatives withrespe
t to some parameter. In order to 
ompute this high order estimator in the 
ase of the Di�u-sion Monte Carlo method, we use a di�usion pro
ess whose drift term depends on some parameter.One then needs to 
ompute the derivative of this pro
ess with respe
t to the parameter, 
alledthe tangent pro
ess. We show that the expe
tation of the estimator 
an be obtained as the longtime average on the paths of the di�usion and its tangent ve
tor. E�
ient 
omputation of theexpe
tation requires a 
ontrol of the varian
e of the tangent ve
tor. We give 
onditions for thisvarian
e to be �nite, and present some parti
le methods to redu
e this varian
e.Keywords : Variational Monte Carlo method, di�usion Monte Carlo method, sto
hasti
 dif-ferential equations, varian
e redu
tion, Feynman-Ka
 formulæ.



70 6 Sensibilité d'une di�usion par rapport à un paramètre6.1 Eigenvalues of S
hrödinger operatorsIn quantum me
hani
s, the state of a physi
al system is entirely des
ribed by a wave fun
tionwhi
h is a 
omplex valued fun
tion whose squared modulus |ϕ|2 is a probability density des
ribingthe probability of observation of the di�erent states of the system, for a human observer. Thefundamental equation of quantum physi
s is the following partial di�erential equation, the so-
alled S
hrödinger equation, whi
h des
ribes the evolution of the wave fun
tion :
i∂tϕt =

1

2
∆ϕ− V ϕ. (6.1)In equation (6.1), the fun
tion V is the potential energy asso
iated with the system. Sin
e |ϕ|2 isa probability density, the natural fun
tion spa
e for 
onsidering ϕ is the spa
e L2(Ω) of squareintegrable fun
tions, where Ω is the state spa
e of the system, assumed to be some open 
onne
tedsubset of Rd. The s
alar produ
t of L2(Ω) is denoted

〈ϕ, ψ〉 =
∫

Ω

ϕψ.For ni
e potentials, the S
hrödinger operator Hϕ = − 1
2∆ϕ + V ϕ has ni
e diagonalizationproperties, namely a real, dis
rete, and bounded from below spe
trum. Thus the resolution of theS
hrödinger 
an be redu
ed to the 
omputation of the eigenelements of H . Indeed, if the initial
ondition ϕ0 of equation (6.1) 
an be de
omposed as

ϕ0 =

∞
∑

k=0

λkψk,where the (ψk)k≥0 are the eigenve
tors of H , then the solution ϕt of (6.1) 
an be written
ϕt =

∞
∑

k=0

λke
−iEktψk,where the (Ek)k≥0 are the respe
tive eigenvalues of the (ψk)k≥0. Pra
titioners are espe
ially in-terested in the eigenve
tor asso
iated with the smaller eigenvalue, 
alled the ground state.Depending on the type of parti
les 
onsidered, the natural spa
e in whi
h the wave fun
tionlies 
an be a stri
t subspa
e of L2(Ω). Indeed, if the 
onsidered system is 
omposed of N indis-tinguishable bosoni
 parti
les, we only 
onsider the spa
e

L2
s

(

(

R3
)N
)

=
{

ϕ ∈ L2((R3)N ), ∀σ ∈ SN , ϕ(x1, . . . , xN ) = ϕ(xσ(1), . . . , xσ(N))
}of symmetri
 square integrable fun
tions, and if the system is 
omposed of N indistinguishablefermioni
 parti
les, we 
onsider the spa
e

L2
a

(

(

R3
)N
)

=
{

ϕ ∈ L2((R3)N ), ∀σ ∈ SN , ϕ(x1, . . . , xN ) = ε(σ)ϕ(xσ(1), . . . , xσ(N))
}of antisymmetri
 square integrable fun
tions. This last example is fundamental in the domain ofele
troni
 stru
ture 
omputations, sin
e ele
trons are fermions. The aim of ele
troni
 stru
ture
omputation is to des
ribe the quantum state of an entire mole
ule, that is to say, to 
omputethe wave fun
tion asso
iated with the physi
al system 
omposed of every ele
trons and nu
lei
omposing the mole
ule. However, an exa
t 
omputation of this wave fun
tion is not a�ordable inpra
ti
e, be
ause the dimensionality of the 
orresponding problem is very high : for example forthe mole
ule Li8, the dimension is 8 × (3 + 1) × 3 = 96, as ea
h of the eight atoms of lithium is
omposed of three ele
trons and one nu
leus evolving in three dimensions.



6.1 Eigenvalues of S
hrödinger operators 71A natural way to simplify the problem is to �x the positions of the nu
lei, and to 
onsideronly the ele
trons. This is known as the Born-Oppenheimer approximation. Sin
e the ele
trons areindistinguishable fermioni
 parti
les, the wave fun
tion of the system lies in the spa
e∧Ni=1 L
2(R3),where N , is the number of ele
trons 
onsidered. The potential undergone by the ele
trons dependson the lo
ation of the nu
lei. It is typi
ally of the form

V (x) =

N
∑

i=1

V1(xi) +
∑

1≤i<j≤N
V2(xi − xj),where the �rst term in the right hand side des
ribes the ele
tron-nu
lei intera
tion, while these
ond term des
ribes the ele
tron-ele
tron intera
tion. Usually, V2(y) only depends on |y|, and

V1 is of the form
V1(x) = −zk

K
∑

k=1

ρk ⋆
1

|x| ,where ea
h (ρk)k=1,...,K des
ribes the shape of a nu
leus with 
harge zk. The (ρk)k=1,...,K areeither of the form δyk (point-like nu
lei), or are smooth fun
tions with 
ompa
t support and unitintegral (smeared nu
lei).To 
ompute the a
tual stru
ture of the mole
ule, one has to 
ompute the ele
troni
 stru
turewhen the nu
lei are �xed in the 
orre
t position. One 
ould �nd this 
orre
t 
on�guration by
omputing the for
e exerted by the ele
trons on the nu
lei. This for
e 
an be expressed as thederivative of the ground state energy with respe
t to the positions of the nu
lei.Our setting will be the following : we 
onsider the S
hrödinger operator H , de�ned on a densesubspa
e D(H) of some Hilbert spa
e H, the latter being a subspa
e of the spa
e L2(Ω) of square-integrable fun
tions, the 
hoi
e of H depending on the 
onsidered problem. We assume that V issu
h that H is bounded from below, and that the smallest eigenvalue of H
E = inf

{

〈ϕ,Hϕ〉 , ϕ ∈ D (qH) , 〈ϕ, ϕ〉2 = 1
}

, (6.2)is nondegenerate and isolated. Examples of su
h potential fun
tions V 
an be found in [21℄. Inequation (6.2), D (qH) denotes the domain of the following quadrati
 form, 
alled energy fun
tional,
〈ϕ,Hϕ〉 =

∫

Ω

1

2
|∇ϕ|2 + V |ϕ|2,whi
h satis�es the in
lusions D(H) ⊂ D (qH) ⊂ H. In the expression of E, the in�mum is rea
hedfor some normalized eigenve
tor ψ asso
iated with E.For the problem of 
omputation of for
es, we 
onsider a family of self-adjoint operators (Hλ)λ∈Rdepending smoothly on a real parameter. We assume that Hλ has a smallest eigenvalue Eλ, whi
his nondegenerate and isolated, and we denote by ψλ an asso
iated normalized eigenve
tor 
hosento depend smoothly on λ. One desires to 
ompute the derivative ∂0λEλ of the fundamental energywith respe
t to λ, at λ = 0 (from now on, for a quantity Qλ depending on λ, we denote by ∂0λQλthe derivative of Qλ with respe
t to λ at λ = 0).This setting is also useful for the 
omputation of the mean 〈ψ,Oψ〉 =

∫

Ω
ψOψ of some observ-able O with respe
t to the ground state ψ of H . Indeed, if one 
onsiders the perturbed operators

Hλ = H +λO, then the ground state ψ0 of the operator H0 taken at λ = 0 is equal to the groundstate ψ of the operator H and one has, using the self-adjointness of Hλ :
∂0λEλ = ∂0λ 〈ψλ, Hλψλ〉 = 2

〈

∂0λψλ, Eψ0

〉

+ 〈ψ0,Oψ0〉 = 〈ψ0,Oψ0〉 , (6.3)sin
e the normalization 
ondition on ψλ yields 〈∂0λψλ, ψ0

〉

= 0. Equation (6.3) is known as theHellmann-Feynman theorem in the physi
s literature.



72 6 Sensibilité d'une di�usion par rapport à un paramètre6.2 An asymptoti
 varian
e redu
tion method : the zero bias/zerovarian
e prin
ipleIn pra
ti
e, 
omputing the smallest eigenvalue of H or Hλ by deterministi
 methods is madequite hard by the high-dimensionality of the 
onsidered problems : for example, for the Li8 mole
ulein the Born-Oppenheimer approximation, the dimension of the problem is 8× 3× 3 = 72. That iswhy probabilisti
 methods have been developed for treating this problem, espe
ially Monte Carlomethods. The idea is to rewrite the desired quantity as the expe
tation of some random variable
fψ(X

ψ) where fψ is some fun
tion depending on the ground state ψ and Xψ is a random variablewhose distribution also depends on ψ. Then, one 
an perform the 
omputation by sampling Nindependent realizations (Xn,ψ)n∈{1,...,N} of the random variable Xψ, where N is some largeinteger, and 
omputing an empiri
al mean, namely :
E
[

fψ(X
ψ)
]

= lim
N→∞

1

N

N
∑

n=1

fψ(X
n,ψ).Another possibility is to use a Markov pro
ess (Xψ

t )t≥0 whi
h is ergodi
 with respe
t to the lawof Xψ. Then, one 
an perform the 
omputation using the long time 
onvergen
e of ergodi
 means :
E
[

fψ(X
ψ)
]

= lim
T→∞

1

T

∫ T

0

fψ(X
ψ
t )dt.Of 
ourse, in most 
ases, the exa
t ground state 
annot be known expli
itly, so that one hasto use an approximation fϕ of fψ using a trial fun
tion ϕ one thinks to be 
lose to the exa
tground state ψ, and sample a random variable Xϕ whose distribution is an approximation of thedistribution of Xψ.For those methods to be e�
ient, one needs to 
ontrol two parameters measuring the error ofthe 
onsidered simulation, the bias

E[fϕ(X
ϕ)− fψ(X

ψ)],measuring the systemati
 error in the 
omputation, and the varian
e
E

[

(

fϕ(X
ϕ)− E[fϕ(X

ϕ)]
)2
]

,measuring the statisti
al error. These quantities have to be estimated in terms of the error onguessing the ground state, namely δψ = ϕ− ψ.In this se
tion, we present a method for 
omputing the values E or ∂0λEλ with optimizedestimators introdu
ed in [7, 68℄ su
h that the bias and varian
e are of high order with respe
tto δψ.6.2.1 The variational Monte Carlo settingThe variational Monte Carlo (VMC) method relies on the fa
t that for a ni
e fun
tion ϕ, theoverdamped Langevin dynami
s
dXt = −∇ϕ

ϕ
(Xt)dt+ dWt (6.4)is, under suitable 
onditions, ergodi
 with invariant distribution ϕ2/ 〈ϕ, ϕ〉 . Thus, if X is a randomvariable with law ϕ2/ 〈ϕ, ϕ〉 it is possible to 
ompute expe
tations of the form E [f(X)] usingergodi
 means 1

T

∫ T

0
f(Xt)dt on the traje
tory of (Xt)t≥0.



6.2 An asymptoti
 varian
e redu
tion method : the zero bias/zero varian
e prin
iple 73Computation of the ground state energyOne 
an give a probabilisti
 interpretation to the ground state energy of a self adjoint operator
H by using the probability density ψ2. Indeed, one has

E =

∫

Ω

ψHψ =

∫

Ω

Hψ

ψ
ψ2 = E

[

Hψ

ψ
(X)

]

,where X is some random variable with distribution ψ2/ 〈ψ, ψ〉 .Using the variational Monte Carlo method with some trial fun
tion ϕ, one 
an 
ompute theexpe
tation E
[

Hϕ
ϕ (X)

] where X is distributed a

ording to the density ϕ2/ 〈ϕ, ϕ〉 . Noti
e thatthis quantity is an overestimation of the a
tual fundamental energy E, sin
e the latter is thesmallest eigenvalue of H , so that
E = 〈ψ,Hψ〉 ≤ 〈ϕ,Hϕ〉

〈ϕ, ϕ〉 = E

[

Hϕ

ϕ
(X)

]

.An important property of this method is an asymptoti
 varian
e redu
tion property 
alled thezero bias/zero varian
e prin
iple in the physi
s literature, see for example [7, 68℄. The point ofthe zero bias/zero varian
e prin
iple is that, in the 
ase where the trial probability ϕ2/ 〈ϕ, ϕ〉 isexa
tly the fundamental state ψ2, the fun
tion Hϕ
ϕ is 
onstant and equal to the exa
t ground stateenergy E, so that an estimator of E based on the random variable Hψ

ψ (X) has neither bias norvarian
e. When ϕ is an approximation of ψ, this is not true anymore, but one 
an estimate thebias and varian
e in terms of δψ = ϕ√
〈ϕ,ϕ〉

− ψ.Proposition 6.2.1 Let X be a random variable distributed a

ording to ϕ2/ 〈ϕ, ϕ〉 = (ψ + δψ)2.Then the random variable Hϕ
ϕ (X) is an estimator of the fundamental energy E whose bias andvarian
e satisfy

∣

∣

∣

∣

E

[

Hϕ

ϕ
(X)

]

− E

∣

∣

∣

∣

+Var

(

Hϕ

ϕ
(X)

)

= O(δψ2).The O notation above being understood in the sense of the norm ‖ϕ‖2H = 〈ϕ, ϕ〉+ 〈Hϕ,Hϕ〉 .Proof. The bias satis�es, using the self-adjointness ofH and the relation (H−E)ϕ =
√

〈ϕ, ϕ〉 (H − E) δψ,
E

[

Hϕ

ϕ
(X)

]

− E =
〈ϕ, (H − E)ϕ)〉

〈ϕ, ϕ〉 =
〈(H − E)ϕ, δψ〉

√

〈ϕ, ϕ〉
= 〈δψ, (H − E)δψ〉 = O(δψ2).For the varian
e, noti
e that

E

[

(

Hϕ

ϕ
(X)− E

[

Hϕ

ϕ
(X)

])2
]

= E

[

(

Hϕ

ϕ
(X)− E

)2
]

+O(δψ2).Moreover,
E

[

(

Hϕ

ϕ
(X)− E

)2
]

=
〈Hϕ− Eϕ,Hϕ− Eϕ〉

〈ϕ, ϕ〉 = 〈Hδψ − Eδψ,Hδψ − Eδψ〉

=O(δψ2),yielding the zero varian
e prin
iple.Computation of the energy derivativeA natural method to 
ompute ∂0λEλ adapted from se
tion 6.2.1 would be to use the equation
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∂0λEλ = ∂0λ 〈ψλ, Hλψλ〉 =

〈

ψ0, ∂
0
λHλψ0

〉

+ 2
〈

∂0λψλ, Eψ0

〉

=E

[

∂0λHλψ0

ψ0
(X)

]

,where X is distributed a

ording to ψ2
0 . Sin
e the distribution ψ2

0 is unknown, one 
ould thinkof sampling a random variable X from a distribution ϕ2
0/ 〈ϕ0, ϕ0〉 
lose to ψ2

0 and 
omputingthe mean of the random variable ∂0λHλϕ0/ϕ0(X) through the variational Monte Carlo pro
edure.However to have a zero varian
e prin
iple, the fun
tion ∂0λHλϕ0/ϕ0 has to be 
onstant when thetrial fun
tion ϕ0 is exa
tly, up to a multipli
ative 
onstant, the ground state ψ0, whi
h is notthe 
ase in general. More pre
isely, when one samples from (ψ0 + δψ0)
2, the bias is only of order

O(δψ0) and the varian
e does not vanish as δψ0 goes to zero, unless the fun
tion ∂0λHλψ0/ψ0 is
onstant.However, using a modi�ed fun
tion E [ϕ0, ∂
0
λϕλ] instead of the naive 
hoi
e ∂0λHλϕ0/ϕ0, one
an re
over the zero bias/zero varian
e prin
iple. Indeed, let ϕλ be a trial fun
tion 
hosen so thatthere exists some 
onstant c su
h that cϕλ is 
lose to ψλ and su
h that c∂0λϕλ is 
lose to ∂0λψλ.Performing the following 
omputation

∂0λ

( 〈ϕλ, Hλϕλ〉
〈ϕλ, ϕλ〉

)

=∂0λ

(∫

Ω

Hλϕλ
ϕλ

ϕ2
λ

∫

Ω
ϕ2
λ

)

=

∫

Ω

(

∂0λHλϕ0

ϕ0
+
H∂0λϕλ
ϕ0

+
Hϕ0

ϕ0

∂0λϕλ
ϕ0

)

ϕ2
0

∫

Ω
ϕ2
0

− 2

∫

Ω ϕ0Hϕ0

∫

Ω ϕ0∂
0
λϕλ

(∫

Ω ϕ
2
0

)2

=E

[(

∂0λHλϕ0

ϕ0
+
H∂0λϕλ
ϕ0

+
Hϕ0

ϕ0

∂0λϕλ
ϕ0

− 2
〈ϕ0, Hϕ0〉
〈ϕ0, ϕ0〉

∂0λϕλ
ϕ0

)

(X)

]

,one 
an see that the random variable
E [ϕ0, ∂

0
λϕλ](X) =

(

∂0λHλϕ0

ϕ0
+
H∂0λϕλ
ϕ0

+
Hϕ0

ϕ0

∂0λϕλ
ϕ0

− 2
〈ϕ0, Hϕ0〉
〈ϕ0, ϕ0〉

∂0λϕλ
ϕ0

)

(X),where X has distribution ϕ2
0/ 〈ϕ0, ϕ0〉, is an unbiased estimator of ∂0λEλ when ϕλ = cψλ, for some
onstant c. Note that E [ϕ0, ∂

0
λϕλ] a
tually does not depend on the whole family (ϕλ), but onlyon ϕ0 and its derivative ∂0λϕλ.Proposition 6.2.2 Let ϕλ√

〈ϕλ,ϕλ〉
= ψλ+δψλ be some perturbation of ψλ depending smoothly on λand let X be a random variable with distribution ϕ2

0/ 〈ϕ0, ϕ0〉.Then the random variable E [ϕ0, ∂
0
λϕλ](X) is an estimator of ∂0λEλ whose varian
e and biassatisfy

∣

∣

∣
E
[

E [ϕ0, ∂
0
λϕλ](X)− ∂0λEλ

]∣

∣

∣
= O(δψ2

0 + δψ0∂
0
λδψλ)and

Var

(

E [ϕ0, ∂
0
λϕλ](X)

)

≤ K

(

1 +

∥

∥

∥

∥

∂0λϕλ
ϕ0

∥

∥

∥

∥

L∞(Ω)

)

∥

∥

∥

∥

∂0λϕλ
ϕ0

∥

∥

∥

∥

L∞(Ω)

‖δψ0‖2Hλ
+O(δψ2

0 + δψ0∂
0
λδψλ).The O above are 
onsidered in the norm ‖ϕ‖2Hλ

= 〈ϕ, ϕ〉+ 〈Hϕ,Hϕ〉+
〈

∂0λHλϕ, ∂
0
λHλϕ

〉

.Proof. Sin
e ψλ and ϕλ√
〈ϕλ,ϕλ〉

= ψλ + δψλ are normalized, one has
〈ψλ, ψλ〉 = 1 = 〈ψλ + δψλ, ψλ + δψλ〉 = 〈ψλ, ψλ〉+ 2 〈δψλ, ψλ〉+ 〈δψλ, δψλ〉 ,yielding 〈δψλ, ψλ〉 = − 1

2 〈δψλ, δψλ〉 . As a 
onsequen
e, it holds that
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E
[

E [ϕ0, ∂
0
λϕ](X)

]

= ∂0λ

( 〈ϕλ, Hλϕλ〉
〈ϕλ, ϕλ〉

)

=∂0λ 〈ψλ + δψλ, H(ψλ + δψλ)〉

=∂0λEλ + 2∂0λ (Eλ 〈δψλ, ψλ〉) + ∂0λ 〈δψλ, Hλδψλ〉
=∂0λEλ − ∂0λ (Eλ 〈δψλ, δψλ〉) + ∂0λ 〈δψλ, Hλδψλ〉
=∂0λEλ +O(δψ2

0 + δψ0∂
0
λδψλ),so that we have the zero bias prin
iple.For the zero varian
e prin
iple, noti
e that the varian
e

E

[

(

E [ϕ0, ∂
0
λϕλ](X)− ∂0λ

( 〈ϕλ, Hλϕλ〉
〈ϕλ, ϕλ〉

))2
]is 〈ϕ0, ϕ0〉 times the integral of the square of the fun
tion

(

E [ϕ0, ∂
0
λϕλ](X)− ∂0λ

( 〈ϕλ, Hλϕλ〉
〈ϕλ, ϕλ〉

))

ϕ0 =∂0λHλϕ0 +H∂0λϕλ −
Hϕ0

ϕ0
∂0λϕλ − ϕ0∂

0
λ

( 〈ϕλ, Hλϕλ〉
〈ϕλ, ϕλ〉

)

+ 2

(

Hϕ0

ϕ0
∂0λϕλ −

〈ϕ0, Hϕ0〉
〈ϕ0, ϕ0〉

∂0λϕλ

) (6.5)
=∂0λ

(

Hλϕλ
ϕλ

− 〈ϕλ, Hλϕλ〉
〈ϕλ, ϕλ〉

)

ϕ0 + 2

(

Hϕ0

ϕ0
− 〈ϕ0, Hϕ0〉

〈ϕ0, ϕ0〉

)

∂0λϕλ.But one has
Hλϕλ
ϕλ

− 〈ϕλ, Hλϕλ〉
〈ϕλ, ϕλ〉

=
(Hλ − Eλ)δψλ

ϕλ
+ 〈δψλ, (Eλ −Hλ)δψλ〉 .As a 
onsequen
e, equation (6.5) rewrites

(

E [ϕ0, ∂
0
λϕλ](X)− ∂0λ

( 〈ϕλ, Hλϕλ〉
〈ϕλ, ϕλ〉

))

ϕ0 =∂0λ

(

(Hλ − Eλ)δψλ
ϕλ

)

ϕ0 + 2

(

(H − E)δψ0

ϕ0

)

∂0λϕλ

+O(δψ2
0 + δψ0∂

0
λδψλ)

=(H − E)δψ0
∂0λϕλ
ϕ0

+ ∂0λ ((Hλ − Eλ) δψλ)

+O(δψ2
0 + δψ0∂

0
λδψλ) (6.6)Squaring equation (6.6), one 
an see that the varian
e of E [ϕ0, ∂

0
λϕλ](X) is given by

Var(E [ϕ0, ∂
0
λϕλ](X)) =

∫

Ω

(

(H − E)δψ0
∂0λϕλ
ϕ0

)(

(H − E)δψ0
∂0λϕλ
ϕ0

+ 2∂0λ((Hλ − Eλ) δψλ)

)

+O(δψ2
0 + δψ0∂

0
λδψλ)

≤K
(

1 +

∥

∥

∥

∥

∂0λϕλ
ϕ0

∥

∥

∥

∥

L∞(Ω)

)

∥

∥

∥

∥

∂0λϕλ
ϕ0

∥

∥

∥

∥

L∞(Ω)

‖δψ0‖2Hλ
+O(δψ2

0 + δψ0∂
0
λδψλ),yielding the desired zero varian
e prin
iple.6.2.2 The di�usion Monte Carlo settingIn pra
ti
e, the variational Monte Carlo method presented in 6.2.1 is used to obtain a goodtrial fun
tion ϕ, but the a
tual 
omputation of the ground state energy is made using the so-
alleddi�usion Monte Carlo (DMC) method, whi
h is unbiased, and thus more a

urate.This method relies on the fa
t that the solution to the partial di�erential equation
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∂tΦt(x) = −HΦt(x) for (t, x) ∈ [0,∞)×Ω,for a given initial 
ondition Φ0 = ϕ, is equivalent to the fun
tion e−Etψ 〈ψ, ϕ〉 as t goes to in�nity,provided 〈ψ, ϕ〉 6= 0. As a 
onsequen
e, one 
an 
ompute the ground state of H through theformula

E =
〈ψ,Hϕ〉
〈ψ, ϕ〉 = lim

t→∞
〈Φt, Hϕ〉
〈Φt, ϕ〉

.Indeed, the quantity E(t) = 〈Φt,Hϕ〉
〈Φt,ϕ〉 is an overestimation of E and the 
onvergen
e holds atexponential rate, sin
e we assumed that E is a nondegenerate isolated eigenvalue of H .From the Feynman-Ka
 formula, one has the following representation for Φt

Φt(x) = E
[

ϕ(x+Wt)e
−

∫

t
0
V (x+Ws)ds

]

, (6.7)where (Wt)t≥0 is a standard Brownian motion, yielding a natural probabilisti
 method to 
om-pute Φt. However, in pra
ti
e, the exponential fa
tor yields a large varian
e, making this inter-pretation unsuitable for pre
ise 
omputations. Pra
titioners thus use some importan
e samplingmethod by 
onsidering the fun
tion f̃t(x) = ϕ(x)Φt(x)/ 〈ϕ, ϕ〉 whi
h gives another expression forthe quantity E(t) :
E(t) =

∫

Ω
Hϕ
ϕ (x)f̃t(x)dx
∫

Ω f̃t(x)dx
.The fun
tion f̃ satis�es the following partial di�erential equation

{

∂tf̃ = 1
2∆f̃ −∇ · (bf̃)− Hϕ

ϕ f̃

f0 = ϕ2/ 〈ϕ, ϕ〉
, (6.8)where the drift term b is de�ned by

b(x) =
∇ϕ
ϕ

(x).This partial di�erential equation has an interpretation as the density of a weighted di�usion.Indeed, if one de�nes h as
∫

Ω

g(x)ht(x)dx = E
[

g(Xt)e
−

∫ t
0

Hϕ
ϕ (Xs)ds

]

,where the pro
ess (Xt)t≥0 follows the dynami
s
{

dXt = b(Xt)dt+ dWt

X0 distributed a

ording to ϕ2/ 〈ϕ, ϕ〉
, (6.9)then the fun
tion h is a solution to equation (6.8). In this probabilisti
 interpretation, the weight

Hϕ/ϕ is the so 
alled lo
al energy whi
h is a 
onstant when ϕ is 
hosen to be the exa
t groundstate. Thus one 
an expe
t Hϕ/ϕ to have smaller �u
tuations than V if the trial fun
tion ϕ iswell 
hosen. Moreover the drift b is su
h that the distribution ϕ2 is invariant for this pro
ess. Forthose reasons, one expe
ts this interpretation to have a smaller varian
e than the interpretation(6.7).However, the fun
tion h is not ne
essarily equal to f̃ . This phenomenon is due to the fa
tthat the sample paths of the di�usion (6.9) stay inside the 
onne
ted 
omponents of the set
{x ∈ Ω,ϕ(x) 6= 0}. In fa
t, the fun
tion h 
an be expli
ited through the formula

ht(x) = ϕ(x)2E
[

e−
∫

t
0

Hϕ
ϕ (Xs)ds

]

,
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tion method : the zero bias/zero varian
e prin
iple 77showing that ht(x)/ϕ(x) vanishes on the set of zeros of ϕ, whereas this property has no reason tohold for the fun
tion f̃/ϕ = Φt.We have a probabilisti
 method for 
omputing the quantity
EDMC(t) =

∫

Ω
Hϕ
ϕ (x)ht(x)dx
∫

Ω ht(x)dx
=

E
[

Hϕ
ϕ (Xt)e

−
∫ t
0

Hϕ
ϕ (Xs)ds

]

E
[

e−
∫

t
0

Hϕ
ϕ (Xs)ds

]whi
h should be an approximation of E(t). A
tually, under some regularity assumptions,
lim
t→∞

EDMC(t) = EDMC = inf{〈χ,Hχ〉 , χ ∈ D(qH), 〈χ, χ〉 = 1, ϕ−1(0) ⊂ χ−1(0)}see for example [21℄. Moreover, EDMC is an overestimation of the ground state energy E, andthe equality holds if and only if the sets of zeros of ϕ and ψ are equal. The set of zeros of ψ isknown in the physi
s literature as the set of nodes of the ground state. The subsequent error inthe 
omputation of E is 
alled the �xed node approximation. The di�usion Monte Carlo energy
EDMC 
an also be expressed as

EDMC =
N
min
n=1

inf{〈χ,Hχ〉 , χ ∈ D(qH), 〈χ, χ〉 = 1, χ supported in Ωn} (6.10)where the (Ωn)n=1,...,N are the 
onne
ted 
omponents of {x ∈ Ω,ϕ(x) 6= 0}.In 
on
lusion, the di�usion Monte Carlo method allows to sample, in the long time limit, arandom variable whose law is ψFNϕ/ 〈ψFN , ϕ〉, where ϕ is a trial fun
tion, and ψFN is the groundstate of a modi�ed operator HFN depending on the 
hoi
e of ϕ. In parti
ular, the fun
tion ψFNϕhas a 
onstant sign. The operator HFN is obtained as the restri
tion of the operator H to thespa
e of fun
tion whose support is 
ontained in one of the Ωn a
hieving the minimum in (6.10).The energy 
aseLet ϕ be a trial fun
tion su
h that 〈ϕ, ψ〉 6= 0, and denote δψ = ϕ/ 〈ϕ, ψ〉−ψ. To 
ompute theground state energy by the di�usion Monte Carlo method, we use the equality
E =

〈ϕ,Hψ〉
〈ϕ, ψ〉 ,whi
h implies that the ground state energy E is the expe
tation of the random variable Hϕ

ϕ (X),where the random variable X has distribution ϕψ/ 〈ϕ, ψ〉. As a 
onsequen
e,Proposition 6.2.3 If X is distributed a

ording to ϕψ/ 〈ϕ, ψ〉, the random variable Hϕ
ϕ (X) is anestimator of E, whi
h has no bias, and whose varian
e satis�es

Var

(

Hϕ

ϕ
(X)

)

≤ K 〈ϕ, ψ〉
∥

∥

∥

∥

ψ

ϕ

∥

∥

∥

∥

L∞(Ω)

‖δψ‖2H ,for some 
onstant K, with ‖ϕ‖2H = 〈ϕ, ϕ〉+ 〈Hϕ,Hϕ〉.Proof. For the bias, just noti
e that E(Hϕϕ (X)
)

= 〈Hϕ,ψ〉
〈ϕ,ψ〉 = E.For the varian
e, it holds that
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Var

(

Hϕ

ϕ
(X)

)

= E

[

(

Hϕ

ϕ
(X)− E

)2
]

=

〈

Hϕ− Eϕ,Hϕψϕ − Eψ
〉

〈ϕ, ψ〉

= 〈ϕ, ψ〉
〈

Hδψ − Eδψ, (Hδψ − Eδψ)
ψ

ϕ

〉

,
on
luding the proof.Noti
e that Proposition 6.2.3 shows that the only bias en
ountered in the di�usion Monte Carlomethod is due to the �xed node approximation.The energy derivative 
ase : a theoreti
al zero bias/zero varian
e estimatorFor the energy derivative, perform the following derivative :
∂0λEλ = ∂0λ

(∫

Ω

Hλϕλ
ϕλ

ϕλψλ
∫

Ω
ϕλψλ

)

=

∫

Ω

(

∂0λHλϕ0

ϕ0
+
H∂0λϕλ
ϕ0

+
Hϕ0

ϕ0

∂0λψλ
ψ0

− E

(

∂0λϕλ
ϕ0

+
∂0λψλ
ψ0

))

ϕ0ψ0
∫

Ω ϕ0ψ0
.As a 
onsequen
e, one 
an obtain the derivative of the energy as the mean of the random variable

F [ϕ0, ∂
0
λϕλ](X) =

(

∂0λHλϕ0

ϕ0
+
H∂0λϕλ
ϕ0

+
Hϕ0

ϕ0

∂0λψλ
ψ0

− E
∂0λψλ
ψ0

− E
∂0λϕλ
ϕ0

)

(X),whereX is distributed a

ording to the density ϕ0ψ0/ 〈ϕ0, ψ0〉 . The statement of the zero bias/zerovarian
e prin
iple for this estimator is the following :Proposition 6.2.4 The estimator F [ϕ0, ∂
0
λϕλ](X) has no bias

E[F [ϕ0, ∂
0
λϕλ](X)] = ∂0λEλ,and satis�es the following zero varian
e prin
iple :

Var
(

F [ϕ0, ∂
0
λϕλ](X)

)

≤ K 〈ϕ0, ψ0〉
(

1 +

∥

∥

∥

∥

∂0λψλ
ψ0

∥

∥

∥

∥

L∞(Ω)

)

×
(

∥

∥

∥

∥

ψ0

ϕ0

∥

∥

∥

∥

L∞(Ω)

+

∥

∥

∥

∥

∂0λψλ
ϕ0

∥

∥

∥

∥

L∞(Ω)

)

(

‖δψ0‖Hλ
+ ‖∂0λδψλ‖Hλ

)2
,in the norm ‖ϕ‖2Hλ

= 〈ϕ, ϕ〉+ 〈Hϕ,Hϕ〉+
〈

∂0λHλϕ, ∂
0
λHλϕ

〉, for some 
onstant K.Proof. By de�nition, the expe
tation of F [ϕ0, ∂
0
λϕλ](X) is

E
[

F [ϕ0, ∂
0
λϕλ](X)

]

= ∂0λ

( 〈ϕλ, Hλψλ〉
〈ϕλ, ψλ〉

)

= ∂0λEλ.The varian
e is given by the integral over Ω of
(

F [ϕ0, ∂
0
λϕλ](X)− ∂0λEλ

)2 ϕ0ψ0

〈ϕ0, ψ0〉

= 〈ϕ0, ψ0〉−1

(

∂0λHλϕ0 +H∂0λϕλ +Hϕ0
∂0λψλ
ψ0

− E

(

∂0λψλ
ϕ0

ψ0
+ ∂0λϕλ

)

− ∂0λEλϕ0

)

×
(

∂0λHλϕ0
ψ0

ϕ0
+H∂0λϕλ

ψ0

ϕ0
+
Hϕ0

ϕ0
∂0λψλ − E

(

∂0λψλ + ∂0λϕλ
ψ0

ϕ0

)

− ∂0λEλψ0

)

.
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tion method : the zero bias/zero varian
e prin
iple 79In this expression, the �rst fa
tor in the right hand side reads
∂0λ(Hλϕλ)− ∂0λ(Eλϕλ) + (Hϕ0 − Eϕ0)

∂0λψλ
ψ0

= ∂0λ(Hλδψλ − Eλδψλ) + (Hδψ0 − Eδψ0)
∂0λψλ
ψ0

,while the se
ond fa
tor reads
(

∂0λ(Hλϕλ)− ∂0λ(Eλϕλ)
) ψ0

ϕ0
+(Hϕ0 − Eϕ0)

∂0λψλ
ϕ0

= ∂0λ(Hλδψλ−Eλδψλ)
ψ0

ϕ0
+(Hδψ0 − Eδψ0)

∂0λψλ
ϕ0

,yielding the given varian
e for the estimator F [ϕ0, ∂
0
λϕλ](X).In pra
ti
e, how to perform the energy derivative 
ase ?The weakness of the estimator F [ϕ0, ∂

0
λϕλ](X) presented in se
tion 6.2.2 is that it 
annot be
omputed in pra
ti
e, sin
e the ground state ψλ is unknown. In a �rst time, a natural way to avoidthis di�
ulty is to use the approximation ∂0
λϕλ

ϕ0
≃ ∂0

λψλ

ψ0
, yielding the following modi�ed estimator :

F̃ [ϕ0, ∂
0
λϕλ](X) =

(

∂0λHλϕ0

ϕ0
+
H∂0λϕλ
ϕ0

+
Hϕ0

ϕ0

∂0λϕλ
ϕ0

− 2E
∂0λϕλ
ϕ0

)

(X).Proposition 6.2.5 The estimator F̃ [ϕ0, ∂
0
λϕλ](X) satis�es the following zero bias prin
iple

∣

∣

∣E
[

F̃ [ϕ0, ∂
0
λϕλ](X)

]

− ∂0λEλ

∣

∣

∣ ≤ 〈ϕ0, ψ0〉
(

‖δψ0‖H‖∂0λδψλ‖H
∥

∥

∥

∥

ψ0

ϕ0

∥

∥

∥

∥

L∞(Ω)

+ ‖δψ0‖2H
∥

∥

∥

∥

∂0λψλ
ϕ0

∥

∥

∥

∥

L∞(Ω)

)

,in the norm ‖ϕ‖2H = 〈ϕ, ϕ〉+ 〈Hϕ,Hϕ〉, and the following zero varian
e prin
iple
Var

(

F̃ [ϕ0, ∂
0
λϕλ](X)

)

≤
(

∣

∣

∣

∣

∂0λ 〈ϕλ, ψλ〉
〈ϕ0, ψ0〉

∣

∣

∣

∣

+

∥

∥

∥

∥

∂0λϕλ
ϕ0

∥

∥

∥

∥

L∞(Ω)

)

∥

∥

∥

∥

ψ0

ϕ0

∥

∥

∥

∥

L∞(Ω)

(

‖δψ0‖Hλ
+ ‖∂0λδψλ‖Hλ

)2

+
∣

∣

∣
E
[

F̃ [ϕ0, ∂
0
λϕλ](X)

]

− ∂0λEλ

∣

∣

∣

2

.Proof. Noti
e that the error between F̃ and F is given by
F̃ [ϕ0, ∂

0
λϕλ](X)−F [ϕ0, ∂

0
λϕλ](X) =

(

Hϕ0

ϕ0
(X)− E

)(

∂0λϕλ
ϕ0

− ∂0λψλ
ψ0

)

,whose mean is given by
∫

Ω

Hϕ0 − Eϕ0

〈ϕ0, ψ0〉ϕ0

(

∂0λϕλψ0 − ∂0λψλϕ0

)

=

∫

Ω

Hδψ0 − Eδψ0

ϕ0

(

〈ϕ0, ψ0〉
(

∂0λδψλψ0 − ∂0λψλδψ0

)

+ ∂0λ 〈ϕλ, ψλ〉
ϕ0ψ0

〈ϕ0, ψ0〉

)

=

∫

Ω

Hδψ0 − Eδψ0

ϕ0

(

〈ϕ0, ψ0〉
(

∂0λδψλψ0 − ∂0λψλδψ0

))

,the last equality being dedu
ed from the self adjointness of H . Sin
e the estimator F [ϕ0, ∂
0
λϕλ](X)is unbiased, we dedu
e the zero bias prin
iple for the estimator F̃ [ϕ0, ∂

0
λϕλ](X).From the zero bias property, the varian
e of F̃ satis�es

Var(F̃ [ϕ0, ∂
0
λϕλ]) ≤ E

[

(

F̃ [ϕ0, ∂
0
λϕλ](X)− ∂0λEλ

)2
]

+
∣

∣

∣E
[

F̃ [ϕ0, ∂
0
λϕλ](X)

]

− ∂0λEλ

∣

∣

∣

2As a 
onsequen
e, the varian
e is given, up to a term of order two in δψ0 and ∂0λδψλ, by theintegral over Ω of the fun
tion
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(

∂0λHλϕ0 +H∂0λϕλ +Hϕ0
∂0λϕλ
ϕ0

− 2E∂0λϕλ − ∂0λEλϕ0

)2
ψ0

〈ϕ0, ψ0〉ϕ0

=

(

∂0λ((Hλ − Eλ)ϕλ) + (H − E)ϕ0
∂0λϕλ
ϕ0

)2
ψ0

〈ϕ0, ψ0〉ϕ0

=

(

∂0λ(〈ϕλ, ψλ〉 (Hλ − Eλ)δψλ) + 〈ϕ0, ψ0〉 (H − E)δψ0
∂0λϕλ
ϕ0

)2
ψ0

〈ϕ0, ψ0〉ϕ0
,whi
h is of order two in δψ0 and ∂0λδψλ, yielding the zero varian
e prin
iple.As Proposition 6.2.4 shows, the 
omputable zero bias/zero varian
e estimator F̃ of the energyderivative is not unbiased anymore, whi
h makes it mu
h less a

urate than the estimator F ,whi
h is not 
omputable. A way to avoid this problem is to 
onsider a λ−dependent di�usion.Indeed, if Hλ = −∆+ Vλ is the �xed-node operator asso
iated with the trial fun
tion ϕλ, and ψλis the asso
iated ground state, then

Eλ =
〈ψλ, Hλϕλ〉
〈ψλ, ϕλ〉

= lim
t→∞

E

[

Hλϕλ

ϕλ
(Xλ

t )e
−

∫ t
0

Hλϕλ
ϕλ

(Xλ
s )ds

]

E

[

e
−

∫

t
0

Hλϕλ
ϕλ

(Xλ
s )ds

] , (6.11)where the pro
ess (Xλ
t )t≥0 satis�es the dynami
s

dXλ
t = −∇Vλ(Xλ

t )dt+ dWt.Derivating equality (6.11) with respe
t to λ, and assuming one 
an ex
hange the limit and thederivative, one �nds
∂0λEλ = ∂0λ

( 〈ψλ, Hλϕλ〉
〈ϕλ, ψλ〉

) (6.12)
= lim

t→∞
E

[(

∂0λ

(

Hλϕλ
ϕλ

)

(X0
t ) +∇

(

Hϕ0

ϕ0

)

(X0
t ) · Tt

−
∫ t

0

∂0λ

(

Hλϕλ
ϕλ

)

(X0
s ) +∇

(

Hϕ0

ϕ0

)

(X0
s ) · Tsds

)

e−
∫

t
0

Hϕ0
ϕ0

(X0
s )ds

]

× E
[

e−
∫

t
0

Hϕ0
ϕ0

(X0
s )ds

]−1

− E

[

Hϕ0

ϕ0
(X0

t )e
−

∫ t
0

Hϕ0
ϕ0

(X0
s )ds

]

× E

[

−
(∫ t

0

∂0λ

(

Hλϕλ
ϕλ

)

(X0
s ) +∇

(

Hϕ0

ϕ0

)

(X0
s ) · Tsds

)

e−
∫

t
0

Hϕ0
ϕ0

(X0
s )ds

]

× E
[

e−
∫

t
0

Hϕ0
ϕ0

(X0
t )ds

]−2

.In equation (6.12), Tt = ∂0λX
λ
t is the so-
alled tangent ve
tor of the pro
ess (Xλ

t )t≥0. Equa-tion (6.12) 
ould be a good way to 
ompute the zero bias/zero varian
e approximation of ∂0λEλ,provided one 
an give a 
ontrol on the tangent ve
tor Tt.6.3 Sensitivity of a di�usion with respe
t to some parameterIn view of se
tions 6.2.1 and 6.2.2, it is natural to 
onsider some family of di�usion pro
esseswith a 
ommon di�usion term and a drift depending on some real parameter λ : let (Vλ)λ∈R be a
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t to some parameter 81family of smooth fun
tions depending smoothly on λ, and 
onsider the solutions of the followingfamily of Langevin dynami
s on Ω :
{

dXλ
t = − 1

2∇Vλ(Xλ
t )dt+ dWt

Xλ
0 = X0

, λ ∈ R, (6.13)where ∇ denotes the gradient with respe
t to the spa
e variable, and (Wt)t≥0 is a standard d-dimensional Brownian motion. The initial 
ondition X0 is some random variable whi
h does notdepend on λ.Sin
e we are going to use the long time behavior of this pro
ess, we assume that the traje
toriesnever explode :Assumption i The potential Vλ is su
h that pathwise existen
e and uniqueness hold for the pro-
ess (Xλ
t )t≥0, for any positive time t.A su�
ient 
ondition for Assumption i to be satis�ed is the following drift 
ondition

x · ∇Vλ(x) ≥ a|x|2 + bfor some real numbers a and b.We assume ∫
Ω
e−Vλ(x)dx < ∞ for all λ, and, up to modifying Vλ by an additive fun
tion notdepending on x, we 
an also assume that all πλ = e−Vλ(x)dx are probability measures. It is wellknown that the measures πλ are invariant probability measures under the dynami
s (6.13). This
ondition yields the ergodi
ity of the traje
tories :Proposition 6.3.1 For all λ ∈ R, the potential Vλ is su
h that the dynami
s (6.13) is ergodi
,with invariant measure πλ. Namely, for a fun
tion f in L1(πλ), almost surely, for any initial
ondition,

1

T

∫ T

0

f(Xλ
t )dt →

T→∞

∫

Ω

fdπλ.Moreover, one has 
onvergen
e in law of the time marginals : for any bounded fun
tion f , it holdsthat
E[f(Xλ

t )] →
t→∞

∫

Ω

fdπλ.Proof. The pro
ess (Xλ
t )t≥0 is a di�usion whose traje
tories are de�ned for any positive time, sothat the existen
e of an invariant probability measure is equivalent to ergodi
ity ; see for example[41℄ for a proof of this fa
t in a more general setting. As a 
onsequen
e, the pro
ess (Xλ

t )t≥0satis�es a law of large numbers, see [52℄.For some Markov semigroup, the 
onvergen
e in law of the time marginals holds as soon as thekernel of the generator is redu
ed to the spa
e of 
onstant variables. This follows from the spe
tralde
omposition of the semigroup, see for example [8℄. In our 
ase, this 
ondition is automati
allysatis�ed, as one obviously sees on the following integration by parts formula
∫

R

u(x)

(

1

2
∆u(x)− 1

2
∇V0(x) · ∇u(x)

)

e−V0(x) = −1

2

∫

R

|∇u(x)|2e−V0(x)dx.Our aim is now to 
ompute the derivative
lim
λ→0

∫

Ω fdπλ −
∫

Ω fdπ0

λ
= ∂0λ

(∫

Ω

fdπλ

)

, (6.14)for f in some family C of smooth fun
tions. We need an assumption to ensure that ∫
Ω
fdπλ isdi�erentiable :



82 6 Sensibilité d'une di�usion par rapport à un paramètreAssumption ii The potential Vλ is smooth enough with respe
t to λ so that for all fun
tions fin C, the quantity ∫Ω fdπλ is smooth with respe
t to λ.For example, this assumption is satis�ed if the family Vλ is smooth with respe
t to λ and issu
h that for any f in C there exists some integrable nonnegative fun
tion g satisfying almosteverywhere
∀λ ∈ R, |∂λVλ(x)f(x)e−Vλ(x)| ≤ g(x).A

ording to the ergodi
ity assumption, it is natural to approximate (6.14) by the quantities

∂0λ

(

1
T

∫ T

0 f(Xλ
t )dt

) or ∂0λ (E[f(Xλ
t )]
) in the long time limit. In Proposition 6.3.5, we give a few
onditions under whi
h the equalities

∂0λ

(

lim
T→∞

1

T

∫ T

0

f(Xλ
t )dt

)

= lim
T→∞

1

T

∫ T

0

∂0λ(f(X
λ
t ))dtand

∂0λ

(

lim
t→∞

E
[

f(Xλ
t )
]

)

= lim
t→∞

E
[

∂0λ(f(X
λ
t ))
]hold. The fun
tion f being supposed smooth, the 
omputation of this derivative 
an be done by
omputing the tangent ve
tor, de�ned as the derivative of the traje
tory Xλ

t with respe
t to theparameter λ :
Tt = ∂0λX

λ
t .Indeed, we then have ∂0λ (f(Xλ

t )
)

= Tt · ∇f(X0
t ).From the regularity of Vλ with respe
t to λ, standard di�erential equation arguments yield thefollowing proposition :Proposition 6.3.2 For any t ≥ 0, the fun
tion λ 7→ Xλ

t is almost surely di�erentiable. As a
onsequen
e, the de�nition of the tangent ve
tor makes sense. Di�erentiating (6.13) with respe
tto λ, we obtain the following ordinary di�erential equation whose 
oe�
ients depend on X0
t :

{

∂tTt = − 1
2∂

0
λ∇Vλ(X0

t )− 1
2∇2V0(X

0
t )Tt

T0 = 0
. (6.15)The tangent ve
tor Tt 
an take large values, sin
e the se
ond term in the right-hand side of(6.15) will provide exponential growth for Tt, when X0

t is 
lose to a lo
al maximum of V0, orwhen X0
t 
rosses a saddle point of V0.We have the following expression of Tt as an integral :Proposition 6.3.3 For s, t in [0,∞), we de�ne the so-
alled resolvent R(s, t) of equation (6.15),solution of the following ordinary di�erential equation :

{

∂tR(s, t) = − 1
2∇2V0(X

0
t )R(s, t)

R(s, s) = Id
.The resolvent satis�es the semi-group property : for any r, s, t in [0,∞), R(s, t)R(r, s) = R(r, t).One 
an re
over the tangent ve
tor from the resolvent through the following formula :

Tt = −1

2

∫ t

0

R(s, t)∂0λ∇Vλ(X0
s )ds. (6.16)Proof. In view of the di�erential equations satis�ed by Tt and R(s, t), one has, sin
e R(t, 0) =

R(0, t)−1,
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∂t(R(t, 0)Tt) =

1

2
R(t, 0)∇2V0(X

0
t )R(0, t)R(t, 0)Tt −

1

2
R(t, 0)∂0λ∇Vλ(X0

t )−
1

2
R(t, 0)∇2V0(X

0
t )Tt

=− 1

2
R(t, 0)∂0λ∇Vλ(X0

t ).Integrating over [0, t], one obtains
R(t, 0)Tt = −1

2

∫ t

0

R(s, 0)∂0λ∇Vλ(X0
s )ds.The result follows by using the semi-group property.We need some assumption on the 
onvexity of the potential for R(s, t) to be well-behaved.Assumption iii The potential V0 satis�es

∫

Ω

min Spe
 (∇2V0(x)
)

e−V0(x)dx > 0. (6.17)While Assumption iii is automati
ally satis�ed in dimension 1 from a simple integration by parts,this is not the 
ase in higher dimension. If one applies the integration by parts formula in higherdimension, one only obtains that
∫

Ω

∇2V0(x)e
−V0(x)dxis a positive de�nite matrix, so that the minimum of its spe
trum is positive. A 
ounterexample isgiven by a tensor potential V0(x) =W (x1) + . . .+W (xd) with a well 
hosen fun
tion W . Indeed,in this 
ase the left hand side of equation (6.17) rewrites

∫

Rd

min
i
(W ′′(xi))e

−
∑

iW (xi)dx1 . . .dxd = E

[

d
min
i=1

W ′′(Xi)

]

,where Xi are i.i.d random variables with distribution e−W (x)dx. If W is 
hosen so that W ′′ isbounded and has a stri
tly negative minimum, then the sequen
e ( d
min
i=1

W ′′(Xi)

) 
onverges inprobability as d goes to in�nity to the 
onstant random variable minW ′′, whi
h is negative. Thenfrom the dominated 
onvergen
e theorem, the quantity E

[

d
min
i=1

W ′′(Xi)

] is negative when d islarge enough.Lemma 6.3.4 Under Assumptions i and iii, the matrix R(0, t) almost surely 
onverges to 0 as tgoes to in�nity, at exponential rate.Proof. For any ve
tor x, one has
∂t‖R(0, t)x‖2 =− (R(0, t)x)T∇2V0(X

0
t )(R(0, t)x)

≤−min Spe
 (∇2V0(X
0
t )
)

‖R(0, t)x‖2.As a 
onsequen
e, from Proposition 6.3.1, ‖R(0, t)x‖2 is smaller than Ke− ∫

t
0
minSpe
(∇2V0(X

0
s ))ds.By ergodi
ity, − ∫ t

0
min Spe
 (∇2V0(X

0
s )
)

ds is equivalent to −t
∫

Ω
min Spe
 (∇2V0(x)

)

e−V0(x)dxas t goes to in�nity, and thus ‖R(0, t)x‖2 
onverges to 0, with any rate e−βt, 0 < β <
∫

Ω min Spe
 (∇2V0(x)
)

e−V0(x)dx.Assumption iii is not ne
essary for Lemma 6.3.4 to hold. Indeed, if the matri
es At 
ommute,for example in the 
ase of a tensor potential V0(x) =W (x1)+ . . .+W (xd), Lemma 6.3.4 is alwaystrue, even in the 
ases when V0 does not satisfy Assumption iii. However, some assumption is



84 6 Sensibilité d'une di�usion par rapport à un paramètreneeded, as there exists some family of matri
es (At) 
onverging in the Cesàro sense to a negative-de�nite matrix, for whi
h the solution of ∂tRt = AtRt does not vanish as t goes to in�nity. Anexample of this phenomenon is given by
At = Ωt

(

1 0

0 −3

)

ΩTt , where Ωt = ( cos t sin t

− sin t cos t

)

.Indeed, the family (At)t∈R 
onverges in the Cesàro sense to −Id as t goes to in�nity, but theasso
iated matrix (Rt)t∈R diverges. To show this last point, 
onsider the matrix Mt = ΩTt Rt.Sin
e ∂tΩt = Ωt

(

0 1

−1 0

)

,

∂tMt =

(

1 −1

1 −3

)

Mtholds. As a 
onsequen
e, Rt = Ωt exp

(

t

(

1 −1

1 −3

))

ΩTt . The eigenvalues of the matrix (1 −1

1 −3

) are
−1−

√
3 and −1 +

√
3, the latter being positive, so that Rt diverges as t goes to in�nity.To prove the long time 
onvergen
e, one will also need the 
ouple (X0

t , Tt) to be ergodi
.However, the dynami
s followed by this dynami
s is not strongly ellipti
, sin
e it is driven by a onedimensional Brownian motion. Consequently, one needs another assumption to ensure 
onvergen
eof the Cesàro means for the 
ouple (X0
t , Tt). We 
onsider the following Hörmander 
ondition forthe dynami
s of (X0

t , Tt) :Assumption iv Assume that the potential Vλ is su
h that for any (x, τ) in Ω × Rd, the matrix
(

∂ij

(

∂0λVλ(x) +
d
∑

k=1

∂kV0(x) · τk
))

i,jis nonsingular.This 
ondition is for example realized if V0 is a quadrati
 potential and that the Hessian matrixof ∂0λVλ is everywhere nonsingular.We 
an now prove our main result.Proposition 6.3.5 Let Assumption i, ii, iii and iv hold, and assume that ∂0λ∇Vλ is bounded andthat the measure e−V0 satis�es a Poin
aré inequality. Let Xλ
t be a solution of (6.13). Then,

lim
T→∞

∂0λ

(

1

T

∫ T

0

f(Xλ
t )dt

)

= ∂0λ

(

lim
T→∞

1

T

∫ T

0

f(Xλ
t )dt

)

= ∂0λ

(∫

Ω

fdπλ

)and
lim
t→∞

∂0λ
(

E
[

f(Xλ
t )
])

= ∂0λ

(

lim
t→∞

E
[

f(Xλ
t )
]

)

= ∂0λ

(∫

Ω

fdπλ

)

.To prove Proposition 6.3.5, one �rst needs to know the long time limit of the traje
tory and itstangent ve
tor :Lemma 6.3.6 Under Assumption i and iii, if ∂0λ∇Vλ is bounded, as t goes to in�nity, the 
ouple
(X0

t , Tt) 
onverges in law to the 
ouple
(

Y0,−
1

2

∫ ∞

0

R̃(0, t)∂0λ∇Vλ(Yt)dt
)

,where Y follows the Langevin dynami
s (6.13) at λ = 0, but starting at equilibrium, that is to say,with Y0 distributed a

ording to e−V0(x)dx, and R̃(0, t) is the reversed resolvent asso
iated with Y :
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{

∂tR̃(s, t) = − 1
2 R̃(s, t)∇2V0(Yt)

R̃(s, s) = Id
.Proof. The integral ∫∞

0
R̃(0, t)∂0λ∇Vλ(Yt)dt is almost surely well de�ned, from Proposition 6.3.4and from the boundedness of ∂0λ∇Vλ. To prove Lemma 6.3.6, we are going to use a time reversalargument.We 
onstru
t a 
oupling of the traje
tory (X0

t )t≥0 with another pro
ess (Y τt )t≥τ following theLangevin dynami
s (6.13), but being at equilibrium. Denote by pt the density of the distribu-tion of X0
t , and de�ne ρt = pt∧e−V0

pt
. Let U and Zt be mutually independent random variableswhi
h are independent of X0

0 and of the Brownian motion (Wt)t≥0 driving (X0
t ), su
h that Uis uniformly distributed over [0, 1], and Zt is distributed a

ording to C(e−V0(x) − pt(x))

+dx,
C being a normalization 
onstant. We de�ne the position of the pro
ess (Y τt )t≥0 at time τ by
Y ττ = X0

τ1U≤ρτ (Xτ ) + Zτ1U>ρτ (Xt), whi
h is distributed a

ording to π0. One has P(Y ττ 6= X0
τ ) =

1
2‖pτ (x)dx − π0‖TV . For t > τ , let Y τt evolve a

ording to the dynami
s (6.13) with Brownianmotion (Wt)t≥0, whi
h admits π0 as an invariant measure ; Y τt is thus distributed a

ording to π0for all t > τ, and satis�es P(∀t ≥ τ, Y τt = X0

t ) = 1− 1
2‖pτ (x)dx − π0‖TV .From Proposition 6.3.3, one has

(X0
t , Tt) =

(

X0
t ,−

1

2

∫ t

0

R(s, t)∂0λ∇Vλ(X0
s )ds

)

,and from the time reversibility of the dynami
s (6.13), we have the equality in distribution, for
0 ≤ τ ≤ t,

(

Y τt ,−
1

2

∫ t

τ

Rτ (s, t)∂0λ∇Vλ(Y τs )ds
)

D
=

(

Y0,−
1

2

∫ t−τ

0

R̃(0, s)∂0λ∇Vλ(Ys)ds
)

,where Rτ is the resolvent asso
iated with Y τ :
{

∂tR
τ (s, t) = − 1

2∇2V0(Y
τ
t )R

τ (s, t)

Rτ (s, s) = Id
, ∀s, t ≥ τ.As a 
onsequen
e, for any bounded Lips
hitz 
ontinuous fun
tion ϕ,

E

[

ϕ(X0
t , Tt)− ϕ

(

Y0,−
1

2

∫ t−τ

0

R̃(0, s)∂0λ∇Vλ(Ys)ds
)]

=E

[

ϕ(X0
t , Tt)− ϕ

(

Y τt ,−
1

2

∫ t

τ

Rτ (s, t)∂0λ∇Vλ(Y τs )ds
)] (6.18)

=E

[

ϕ(X0
t , Tt)− ϕ

(

Y τt ,−
1

2

∫ τ

0

R̃(s, t)∂0λ∇Vλ(X0
s )ds−

1

2

∫ t

τ

Rτ (s, t)∂0λ∇Vλ(Y τs )ds
)]

+ E

[

ϕ

(

Y τt ,−
1

2

∫ τ

0

R̃(s, t)∂0λ∇Vλ(X0
s )ds−

1

2

∫ t

τ

Rτ (s, t)∂0λ∇Vλ(Y τs )ds
)

−ϕ
(

Y τt ,−
1

2

∫ t

τ

Rτ (s, t)∂0λ∇Vλ(Y τs )ds
)]

.The �rst term in the right-hand side of (6.18) is smaller than 2‖ϕ‖∞P(X0
τ 6= Y ττ ) = ‖ϕ‖L∞(Ω)‖π0−

pτ (x)dx‖TV , whi
h 
onverges to 0 as τ goes to in�nity. Indeed, from Cau
hy-S
hwarz inequality
‖pτ (x)dx − π0‖TV ≤

(

∫

Ω

(

1− pτ (x)

e−V0(x)

)2

e−V0(x)dx

)1/2
(∫

Ω

e−V0(x)dx

)1/2

,



86 6 Sensibilité d'une di�usion par rapport à un paramètreand from Poin
aré inequality, the quantity ∫
Ω
(1 − pτ

e−V0
)2e−V0 vanishes as τ goes to in�nity.The se
ond term in (6.18) is smaller than E

[

2‖ϕ‖L∞(Ω) ∧
(

1
2 |ϕ|Lip ∫ τ0 ‖R̃(s, t)∂0λ∇Vλ(X0

s )‖ds
)].A dire
t adaptation of Lemma 6.3.4 shows that R̃(s, t) vanishes as t goes to in�nity, yielding fromLebesgue's theorem that the se
ond term in (6.18) vanishes as t goes to in�nity. One 
an thus
on
lude the proof by letting t and then τ go to in�nity.Proof (Proof of Proposition 6.3.5). Denote by µ the distribution of the initial 
ondition Xλ

0 . Fromassumption iv, whi
h is a hypoellipti
ity assumption on the pro
ess (X0
t , Tt), the 
onvergen
e indistribution in Lemma 6.3.6 a
tually holds almost surely in the Cesàro sense. Thus, one 
an write

lim
T→∞

∂0λ

(

1

T

∫ T

0

f(Xλ
t )dt

)

= lim
T→∞

1

T

∫ T

0

∇f(X0
t ) · Ttdt

=− 1

2
Eπ0

[

∇f(X0
0 ) ·

∫ ∞

0

R̃(0, t)∂0λ∇Vλ(X0
t )dt

]

=− 1

2

∫

Ω

∇f(x) ·
∫ ∞

0

Ex

[

R̃(0, t)∂0λ∇Vλ(X0
t )
]

dt e−V0(x)dx

=
1

2

∫

Ω

f(x)∇ ·
(∫ ∞

0

Ex

[

R̃(0, t)∂0λ∇Vλ(X0
t )
]

dt e−V0(x)

)

dx.The fun
tion Ex

[

R̃(0, t)∂0λ∇Vλ(X0
t )
] has an interpretation in terms of partial di�erential equation.Indeed, let v be the solution to the following partial di�erential equation :
{

∂tv = 1
2∆v − 1

2∇v · ∇V0
v0 = ∂0λVλ

.Then ∇v satis�es the following equation :
{

∂tu = 1
2∆u− 1

2∇u · ∇V0 − 1
2∇2V0u

u0 = ∂0λ∇Vλ
. (6.19)In the above formula, ∆u denotes the ve
tor whose 
oordinates are ∆ui, and ∇u · ∇V0 denotesthe ve
tor whose 
oordinates are ∇ui · ∇V0. By the Feynman-Ka
 formula,

∇vt(x) = Ex

[

R̃(0, t)∂0λ∇Vλ(X0
t )
]

.Indeed, let u satisfy equation (6.19) and apply It	o's formula to the pro
ess R̃(0, s)uit−s(X0
s ). Oneobtains that, for any i in {1, . . . , d},

R̃(0, t)ui0(X
0
t )− uit(X

0
0 )

−
∫ t

0

R̃(s, t)

(

−1

2
∇2V0u

i
t−s − ∂tu

i
t−s +

1

2
∆uit−s −

1

2
∇V0 · ∇uit−s

)

(Xs)ds (6.20)is a martingale. Sin
e u satis�es (6.19), then the integral in (6.20) is zero, and R̃(0, t)ui0(X0
t ) −

uit(X
0
0 ) is a martingale. Sin
e u0 = ∂0λ∇V0 and XO

0 = x almost surely under Ex, one obtains
ut(x) = Ex

[

R̃(0, t)∂0λ∇V (Xt)
]

.As a 
onsequen
e,
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lim
T→∞

∂0λ

(

1

T

∫ T

0

f(Xλ
t )dt

)

=

∫

Ω

f(x)∇ ·
(
∫ ∞

0

∇vt(x)dt e−V0(x)

)

dx

=

∫

Ω

f(x)

∫ ∞

0

e−V0(x) (∆vt(x) −∇vt(x) · ∇V0(x)) dt dx

=

∫

Ω

f(x)

∫ ∞

0

∂tvt(y)dt e
−V0(x)dx.The fun
tion vt 
onverges as t goes to in�nity to the mean value of v0 :

lim
t→∞

vt(x) =

∫

Ω

∂0λVλ(y)e
−V0(y)dy = ∂0λ

(∫

Ω

e−V0(y)dy

)

= 0.As a 
onsequen
e,
lim
T→∞

∂0λ

(

1

T

∫ T

0

f(Xλ
t )dt

)

= −
∫

Ω

f(x)∂0λVλ(x)e
−V0(x)dx =∂0λ

(∫

Ω

f(x)e−Vλ(x)dx

)

=∂0λ

(

lim
T→∞

1

T

∫ T

0

f(Xλ
t )dt

)

,
ompleting the proof for ergodi
 means. The proof is essentially the same for the 
onvergen
e ofthe time marginals, up to repla
ing 
onvergen
e of ergodi
 means by 
onvergen
e of the marginals.6.4 Numeri
al 
omputation and varian
e redu
tion through parti
le�lteringNumeri
ally, the 
omputation of (6.14) through the expression
∂0λ

(∫

Ω

fdπλ

)

= E[Tt · ∇f(X0
t )]
an be e�
iently performed provided Tt has a small varian
e. This is ensured under some assump-tions :Proposition 6.4.1 Assume that V0 is α-
onvex, for some positive α, and that ∂0λ∇Vλ is bounded.Then, Tt has a bounded varian
e uniformly in time.Proof. From Proposition 6.3.3, Tt has an expli
it form :

Tt = −1

2

∫ t

0

R(s, t)∂0λ∇Vλ(X0
s )ds.Sin
e V0 is α−
onvex R(s, t) ≤ e−α(t−s) holds. It is su�
ient to 
ontrol the expe
tation of T 2

t inorder to 
ontrol Var(Tt). One has
E[T 2

t ] =
1

4
E

[

(∫ t

0

R(s, t)∂0λ∇Vλ(X0
s )ds

)2
]

≤1

4
E

[

(

K

∫ t

0

e−α(t−s)ds

)2
]

<∞,so that Tt has a �nite varian
e.
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ti
e, the potential V0 is not 
onvex, and the se
ond term in the right hand side of (6.15)will provide exponential growth for Tt in the neighborhood of the saddle points and lo
al maximaof V0. As a 
onsequen
e, the ve
tor Tt will have a large varian
e.One 
an redu
e the varian
e of Tt by using a parti
le �lter, based on the following Feynman-Ka
representation :
E[∇f(Xt) · Tt] = E

[

∇f(Xtn)
Ttn

‖Ttn‖
‖Tt0‖

n
∏

k=1

‖Ttk‖
‖Ttk−1

‖

]where 0 < t0 ≤ t1 ≤ . . . ≤ tn = t. For a detailed overview of Feynman-Ka
 formulæ, see [27℄.A possible way to redu
e the varian
e of the ve
tor Tt is to use a resampling pro
edure. Theprin
iple is to simulate a large number N of 
opies of the system, and from time to time tokill some of the 
opies and to multiply other ones. The aim of this resampling is to have morepre
ision on the 
opies having a large tangent ve
tor by reprodu
ing them. As a 
onsequen
e atea
h resampling, N new 
opies of the system will be 
reated and evolve independently, but startingform position pi
ked at random amongst the positions before the resampling, the positions withthe larger Tt being the most likely to be 
hosen. One 
an think of two ways of 
hoosing at whattime performing the resampling : either with a pre-determined s
hedule, or when there is too mu
hdis
repan
y between the sizes of the di�erent tangent ve
tors.6.4.1 Parti
le �ltering with deterministi
 time gridIn this se
tion we present a resampling algorithm where the resamplings o

ur at ea
h step ofa pre-determined s
hedule 0 < t0 < t1 < . . . .1. Initialization : Up to time t0, run N independent 
opies of the sto
hasti
 di�erential equa-tion (6.13) for λ = 0 starting at x, and of the asso
iated tangent equation (6.15) starting at 0.Let (X̃ i
0, T̃

i
0)i=0,...,N be the result of those simulations, let T 0,i

0 = T̃ i0, and set k = 1.2. Iteration :a) Up to time tk, run N independent 
opies of the sto
hasti
 di�erential equation (6.13) for
λ = 0 starting at X̃ i

k−1, and of the asso
iated tangent equation (6.15) starting at T̃ ik−1.Let (X i
k, T

i
k)i=0,...,N be the result of those simulations.b) Randomly and independently 
hoose (X̃ i

k, T̃
i
k, ‖T 0,i

k ‖)i=1,...,N amongst the triples (X i
k, T

i
k, ‖T 0,i

k−1‖)i=1,...,N ,ea
h triple having a weight proportional to ‖T i
k‖

‖T̃ i
k−1

‖ .
) In
rement k and start again from step (a).The purpose of the number ‖T 0,i
k ‖ is to keep tra
k of the norm at time t0 of the parti
le labelled i.One 
annot set t0 = 0 sin
e the initial 
ondition of the tangent ve
tor is T0 = 0, preventing us fromdividing by ‖Tt0‖. This algorithm is designed to be unbiased, up to a 
omputable renormalization :Proposition 6.4.2 For all k ≥ 0, it holds that

E

[

k
∏

q=1

(

1

N

N
∑

i=1

‖T iq‖
‖T̃ iq−1‖

)

1

N

N
∑

i=1

∇f(X̃ i
k) ·

T̃ ik
‖T̃ ik‖

‖T 0,i
k ‖

]

= E[∇f(Xtk) · Ttk ]. (6.21)Proof. We are a
tually going to prove the following result : for any j in {0, . . . , k}

E

[

k
∏

q=1

(

1

N

N
∑

i=1

‖T iq‖
‖T̃ iq−1‖

)

1

N

N
∑

i=1

∇f(X̃ i
k) ·

T̃ ik
‖T̃ ik‖

‖T 0,i
k ‖

] (6.22)
=E

[

j
∏

q=1

(

1

N

N
∑

i=1

‖T iq‖
‖T̃ iq−1‖

)

1

N

N
∑

i=1

Ptk−tjϕ
(

X̃ i
j , T̃

i
j

) ‖T 0,i
j ‖

‖T̃ ij‖

]

,
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le �ltering 89where Pt denotes the semi-group of the Markov Pro
ess (Xt, Tt)t≥0, and ϕ denotes the fun
tion
ϕ(x, t) = ∇f(x) · t. Equation (6.22) gives the desired result for j = 0.Equation (6.22) is trivial for j = k. Now, let 0 < j ≤ k. One has, be
ause of the 
hoi
e ofweights for the resampling,

E

[

j
∏

q=1

(

1

N

N
∑

i=1

‖T iq‖
‖T̃ iq−1‖

)

1

N

N
∑

i=1

Ptk−tjϕ(X̃
i
j , T̃

i
j )
‖T 0,i

j ‖
‖T̃ ij‖

]

=E

[

j−1
∏

q=1

(

1

N

N
∑

i=1

‖T iq‖
‖T̃ iq−1‖

)

1

N

N
∑

i=1

Ptk−tjϕ(X
i
j , T

i
j )
‖T 0,i

j−1‖
‖T ij‖

×
‖T ij‖
‖T̃ ij−1‖

]

=E

[

j−1
∏

q=1

(

1

N

N
∑

i=1

‖T iq‖
‖T̃ iq−1‖

)

1

N

N
∑

i=1

Ptk−tjϕ(X
i
j , T

i
j )
‖T 0,i

j−1‖
‖T̃ ij−1‖

]

.Now, applying the Markov property, it holds that
E

[

j−1
∏

q=1

(

1

N

N
∑

i=1

‖T iq‖
‖T̃ iq−1‖

)

1

N

N
∑

i=1

Ptk−tjϕ(X
i
j , T

i
j )
‖T 0,i

j−1‖
‖T̃ ij−1‖

]

=E

[

j−1
∏

q=1

(

1

N

N
∑

i=1

‖T iq‖
‖T̃ iq−1‖

)

1

N

N
∑

i=1

E
[

Ptk−tjϕ(X
i
j , T

i
j )|(X i

q, T
i
q)0≤q≤j−1

] ‖T 0,i
j−1‖

‖T̃ ij−1‖

]

=E

[

j−1
∏

q=1

(

1

N

N
∑

i=1

‖T iq‖
‖T̃ iq−1‖

)

1

N

N
∑

i=1

Ptj−tj−1Ptk−tjϕ(X
i
j−1, T

i
j−1)

‖T 0,i
j−1‖

‖T̃ ij−1‖

]

=E

[

j−1
∏

q=1

(

1

N

N
∑

i=1

‖T iq‖
‖T̃ iq−1‖

)

1

N

N
∑

i=1

Ptk−tj−1ϕ(X
i
j−1, T

i
j−1)

‖T 0,i
j−1‖

‖T̃ ij−1‖

]

.As a 
onsequen
e equation (6.22) holds by indu
tion.6.4.2 Parti
le �ltering with random time gridIn se
tion 6.4.1, the times at whi
h a resampling was performed were 
hosen a priori. It ispossible to adapt our algorithm in order to resample at better 
hosen times, that may depend onthe result on the traje
tory. The purpose of the resampling is to redu
e varian
e, when a parti
lehas a dominant weight. It 
ould thus be a good idea to resample when the weights have be
ometoo unbalan
ed.Let (wi)i=1...N be a family of weights (that is wi ≥ 0 and∑iwi = 1). Then the entropy of theweights
H(w) =

∑

i

wi log(Nwi)is a nonnegative number, thanks to Jensen's inequality, and is equal to zero if and only if wi = 1
Nfor all i. H(w) is maximal when all wi are 0 ex
ept for one index i0 su
h that wi0 = 1, and then

H(w) = logN. Hen
e the entropy is a good measure for the �nonuniformity� of a distribution.Consequently, we 
an perform the algorithm of se
tion 6.4.1, but with random times (ti)i≥1
orresponding to instants when the relative entropy of the weights is too large, for example, assoon as the entropy is greater than 1
2 logN . More pre
isely, t0 is a deterministi
 positive time, and

tk+1 = inf







t ≥ tk, H





(

‖T ik‖
‖T̃ ik−1‖

)

i=1...,N



 ≥ 1

2
logN







.
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le mergingThe 
ouple (Tt, Xt) is measurable with respe
t to the σ−�eld generated by the random variables
Xs, and Wt

s := (Wr)s≤r≤t. As a 
onsequen
e, one 
an write Xt and Tt as measurable fun
tions of
(Xs,Wt

s). We denote
Xt = F (Xs,Wt

s), and Tt = G(Xs,Wt
s)Ts +H(Xs,Wt

s.)Indeed, in view of the equality (6.16) and using the semigroup property of R(s, t), one 
an seethat Tt is an a�ne fun
tion of Ts. Conditioning with respe
t to (Xs,Wt
s), one has

E[∇f(Xt) · Tt] =E
[

∇f(F (Xs,Wt
s)) ·

(

G(Xs,Wt
s)Ts +H(Xs,Wt

s)
)]

=E
[

E
[

∇f(F (Xs,Wt
s)) ·

(

G(Xs,Wt
s)Ts +H(Xs,Wt

s)
)

|Xs,Wt
s

]]

=E[∇f(F (Xs,Wt
s)) ·

(

G(Xs,Wt
s)E[Ts|Xs,Wt

s] +H(Xs,Wt
s)
)

].From the independen
e of Ts and Wt
s, one 
an �nally write

E[∇f(Xt) · Tt] = E[∇f(F (Xs,Wt
s)) ·

(

G(Xs,Wt
s)E[Ts|Xs] +H(Xs,Wt

s)
)

].As a 
onsequen
e, if one de�nes T̃t to be the solution to
{

∂tT̃t = − 1
2∂

0
λ∇Vλ(X0

t )− 1
2∇2V0(X

0
t )T̃t

T̃s = E[Ts|Xs]
, t ≥ sthen, for any t ≥ s,

E[∇f(Xt) · Tt] = E[∇f(Xt) · T̃t]As a 
onsequen
e, repla
ing the tangent ve
tor Tt by its 
onditional expe
tation E[Ts|Xs] does nota�e
t the value of the expe
tation. It is thus possible during the numeri
al simulation to merge
lose parti
les and asso
iate the obtained parti
le with a tangent ve
tor equal to the mean of themerged parti
les.6.4.4 Numeri
sThe parti
le method des
ribed in se
tion 6.4.1 has been studied numeri
ally on the followingtoy model. Let (Vλ)λ∈R be the following family of potentials
Vλ(x) = 1|x|>1(x− sgn(x))2 + 1|x|≤1λ(x

2 − 1)2,
orresponding to a potential quadrati
 at in�nity with a double well. The parameter λ des
ribesthe height of the potential barrier between the two wells. The graph of these fun
tions is plottedon Figure 6.1, for λ = 0.8 (lower 
urve), λ = 1 (middle 
urve) and λ = 1.2 (upper 
urve).On Figure 6.2, an approximation of
∂λ

(

∫

R
x2e−Vλ(x)dx
∫

R
e−Vλ(x)dx

) (6.23)at λ = 1 has been 
omputed with two di�erent methods :� on the left, through a Monte Carlo method with 20000 independent realizations of a Langevinpro
ess on the time interval [0, 10], relying on the ergodi
ity of the Langevin dynami
s withrespe
t to the measure e−Vλ ;� on the right, the with the resampling pro
edure des
ribed in 6.4.1, also with 20000 parti
les.There have been four resampling at regular steps on the interval [0, 10].
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Fig. 6.1. Graph of the potential Vλ for λ with respe
tive values 0.8, 1, and 1.2.The exa
t value of the derivative (6.23) has been plotted on Figure 6.2 as an horizontal line.The 
urve is the approximate value 
omputed in real time, with a 95% 
on�den
e interval.The 
on�den
e intervals have been 
omputed using 400 independent realizations of the de-s
ribed algorithm. At �nal time t = 10, the varian
e is 0.0155 without resampling, and 0.0038with resampling.

Fig. 6.2. Approximation of (6.23). Left : using a Monte Carlo pro
edure on a Langevin dynami
s. Right :using resampling.





Partie IV
Interprétation probabiliste d'une équation hyperbolique





7Convergen
e d'une approximation parti
ulaire pour une loide 
onservation s
alaire fra
tionnaire
Résumé : Dans 
ette partie, nous nous intéressons à l'approximation de lois de 
onservations
alaires par des systèmes de parti
ules en intera
tion probabiliste. Ces lois de 
onservation pour-ront in
lure un terme de di�usion d'ordre non entier α ∈ (0, 2]. Quand α ≤ 1 ou si le terme dedi�usion est absent (équation non visqueuse), la solution de la loi de 
onservation se 
ara
térise parune formulation entropique. L'interprétation probabiliste de la loi de 
onservation fra
tionnaireest basée sur une équation di�érentielle sto
hastique dirigée par un pro
essus de Lévy α−stableet 
omportant un terme de dérive non-linéaire au sens de M
Kean. L'approximation parti
ulaire
orrespondante est 
onstruite en dis
rétisant l'équation en temps grâ
e à un s
héma d'Euler et enremplaçant la non linéarité par une intera
tion entre les parti
ules. À 
haque parti
ule est a�e
téun signe dépendant de sa 
ondition initiale. À 
haque pas de dis
rétisation, on tue les éventuels
ouples de parti
ules su�samment pro
hes ayant des signes opposés, puisque la 
ontribution des
roisements de tels 
ouples de parti
ules aurait le mauvais signe au vu de la formulation entropique.Nous prouvons la 
onvergen
e de l'approximation parti
ulaire de la loi de 
onservation quand lenombre de parti
ules tend vers l'in�ni, alors que la distan
e de meurtre, le pas de temps, et dans le
as non-visqueux, le 
oe�
ient de di�usion tendent vers 0 dans des proportions pré
ises dépendantde la position relative de α et de sa valeur 
ritique 1.Mots-Clés : Equations aux dérivées partielles non-linéaires, systèmes de parti
ules en intera
tion,s
héma d'Euler, pro
essus de Lévy α-stables.Abstra
t : In this 
hapter, we are interested in approximating the solution to s
alar 
onservationlaws using systems of intera
ting sto
hasti
 parti
les. The s
alar 
onservation law may involve afra
tional Lapla
ian term of order α ∈ (0, 2]. When α ≤ 1 as well as in the absen
e of this term(invis
id 
ase), its solution is 
hara
terized by entropi
 inequalities. The probabilisti
 interpre-tation of the s
alar 
onservation law is based on a sto
hasti
 di�erential equation driven by an
α-stable pro
ess and involving a drift nonlinear in the sense of M
Kean. The parti
le system is
onstru
ted by dis
retizing this equation in time by the Euler s
heme and repla
ing the nonlin-earity by intera
tion. Ea
h parti
le 
arries a signed weight depending on its initial position. Atea
h dis
retization time we kill the 
ouples of parti
les with opposite weights and positions 
loserthan a threshold sin
e the 
ontribution of the 
rossings of su
h parti
les has the wrong sign inthe derivation of the entropi
 inequalities. We prove 
onvergen
e of the parti
le approximationto the solution of the 
onservation law as the number of parti
les tends to in�nity whereas thedis
retization step, the killing threshold and, in the invis
id 
ase, the 
oe�
ient multiplying thestable in
rements tend to 0 in some pre
ise asymptoti
s depending on whether α is larger than
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α-stable Lévy pro
esses.



7 Approximation parti
ulaire pour une loi de 
onservation s
alaire fra
tionnaire 97Introdu
tionWe are interested in providing a numeri
al probabilisti
 s
heme for the fra
tional s
alar 
on-servation law of order α
∂tv(t, x) + σα(−∆)

α
2 v(t, x) + ∂xA(v(t, x)) = 0, (t, x) ∈ R+ × R, (7.1)where −(−∆)

α
2 is the fra
tional Lapla
ian operator of order 0 < α ≤ 2 (de�ned in Se
tion 2),and A is a fun
tion of 
lass C1 from R to R. We also 
onsider the equation obtained by letting

σ → 0 in (7.2), namely the invis
id 
onservation law
∂tv(t, x) + ∂xA(v(t, x)) = 0, (t, x) ∈ R+ × R. (7.2)These equations have already been studied intensively from a deterministi
 point of view, seefor example [5, 12, 13, 22, 23, 33℄ and referen
es therein.In [36, 39℄, these equations are interpreted as Fokker-Plan
k equations asso
iated with somesto
hasti
 di�erential equations nonlinear in the sense of M
Kean, whi
h 
an be approximatedby a parti
le system. Intera
ting parti
le systems have already been used for the study of generalnonlinear Markov semigroups in [42, 43℄. However, in our setting, the dependen
e of the drift inthe law of the solution is not regular enough for dire
tly applying those results.We introdu
e an Euler time dis
retization of the parti
le system and show the 
onvergen
e of itsempiri
al 
umulative distribution fun
tion to the solution of (7.1). We also study its 
onvergen
eto the solution of (7.2) as the parameter σ goes to 0.Euler s
hemes for vis
ous 
onservation laws have already been studied in [14℄, [15℄, [17℄ and [18℄,where a 
onvergen
e rate of 1/√N +∆t is derived in the 
ase α = 2, N denoting the number ofparti
les, and ∆t being the time step.To give the probabilisti
 interpretation to (7.1) we 
onsider the spa
e derivative u = ∂xv of asolution v to equation (7.1), whi
h formally satis�es
∂tut = −σα(−∆)

α
2 ut − ∂x (A

′(H ∗ ut)ut) , (7.3)where H = 1[0,∞) denotes the Heaviside fun
tion. When u0 is a probability measure, that is, whenthe initial 
ondition v0 of Equation (7.1) is a 
umulative distribution fun
tion, Equation (7.3) isthe Fokker-Plan
k equation asso
iated with the following nonlinear sto
hasti
 di�erential equation
{

dXt = σdLαt +A′(H ∗ ut(Xt))dt

ut = law of Xt

,where Lαt is a Markov pro
ess with generator −(−∆)
α
2 , namely √

2 times a Brownian motion for
α = 2, and a stable Lévy pro
ess with index α in the 
ase α < 2, that is to say a pure jump Lévypro
ess whose Lévy measure is given by cαdy/|y|1+α, where cα is some positive 
onstant.We 
an still give a probabilisti
 interpretation to Equation (7.1) if the initial 
ondition v0 hasbounded variation, is right 
ontinuous and is not 
onstant. Indeed, in that 
ase v0 
an be writtenas v0(x) = a +

∫ x

−∞ du0(y) = a + H ∗ u0(x) for some �nite measure u0. By repla
ing v0(x) by
(v0(x)− a) (|u0|(R))−1 and A(x) by A(a + x|u0|(R))(|u0|(R))−1 in (7.1) (|u0| denoting the totalvariation of the measure u0), one 
an assume without loss of generality that a = 0 and that |u0|is a probability measure. We denote by γ = du0/d|u0| the Radon-Nikodym density of u0 withrespe
t to its total variation. Noti
e that γ takes values in {±1}.Then, Equation (7.3) is the Fokker-Plan
k equation asso
iated with

{

dXt = σdLαt +A′(H ∗ P̃t(Xt))dt

P = law of X , (7.4)



98 7 Approximation parti
ulaire pour une loi de 
onservation s
alaire fra
tionnairewhere P̃ denotes the measure de�ned on the Skorokhod spa
e D of 
àdlàg fun
tions from [0,∞)to R by its Radon-Nikodym density dP̃ /dP = γ(f(0)), with f the 
anoni
al pro
ess on D, and P̃tdenotes its time marginal at time t, i.e the measure de�ned by P̃t(B) =
∫

D γ(f(0))1B(f(t))dP (f),for any B in the Borel σ−�eld of R.The rest of the paper is organized as follows :In Se
tion 1 we de�ne the parti
le approximation for the sto
hasti
 di�erential equation (7.4).Se
tion 2 is devoted to the de�nition of the di�erent notions of solutions used in the arti
le.In Se
tion 3, we analyze the 
onvergen
e of the time-dis
retized parti
le system to the solution ofthe 
onservation law in di�erent settings : for a 
onstant or vanishing di�usion 
oe�
ient and anyvalue of 0 < α ≤ 2.Finally, we present some numeri
al simulations in Se
tion 4. Those simulations are 
ompared withthe results of a deterministi
 method des
ribed in [29℄.In the following, the letter K denotes some positive 
onstant whose value 
an 
hange from lineto line.7.1 The parti
le approximationIn this se
tion we 
onstru
t a dis
retization of (7.4) 
onsisting of both a parti
le approximationin order to approximate the law of the solution and an Euler dis
retization to make the parti
lesevolve in time. The idea is to introdu
e N parti
lesXN,1, . . . , XN,N whi
h are N intera
ting 
opiesof the sto
hasti
 di�erential equation (7.4), where the a
tual law P of the pro
ess is repla
ed bythe empiri
al distribution of the parti
les N−1
∑N

i=1 δXN,i.In 
ontinuous time, those parti
les are driven by N independent Brownian motions or sta-ble Lévy pro
esses with index α and undergo a drift given by A′(H ∗ µ̃Nt (.)), with µ̃Nt =

N−1
∑N
i=1 γ(X

N,i
0 )δXN,i

t
. The natural way to introdu
e the measure µ̃Nt in the dynami
s is togive ea
h parti
le a signed weight equal to the evaluation of γ at the initial position of the parti-
le. Then, H ∗ µ̃Nt (x) is simply given by the sum of weights of parti
les situated left from x.The entropy solution to (7.1) has a nonin
reasing total variation (see [3℄), whi
h 
an be inter-preted probabilisti
ally as a 
ompensation of merging sample paths having opposite signs. For amore pre
ise statement in the 
ase α = 2, see Lemma 2.1 in [36℄. It is thus natural to adapt thisbehavior in our parti
le approximation by killing any merging 
ouple of parti
les with oppositesigns.In [36℄ Jourdain proves, for α = 2 in 
ontinuous time, the 
onvergen
e of the parti
le systemto the solution of the nonlinear sto
hasti
 di�erential equation through a propagation-of-
haosresult. Moreover, the 
onvergen
e of the signed 
umulative distribution fun
tion H ∗ µ̃Nt to thesolution to Equation (7.1) is also proved, as well as 
onvergen
e to the solution to the invis
idequation as σ → 0. In [39℄ the same results are generalized to the 
ase 1 < α < 2, assuming γ = 1in the 
ase of a vanishing vis
osity. However, the existen
e of both the nonlinear pro
ess and theparti
le system is a mu
h more 
hallenging problem in the 
ase α ≤ 1, sin
e the driving Lévypro
ess is somehow weaker than the drift. This remains, to our knowledge, an open question. Evenre
ent papers treating sto
hasti
 di�erential equations in
luding a drift term only deal with the
ase α > 1 ; see for example [57, 73℄.A natural way to ensure existen
e of the approximation is to transpose the problem into dis
retetime using an Euler dis
retization. In dis
rete time, the probability of seeing two parti
les a
tuallymerging is 0. To adapt the murders from the 
ontinuous time setting, we thus kill, at ea
h timestep, any 
ouple of parti
les with opposite signs separated by a distan
e smaller than a giventhreshold εN going to zero as N goes to ∞. However, one has to be 
areful, sin
e one 
an havemore than two parti
les lying in a small interval of length εN . To be pre
ise, the parti
les arekilled in the following way : kill the leftmost 
ouple of parti
les at 
onse
utive positions separatedby a distan
e smaller than the threshold εN and with opposite signs. Then, re
ursively apply the



7.2 Notion of solutions 99same algorithm to the remaining parti
les. This 
an be done with a 
omputational 
ost of order
O(N). The essential properties satis�ed by this killing pro
edure are the following :� to ea
h killed parti
le is atta
hed another killed parti
le, whi
h has opposite sign and lies ata distan
e at most εN from the �rst parti
le.� after the killing there is no 
ouple of parti
les with opposite signs in a distan
e smallerthan εN .� the ex
hangeability of the parti
les is preserved.� after the murder, the quantity H ∗ µ̃Nt (XN,i

t ) remains the same for any surviving parti
le.We are going to des
ribe the killed pro
esses by a 
ouple (f, κ) in the spa
e K = D× [0,∞] of
àdlàg fun
tions f from [0,∞) to R endowed with a death time κ ∈ [0,∞]. The spa
e K is endowedwith the produ
t metri
 d((f, κf ), (g, κg)) = dS(f, g) + | arctan(κf )− arctan(κg)|, where dS is theSkorokhod metri
 on D, so that (K, d) is a 
omplete metri
 spa
e. It 
ould seem more natural to
onsider the spa
e D([0,∞),R ∪ {∂}) of paths taking values in R endowed with a 
emetery point
∂. However the 
orresponding topology is too strong for proving Proposition 7.3.4.The pre
ise des
ription of the pro
ess is the following : ea
h parti
le will be represented by a
ouple (XN,i, κNi ) ∈ K. Let (X i

0)i∈N be a sequen
e of independent random variables with 
ommondistribution |u0| and let hN > 0 denote the time step of the Euler s
heme. At time 0, kill theparti
les a

ording to the pre
eding rules, that is to say, set κNi = 0 for killed parti
les, whi
h willnot move anymore. Those parti
les will not be taken into a

ount anymore. Now, by indu
tion,suppose that the parti
le system has been de�ned up to time khN , and kill the parti
les a

ordingto the pre
eding rules (i.e. set κNi = khN and XN,i
t = XN,i

khN
for all t ≥ khN , if the parti
le withindex i is one of those). Then let the parti
les still alive evolve up to time (k +1)hN a

ording to

dXN,i
t = A′





1

N

∑

κN
j >khN

γ(Xj
0)1XN,j

khN
≤XN,i

khN



dt+ σNdLit,where (Li)i∈N is a sequen
e of independent α-stable Lévy pro
esses for α < 2, or a sequen
e ofindependent 
opies of √2 times Brownian motion, whi
h are independent of the sequen
e (X i
0)i∈N.The parti
le system is thus well-de�ned, by indu
tion.Let µN = N−1

∑N
i=1 δ(XN,i,κN

i ) ∈ P(K) be the empiri
al distribution of the parti
les. For aprobability measure Q on K and t ≥ 0, we de�ne a signed measure Q̃t on R by
Q̃t(B) =

∫

K
1B(f(t))1κ>tγ(f(0))dQ(f, κ),for any B in the Borel σ−�eld of R. With these notations, on the interval [khN , (k + 1)hN), aparti
le, provided it is still alive, satis�es

dXN,i
t = A′

(

H ∗ µ̃NkhN

(

XN,i
khN

))

dt+ σNdLit.Noti
e that the sum of the weights of alive parti
les µ̃Nt (R) = N−1
∑

κN
i >t

γ(X i
0) is 
onstant intime, sin
e the parti
les are killed by 
ouples of opposite signs.7.2 Notion of solutionsIn this se
tion, we re
all the di�erent notions of solutions that are asso
iated with the equa-tions (7.1) and (7.2). Indeed, due to the sho
k-
reating term ∂x(A(ut)), the notion of weak solutionis too weak, and does not provide uniqueness when the di�usion term is not regularizing enough.The best suited notion in those 
ases is the notion of entropy solution.
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ulaire pour une loi de 
onservation s
alaire fra
tionnaireIn [44℄, Kruzhkov shows that for v0 ∈ L∞((0,∞)) existen
e and uniqueness hold for entropysolutions to (7.2), de�ned as fun
tions v ∈ L∞((0,∞) × R) satisfying, for any smooth 
onvexfun
tion η, any nonnegative smooth fun
tion g with 
ompa
t support on [0,∞) × R and any ψsatisfying ψ′ = η′A′, the entropi
 inequality
∫

R

η(v0)g0 +

∫ ∞

0

(∫

R

η(vt)∂tgt + ψ(vt)∂xgt

)

dt ≥ 0. (7.5)It is well known that this entropy solution 
an be obtained as the limit of weak solutions to (7.1)as σ → 0 in the 
ase α = 2.Weak solutions to (7.1) (see [36℄) are de�ned as fun
tions v ∈ L∞((0,∞) × R) satisfying, forall smooth fun
tions g with 
ompa
t support in [0,∞)× R,
∫

R

v0g0 +

∫ ∞

0

∫

R

vt∂tgtdt− σα
∫ ∞

0

∫

R

vt(−∆)
α
2 gtdt+

∫ ∞

0

∫

R

A(vt)∂xgtdt = 0. (7.6)For α < 2, we denote by (−∆)
α
2 the fra
tional symmetri
 di�erential operator of order α that
an be de�ned through the Fourier transform :

̂(−∆)
α
2 u(ξ) = |ξ|αû(ξ).An equivalent de�nition for (−∆)

α
2 uses an integral representation

(−∆)
α
2 u(x) = −cα

∫

R

u(x+ y)− u(x)− 1|y|≤ru
′(x)y

|y|1+α dyfor any r ∈ (0,∞) and some �xed 
onstant cα (see [31℄), depending on the de�nition of the Fouriertransform.In [36℄ and [39℄, it has been proven, using probabilisti
 arguments, that existen
e and uniquenesshold for weak solutions of (7.1), for 1 < α ≤ 2. Similar results had already been proven in [30℄using analyti
 arguments. However, for 0 < α ≤ 1, the di�usive term of order α in (7.1) is somehowdominated by the sho
k-
reating term, whi
h is of order 1, so that a weak formulation does notensure uniqueness for the solution. We thus have to strengthen the notion of solution, and useentropy solutions to (7.1), de�ned in [3℄ as fun
tions v in L∞((0,∞)× R) satisfying the relation
∫

R

η(v0)g0 +

∫ ∞

0

∫

R

(η(vt)∂tgt + ψt(vt)∂xgt) dt

+ cα

∫ ∞

0

∫

R

∫

{|y|>r}
η′(vt(x))

vt(x + σy)− vt(x)

|y|1+α gt(x)dydxdt (7.7)
+ cα

∫ ∞

0

∫

R

∫

{|y|≤r}
η(vt(x))

gt(x + σy)− gt(x) − σy∂xgt(x)

|y|1+α dydxdt ≥ 0for any r > 0, any nonnegative smooth fun
tion g with 
ompa
t support in [0,∞)×R, any smooth
onvex fun
tion η : R → R and any ψ satisfying ψ′ = η′A′. Noti
e that from the 
onvexity of η,the entropi
 formulation (7.7) for a parameter r implies the entropi
 formulation with parameter
r′ > r. Also noti
e that, using the fun
tions η(x) = ±x, an entropy solution to (7.1) is a weaksolution to (7.1).In [3℄, Alibaud shows that existen
e and uniqueness hold for entropy solutions of (7.1) pro-vided that the initial 
ondition v0 lies in L∞(R). The entropy solution then lies in the spa
e
C
(

[0,∞),L1(dx/(1 + x2))
). He also proves that the entropy solution to (7.1) 
onverges to theentropy solution to (7.2) in the spa
e C([0, T ],L1lo
(R)) as σ → 0.



7.3 Statement of the results 1017.3 Statement of the resultsThe aim of this arti
le is to prove the three following 
onvergen
e results, ea
h one 
orrespond-ing to a parti
ular setting.Theorem 7.3.1 Assume 0 < α ≤ 1. Let σN ≡ σ be a 
onstant sequen
e. Let εN and hN be twosequen
es going to zero and satisfying the inequalities
N−λ ≤ 4 sup

[−1,1]

|A′|hN ≤ εN , and N−1/α ≤ N−1/λεNfor some positive λ. For α = 1, also assume hN ≤ εNN
−1/λ. Then, for any T > 0,

lim
N→∞

∫ T

0

E
∥

∥H ∗ µ̃Nt − vt
∥

∥

L1
(

dx
1+x2

) dt = 0,where vt denotes the entropy solution to the fra
tional 
onservation law (7.1).Theorem 7.3.2 Let εN , hN and σN be three sequen
es going to zero su
h that
N−λ ≤ 4 sup

[−1,1]

|A′|hN ≤ εNfor some λ > 0. If α > 1, also assume σN ≤ ε
1− 1

α

N N− 1
λ . Then, for any T > 0,

lim
N→∞

∫ T

0

E
∥

∥H ∗ µ̃Nt − vt
∥

∥

L1
(

dx
1+x2

) dt = 0,where vt denotes the entropy solution to the invis
id 
onservation law (7.2).The additional assumption for α > 1 
omes from the fa
t that in this 
ase, the dominant term isthe di�usion, while in the limit there is no di�usion anymore. The assumption ensures that thedi�usion is weak enough not to perturb the approximation. For α ≤ 1, the dominant term is thedrift, as in the limit, so that no additional 
ondition is needed.Theorem 7.3.3 Assume 1 < α ≤ 2. Let σN ≡ σ be a 
onstant sequen
e, and let εN and hN betwo sequen
es going to zero. Then, for any T > 0,
lim
N→∞

∫ T

0

E
∥

∥H ∗ µ̃Nt − vt
∥

∥

L1
(

dx
1+x2

) dt = 0,where vt denotes the weak solution to the fra
tional 
onservation law (7.1).In order to prove those three theorems, we will have to 
ontrol the probability of seeing parti
lesmerging. In the 
ase α < 2, this is mainly due to the 
onjun
tion of the small jumps of the stablepro
ess and the drift 
oe�
ient, while the large jumps of the stable term do not play an essentialrole. As a 
onsequen
e, for α < 2, we 
onsider another family of evolutions 
oin
iding with theEuler s
heme on the time dis
retization grid, for whi
h we 
onsider di�erently the jumps whi
hare smaller or larger than a given threshold r. The 
hoi
e of this parameter has to be linked to theparameter r appearing in the entropi
 formulation (7.7), sin
e they play a similar role : the thirdterm in (7.7) 
orresponds to the e�e
t of jumps larger than r in the driving Lévy pro
ess and thefourth term 
orresponds to jumps smaller than r. This evolution is designed so that on the �rsthalf of ea
h time step, the pro
ess will evolve a

ording to the drift and the small jumps, and onthe se
ond half of ea
h time step, it will evolve a

ording to the large jumps. More pre
isely, let
νi(dy, dt) =

∑

∆Li
t 6=0

δ(∆Li
t,t)
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ulaire pour une loi de 
onservation s
alaire fra
tionnairebe the jump measure asso
iated with the Lévy pro
ess Li and let
ν̃i(dy, dt) = νi(dy, dt)− cα

dydt

|y|1+αbe the 
orresponding 
ompensated measure, so that
Lit =

∫

(0,t]×{|y|>r}
yνi(dy, dt) +

∫

(0,t]×{|y|≤r}
yν̃i(dy, dt),where the right hand side does not depend on r. We de�ne the pro
ess XN,i,r by

XN,i,r = X i
0 + σNL

N,i,r + σNΛ
N,i,r +AN,i,where :� LN,i,rt is the large jumps part de�ned by

LN,i,rt =

∫

(0,a(t)]×{|y|>r}
yνi(dy, ds),where a(t) =

{

khN for t ∈ [khN , (k + 1/2)hN ]

khN + 2(t− (k + 1/2)hN) for t ∈ [(k + 1/2)hN , (k + 1)hN ]
. This pro
essis 
onstant on intervals [khN , (k+1/2)hN ] and behaves like a Lévy pro
ess with jump measure

1|y|>r2cαdy/|y|1+α on intervals [(k + 1/2)hN , (k + 1)hN ].� ΛN,i,rt is the small jumps part, de�ned by
ΛN,i,rt =

∫

(0,b(t)]×{|y|≤r}
ν̃i(dy, ds),where b(t) = {khN + 2(t− khN ) for t ∈ [khN , (k + 1/2)hN ]

(k + 1)hN for t ∈ [(k + 1/2)hN , (k + 1)hN ]
. This term behaves likea Lévy pro
ess with jump measure 1|y|≤r2cαdy/|y|1+α on intervals [khN , (k+1/2)hN ] and is
onstant on intervals [(k+1/2)hN , (k+1)hN ]. Noti
e that the pro
ess ΛN,i,r is a martingale.� AN,i is the drift part, whi
h satis�esAN,i

0 = 0, is 
onstant over ea
h interval [(k+1/2)hN , (k+

1)hN ], and evolves as a pie
ewise a�ne pro
ess with derivative 2A′(H ∗ µ̃NkhN
(XN,i

khN
)) onintervals [khN , (k + 1/2)hN ].One 
an 
he
k that for any r, the pro
ess (XN,1,r, . . . , XN,N,r) is equal to (XN,1, . . . , XN,N) onthe time dis
retization grid up to the killing time. Conditionally on the positions of the parti-
les at time khN , the parti
les evolve independently on [khN , (k + 1)hN ], and the evolution on

[khN , (k+1/2)hN ] is independent of the evolution on [(k+1/2)hN , (k+1)hN ]. Sin
e the entropi
formulation (7.7) with parameter r is stronger than the one with parameter r′ ≥ r, we have tomake the parameter r tend to zero in order to prove the entropi
 formulation for any parameter.However, this 
onvergen
e has to satisfy some 
onditions with respe
t to N, hN and εN . We willexplain later why a suitable sequen
e rN exists under the 
onditions given in the statement ofTheorem 7.3.1.In order to prove Theorems 7.3.1 and 7.3.2, we introdu
e µN,r, the empiri
al distribution ofthe pro
esses (XN,i,r, κNi ) :
µN,r =

1

N

N
∑

i=1

δ(XN,i,r,κN
i ) ∈ P(K),and πN,r, the law of µN,r.



7.3 Statement of the results 103The following proposition is the �rst step in the proof of Theorems 7.3.1, 7.3.2 and 7.3.3.Proposition 7.3.4 � Assume α < 2. For any bounded sequen
es (hN ), (σN ) and (εN ), andfor any sequen
e (rN ), the family of probability measures (πN,rN )N∈N is tight in P(P(K)).� Denote by πN the law of µN . For any bounded sequen
es (hN ), (σN ) and (εN ), the familyof probability measures (πN )N∈N is tight in P(P(K)).Proof. We �rst 
he
k the tightness of the family (πN,rN )N∈N.As stated in [64℄, 
he
king the tightness of the sequen
e πN,rN boils down to 
he
king thetightness of the sequen
e (Law(XN,1,rN , κN1 )). Owing to the produ
t-spa
e stru
ture, we 
an 
he
ktightness for XN,1,rN and κN1 separately.Of 
ourse, tightness for κN1 is straightforward sin
e it lies on the 
ompa
t spa
e [0,∞], and itis enough to 
he
k tightness for the laws of the path (XN,1,rN ). For simpli
ity, we will assume that
A = 0, whi
h is not restri
tive sin
e A′ is a bounded fun
tion so that the perturbation indu
edby A belongs to a 
ompa
t subset of the spa
e of 
ontinuous fun
tions, from As
oli's theorem (alsonoti
e that the addition fun
tional fromD×C([0,∞)) toD is 
ontinuous). We use Aldous's 
riterionto prove tightness (see [2℄). First, the sequen
es (XN,1,rN

0 )N∈N and (sup[0,T ] |∆XN,1,rN |)N∈N aretight, sin
e (XN,1,rN
0 ) is 
onstant in law and (sup[0,T ] |∆XN,1,rN |

)

N
is dominated by the identi
allydistributed sequen
e

(

(

sup
N
σN

)

sup
[0,T+supN hN ]

∣

∣∆L1
∣

∣

)

N

.Then let τN be a stopping time of the natural �ltration of XN,1,rN taking �nitely many values,and let (δN )N∈N be a sequen
e of positive numbers going to 0 as N → ∞. One 
an write
P
(∣

∣

∣X
N,1,rN
τN+δN

−XN,1,rN
τN

∣

∣

∣ ≥ ε
)

≤P
(

σN

∣

∣

∣Λ
N,1,rN
τN+δN

− ΛN,1,rNτN

∣

∣

∣ ≥ ε/2
)

+ P
(

σN

∣

∣

∣L
N,1,rN
τN+δN

− LN,1,rNτN

∣

∣

∣ ≥ ε/2
) (7.8)

≤P

(

sup
t∈[0,δN ]

σN |L≤rN
t | ≥ ε/2

)

+ P

(

sup
t∈[0,δN ]

σN |L>rNt | ≥ ε/2

)

,where
L≤r
t =

∫

(0,t]×{|y|≤r}
yν̃(dy, dt) and L>rt =

∫

(0,t]×{|y|>r}
yν(dy, dt),the measure ν being the jump measure of some Lévy pro
ess L with Lévy measure 2cαdy/|y|1+α,and ν̃ is the 
ompensated measure of ν. Now, using the maximal inequality for the martin-gale (L≤rN

t )t∈[0,δN ], noti
ing that (L≤r
δN

)r∈[0,1] is also a martingale, we dedu
e
P

(

sup
t∈[0,δN ]

|L≤rN
t | ≥ ε/2σN

)

≤ sup
r∈[0,supN rN ]

P

(

sup
t∈[0,δN ]

|L≤r
t | ≥ ε/2σN

)

≤ 2σNε
−1 sup

r∈[0,supN rN ]

E
(

|L≤r
δN

|
)

= 2σNε
−1E

(

|L≤supN rN
δN

|
)

−→
N→∞

0.For the large jumps parts, one writes
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P

(

sup
t∈[0,δN ]

|L>rNt | ≥ ε/2σN

)

≤ P

(

sup
t∈[0,δN ]

|Lt|+ sup
t∈[0,δN ]

|L≤rN
t | ≥ ε/2σN

)

≤ P

(

sup
t∈[0,δN ]

|Lt| ≥ ε/4σN

)

+ P

(

sup
t∈[0,δN ]

|L≤rN
t | ≥ ε/4σN

)

→
N→∞

0.As a 
onsequen
e, the family (Law(XN,1,rN ))N∈N is tight in D.Thus, the family (πN,rN )N∈N is tight.The proof is essentially the same for the tightness of (πN )N∈N, with a few simpli�
ations, sin
ewe do not treat separately large and small jumps. It also adapts in the 
ase α = 2, sin
e theGaussian distribution has thinner tails than the α−stable distribution for α < 2.The use of the path spa
e K instead of D([0,∞),R ∪ {∂}) for a 
emetery point ∂ is 
ru
ialin the proof of Proposition 7.3.4, sin
e in the latter 
ase, we need to 
ontrol the jumps o

urring
lose to the death time in order to prove tightness. The following example is illustrative : if we
onsider a sequen
e fn of paths starting at 0, jumping to 1 at time 1 − 1/n, and being killed attime 1, then fn does not 
onverge in D([0,∞),R ∪ {∂}), while it does in K.The following lemma deals with the initial 
ondition of the parti
le system.Lemma 7.3.5 If π∞ is the limit of some subsequen
e of πN or πN,rN , then for π∞-almost all Q,for all A in the Borel σ−�eld of R,
Q0(A) :=

∫

R

1κ>01f(0)∈AdQ(f, κ) = |u0|(A). (7.9)In parti
ular, κ is Q−almost surely positive for π∞-almost all Q.Proof. In a �rst time, we 
ontrol the probability of seeing a parti
le dying within a short time.Let us write the Hahn de
omposition u+0 −u−0 of the measure u0, the measures u+0 and u−0 beingpositive measures supported by two disjoint sets B+ and B−. From the inner regularity of themeasure u+0 , for any δ > 0, one 
an �nd a 
losed set F+ ⊂ B+ su
h that u+0 (F+) ≥ u+0 (B
+)− δ.The 
omplement set O− = (F+)c is then an open subset of R, whi
h 
an thus be de
omposed as a
ountable union of disjoint open intervals O− =

⋃∞
m=1]am, bm[. For a large enough integerM , andfor εδ > 0 small enough, the set Oδ = ⋃Mm=1]am+ εδ, bm− εδ[ is su
h that u−0 (Oδ) ≥ u−0 (O

−)− δ.Consequently, we 
an write R as a partition
R = F+ ∪ (B− ∩Oδ) ∪ Bδ,where Bδ = (F+ ∪ (B− ∩ Oδ))c has small measure |u0|(Bδ) ≤ 2δ, parti
les starting in F+ havea positive sign, and parti
les starting in (B− ∩ Oδ) have a negative sign. Let N be large enoughto ensure εN ≤ εδ/3. The distan
e between any element of F+ and any element of Oδ is largerthan εδ. As a 
onsequen
e, if the parti
les with index i and j kill ea
h other before time τ , theneither one of them started in Bδ, or one of the parti
les i and j moved by a distan
e larger than

εδ/3. This writesCard{i, κNi < τδ
}

= 2Card{(i, j), i < j,XN,i,rN and XN,j,rN kill ea
h other}
≤ 2Card{i,XN,i,rN

0 ∈ Bδ or sup
t∈[0,τ ]

|XN,i,rN
t −X i

0| ≥ εδ/3

}

.As a 
onsequen
e, if τδ > 0 is small enough so that P(supt∈[0,τδ] |X
N,i,rN
t −XN,i,rN

0 | ≥ εδ/3) ≤ δ(this 
an be a
hieved using an adaptation of (7.8)), then
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P(κN1 < τδ) =

1

N
E
(Card{i, κNi < τδ

})

≤ 2

N
E

(Card{i,XN,i,rN
0 ∈ Bδ or sup

t∈[0,τδ]

|XN,i,rN
t −X i

0| ≥ εδ/3

})

≤ 2P
(

X i
0 ∈ Bδ

)

+ 2P

(

sup
t∈[0,τδ]

|XN,i,rN
t −XN,i,rN

0 | ≥ εδ/3

)

≤ 6δ.Consequently,
Eπ

∞

(Q(κ < τ)) ≤ lim inf
N

Eπ
N

(Q(κ < τ)) = lim inf
N

P(κN1 < τ) →
τ→0

0.Thus for π∞-almost all Q, κ is Q−almost surely positive. As a 
onsequen
e, for any bounded
ontinuous fun
tion ϕ,
Eπ

∞

∣

∣

∣

∣

∫

K
1κ>0ϕ(f(0))dQ(κ, f)−

∫

R

ϕd|u0|
∣

∣

∣

∣

= Eπ
∞

∣

∣

∣

∣

∫

K
ϕ(f(0))dQ(κ, f)−

∫

R

ϕd|u0|
∣

∣

∣

∣

= lim
N

Eπ
N

∣

∣

∣

∣

∫

K
ϕ(f(0))dQ(κ, f)−

∫

R

ϕd|u0|
∣

∣

∣

∣

= 0,from the law of large numbers.The main step in the proof of Theorems 7.3.1, 7.3.2 and 7.3.3 is the following proposition :Proposition 7.3.6 Let εN and hN be two sequen
es going to zero.� If σN is a 
onstant sequen
e and 0 < α ≤ 1, suppose N−1/α ≤ N−1/λεN and N−λ ≤
4 sup[−1,1] |A′|hN ≤ εN for some positive λ. If α = 1, also assume hN ≤ N−1/λεN . Then,there exists a sequen
e (rN ) of positive real numbers su
h that the limit of any 
onvergingsubsequen
e of πN,rN gives full measure to the set

{Q ∈ P(K), H ∗ Q̃t(x) is the entropy solution to (7.1)}.� Let σN be a sequen
e going to zero and assume N−λ ≤ 4 sup[−1,1] |A′|hN ≤ εN for somepositive λ. If 1 < α ≤ 2, also assume σN ≤ ε
1− 1

α

N N−1/λ. Then
{Q ∈ P(K), H ∗ Q̃t(x) is the entropy solution to (7.2)}is given full measure by any limit of a 
onverging subsequen
e of πN,rN , for a well 
hosensequen
e (rN ), in the 
ase α < 2, and by any limit of a 
onverging subsequen
e of πN if

α = 2.� If σN is a 
onstant sequen
e and 1 < α ≤ 2, the limit of any 
onverging subsequen
e of πNgives full measure to the set
{Q ∈ P(K), H ∗ Q̃t(x) is the weak solution to (7.1)}.Proposition 7.3.6 will be proved in Se
tion 7.3.1. We �rst admit it to 
omplete the proofs ofTheorems 7.3.1, 7.3.2 and 7.3.3. We need the following lemma.Lemma 7.3.7 Let α < 2 and rN be a sequen
e of positive numbers going to zero. Then, for any

T > 0,

lim
N→∞

∫ T

0

E‖H ∗ µ̃Nt −H ∗ µ̃N,rNt ‖
L1

(

dx
1+x2

)dt = 0.Proof. By ex
hangeability of the parti
les, one has
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∫ T

0

E‖H ∗ µ̃Nt −H ∗ µ̃N,rNt ‖
L1

(

dx
1+x2

)dt ≤ E

∫ T

0

∫

R

1

N

∑

κN
i >t

∣

∣

∣
1XN,i

t ≤x − 1
X

N,i,rN
t ≤x

∣

∣

∣

dxdt

x2 + 1

≤
∫ T

0

E
(

1κN
1 ≥t

∣

∣

∣X
N,1
t −XN,1,rN

t

∣

∣

∣ ∧ π
)

dt.This last quantity goes to zero, sin
e the pro
essesXN,1 and XN,1,rN 
oin
ide on the dis
retizationgrid, whose mesh goes to zero. Indeed, for t ∈ [khN , (k + 1)hN )

E
(

1κN
1 >t

|XN,1,rN
t −XN,1

t | ∧ π
)

≤ E
(

1κN
1 >t

|XN,1,rN
t −XN,1

khN
| ∧ π

)

+ E
(

1κN
1 >t

|XN,1
t −XN,rN

khN
| ∧ π

)

≤ Kh
1/2
N . (7.10)For this last estimate, we used, for an α−stable Lévy pro
ess L, the inequality

E (|Lt| ∧ 1) ≤ KE
(

|Lt|α/2
)

= Kt1/2.From Lemma 7.3.7, it is su�
ient to show lim
N→∞

∫ T

0 E‖H ∗ µ̃N,rNt − vt‖L1( dx
1+x2 )dt = 0 in order toprove Theorems 7.3.1 and 7.3.2.Proof (Proof of Theorems 7.3.1-7.3.2-7.3.3). We write the proof for Theorems 7.3.1 and 7.3.2 inthe 
ase α < 2. The proof of Theorem 7.3.2 with α = 2 and Theorem 7.3.3 is the same, with πNrepla
ing πN,rN .Let γk be a Lips
hitz 
ontinuous approximation of γ, with P(γ(X1

0 ) 6= γk(X1
0 )) ≤ 1/k (see [36℄,Lemma 2.5, for a 
onstru
tion of su
h a γk). One has, by ex
hangeability of the parti
les,

E

∫ T

0

∫

R

∣

∣

∣
H ∗ µ̃N,rNt (x) − vt(x)

∣

∣

∣

dxdt

x2 + 1

≤E

∫ T

0

∫

R

1κN
1 >t

H(x−XN,1,rN
t )

∣

∣

∣
γ(XN,1,rN

0 )− γk(XN,1,rN
0 )

∣

∣

∣

dxdt

x2 + 1
(7.11)

+ Eπ
N

(∫ ∞

0

∫

R

∣

∣

∣

∣

∫

K
1κ>tH(x− f(t))γk(f(0))dQ(f, κ)− vt(x)

∣

∣

∣

∣

dx

x2 + 1

)

.From the assumption on γk, the �rst term in the right hand side of (7.11) is smaller than 2π/kwhi
h tends to zero as k goes to ∞. The bounded fun
tion
Q 7→

∫ T

0

∫

R

∣

∣

∣

∣

∫

K
1κ>tH(x− f(t))γk(f(0))dQ(f, κ)− vt(x)

∣

∣

∣

∣

dxdt

x2 + 1is 
ontinuous. From Proposition 7.3.6, the se
ond term in the right hand side of (7.11) 
onverges,as N goes to ∞ to
Eπ

∞

(

∫ T

0

∫

R

∣

∣

∣

∣

∫

K
1κ>tH(x− f(t))

(

γk(f(0))− γ(f(0))
)

dQ(f, κ)

∣

∣

∣

∣

dx

x2 + 1

)

.This term goes to zero as k tends to in�nity using the argument of the beginning of the proofwith XN,1,rN repla
ed by the 
anoni
al pro
ess y.7.3.1 Proof of Proposition 7.3.6This se
tion is devoted to the proof of Proposition 7.3.6. Sin
e the hardest part of this proofis the �rst two items, we do not give all details for the third item and for the se
ond one in the
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ase α = 2. Indeed, for these two last settings, the separation of small jumps and large jumps isnot ne
essary for the proof.Let rN be a sequen
e of positive real numbers, going to zero as N → ∞, whi
h will be expli
itedlater. Let r > 0 and c be reals numbers, η a smooth 
onvex fun
tion, ψ a primitive of A′η′ and g asmooth 
ompa
tly supported nonnegative fun
tion. We de�ne the fun
tion ϕt(x) = ∫ x−∞ gt(y)dy.Note that ϕ is smooth, and nonde
reasing with respe
t to the spa
e variable. We 
onsider asubsequen
e of πN,rN , still denoted πN,rN for simpli
ity, whi
h 
onverges to a limit π∞. We wantto prove that, for π∞−almost all Q, the fun
tion H∗Q̃t satis�es the entropy formulation asso
iatedwith the 
orresponding 
ase.One 
an write, for any k ≥ 0 and t ∈]khN , (k + 1)hN ],
P
(

∃i, j, κNi ∧ κNj > t,XN,i,r
t = XN,j,r

t

)

= E

(

P

(

∃i, j, κNi ∧ κNj > t,XN,i,r
t = XN,j,r

t

∣

∣

∣

∣

(XN,q
khN

)q

))

=E

(

P

(

∃i, j, κNi ∧ κNj > t, σNZ
i,j,k,N
t = XN,j

khN
−XN,i

khN
+AN,j

t −AN,i
t

∣

∣

∣

∣

(XN,q
khN

)q

))

,where we denote
Zi,j,N,kt = ΛN,i,rt − ΛN,i,rkhN

− ΛN,j,rt + ΛN,j,rkhN
+ LN,i,rt − LN,i,rkhN

− LN,j,rt + LN,j,rkhN
.From the 
onditional independen
e of the pro
esses LN,i,r, LN,j,r, ΛN,i,r and ΛN,j,r, the randomvariable Zi,j,N,kt has a density. As a 
onsequen
e, sin
e the pro
ess AN,j

t − AN,i
t is deterministi
on [khN , (k + 1)hN ] 
onditionally to (XN,q

khN
)q, the above probability is zero, meaning that for alltime t > 0, the alive parti
les XN,i,rN

t almost surely have distin
t positions. As a 
onsequen
e, thefun
tion η (H ∗ µ̃N,rNt (x)
) is the 
umulative distribution fun
tion of the signed measure

ξNt =
∑

κN
i >t

witδXN,i,rN
t

,where
wit = 1κN

i >t













η













1

N

∑

κN
j >t

X
N,j,rN
t ≤XN,i,rN

t

γ(Xj
0)













− η













1

N

∑

κN
j >t

X
N,j,rN
t <X

N,i,rN
t

γ(Xj
0)

























= 1κN
i >t

(

η
(

H ∗ µ̃N,rNt

(

XN,i,rN
t

))

− η
(

H ∗ µ̃N,rNt

(

XN,i,rN
t −

)))

.Let (ζm)m∈N be the in
reasing sequen
e of times whi
h are either a jump time for some LN,i,rN(i.e. a jump of size > rN for XN,i,rN ) or a time of the form khN/2. One has
−
〈

ξN0 , ϕ0

〉

=

∞
∑

m=1

〈

ξNζm , ϕζm
〉

−
〈

ξNζm−1
, ϕζm−1

〉

=
∑

κN
i >0

∞
∑

m=1

wiζm−1

(

ϕζm

(

XN,i,rN
ζm−

)

− ϕζm−1

(

XN,i,rN
ζm−1

)) (7.12)
+
∑

κN
i >0

∞
∑

m=1

(

wiζmϕζm

(

XN,i,rN
ζm

)

− wiζm−1
ϕζm

(

XN,i,rN
ζm−

))

.
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e that these in�nite sums are a
tually �nite, sin
e the fun
tion ϕt is identi
ally zero when
t is large enough, and sin
e the pro
ess (LN,1,rN , . . . , LN,N,rN ) has a �nite number of jumps onbounded intervals.We 
onsider the �rst term in the right hand side of (7.12). Denote by νi,r = ∑

∆XN,i,r
t 6=0

δ(∆LN,i,r
t +∆ΛN,i,r

t ,t)the jump measure asso
iated with LN,i,r + ΛN,i,r, and by
ν̃i,r(dy, dt) = νi,r(dy, dt)− 2cα

(

χNt 1|y|≤r + (1− χNt )1|y|>r
) dydt

|y|1+αits 
ompensated measure, where χNt =
∑∞

k=0 1[khN ,(k+1/2)hN )(t). Let us apply It	o's formula onthe interval (ζm−1, ζm). If ζm−1 = khN for some integer k, then ζm = (k + 1/2)hN , and almostsurely XN,i,r

(k+ 1
2 )hN− = XN,i,r

(k+ 1
2 )hN

holds. As a 
onsequen
e
ϕ(k+ 1

2 )hN

(

XN,i,r

(k+ 1
2 )hN−

)

− ϕkhN

(

XN,i,r
khN

)

=

∫ (k+ 1
2 )hN

khN

∂tϕt(X
N,i,r
t )dt+ 2

∫ (k+ 1
2 )hN

khN

∂xϕt(X
N,i,r
t )A′

(

H ∗ µ̃N,rkhN
(XN,i,r

khN
)
)

dt

+

∫

(khN ,(k+1/2)hN )

∫

{|y|≤r}

(

ϕt(X
N,i,r
t− + σNy)− ϕt(X

N,i,r
t− )− σNy∂xϕt(X

N,i,r
t− )

)

νi,r(dy, dt)

+ σN

∫

(khN ,(k+1/2)hN )

∂xϕt(X
N,i,r
t− )

(

∫

{|y|≤r}
yν̃i,r(dy, dt)

)

.If ζm−1 is not of the form khN , then the pro
ess XN,i,r is 
onstant on the interval [ζm−1, ζm),and one has ϕζm(XN,i,r
ζm− )− ϕζm−1(X

N,i,r
ζm−1

) =
∫ ζm
ζm−1

∂tϕt(X
N,i,r
t )dt. Summing over all the intervals

(ζm−1, ζm), Equation (7.12) writes, denoting τt = max{ζm, ζm ≤ t},
−
〈

ξN0 , ϕ0

〉

=
∑

κN
i >0

∫ ∞

0

wiτt

(

∂tϕt(X
N,i,rN
t ) + 2χNt ∂xϕt(X

N,i,rN
t )A′ (H ∗ µ̃N,rNτt (XN,i,rN

τt )
)

)

dt

+ cα
∑

κN
i >0

∫ ∞

0

wiτtχ
N
t

∫

{|y|≤rN}

(

ϕt(X
N,i,rN
t + σNy)− ϕt(X

N,i,rN
t )− σNy∂xϕt(X

N,i,rN
t )

) 2dydt

|y|1+α

+
∑

κN
i >0

∑large jumpat ζm wiζmϕζm(XN,i,rN
ζm

)− wiζm−1
ϕζm(XN,i,rN

ζm− )

+
∑

κN
i >0

∑

ζm of theform khN

(wiζm − wiζm−1
)ϕζm(XN,i,rN

ζm
) (7.13)

+
∑

κN
i >0

∑

ζm of theform (k+1/2)hN

(wiζm − wiζm−1
)ϕζm(XN,i,rN

ζm
)

+MN .Here, the third, fourth and �fth terms 
orrespond to the se
ond term in the right hand side of(7.12), and MN is a martingale term given by
MN =

∑

κN
i >0

∫ ∞

0

wiτtχ
N
t

∫

{|y|≤rN}

(

ϕt(X
N,i,rN
t− + σNy)− ϕt(X

N,i,rN
t− )

)

ν̃i,rN (dy, dt).Equation (7.13) 
an be rewritten
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T 1
N = T 2

N + T 3
N + T 4

N + T 5
N +MN ,where T 1

N = −
〈

ξN0 , ϕ0

〉, T 2
N is the sum of the two �rst terms in the right hand side of (7.13), T 3

Nis the third one, T 4
N the fourth one and T 5

N the �fth one.The following four lemmas, whose proofs are postponed to Se
tion 7.3.2, deal with the asymp-toti
 behavior of the terms MN , T 2
N − T 1

N , T 3
N and T 4

N .Lemma 7.3.8 For some positive 
onstant K,
E|MN |2 ≤ Kσ2

Nr
2−α
N

Nholds. The equivalent term in the 
ase α = 2,
MN = σN

∑

κN
i >0

∫ ∞

0

wiτt∂xϕ(X
N,i
t )dLit,satis�es the same estimate :

E|MN |2 ≤ K
σ2
N

N
.Lemma 7.3.9 � It holds that

E

∣

∣

∣

∣

− T 1
N + T 2

N +

∫ ∞

0

∫

R

(

η(H ∗ µ̃N,rNt )∂tgt + 2χNt ψ(H ∗ µ̃N,rNt )∂xgt

)

dt+

∫

R

g0η(H ∗ µ̃N,rN0 )dx

+2cα

∫ ∞

0

χNt

∫

R

∫

{|y|≤rN}
η(H ∗ µ̃N,rNt (x)) (gt(x+ σNy)− gt(x)− σNy∂xgt(x))

dydxdt

|y|1+α

∣

∣

∣

∣

∣

→
N→∞

0.� If rN ≤ 1/σN , then
∣

∣

∣

∣

∣

2cα

∫ ∞

0

χNt

∫

R

∫

{|y|≤rN}
η(H ∗ µ̃N,rNt (x)) (gt(x + σNy)− gt(x) − σNy∂xgt(x))

dydxdt

|y|1+α

∣

∣

∣

∣

∣

≤ KσαN .The following lemma gives two estimates for the term T 3
N , the �rst being useful for a 
onstantvis
osity σN ≡ σ, and the se
ond for vanishing vis
osity σN → 0.Lemma 7.3.10 � The error term

E

∣

∣

∣

∣

∣

T 3
N + 2cα

∫ ∞

0

(1− χNt )

∫

R

∫

{|y|>rN}
η′(H ∗ µ̃N,rNt (x))

(

H ∗ µ̃N,rNt (x + σNy)−H ∗ µ̃N,rNt (x)
)

gt(x)
dydxdt

|y|1+α

∣

∣

∣

∣

∣goes to zero if N−1r−αN goes to 0.� It holds that
E|T 3

N | ≤ K(σNr
1−α
N + σαN ).Lemma 7.3.11 One has E|T 4

N | →
N→∞

0.We now have to 
ontrol the probability for the last remaining term T 5
N to be negative. Ifthere is no 
rossing of parti
les with opposite signs between khN and (k + 1/2)hN , for any k,then T 5

N ≥ 0. Indeed, let XN,i1,rN
(k+1/2)hN

≤ . . . ≤ X
N,iq,rN
(k+1/2)hN

be a maximal sequen
e of 
onse
utiveparti
les with same sign. The sequen
e (ϕ(k+1/2)hN
(XN,il,rN

(k+1/2)hN
)
)

l=1,...,q
is thus a nonde
reasingsequen
e, and from the 
onvexity of η and the fa
t that no parti
les with opposite signs 
ross,

(wil(k+1/2)hN
)l=1,...,q is the nonde
reasing reordering of (wilkhN

)l=1,...,q. Thus, from Lemma 7.3.13below,∑κN
i >khN

(wi(k+1/2)hN
−wikhN

)ϕ(k+1/2)hN
(XN,i,rN

(k+1/2)hN
) is nonnegative. It is thus su�
ient to
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ontrol the probability that two parti
les with opposite signs 
ross between khN and (k+1/2)hN .Sin
e after the murder there is no 
ouple of parti
les with opposite signs separated by a smallerdistan
e than εN , this does not happen as soon as no parti
le drifts by more than εN/4 and noparti
le is moved by more than εN/4 by the small jumps. The drift on half a time step is smallerthan sup[−1,1] |A′|hN whi
h is assumed to be smaller than εN/4. We 
ontrol the 
ontribution ofthe small jumps in the following lemma :Lemma 7.3.12 Let BN be the event
BN =

{

∀k ≤ T/hN , ∀i, σN
∣

∣

∣Λ
i,rN
(k+1/2)hN

− Λi,rNkhN

∣

∣

∣ ≤ εN/4
}

,so that no 
rossing of parti
les with opposite signs between khN and (k + 1/2)hN o

urs on BN .One has, for α < 2,
P(BN ) ≥

(

1− exp (KhNr−αN − εN/4σNrN
))NT/hN

,For α = 2, we de�ne the event BN by
BN =

{

∀k ≤ T/hN , ∀i, σN
∣

∣

∣Li(k+1)hN
− LikhN

∣

∣

∣ ≤ εN/4
}

.Then, one has
P(BN ) ≥

(

1−Kexp (−ε2N/(32hNσ2
N )
))NT/hN

.The proof will be given in Se
tion 7.3.2.We now gather all the previous information to prove that, depending on the 
ase 
onsidered,the entropi
 formulation or the weak formulation holds almost surely.1. Constant vis
osity σN ≡ σ, with index 0 < α ≤ 1.De�ne, for Q ∈ P(K),
F rN (Q) =

∫

R

η(H ∗ Q̃0)g0 +

∫ ∞

0

∫

R

(

η(H ∗ Q̃t)∂tg + 2χNt ψ(H ∗ Q̃t)∂xg
)

dt

+ 2cα

∫ ∞

0

(1− χNt )

∫

R

∫

{|y|>r}
η′(H ∗ Q̃t(x))(H ∗ Q̃t(x + σNy)−H ∗ Q̃t(x))gt(x)

dydxdt

|y|1+α

+ 2cα

∫ ∞

0

χNt

∫

R

∫

{|y|≤r}
η(H ∗ Q̃t(x))(gt(x+ σNy)− gt(x) − σNy∂xgt(x))

dydxdt

|y|1+αand
F r(Q) =

∫

R

η(H ∗ Q̃0)g0 +

∫ ∞

0

∫

R

(

η(H ∗ Q̃t)∂tg + ψ(H ∗ Q̃t)∂xg
)

dt

+ cα

∫ ∞

0

∫

R

∫

{|y|>r}
η′(H ∗ Q̃t(x))(H ∗ Q̃t(x+ σy)−H ∗ Q̃t(x))gt(x)

dydxdt

|y|1+α

+ cα

∫ ∞

0

∫

R

∫

{|y|≤r}
η(H ∗ Q̃t(x))(gt(x+ σy)− gt(x) − σy∂xgt(x))

dydxdt

|y|1+α .Noti
e that from the 
onvexity of η, one has
η′(H ∗ Q̃t(x))(H ∗ Q̃t(x+ σy)−H ∗ Q̃t(x)) ≤ η(H ∗ Q̃t(x + σy))− η(H ∗ Q̃t(x)),so that for any 0 < r ≤ r′, one has F r ≤ F r

′ and F rN ≤ F r
′

N .From Equation (7.13), it holds, for N large enough so that rN ≤ r, that
F rN (µN,rN ) ≥ F rNN (µN,rN ) = T 5

N +
(

−T 1
N + T 2

N + T 3
N + T 4

N +MN + F rNN (µN,rN )
)

.



7.3 Statement of the results 111From the assumptions made on εN and hN one 
an 
onstru
t a sequen
e rN su
h thatN−1/α =

o(rN ), hNr−αN = o
(

εNr
−1
N

) and N
hN

exp (−εN/4σrN ) → 0. Indeed, set rN = εNN
−1/2λ. Then,one has N−1/αr−1

N ≤ KN−1/2λ and hN

εN
r1−αN = hNε

−α
N N (α−1)/2λ, this last term going to zerofor any value of α. Then N

hN
goes to in�nity at the rate of a power of N , and εN/rN = N1/2λas well. Thus, N

hN
exp (−εN/4σrN ) tends to zero.As a 
onsequen
e, from Lemmas 7.3.8, 7.3.9, 7.3.10 and 7.3.11,E ∣∣−T 1

N + T 2
N + T 3

N + T 4
N +MN + F rNN (µN,rN )

∣

∣goes to zero as N tends to in�nity, and the event BN de�ned in Lemma 7.3.12 is su
h that
P(BN ) → 1. On the event BN , T 5

N is almost surely nonnegative, so that, from the uniformboundedness of F rN with respe
t to N , EπN,rN (F rN (Q)−) = E(F rN (µN,rN )−) goes to 0. Toshow that the entropi
 formulation holds almost surely, we need a 
ontinuous approxima-tion of F rN and F r. We de�ne F r,δ and F r,δN by repla
ing every o

urren
e of H ∗ Q̃t inthe de�nitions of F r and F rN by ∫K 1κ>tH(. − f(t))γδ(f(0))dQ(f, κ), where γδ is a Lips
hitz
ontinuous approximation of γ, with P(γ(X1
0 ) 6= γδ(X1

0 )) ≤ δ (see [36℄, Lemma 2.5, for the
onstru
tion of γδ). Then, for any �xed δ and r, the family {F r,δ}∪ {F r,δN , N ∈ N} is equi
on-tinuous for the topology of weak 
onvergen
e. Indeed, let Qk be a sequen
e of probabilitymeasures on K 
onverging to Q as k goes to in�nity. From the 
ontinuity of the appli
ation
K → R, (f, κ) 7→ 1κ>0f(0), Qk0 
onverges weakly to Q0 (where Q0 and Qk0 are de�ned asin (7.9)), and from the 
ontinuity of the appli
ations K → R, (f, κ) 7→ 1κ>tγ

δ(f(0))1f(t)≤y onthe set {(f, κ) ∈ K, f(t) = f(t−), f(t) 6= y}, for all t in the 
omplement of the 
ountable set {t ∈
[0,∞), Q({f(t) 6= f(t−)} ∪ {κ = t}) > 0}, the quantity ∫K 1κ>tH(. − f(t))γδ(f(0))dQk(f, κ)
onverges almost everywhere to ∫K 1κ>tH(.−f(t))γδ(f(0))dQ(f, κ). From Lebesgue's bounded
onvergen
e theorem, we dedu
e that

sup
N

|F r,δN (Qk)− F r,δN (Q)|+ |F r,δ(Qk)− F r,δ(Q)| →
k→∞

0yielding equi
ontinuity for {F r,δ} ∪ {F r,δN , N ∈ N}. Moreover, sin
e the sequen
e χNt 
on-verges ∗-weakly to 1/2 in the spa
e L∞((0,∞)), F r,δN 
onverges pointwise to F r,δ as N goes toin�nity. As
oli's theorem thus implies that F r,δN 
onverges uniformly on 
ompa
t sets to F r,δ.From the weak 
onvergen
e of πN,rN to π∞, one thus dedu
es
Eπ

N,rN
[F r,δN (Q)−] →

N→∞
Eπ

∞

[F r,δ(Q)−].Moreover, for any t > 0, any y, and any probability measure Q satisfying Q0 = |u0| (with Q0de�ned as in (7.9)), whi
h holds true for π∞−almost all Q from Lemma 7.3.5, one has
∣

∣

∣

∣

H ∗ Q̃t(y)−
∫

K
1κ>tH(y − f(t))γδ(f(0))dQ(f, κ)

∣

∣

∣

∣

≤
∫

R

|γ − γδ|d|u0| ≤ δ,yielding 
onvergen
e to 0 for Eπ
∞ |F r(Q)− − F r,δ(Q)−| + Eπ

N,rN |F rN (Q)− − F r,δN (Q)−| as δgoes to 0, uniformly in N . As a 
onsequen
e, writing
Eπ

∞

(F r(Q)−) ≤Eπ
∞ |F r(Q)− − F r,δ(Q)−|+

∣

∣

∣
Eπ

∞

(F r,δ(Q)−)− Eπ
N,rN

(F r,δN (Q)−)
∣

∣

∣

+ Eπ
N,rN |F r,δN (Q)− − F rN (Q)−|+ Eπ

N,rN
(F rN (Q)−)we dedu
e that F r(Q) is nonnegative for π∞−almost all Q. We just have to noti
e thatLemma 7.3.5 yields that, π∞−almost surely, H ∗ Q̃0 = v0 to 
on
lude that the entropy formu-lation holds π∞−almost surely.2. Vanishing vis
osity σN → 0.We de�ne
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F rN (Q) =

∫

R

η(H ∗ Q̃0)g0 +

∫ ∞

0

∫

R

(

η(H ∗ Q̃t)∂tg + 2χNt ψ(H ∗ Q̃t)∂xg
)

dtand
F (Q) =

∫

R

η(H ∗ Q̃0)g0 +

∫ ∞

0

∫

R

(

η(H ∗ Q̃t)∂tg + ψ(H ∗ Q̃t)∂xg
)

dt.Regularized versions F r,δN and F δ of F rN and F are also 
onsidered using the fun
tion γδinstead of γ. In the 
ase α < 2, the same arguments as above, using the se
ond parts ofLemmas 7.3.9 and 7.3.10 will show that the entropy formulation holds π∞−almost surely for
H ∗ Q̃t, provided that there exists a sequen
e rN su
h that σ2

N r
2−α
N

N and σNr1−αN go to zero,
rN ≤ σ−1

N , hNr
−α
N = o(εN (σN rN )−1) and N

hN
exp (−εN/4σNrN ) → 0.� For α ≤ 1, any sequen
e rN going to zero with a very qui
k rate will �t.� For α > 1, sin
e we assumed σN ≤ ε

1− 1
α

N N−1/λ these 
onditions are satis�ed by the sequen
e
rN = εN

σN
N− α

2λ(α−1) .In the 
ase α = 2, It	o's formula writes
ϕ(k+1)hN

(

XN,i
(k+1)hN

)

− ϕkhN

(

XN,i
khN

)

=

∫ (k+1)hN

khN

∂tϕt(X
N,i
t )dt

+ 2

∫ (k+1)hN

khN

∂xϕt(X
N,i
t )A′

(

H ∗ µ̃NkhN
(XN,i

khN
)
)

dt.

+ σ2
N

∫

(khN ,(k+1)hN )

∫

{|y|≤r}
∂2xϕt(X

N,i
t )dt

+ σN

∫

(khN ,(k+1)hN )

∂xϕt(X
N,i
t )dLit.The three �rst terms are treated as in the 
ase α < 2, and the sto
hasti
 integral is dealtwith using Lemma 7.3.8. For the entropi
 inequality to hold, we need to 
ontrol the 
rossingof parti
les with opposite sign. From Lemma 7.3.12, if N

hN
exp(− ε2N

32σ2
NhN

) goes to zero, thenno 
rossing o

urs. Sin
e our assumptions yield hNσ2
N ≤ ε2NN

−1/λ and N/hN ≤ KN1+λ, this
ondition holds true.3. Constant vis
osity σN ≡ σ, with index 1 < α ≤ 2.In this 
ase, sin
e we want to derive a weak formulation, we do not need to 
onsider separatelylarge and small jumps. As a 
onsequen
e it is enough to study the pro
ess XN,i
t .Let g be a smooth fun
tion with 
ompa
t support, and de�ne for Q ∈ P(K),

F (Q) =

∫

R

H∗Q̃0g0+

∫ ∞

0

∫

R

H∗Q̃t∂tgtdt−σα
∫ ∞

0

∫

R

H∗Q̃t(−∆)
α
2 gtdt+

∫ ∞

0

∫

R

A(H∗Q̃t)∂xgt.Let ϕt(x) = ∫ x−∞ gt(y)dy. One has
− 1

N

∑

κN
i >0

γ(XN,i
0 )ϕ0(X

N,i
0 ) =− 1

N

∞
∑

k=0

∑

κN
i =(k+1)hN

γ(XN,i
0 )ϕ(k+1)hN

(XN,i
(k+1)hN

)

+
1

N

∞
∑

k=0

∑

κN
i >khN

γ(XN,i
0 )

(

ϕ(k+1)hN
(XN,i

(k+1)hN
)− ϕkhN (XN,i

khN
)
)

.From It	o's formula, in the 
ase α < 2, when κNi > khN ,
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ϕ(k+1)hN

(XN,i
(k+1)hN

)− ϕkhN (XN,i
khN

) (7.14)
=

∫ (k+1)hN

khN

∂tϕt(X
N,i
t )dt+

∫ (k+1)hN

khN

∂xϕt(X
N,i
t )A′

(

H ∗ µ̃khN (XN,i
khN

)
)

dt

+ cα

∫

(khN ,(k+1)hN )

∫

R

(

ϕt(X
N,i
t + σy)− ϕt(X

N,i
t )− 1{|y|≤r}σy∂xϕt(X

N,i
t )

) dydt

|y|1+α

+

∫

(khN ,(k+1)hN )

∫

R

(

ϕt(X
N,i
t− + σy)− ϕt(X

N,i
t− )

)

ν̃i(dy, dt).We denote τt = max{khN , khN ≤ t}. Multiplying (7.14) by 1
N 1κN

i >khN
γ(XN,i

0 ), summingover i and k, and integrating by parts, one obtains
∫

R

g0H ∗ µ̃N0 =−
∫ ∞

0

∫

R

∂tgtH ∗ µ̃Nt dt+

∫ ∞

0

∫

R

(−∆)
α
2 gtH ∗ µ̃Nt dt

+
1

N

∫ ∞

0

∑

κN
i >τt

γ(XN,i
0 )∂xϕt(X

N,i
t )A′

(

H ∗ µ̃khN (XN,i
khN

)
)

dt

+
1

N

∫

(0,∞)×R

∑

κN
i >τt

γ(XN,i
0 )

(

ϕt(X
N,i
t− + σy)− ϕt(X

N,i
t− )

)

ν̃i(dy, dt)

− 1

N

∞
∑

k=0

∑

κN
i =(k+1)hN

γ(XN,i
0 ))ϕ(k+1)hN

(XN,i
(k+1)hN

), (7.15)Combining an adaptation of Lemma 7.3.14, stated in Se
tion 7.3.2, with A repla
ing η, andintegrating by parts, the di�eren
e
1

N

∫ ∞

0

∑

κN
i >τt

γ(XN,i
0 )∂xϕt(X

N,i
t )A′

(

H ∗ µ̃khN (XN,i
khN

)
)

dt+

∫ ∞

0

∫

R

∂xgtA(H ∗ µ̃Nt )dttends to zero in L1. Using an adaptation Lemma 7.3.8, the the fourth term in the right handside of (7.15) goes to zero in L2. The �fth term tends to zero in L1 sin
e
∣

∣

∣

∣

∣

∣

1

N

∞
∑

k=0

∑

κN
i =(k+1)hN

γ(XN,i
0 )ϕ(k+1)hN

(XN,i
(k+1)hN

)

∣

∣

∣

∣

∣

∣

≤ 1

N

∞
∑

k=0

∑pairs {i,j} killledat time (k+1)hN

∣

∣

∣ϕ(k+1)hN

(

XN,i
(k+1)hN

)

− ϕ(k+1)hN

(

XN,j
(k+1)hN

)∣

∣

∣

≤KεN .As a 
onsequen
e, EπN |F (Q)| = E|F (µN )| tends to zero. We 
on
lude by regularizing thefun
tion γ as in the two �rst points, that Eπ∞ |F (Q)| = 0. Thus, F (Q) = 0 almost surely, sothat H ∗ Q̃ almost surely satis�es the weak formulation.The 
ase α = 2 is treated in the same way, the only di�eren
e lying in the nature of thesto
hasti
 integral.7.3.2 Proofs of Lemmas 7.3.8 to 7.3.12In this se
tion, we give the proofs of the previously admitted lemmas of Se
tion 7.3.1.Proof (Proof of Lemma 7.3.8). Sin
e the parti
les are driven by independent stable pro
esses andsin
e the inequality |wit| ≤ K
N holds for some 
onstant K not depending on t, i and N ,
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EM2

N =E

∣

∣

∣

∣

∣

∣

∑

κN
i >0

∫ ∞

0

wiτtχ
N
t

(

∫

{|y|≤rN}

(

ϕt(X
N,i,rN
t− + σNy)− ϕt(X

N,i,rN
t− )

)

ν̃i,rN (dy, dt)

)

∣

∣

∣

∣

∣

∣

2

≤2σ2
NcαE





∑

κN
i >0

∫ ∞

0

(wiτt)
2χNt

∫

{|y|≤rN}
(y‖gt‖∞)

2 dydt

|y|1+α





≤Kσ2
Nr

2−α
N

N

∫ ∞

0

‖gt‖2∞dt.A similar proof with sto
hasti
 integrals against Brownian motion yields the result for α = 2.Proof (Proof of Lemma 7.3.9). Integrating by parts, one �nds
N
∑

i=1

∫ ∞

0

wit∂tϕt

(

XN,i,rN
t

)

dt = −
∫ ∞

0

∫

R

η(H ∗ µ̃N,rNt )∂tgtdt+

∫ ∞

0

∫

R

η(µ̃N,rNt (R))∂tgtdtyielding, from Lemma 7.3.14 below,
E

∣

∣

∣

∣

∣

N
∑

i=1

∫ ∞

0

wiτt∂tϕt

(

XN,i,rN
t

)

dt+

∫ ∞

0

∫

R

η(H ∗ µ̃N,rNt )∂tgtdt−
∫ ∞

0

∫

R

η(µ̃N,rNt (R))∂tgtdt

∣

∣

∣

∣

∣

−→
N→∞

0.From the 
onstan
y of µ̃N,rNt (R) and an integration by parts, one has
−T 1

N +

∫ ∞

0

∫

R

η(µ̃N,rNt (R))∂tgtdt = −
∫

R

g0η(H ∗ µ̃N,rN0 ).Another integration by parts yields
2cα

N
∑

i=1

∫ ∞

0

witχ
N
t

∫

{|y|≤rN}
ϕt

(

XN,i,rN
t + σNy

)

− ϕt

(

XN,i,rN
t

)

− σNy∂xϕt

(

XN,i,rN
t

) dydt

|y|1+α

=− 2cα

∫ ∞

0

χNt

∫

{|y|≤rN}

∫

R

(gt(x+ σNy)− gt(x)− σNy∂xgt(x)) η(H ∗ µ̃N,rNt (x))
dxdydt

|y|1+α

+ 2cα

∫ ∞

0

χNt η(µ̃
N,rN
t (R))

∫

{|y|≤rN}

∫

R

(gt(x+ σNy)− gt(x) − σNy∂xgt(x))
dxdydt

|y|1+α

=− 2cα

∫ ∞

0

χNt

∫

{|y|≤rN}

∫

R

(gt(x+ σNy)− gt(x)− σNy∂xgt(x)) η(H ∗ µ̃N,rNt (x))
dxdydt

|y|1+α .Moreover, from the regularity of A and η, it holds that
wiτtA

′ (H ∗ µ̃N,rNτt (XN,i,rN
τt )

)

= ψ
(

H ∗ µ̃N,rNτt (XN,i,rN
τt )

)

− ψ
(

H ∗ µ̃N,rNτt (XN,i,rN
τt −)

)

+ o

(

1

N

)

,so that
E

∣

∣

∣

∣

∣

2

N
∑

i=1

∫ ∞

0

wiτtχ
N
t ∂xϕt

(

XN,i,rN
t

)

A′ (H ∗ µ̃N,rNτt (XN,i,rN
τt )

)

dt+ 2

∫ ∞

0

χNt

∫

R

∂xgtψ(H ∗ µ̃N,rNt )dt

∣

∣

∣

∣

∣

→
N→∞

0,from an adaptation of Lemma 7.3.14 (repla
ing η by ψ in the de�nition of wit). This 
on
ludes theproof of the �rst item of Lemma 7.3.9.To prove the se
ond item, observe that the 
hange of variable z = σNy yields, for rN ≤ 1
σN

,
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∣

∣

∣

∣

∣

2cα

∫ ∞

0

χNt

∫

R

∫

{|y|≤rN}
η(H ∗ µ̃N,rNt (x)) (gt(x + σNy)− gt(x) − σNy∂xgt(x))

dydxdt

|y|1+α

∣

∣

∣

∣

∣

≤2cασ
α
N

∫ ∞

0

χNt

∫

R

∫

{|z|≤1}

∣

∣

∣η(H ∗ µ̃N,rNt (x)) (gt(x+ z)− gt(x) − z∂xgt(x))
∣

∣

∣

dzdxdt

|z|1+α .Proof (Proof of Lemma 7.3.10). First noti
e that
T 3
N =

∑

κN
i >0

∫ ∞

0

(1− χNt )

∫

{|y|>rN}

(
∫

R

ϕtdρ
y,i
t−

)

νi,rN (dy, dt),with ρ de�ned by the following formula (µ̄y,i,N,rNt being the measure obtained by moving in theexpression of µ̃N,rNt the parti
le XN,i,rN
t to the position XN,i,rN

t + σNy) :
ρy,it = ∂x

(

η(H ∗ µ̄y,i,N,rNt )− η(H ∗ µ̃N,rNt )
)

.To prove the se
ond item in Lemma 7.3.10, we integrate by parts, and, using the de�nitionof µ̄y,i,N,rN and the 
ompa
tness of the support of g, it holds that
∣

∣

∣

∣

∫

R

ϕtdρ
y,i
t

∣

∣

∣

∣

=

∣

∣

∣

∣

∫

R

gt

(

η(H ∗ µ̄y,i,N,rNt )− η(H ∗ µ̃N,rNt )
)

∣

∣

∣

∣

≤ K
(σNy) ∧ 1

N
, (7.16)so that

E|T 3
N | ≤ K

∫ ∞

0

(1− χNt )

∫

{|y|>rN}
(σNy) ∧ 1

dydt

|y|1+α ≤ K(σαN + σNr
1−α
N ).Now let us prove the �rst item of Lemma 7.3.10. Applying the same martingale argument asthe one used to prove E|MN | → 0, and using the upper bound K/N in (7.16), one has

E

∣

∣

∣

∣

∣

∣

T 3
N − 2cα

∫ ∞

0

(1− χNt )

∫

{|y|>rN}





∑

κN
i >t

∫

R

ϕtdρ
y,i
t





dydt

|y|1+α

∣

∣

∣

∣

∣

∣

2

≤ K

rαNN
.Let us give a more expli
it expression for ρy,it . For simpli
ity, we denote

w̃it = 1κN
i >t











η











1

N

∑

j 6=i
κN
j

>t

γ(Xj
0)1XN,j,rN

t ≤XN,i,rN
t +σNy

+
γ(X i

0)

N











− η











1

N

∑

j 6=i
κN
j

>t

γ(Xj
0)1XN,j,rN

t ≤XN,i,rN
t +σNy



















and for i 6= j,

w̃i,j,±t = 1κN
i >t

1κN
j >t











η











1

N

∑

k 6=j
κN
k

>t

γ(Xk
0 )1XN,k,rN

t ≤XN,i,rN
t

± γ(Xj
0)

N











− η











1

N

∑

k 6=j
κN
k

>t

γ(Xk
0 )1XN,k,rN

t ≤XN,i,rN
t





















.One 
an write
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ρyt :=

∑

κN
i >t

ρy,it =
∑

κN
i >t

w̃itδXN,i,rN
t +σNy

−
∑

κN
i >t

witδXN,i,rN
t

+
∑

κN
i >t





∑

κN
j >t

(

w̃i,j,+t − wit

)

1
X

N,i,rN
t <X

N,j,rN
t

1
X

N,j,rN
t +σNy<X

N,i,rN
t



 δ
X

N,i,rN
t

+
∑

κN
i >t





∑

κN
j >t

(

w̃i,j,−t − wit

)

1
X

N,j,rN
t <X

N,i,rN
t

1
X

N,i,rN
t <X

N,j,rN
t +σNy



 δ
X

N,i,rN
t

.(7.17)In this expression, the two �rst terms deal with parti
les jumping from the site XN,i,rN
t to thesite XN,i,rN

t +σNy, while the third term 
orresponds to the jump from right to left of the parti
lelabeled j above the parti
le labeled i and, 
onversely, the fourth term 
orresponds to the jumps ofparti
le j from left to right over parti
le i. Noti
e that this last equality, as well as (7.18) below,only holds when ea
h XN,i,rN
t +σNy is distin
t from all XN,j,rN

t . However, for all t, this 
onditionholds dy-almost everywhere, whi
h is enough for our purpose.In the entropi
 formulation (7.7), the term that should appear for large jumps is given by
2cα

∫ ∞

0

∫

{|y|>rN}

(∫

R

ϕtdσ
y
t

)

dydt

|y|1+α ,where
σyt =∂x

(

η′(H ∗ µ̃N,rNt )
(

H ∗ µ̃N,rNt (· − σNy)−H ∗ µ̃N,rNt

))

=
1

N

∑

κN
i >t

γ(X i
0)η

′
(

H ∗ µ̃N,rNt (XN,i,rN
t + σNy)

)

δ
X

N,i,rN
t +σNy

− 1

N

∑

κN
i >t

γ(X i
0)η

′
(

H ∗ µ̃N,rNt (XN,i,rN
t )

)

δ
X

N,i,rN
t

+
∑

κN
i >t

(

H ∗ µ̃N,rNt (XN,i,rN
t − σNy)−H ∗ µ̃N,rNt (XN,i,rN

t )
)

×
(

η′
(

H ∗ µ̃N,rNt (XN,i,rN
t )

)

− η′
(

H ∗ µ̃N,rNt (XN,i,rN
t −)

))

δ
X

N,i,rN
t

. (7.18)When 
omputing the di�eren
e ρyt − σyt integrated against some bounded fun
tion, using Taylorexpansions for η, one 
an 
he
k that, up to an error term of order O ( 1
N

) the �rst terms in theright hand side of (7.17) and (7.18) 
an
el ea
h other, the se
ond terms as well, and so does thesum of the two last term in (7.17) with the last one in (7.18). Consequently,
∣

∣

∣

∣

∣

∫ ∞

0

(1− χNt )

∫

{|y|>rN}

(∫

R

ϕtdρ
y
t

)

dydt

|y|1+α −
∫ ∞

0

(1 − χNt )

∫

{|y|>rN}

(∫

R

ϕtdσ
y
t

)

dydt

|y|1+α

∣

∣

∣

∣

∣

≤ K

NrαN
.This 
on
ludes the proof.Proof (Proof of Lemma 7.3.11). For a time ζm of the form khN , no parti
le moved in the interval

(ζm−1, ζm), so that wiζm − wiζm−1
= 0, unless the parti
le labeled i has been killed at time ζm.Hen
e,

T 4
N =

N
∑

i=1

∑

ζm of theform khN

(wiζm − wiζm−1
)ϕζm(XN,i,rN

ζm
)

=−
∑

ζm of theform khN

∑

κN
i =ζm

wiζm−1
ϕζm(XN,i,rN

ζm
).
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tually a sum over pairs of 
lose parti
les with opposite signs ; thus
|T 4
N | =

∣

∣

∣

∣

∣

∣

∣

∣

∑

ζm of theform khN

∑pairs {i,j} of parti
leskilled at time ζm (

wiζm−1
ϕζm(XN,i,rN

ζm
) + wjζm−1

ϕζm(XN,j,rN
ζm

)
)

∣

∣

∣

∣

∣

∣

∣

∣

≤
∑

ζm of theform khN

∑pairs {i,j} of parti
leskilled at time ζm ∣

∣

∣wiζm−1
+ wjζm−1

∣

∣

∣ ‖ϕ‖∞ +
∣

∣

∣w
j
ζm−1

∣

∣

∣

∣

∣

∣ϕζm(XN,i,rN
ζm

)− ϕζm(XN,j,rN
ζm

)
∣

∣

∣

≤ K

(

1

N
+ εN

)

.Indeed, a 
ouple (i, j) of killed parti
les is su
h that |XN,i,rN
ζm

− XN,j,rN
ζm

| ≤ εN and is made ofparti
les with opposite signs, so that
|wiζm−1

+ wjζm−1
| =

∣

∣

∣

∣

(

γ(X i
0) + γ(Xj

0)
)

η′(H ∗ µ̃N,rNζm−1
(XN,i,rN

ζm−1
)) +O

(

1

N2

)∣

∣

∣

∣

≤ K

N2
.Proof (Proof of Lemma 7.3.12). Noti
e that from the independen
e of the in
rements, denotingby L≤r a Lévy pro
ess with Lévy measure cα1|y|≤r

dy
|y|1+α , one has

P(BN ) = P(σN |L≤rN
hN

| ≤ εN/4)
NT/hN

=
(

1− P
(

σN rN |L≤1

hN r
−α
N

| ≥ εN/4
))NT/hN

.Sin
e the Lévy measure cα1|y|≤1
dy

|y|1+α has 
ompa
t support, the random variables L≤1
t have ex-ponential moments, and Chernov's inequality yields

P
(

σN rN |L≤1

hN r
−α
N

| ≥ εN/4
)

≤ E
(exp(∣∣∣L≤1

hNr
−α
N

∣

∣

∣

)) exp (−εN/4σNrN ) = exp (KhNr−αN − εN/4σNrN
)

,where the 
onstant K does not depend on N .In the Brownian 
ase α = 2, we use the tail estimate ∫∞
M e−x

2

dx ≤ Ke−M
2 for positive M .Lemma 7.3.13 Let a1 ≤ . . . ≤ aN and b1 ≤ . . . ≤ bN be two nonde
reasing sequen
es of realnumbers. Then the quantity ∑N

i=1 aibσ(i) for some permutation σ is maximal when σ(i) = i forall i.Proof. From optimal transportation theory (see [71, page 75℄), the quantity ∑N
i=1(ai − bσ(i))

2 isminimal when σ is the identity. Expanding the square, we see that∑N
i=1(ai− bσ(i))2 =

∑N
i=1(a

2
i +

b2i ) − 2
∑N
i=1 aibσ(i). Thus, ∑N

i=1 aibσ(i) is maximal if and only if ∑N
i=1(ai − bσ(i))

2 is minimal,
on
luding the proof.Lemma 7.3.14 Let f be some bounded fun
tion with 
ompa
t support on [0,∞) × R whi
h issmooth with respe
t to the spa
e variable. If hN goes to zero and σN is bounded, then
lim
N→∞

E

∣

∣

∣

∣

∣

∣

∑

κN
i >0

∫ ∞

0

(

wit − wiτt
)

ft

(

XN,i,rN
t

)

dt

∣

∣

∣

∣

∣

∣

= 0.Proof. First noti
e that when t is not in an interval [khN , (k + 1/2)hN ], one has wit = wiτt , sin
eno parti
le moved between τt and t. Then, one 
an write, from the assumptions on f ,
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∣

∣

∣

∣

∣

∣

∑

κN
i >0

∫ ∞

0

(

wit − wiτt
)

ft

(

XN,i,rN
t

)

dt

∣

∣

∣

∣

∣

∣

≤

∣

∣

∣

∣

∣

∣

∑

κN
i >0

∫ T

0

χNt

(

witft(X
N,i,rN
t )− wiτtft(X

N,i,rN
τt )

)

dt

∣

∣

∣

∣

∣

∣

+
K

N

∑

κN
i >0

∫ T

0

χNt

∣

∣

∣X
N,i,rN
t −XN,i,rN

τt

∣

∣

∣ ∧ 1dt.Integrating by parts, one 
an see that
∣

∣

∣

∣

∣

∣

∑

κN
i >0

∫ T

0

χNt

(

witft(X
N,i,rN
t )− wiτtft(X

N,i,rN
τt )

)

dt

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∫ T

0

χNt

∫

R

(

η
(

H ∗ µ̃N,rNt (x)
)

− η
(

H ∗ µ̃N,rNτt (x)
)

)

∂xft(x)dxdt

∣

∣

∣

∣

∣

≤K
N

∫ T

0

χNt

∫

R





∑

κN
i >0

1
X

N,i,rN
t ≤x<XN,i,rN

τt

+ 1
X

N,i,rN
τt ≤x<XN,i,rN

t



 ∂xft(x)dxdt

≤K
N

∫ T

0

χNt
∑

κN
i >0

∣

∣

∣X
N,i,rN
t −XN,i,rN

τt

∣

∣

∣ ∧ 1dtWe 
on
lude the proof by writing
E
1

N

∫ T

0

χNt
∑

κN
i >0

∣

∣

∣
XN,i,rN
t −XN,i,rN

τt

∣

∣

∣
∧ 1dt = E

∫ T

0

χNt 1κN
1 >0

∣

∣

∣
XN,1,rN
t −XN,1,rN

τt

∣

∣

∣
∧ 1dt

≤ T

(

hN sup
[−1,1]

|A′|+ E
(

(σN |ΛN,1,rNhN
|) ∧ 1

)

)

.This last quantity tends to zero when hN goes to 0.7.4 Numeri
al resultsIn this se
tion, we illustrate our 
onvergen
e results by giving some numeri
al simulations. Wesimulated the solution to the fra
tional and the invis
id Burgers equations
∂tu+

1

2
∂x(u

2) + σα(−∆)
α
2 = 0 and ∂tu+

1

2
∂x(u

2) = 0,
orresponding to the 
hoi
e A(x) = x2/2, with di�erent values for the parameter α.One 
an �nd an expli
it exa
t solution to the invis
id Burgers equation (see [46℄) and we
ompare the result of the simulation to this exa
t solution in the vanishing vis
osity setting.However, to our knowledge, no expli
it solutions exist in the 
ase of a positive vis
osity 
oe�
ientfor α < 2, so that we have to 
ompare the result of our simulation with the one given by anothernumeri
al method. Here, we use a deterministi
 method, introdu
ed by Droniou in [29℄.7.4.1 Constant vis
osity (σN = σ)We give three examples of approximation to the vis
ous 
onservation law. In Figures 7.1, 7.2 and7.3, we show the approximation of the solution starting at 1[−0.2,0.2] to the vis
ous 
onservationlaw with respe
tive indi
es α = 1.5, α = 1 and α = 0.1 and di�usion 
oe�
ient σ = 1 using
N = 1000 parti
les, with parameters h = 0.01 and ε = 0.04 at simulation times 0.25, 0.5, 0.75
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al results 119and 1. The 
ontinuous line is the simulated solution, and the dotted line is the �exa
t� solutionobtained with the deterministi
 s
heme of [29℄ using small time and spa
e steps.We now investigate the 
onvergen
e rate of the error, that is the Riemann sum on the dis-
retization grid asso
iated with the integral in Theorems 7.3.1, 7.3.2 and 7.3.3. In Figure 7.4 isdepi
ted the logarithmi
 plot of the error as a fun
tion ofN where we used the relation hN = 10/N ,and εN = 40/N , with N ranging from 10 to 10000, in the three 
ases α = 0.5, 1 and 1.5. In the
ase α < 1, this relation between N , hN and εN satis�es the 
ondition of Theorem 7.3.1. Thesepi
tures make us expe
t a 
onvergen
e rate of 1√
N
, 
orresponding to the optimal rate analyzedtheoreti
ally in [17, 18℄, in the 
ase α = 2, without killing.
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Fig. 7.1. Approximation of the 
onservation law with index α = 1.5.
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Fig. 7.2. Approximation of the 
onservation law with index α = 1.Behavior as h → 0We give in Figure 7.5 the approximation error in terms of the time step h, for a �xed numberof parti
les, in a logarithmi
 plot. We set the parameter ε to be equal to 4h so that the 
onditionof Theorem 7.3.1 is satis�ed. We took N = 340000 and σ = 1. We set α = 0.5, α = 1 and α = 1.5respe
tively. The di�erent parameters h range from 1 to 2−8. In [17,18℄ it is shown, in 
ase α = 2
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Fig. 7.3. Approximation of the 
onservation law with index α = 0.1.
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1 2 3 4 5 6Fig. 7.4. Error in the approximation of the 
onservation law with indi
es α = 0.5, 1 and 1.5 as N tendsto in�nity, in a log-log plot. The respe
tive slopes are −0.46, −0.41 and −0.56. The upper and lower linesshow the 95% 
on�den
e interval.and the initial 
ondition is monotoni
, that the error is of order h. In view of Figure 7.5, it seemsthat the 
onvergen
e rate is still of order h, even for α < 2 and any initial 
ondition with boundedvariation.7.4.2 Vanishing vis
osity (σN → 0)We 
onsider the Burgers equation
∂tv = ∂x(u

2/2)with initial 
ondition u0(x) = 1[−3,−2] − 1[2,3], whi
h is the 
umulative distribution fun
tion ofthe measure δ−3 − δ−2 + δ2 − δ3. In that 
ase, the solution of the Burgers equation is expli
it andgiven by the expression
u(t, x) = min

(

x+ 3

t
, 1

)

1[−3,min(−2+ t
2 ,−3+

√
2t,0)] +max

(

x− 3

t
,−1

)

1[max(2− t
2 ,3−

√
2t,0),3].We 
ompare the fun
tion u to the fun
tion obtained by running the Euler s
heme with a smalldi�usion 
oe�
ient σ. One 
an expe
t the approximation to be better for large values of α. Indeed,
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Fig. 7.5. Log-log plot of the error as h tends to zero, with a �xed number of parti
les, at respe
tively
α = 0.5, 1 and 1.5. The slopes are equal to 1 up to an error of 0.01.for small values of α, the parti
les tend to jump very far away, and subsequently �disappear� fromthe simulation. The 
onsequen
e of this behavior is that the solution is somehow de
reased by amultipli
ative 
onstant.For large values of α, the approximation is quite good, even for not so small di�usion 
oe�
ients.Figure 7.6 gives the result of the simulation of the Euler s
heme with parameters α = 1.5, ε = 0.04,
σ = 0.1 and h = 0.01, at the di�erent times 2, 4, 6 and 8 for N = 10000 parti
les. Figure 7.7 givesthe same simulation for α = 1. In the 
ase α < 1, and espe
ially when α is small, one needs to takea very small value for the di�usion 
oe�
ient in order to have a reasonable approximation of thesolution. Indeed, the approximation depi
ted in Figure 7.8 is the appproximation of the solutionat times 2, 4, 6 and 8 for di�usion 
oe�
ient σ = 10−4. Here, we used 10000 parti
les killed at adistan
e ε = 0.01, the time step being h = 0.01. In Figure 7.9 we show the same simulation, withdi�usion 
oe�
ient 
hanged to σ = 10−12.
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Fig. 7.6. Approximation of the invis
id 
onservation law by a fra
tional Euler s
heme with index α = 1.5and di�usion 
oe�
ient 0.1.
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Fig. 7.7. Approximation of the invis
id 
onservation law by a fra
tional Euler s
heme with index α = 1and di�usion 
oe�
ient 0.1.
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Fig. 7.8. Approximation of the invis
id 
onservation law by a fra
tional Euler s
heme with index α = 0.1and di�usion 
oe�
ient 10−4.
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