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Systémes de particules en interaction probabiliste. Applications a la
simulation moléculaire

Résumé : Ce travail présente quelques résultats sur les systémes de particules en interaction
pour 'interprétation probabiliste des équations aux dérivées partielles, avec des applications & des
questions de dynamique moléculaire et de chimie quantique. On présente notamment une méth-
ode particulaire permettant d’analyser le processus de la force biaisante adaptative, utilisé en
dynamique moléculaire pour le calcul de différences d’énergies libres. On étudie également la sen-
sibilité de dynamiques stochastiques par rapport a un parameétre, en vue du calcul des forces dans
I’approximation de Born-Oppenheimer pour rechercher I’état quantique fondamental de molécules.
Enfin, on présente un schéma numérique basé sur un systéme de particules pour résoudre des lois
de conservation scalaires, avec un terme de diffusion anormale se traduisant par une dynamique
de sauts sur les particules.

Mots-clés : Systémes de particules en interaction probabiliste, interprétation probabiliste des
équations aux dérivées partielles, calculs d’énergies libres, simulation moléculaire, méthodes de
Monte Carlo en chimie quantique, processus de Lévy, lois de conservation hyperboliques.

Probabilistic interacting particle system and application to molecular
simulation

Abstract : This work presents some results on stochastically interacting particle systems and
probabilistic interpretations of partial differential equations with applications to molecular dy-
namics and quantum chemistry. We present a particle method allowing to analyze the adaptive
biasing force process, used in molecular dynamics for the computation of free energy differences.
We also study the sensitivity of stochastic dynamics with respect to some parameter, aiming at the
computation of forces in the Born-Oppenheimer approximation for determining the fundamental
quantum state of molecules. Finally, we present a numerical scheme based on a particle system
for the resolution of scalar conservation laws with an anomalous diffusion term, corresponding to
a jump dynamics on the particles.

Keywords : Interacting particle systems, probabilistic interpretation of partial differential equa-
tions, free energy calculations, molecular dynamics, quantum Monte Carlo methods, Lévy pro-
cesses, hyperbolic conservation laws.
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1

Préambule

Cette these regroupe des travaux portant sur I'utilisation des systémes de particules en inter-
action pour l'interprétation probabiliste des équations aux dérivées partielles.

En introduction, on donne des exemples classiques d’interprétation probabiliste des équations
aux dérivées partielles. Les fondements de la physique statistique et de la physique quantique,
dont nous utiliserons le formalisme, sont également rappelés.

La partie IT traite d’une approximation particulaire pour la méthode de la force biaisante
adaptative (ABF en anglais), utilisée en physique statistique pour le calcul d’énergies libres. Ce
travail a été publié dans Modélisation Mathématique et Analyse Numérique, voir [37].

Dans la partie III, on étudie la sensibilité de processus de diffusion par rapport & un parametre,
en vue du calcul de configurations électroniques en chimie quantique.

La partie IV présente une méthode numérique pour résoudre une équation aux dérivées par-
tielles hyperbolique non linéaire avec une diffusion anormale. Cette méthode est basée sur un
systéme particulaire suivant une dynamique de sauts. Ce travail a été soumis & Stochastic Pro-
cesses and their Applications.






Partie I

Introduction
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Interprétation probabiliste des équations aux dérivées
partielles

Les équations aux dérivées partielles jouent un role central en mathématiques appliquées, car
elles permettent de représenter toutes sortes de phénomeénes, allant de la diffusion de la chaleur a
I’évolution des particules quantiques, en passant par le mouvement des fluides et les prix d’options
financiéres. Il est donc crucial d’étre capable de résoudre ces équations de maniére performante.

2.1 Quelques exemples d’interprétations probabilistes

L’interprétation probabiliste des équations aux dérivées partielles permet de résoudre ces équa-
tions en évitant le recours aux méthodes déterministes classiques, qui peuvent étre trés cotiteuses,
voire impossibles, lorsque la dimension du probléme considéré est grande. Le principe est d’ex-
primer la solution d’une équation aux dérivées partielles comme un objet probabiliste, typiquement
une espérance ou une densité de probabilité, dépendant de la solution d’un probléme probabiliste,
le plus souvent une équation différentielle stochastique. On dispose ensuite d’outils classiques de
théorie des probabilités pour simuler cet objet probabiliste, par exemple les méthodes de Monte
Carlo pour calculer les espérances.

Comme référence sur ces différentes interprétations probabilistes, on pourra consulter [40].

2.1.1 Problémes elliptiques

Prenons un exemple simple d’une telle interprétation : considérons I’équation de la chaleur

, 2.1
o donné 21)

{Qtut(z) = LAu(z), (z,t) € R% x (0,00)
ot l'on note A = 3", 0? Vopérateur Laplacien. Cette équation aux dérivées partielles est lice au
mouvement Brownien par la formule d’Ito. En effet supposons que la condition initiale ug soit
une mesure de probabilité, et considérons un mouvement Brownien (W;);>¢ dont la condition
initiale Wy suit la loi ug. Etant donnée une fonction test o suffisamment réguliére, la formule d’Ito
appliquée & ©(W;) donne

P = o(W0) = [ TeWgaw, + 3 [ Ap(w s

Le premier terme du second membre est une intégrale stochastique par rapport & la martingale W4,
et est donc lui aussi une martingale, puisque la fonction ¢ est réguliére. En conséquence, un passage
a l'espérance donne

Blo (W) ~ BloWo)] = 58 | Ap(W,)ds (22)
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En notant u; la loi de la variable aléatoire W;, on peut récrire ’égalité (2.2) comme

1 t
/cput—/gauoz —/ /Agﬁusds,
R R 2Jo Jr

ce qui est une formulation faible de I’équation de la chaleur (2.1). Par conséquent, la solution de
Péquation aux dérivées partielles (2.1) peut s’obtenir comme la densité de la loi d’'un mouvement
Brownien dont la condition initiale suit la loi wug.

De maniére plus générale, si (X;);>0 est un processus de Markov de générateur infinitésimal £
a valeurs dans un espace d’états £, ayant pour condition initiale une loi ug, alors la loi u; de X; &
I'instant ¢ est donnée par la solution de ’équation aux dérivées partielles suivante, appelée équation
de Kolmogorov forward ou équation de Fokker-Planck

, 2.3
U donné (2:3)

{8tut(:c) Lruy(z), (z,t) € € x (0,00)

ou L* est ’adjoint de 'opérateur £. Notamment, les équations aux dérivées partielles paraboliques
entrent dans ce cadre, dans le cas o 'opérateur L s’écrit

n 1 n
E = Zbl(:z:)az + 5 Z aij(:z:)aic')j.
i=1 i,j=1

Sous de bonnes hypothéses de régularité et de non explosion sur les fonctions a et b, cet opérateur
est le générateur de la solution de ’équation différentielle stochastique

dXt == b(Xt)dt+U(Xt)th, (24)

ott ooT = a.
On peut également donner une autre interprétation probabiliste & I’équation (2.1). En effet, en

appliquant la formule d’Tto au processus ug(z + W), on trouve

t t
1
uo(x + W) —up(x) = / Vug(x + Ws)dWs + 5 / Aug(x + Ws)ds,
0 0
d’ot, en passant a I'espérance
t
Eluo(x + We)] = uo(x) + / AE[ug(z + Wy)]ds,

0

montrant que Elug(x + W;)] est une solution de I’équation (2.3). Ce résultat se généralise aux

équations de la forme

{atut(:c) Luy(z), (x,t) € € x (0,00) (2.5)

o donné

ou L est le générateur infinitésimal d’un processus de Markov. L’équation (2.5) est appelée équation
de Kolmogorov rétrograde. La solution de 'équation (2.5) est donnée par Efuo(X[)] ot (X7 )i>o0
est un processus de Markov de générateur £ issu de x.

2.1.2 Problémes paraboliques avec conditions aux bords

Considérons un autre type d’équation, le probléme de Dirichlet
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{Au(:c) =0, ze€? (2.6)

u(x) = f(z), z€dR’

ot {2 est un ouvert borné de R™, et f est une fonction bornée définie sur 9f2. Supposons que cette
équation admette une solution réguliére u. En considérant un mouvement Brownien (W/);>¢ issu
d’un point = de {2, et en notant 7 le temps d’atteinte de 0f2, qui est presque stirement fini puisque {2
est borné, on peut écrire, par la formule d’Ito,

1 AT AT
wWig) = ut@)+g [ AuWas+ [ vawaws,
Ce qui donne, en passant & 1’espérance, puis en prenant la limite ¢ tendant vers l'infini,

E[f(W7)] = u(z).

Par conséquent, la solution réguliére du probléme de Dirichlet (2.6) s’exprime comme ’espérance
de f contre la loi du mouvement Brownien arrété au bord de f2.

Cette interprétation se généralise & un processus de Markov (X;);>¢ de générateur £. En effet,
considérons un sous ensemble D de 'espace d’état €. Si une trajectoire de (X;);>0 issue d’un point
quelconque de £ atteint presque siirement D en un temps fini, alors, pour une fonction f bornée,
toute solution du probléme

Lu(x) =0, z€&
u(zr) =f(x), x€D’

s’exprime comme E[f(X¥)] ou (X[);>0 est un processus de Markov de générateur £ issu de z,
et 7 est le temps d’atteinte de D.

2.1.3 La formule de Feynman-Kac

On a aussi une interprétation probabiliste pour les équations incluant un terme linéaire multi-
plicatif, qui correspond & une dissipation locale :

Opu(z) = Lu(x) — V(x)u(z), (z,t) € € x (0,00) 27)

uo(x) = f(x), z€€& ' '

Soit (X7)s>0 un processus de Markov de générateur £ issu du point z. Si u est une solution réguliére
de P’équation (2.7), en appliquant la formule d’Tt6 au processus (u;_o(X%)e™ Jo VXDdwy ., on
obtient la formule donnant l'interprétation probabiliste de (2.7), connue sous le nom de formule
de Feynman-Kac :

w () = B [f(XP)e™ i VExDs], (2:8)

Par conséquent, toute solution réguliére de (2.7) s’écrit nécessairement sous la forme (2.8). Cette
interprétation est une écriture de u; comme la loi de X;, pondérée par un poids exponentiel
effectuant une moyenne de ’énergie du processus sur toute sa trajectoire passée.

Ce type d’interprétation probabiliste est notamment & la base de la méthode de Monte Carlo
diffusive en chimie quantique.

2.2 Systémes de particules en interaction probabiliste

Les systémes de particules en interaction sont des ensembles de processus, appelés “partic-
ules” ou encore “marcheurs” dans la littérature physique, dont le mouvement est régi par deux
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phénoménes. D’une part, les particules suivent de maniére indépendante une méme dynamique
Markovienne, mais d’autre part cette dynamique est modifiée par une interaction entre les partic-
ules, faisant que chaque particule est influencée par I’ensemble du systéme.

Les systémes de particules en interaction peuvent servir aussi bien pour des motifs théoriques
que numériques. Dans un cadre théorique, ils permettent d’étudier des équations aux dérivées
partielles non linéaires. Du c6té numérique, ils permettent par exemple de réduire la variance dans
le cadre d’une formule de Feynman-Kac, dont le terme exponentiel tend & avoir une variance trés
importante, voir par exemple [27,49,59,60].

2.2.1 Interprétation des équations aux dérivées partielles non linéaires

On remarquera que les équations (2.3) et (2.5) sont linéaires par rapport a la fonction incon-
nue u. Le processus stochastique associé sera donc qualifiée de linéaire au sens de McKean, méme
si son évolution est régie par une équation différentielle stochastique dont les coefficients ne sont
pas linéaires par rapport au processus (X;);>o-

La question qui se pose alors naturellement est de trouver une telle interprétation probabiliste
a des équations aux dérivées partielles semblables dont certains coefficients ne sont pas linéaires.
Par exemple, considérons I’équation de McKean-Vlasov, introduite par McKean dans [53] :

{atut(x) = —0u(Blr,u]ui(2)) + 1A (Z[w, w) Xz, we] Tue(2)), (2,t) € 2 x (0,00)
uo () donné ’
ou on note

Ble, ui] = /R bz, y)dur(y), et Sl ) = /R o (2, y)dus (y).

En appliquant la formule d’Ito comme précédemment, on voit que u; peut s’interpréter formelle-
ment comme la loi d’un processus (X;);>0 satisfaisant I’équation

aX, = /R b(X,, y)dug(y)dt + /]R o(Xt,y)dw(y)th, (2.9)
Ut :LOi(Xt)

voir par exemple [54]. Il y a une différence fondamentale entre les équations (2.4) et (2.9) : en
effet les coefficients de cette derniére dépendent non seulement de la position X; de la solution a
I'instant ¢, mais aussi de toute la loi de X;, ce qui fait qu’il est par exemple impossible de traiter
ce genre d’équation par des méthodes trajectorielles. Ce type d’équation différentielle stochastique
sera qualifié de non linéaire au sens de McKean, le terme “non linéaire” traduisant le fait que
I’équation aux dérivées partielles associée est non linéaire.

Comment peut-on montrer des résultats d’existence pour les équations (2.4) et (2.9) 7 Dans le
premier cas, on peut trouver des approximations suffisamment simples de I’équation pour lesquelles
I’existence de solutions est claire, par exemple en discrétisant le temps a ’aide d’un schéma, d’Euler
(voir par exemple [9-11,58,65]). On déduira ensuite par un critére de tension la convergence de la
suite de solutions approchées quand ’approximation tendra vers 0. Une identification des limites
possibles montrera alors que le processus limite sera la solution recherchée.

Pour avoir des résultats d’existence ou d’unicité dans le cas non linéaire (2.9), une maniére de
procéder est de construire une approximation de I’équation non linéaire par une équation linéaire
en dimension plus grande en utilisant un systéme de particules. Plus précisément, on va chercher
a construire une estimation de la loi u; de X3, ce qui peut s’obtenir en considérant la loi empirique
+ 25:1 dxn ot les (X7')i>0 sont des approximations de (X;):>o. Pour obtenir ces approximations
du processus on considére la solution du systéme d’équations différentielles stochastiques obtenu
en remplacant chaque occurrence de u; par son approximation % POy Xi-



2.2 Systémes de particules en interaction probabiliste 9

On obtient alors non plus une, mais un grand nombre N d’équations différentielles stochastiques
qui cette fois-ci sont linéaires. Précisément, on obtient le systéme

N N
n,N 1 n,N m,N 1 n,N m,N n
axmN = S 2 b XN+ < 3 oY X N)awy, Ve {1, N}
m= m=1 ’

1
(Xgl’N)ne{l,..-,N} lld de 101 Ug

ot les (W{");>0 sont des mouvements Browniens indépendants issus de 0.

Le type de résultats que ’on souhaite ensuite obtenir sur ce genre de systéme sont des résultats
de propagation du chaos, voir par exemple [64]. Précisément, il s’agit de montrer que pour un entier
k fixé, la distribution jointe des k premiéres copies du systéeme (X1 ... X*N) converge quand
le nombre de particules N tend vers l'infini vers la distribution de k copies indépendantes du
systeme.

2.2.2 Méthodes de réduction de variance pour les espérances de type Feynman-Kac

Si 'on veut utiliser 'écriture (2.8) pour simuler la solution de I’équation (2.7), une premiére

idée est de simuler un grand nombre de trajectoires indépendantes (X;"")¢>0.n=1,...~n de méme loi
que (X7 )i>0 puis de calculer la moyenne empirique

N
3 FEpe S Ve
n=1

pour avoir une estimation de (2.8), sur le principe de la méthode de Monte Carlo. Toutefois,
lefficacité de cette méthode dépend de la variance de la variable aléatoire a intégrer. Ici, le facteur
exponentiel a en général une variance trés grande, ce qui entraine une mauvaise estimation de
I’espérance.

Les systémes de particules permettent de passer outre cette difficulté en évitant de calculer le
poids exponentiel. Pour ce faire, on utilise une procédure de meurtre et duplication : les particules
ayant une énergie importante vont étre multipliées pendant la simulation, alors que celles ayant
une énergie faible vont étre tuées, de sorte que les zones de basse énergie, qui sont majoritaires
dans le poids exponentiel, seront mieux explorées, voir par exemple [59].

Pour mettre en ceuvre cette procédure, on écrit le potentiel V' sous la forme de la différence
de deux potentiels positifs V,,, et Vg, les lettres d et m signifiant respectivement “duplication” et
“meurtre” :

V=V,—-Vi

Des choix naturels de telles décompositions sont
Vin =V —sup(V), V4=0

ou encore
Vi =V V0, Vg=(=V)VO0.

On simule ensuite des particules (Xf’")tzoynzlﬁ__y]v évoluant indépendamment selon des dy-
namiques Markoviennes de générateur £. Chaque particule X", va, a taux V,, (X", étre tuée et
déplacée a ’emplacement d’une autre particule choisie uniformément parmi les autres particules.
A T'opposé, chaque particule va, a taux Vd(f(f ™), étre dupliquée en se voyant rejointe par une
autre particule choisie indépendamment parmi les autres. Plus précisément, on définit 7 comme
le dernier instant de meurtre ou de duplication, ou comme 7 = 0, si ni 'un ni I'autre ne se sont
encore produit. A chaque particule sont associées des variables indépendantes aléatoires E? et E™

de loi exponentielle de paramétre 1. On définit les temps 7 et 7™ par les formules



10 2 Interprétation probabiliste des équations aux dérivées partielles
(S " ~
El = / Va(XP™Mds et B = / Vi (XE™)ds.
T T

Si T4 < Tm™, alors la particule est tuée au temps 7™, sinon elle est dupliquée au temps T9. Aprés
chaque meurtre ou duplication, les variables aléatoires EZ et E™ sont réinitialisées pour chaque
particule.

Un analogue en temps discret de la formule de Feynman-Kac est présenté dans [27], sous la
forme E[F(Xk) Hle G(X})], ou le processus a temps discret (X )gen est une chaine de Markov.
Dans ce cadre, le terme produit joue le role du poids exponentiel, et va aussi causer une grande
variance empéchant le calcul efficace de la moyenne par la méthode de Monte Carlo standard.
En revanche, ce probléme peut toujours étre contourné par l'utilisation de systémes de partic-
ules. On simulera ici des particules (X;?)keN,n:L..., ~ évoluant selon la méme dynamique que la
chaine (X)gen, mais qui seront rééchantillonnées a chaque pas de temps en donnant & chacune
un poids proportionnel & G(X}?). Plus précisément, pour chaque particule, on tire une variable
aléatoire intermédiaire )N(,’QH obtenue en faisant une transition Markovienne & partir de X}'. En-
suite, pour chaque n =1,..., N, on tire X' aléatoirement parmi les (X,?)n:L_MN, chacune ayant
une probabilité G(X}')/ Zﬁizl G(X") d’étre tirée.

Dans chacun des deux cas ci-dessus, temps discret comme continu, on peut approcher ’e-
spérance de Feynman-Kac en prenant la moyenne empirique du systéme de particules multipliée
par un facteur de renormalisation. Il n’y a donc pas & calculer le terme exponentiel ou, en temps
discret, le produit, réduisant de fait la variance de la variable aléatoire estimée.



3

Simulation moléculaire et applications

3.1 Quelques notions de physique statistique et de physique quantique

3.1.1 La physique statistique

La physique statistique a été développée dans le but d’étudier des systémes physiques com-
plexes, pour lesquelles une résolution par les méthodes exactes classiques s’avérait impossible.
Typiquement, un volume macroscopique de gaz est composé d’un nombre de molécules de l'or-
dre du nombre d’Avogadro N' = 6 x 10%3. Si I’on voulait décrire exactement le comportement
du gaz a l’échelle microscopique, on obtiendrait un systéme d’équations différentielles ayant un
nombre gigantesque de variables, qui serait impossible a résoudre directement, méme en utilisant
un ordinateur moderne.

La physique statistique, initiée par Ludwig Boltzmann & la fin du XIX¢ siécle, cherche & résoudre
ce probléme en adoptant une démarche probabiliste : au lieu de considérer indépendamment chaque
particule du gaz et son équation d’évolution, on considére le gaz de maniére globale, en faisant les
calculs sur la distribution des positions et des vitesses des particules. L’équation d’évolution du
systéme ne sera alors plus un systéme d’équations différentielles ordinaires décrivant le mouvement
de chaque particule, mais une équation aux dérivées partielles décrivant I’évolution de la densité.

Formellement, la physique statistique va décrire un systéme physique par deux éléments : un
espace d’état £, qui désignera le plus souvent un ouvert de I'espace affine R™, et une fonction V'
dite d’énergie, définie sur £ et a valeurs dans R. L’espace £ modélise 'ensemble de toutes les
configurations possibles du systéme, alors que la fonction V' associe a chaque configuration 1’énergie
correspondante.

Toutes les propriétés physiques macroscopiques du systéme sont alors représentées dans la
mesure %e’ﬁv(z)dx, appelée mesure de Gibbs. On suppose que V et [ sont tels que cette mesure
soit, finie, et on note Z = fg e V(@) dx la constante de normalisation, de sorte que la mesure de
Gibbs soit une mesure de probabilité. Cette mesure minimise 'entropie par rapport a la mesure
uniforme parmi les distributions de probabilité d’énergie fixée. Plus précisément, si on définit
I’entropie relative de p par rapport & dx par

Ent(y)

)

- {fg f(@)In(f(x))dz, avec f= %%, si p < dz,
0

sinon

alors e~V (@) dy vérifie

1 1
Ent (Ee_ﬁv(m)dx> = inf {Ent(u),u probabilité,/ V(z)dv(x) = 7 / V(m)e‘BV(I)dx} .
£ £

L’entropie relative est une bonne facon de définir une distance entre deux mesures de probabilité,
car on n’a Ent(v) = 0 que dans le cas ou v(dz) = dz, en raison de I'inégalité de Jensen appliquée
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a la fonction convexe x In(z). La mesure de Gibbs est donc au sens de I’entropie la mesure la plus
proche de la mesure uniforme, a énergie fixée.

Le paramétre 5 apparaissant dans la définition de la mesure de Gibbs est homogéne a 1'in-
verse d’une température. Faire varier ce paramétre donne plusieurs mesures de Gibbs différentes,
associées a des énergies totales différentes.

3.1.2 La physique quantique

La physique quantique décrit le comportement de la matiére & I’échelle subatomique. L’idée
directrice de la physique quantique est de ne plus voir les particules considérées comme des objets
ponctuels ayant une masse et une position bien définies, mais en leur attribuant une probabilité
de présence relativement étendue, aussi bien en position qu’en vitesse. Les physiciens désignent ce
phénomeéne sous le nom d’indétermination.

On voit ici que laléa sur le systéme est d’une nature totalement différente en mécanique
statistique et en mécanique quantique : alors qu’en mécanique statistique ’aléa n’est di qu’a
notre incapacité & connaitre exactement 1’état du systéme, en physique quantique, le systéme est
par nature indéterminé.

L’état d’un systéme de particules physiques en mécanique quantique est représenté par une
fonction ¢, dite fonction d’onde, & valeur dans le corps C des nombres complexes. Pour un ob-
servateur, cette fonction d’onde a une interprétation probabiliste, puisque sur un grand nombre
d’observations de particules dans un état décrit par une fonction d’onde ¢, la répartition statistique
des observations se fera selon le carré du module de la fonction d’onde |¢|2.

Pour décrire I’évolution d’un systéme physique, on a donc besoin d’une équation décrivant 1’évo-
lution de la fonction d’onde. Cette équation fondamentale de la physique quantique est 1’équation
de Schrédinger, qui est le pendant quantique de la relation fondamentale de la dynamique de
Newton en mécanique classique. Il s’agit de I’équation aux dérivées partielles suivante :

i0ppi () = —Api(x) + V(2)pe(x), (2,t) € RY x (0,00). (3.1)

La fonction V' désigne ici le champ de force auquel le systéme considéré est soumis.

Dans les cas physiques, le potentiel V' sera tel que 'opérateur de Schrédinger, ou opérateur
Hamiltonien A — V' sera diagonalisable, avec un spectre discret et minoré. On peut par exemple
penser, pour {2 un ouvert borné de R, au cas V(x) = 0, si x est dans 2 et V(z) = oo sinon,
correspondant & une particule confinée dans (2. L’opérateur de Schrodinger est alors l'opérateur
Laplacien sur un domaine borné, dont le caractére diagonalisable est un résultat classique d’analyse
fonctionnelle.

Dans le cas diagonalisable, la résolution de (3.1) repose sur le calcul des différentes valeurs
propres et fonctions propres associées de 'opérateur de Schridinger, ce qui revient au calcul de la
solution de I’équation de Schridinger stationnaire

—Ap(z) + V(z)p(x) = Ep(z), e R? (3.2)

ot les inconnues sont la fonction ¢ ainsi que la valeur E de I’énergie. En effet, si 'on décompose
la fonction ¢q sur la base de vecteurs propres (¢)r>0 de —A + V sous la forme

0o = At
k=0

alors la solution de I’équation de Schrodinger s’écrira

o0
or = Z Ape Erapy

k=0
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ou Fj est la valeur propre de —A 4 V' associée & .

C’est pour cela qu’une des questions fondamentales en physique quantique est de calculer non
pas la solution de I’équation de Schrédinger de maniére générale, ce qui serait trop complexe,
mais de calculer les énergies propres du systéme, & savoir les valeurs propres de 'opérateur de
Schrédinger, et les états propres associés. Notamment, ’énergie fondamentale du systéme, c’est-
a-dire la plus petite valeur propre de 'opérateur de Schriédinger, et son vecteur propre associé
jouent un role particuliérement important, car ils correspondent & 1’état non excité du systéme.

3.2 Calculs d’énergies libres par la méthode de la force biaisante
adaptative

Un probléme ayant de nombreuses applications en physique statistique est le probléme du cal-
cul d’énergies libres. Etant donné un systéme, ce qui en physique statistique est la donnée d’un
espace d’état £ et d’une fonction d’énergie V', on peut chercher & étudier non pas le comporte-
ment global du systéme, mais seulement le comportement de certaines quantités d’intérét. Plus
précisément, on considére une fonction &, appelée coordonnée de réaction définie sur £ a valeurs
dans un espace de petite dimension, et on ne s’intéresse pas a ’évolution du systéme dans &£, mais
plutot a ’évolution de 'image par € du systéme. La fonction & peut donc étre comprise comme
une observable macroscopique.

On peut penser comme exemple & 1’évolution d’une réaction chimique. Le systéme considéré
est un ensemble de molécules qui vont réagir les unes avec les autres. L’information a retenir n’est
pas alors la position microscopique de chaque molécule, mais plutot ’avancement global de la
réaction, quantifié par exemple par un réel de [0, 1] correspondant a la proportion de molécules
ayant réagi. Un autre exemple est la conformation des protéines. Une protéine est une longue chaine
d’acides aminés reliés les uns avec les autres d’une certaine maniére, de sorte a donner une forme
particuliére & la protéine. Etudier la forme des protéines est utile pour pouvoir comprendre les
mécanismes d’action de celles-ci. Ce que ’on veut alors retenir dans une configuration particuliére
de la protéine n’est pas la position exacte de chaque acide aminé, mais plutot une forme générale,
par exemple ’écartement entre les deux extrémités, ou ’angle formé par deux sous-ensembles
particuliers d’acides aminés.

Une information importante pour étudier cette quantité d’intérét, est la “trace” de ’énergie
globale du systéme correspondant & cette coordonnée, appelée énergie libre. Comme en physique
statistique 1’énergie n’intervient qu’a travers la mesure de Gibbs, il est naturel de définir ’én-
ergie libre comme la fonction A telle que la mesure e #4(*)dz soit la mesure image de la mesure
%e*BV(I)dx par I'application £. On peut alors donner une expression de I’énergie libre, grace a la
formule de la co-aire qui est une généralisation du théoréme de Fubini & des coordonnées qui ne
sont pas orthogonales. On obtient

A'(2) = B[F(X)[¢(X) = 2, (3-3)

ou X est tiré selon la mesure de Gibbs, et F' est la fonction définie par

V¢E-VV 1 .. V¢
F=->""_ _div| —>).
VER B ”(Wa?)

La quantité —F(z) est & comprendre comme la composante selon ¢ de la force s’exercant au
point x, et —A’(z) est donc la force moyenne a ’équilibre, sachant que le systéme s’envoie sur z
par la fonction £. La fonction A peut donc bien étre assimilée & une énergie potentielle sur la
composante macroscopique du systéme.

Pour calculer ’énergie libre, une méthode naive serait de simuler une trajectoire ergodique

par rapport & la mesure de Gibbs £e~#V (@)% jusqu’a avoir un échantillon important de variables
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aléatoires de loi e #V(*)dz, puis de prendre I'image par ¢ de cet échantillon. Une dynamique

typique permettant ce genre d’échantillonnage est la dynamique de Langevin sur-amortie,

dX; = —VV(X,)dt + \/gth. (3.4)

Bien entendu, cette méthode serait trop lente & mettre en place, car les problémes physiques
ou biologiques typiques sont par nature métastables, c’est-a-dire que bien que la trajectoire soit
ergodique, la convergence est trés lente car le systéme reste bloqué pendant de longue périodes
dans des minima locaux de la fonction d’énergie V.

La méthode de la force biaisante adaptative, introduite dans [25,32], permet de calculer cette
énergie libre de maniére bien plus efficace, en se débarrassant de certains états métastables. L’idée
est de rajouter un terme a l'équation de Langevin (3.4) qui va éloigner le systéme des états
métastables déja visités. Remarquons que l’expression (3.3) est toujours valable si la variable X
est, distribuée non pas selon la mesure de Gibbs, mais selon la mesure modifiée

1
LBV (@)= AEE) 4y, (3.5)

Z
puisque l'expression de A’ est prise conditionnellement a £(X) et que la loi de X n’est modifiée
que par un facteur ne dépendant que de £(z).
On peut donc obtenir la méme expression de A’ en échantillonnant X grace a la dynamique

dX; = —=V(V(X;) — A(E(X)))dt + £/2/BAW, (3.6)

dont la mesure invariante est donnée par (3.5). Bien évidemment cette méthode ne peut pas étre

mise en place directement, puisque la dynamique (3.6) dépend de la fonction A qui est précisément

ce que 'on cherche & calculer. Cependant, on peut calculer une approximation de la fonction A en

utilisant l’expression (3.3). Une dynamique possible est alors

dX; = -V(V(Xy) — A(§(Xy)))dt + /2/BdW; (3.7)
Ai(z) = E[F(Xy)[E(Xe) = 2]

Dans [48] il est montré, sous certaines hypothéses, que toute solution de cette équation permet
bien, sous réserve d’existence, d’obtenir A’ comme limite en temps long de Aj}. La preuve utilise
un découpage de 'espace dans deux directions, une selon £, correspondant & une évolution macro-
scopique, et une orthogonale & &, correspondant & une évolution microscopique. Dans [48], on fait
I’hypothése que les mesures de Gibbs conditionnées & une valeur de £ constante vérifient une in-
égalité de Sobolev logarithmique (voir par exemple [6,61]), ce qui signifie une convergence rapide
au niveau microscopique. En revanche, au niveau macroscopique, la vitesse de convergence rapide
est assurée, puisque la densité de £(X;) satisfait ’équation de la chaleur, et ce méme si £(X;)
ne suit pas une dynamique Brownienne. D’une certaine maniére, ’ajout d’un terme de biais a la
dynamique de Langevin permet de tuer les métastabilités au niveau macroscopique.

La simulation du systéme (3.7) est une question difficile, car elle nécessite d’estimer une es-
pérance conditionnelle. Pour ce faire, les praticiens utilisent généralement des moyennes ergodiques
en temps long. Toutefois, il parait naturel de simuler un tel systéme par une méthode de Monte
Carlo, en utilisant un systéme de particules. En effet on peut construire une estimation de 1’e-
spérance conditionnelle grace a un estimateur de Nadaraya-Watson, de la forme

S Pae(E(Xy) — 2)F (X)) |
LN e (E(X:) —2)

E[F(X)[6(X) = 2] ~
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Dans cette expression, ¢q . est une approximation de la masse de Dirac, qui est choisie de la forme
Ya,e = @+ e, OU Y. est une fonction positive d’intégrale unité a support dans [—e,e]. On peut
donc définir le systéme de particules suivant pour approcher la solution de (3.7) :

N el el ;
2m=1 ‘Pn(XgnE,N - XS;,N)F(XS;;,N)
N 1 1
I ‘Pn(Xg;f,’N - XtaniN)

dXSf,N = (VV(XSS,N) + V&(Xz‘;iN)> dt + 24w,

X0y de loi donnée
pour n = 1,..., N. Sous certaines hypothése sur I’énergie potentielle V', nous avons montré que ’on

a existence et unicité d’une solution faible de ’équation (3.7), et que 'approximation particulaire
de A’ converge vers la vraie énergie libre A} au temps ¢ quand le nombre de particules tend vers
I'infini et que le noyau régularisant pour le calcul de ’espérance conditionnelle tend vers une masse
de Dirac. Plus précisément :

T
/
0

3.3 Calculs de sensibilité en chimie quantique

N a, a,e,l
don=t F(Xt,nE,N)(pU(‘ - Xt,nE,N)

— A
N &,1 t
Zn:l 9077(- - XgnE,N)

1 &
dt :O(a+\/E+\/NeE>.

Lee(T)

Le but de la chimie quantique est de calculer les structures électroniques de molécules. Dans le
cadre de la physique quantique, cela signifie calculer la fonction d’onde du systéme composé des
noyaux et des électrons de la molécule.

Ce genre de probléme améne a la résolution d’équations aux dérivées partielles en trés grande
dimension, ce qui fait qu’une résolution par des méthodes numériques classiques est trés ardue.
Par exemple, pour la molécule Lig, la dimension du probléme est 8 x (3 + 1) x 3 = 96, puisque
chacun des huit atomes de lithium est composé d’'un noyau et de trois électrons évoluant en trois
dimensions.

Une premiére simplification du probléme est I'approximation de Born-Oppenheimer. Cette
approximation consiste & considérer que les deux types de particules, électrons et noyaux, ont des
vitesses d’évolution caractéristiques tres différentes; pour étre précis, les électrons se déplacent
beaucoup plus rapidement que les noyaux. On va donc séparer le probléme en deux parties, et
calculer différemment la position des électrons et celles des noyaux. Pour calculer I’état fondamental
des électrons, on suppose alors que les noyaux sont fixés dans ’espace, ce qui induit un champ
d’énergie potentielle V' dans lequel évoluent les électrons. Typiquement, la fonction V' est de la
forme

N
V(z)=> Vilw)+ Y, Valwi— ),
i—1 1<i<j<N

ou V; désigne le champ de force que ’ensemble des noyaux applique sur chaque électron, et V5
désigne la force d’interaction entre deux électrons. V; sera généralement de la forme

K

1
Vi = — g —
1(33) 2k Pk * -

)
= =1

ol z est la charge du k'*™® noyau, et pj représente ’étendue spatiale du noyau. Par exemple, on
pourra avoir pj = d,, pour un noyau ponctuel en position y;, ou bien p;, pourra étre une fonction
réguliére & support dans un petit voisinage de yg, pour un noyau diffus.

Dans le cadre de 'approximation de Born-Oppenheiemer, le systéme étudié du point de vue
quantique est composé uniquement d’électrons, qui sont des particules fermioniques, cette pro-

)
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priété se traduisant par le fait que la fonction d’onde sera & chercher dans I’espace des fonctions
antisymeétriques.

Pour calculer la bonne position des noyaux, on suppose qu’ils suivent une dynamique classique.
L’énergie globale du systéme est donnée par

ZEZ
V(,CEl,...,.’L'K)ZEo(,CEl,...,.’L'K)—i- Z |k%|, (38)
1<k<q<k Yk~ Ya

ou Fy désigne ’énergie fondamentale des électrons. L’évolution des positions des noyaux est donc
régie par I’équation de Newton

OZ(mizy, ..., mgrr) = —VV(21,...,TK),

ol my, est la masse du k'*™¢ noyau. La position d’équilibre des noyaux peut donc étre calculée
comme la position minimisant la fonction V. Un probléme important est donc de savoir calculer
la force VV(z1,...,2k) s’exercant sur les noyaux.

3.3.1 Les méthodes de Monte Carlo en chimie quantique

En chimie quantique, les calculs de valeurs propres d’opérateurs de Schrédinger sont générale-
ment difficiles & traiter directement, a cause de leur grande dimension. C’est pourquoi un certain
nombre de méthodes probabilistes ont été développées pour résoudre ces problémes. Ces méthodes
sont désignées collectivement sous le nom générique de méthodes de Monte Carlo quantiques.

L’énergie fondamentale d’un opérateur de Schrodinger H est définie précisément par

E =inf{(p,Hp), p € D(H), (p,p) =1}, (3.9)

oit H est un espace de Hilbert contenu dans L?(§2) pour un ouvert 2 de R%, et D(qy) est le
domaine de la forme quadratique (p, Hep) . La borne inférieure dans ’expression (3.9) est atteinte
pour une fonction normalisée ).

Nous allons nous intéresser & deux méthodes probabilistes différentes pour traiter ces prob-
lémes : la méthode de Monte Carlo variationnelle et la méthode de Monte Carlo diffusive. Ces
deux méthodes se servent d’une interprétation de £ comme un objet probabiliste. Supposons que
I’on connaisse, & une constante multiplicative prés, une bonne approximation ¢, dite fonction
d’essai, de I’état fondamental . On peut écrire,

E = (4, Hip) ~ % —E {@(X)} , (3.10)

ot X est une variable aléatoire dont la loi est donnée par la fonction %. La variable aléatoire
%(X ) peut, donc servir d’estimateur pour calculer 1’énergie fondamentale. De plus cette quantité
est une surestimation de ’énergie fondamentale, puisque E est la plus petite des valeurs propres.
Cette propriété est importante, car elle permet d’estimer ’erreur commise sur le calcul de E.

Pour pouvoir utiliser ce résultat, il faut étre capable de simuler des variables aléatoires de loi
©?/ (p, ). Cela est possible en utilisant une dynamique de Langevin sur-amortie

1
ax, = —§E(Xt)dt+dwt.
¥

En effet, sous de bonnes hypothéses sur ¢, cette dynamique est ergodique de mesure invariante
0%/ (p, ) On peut donc estimer I’espérance (3.10), par exemple en calculant des moyennes er-
godiques sur les trajectoires de Xj.

Dans la méthode de Monte Carlo diffusive, on va utiliser la formule
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g e HY) :E[@

(@, 9) ¢

ou X est une variable aléatoire dont la loi est donnée par la fonction i/ (p, ). Cet estimateur
de I’énergie fondamentale est également d’ordre élevé par rapport a 'erreur commise entre 1’état
fondamental 1 et son approximation ¢/ (p, ¥).

Il est également possible de simuler des variables aléatoires de loi w1/ {p, 1) grace a la méthode
de Monte Carlo diffusive, qui est une méthode d’échantillonage préférentiel. Cette méthode est
basée sur le fait que la solution de ’équation

(X)] |

0By () = —HB(z), (t,2) € [0,00) x 2,
by = P

est équivalente en temps long & la fonction e=Ft) (1, ) pourvu que (¢, ) soit non nul. L’état
fondamental de H peut donc s’exprimer sous la forme

p= W HO _ oy, @uHe) (3.11)

<’l/)7 90> t—o0 <¢)t7 90>
La fonction &; est calculable par des méthodes probabilistes en utilisant la formule de Feynman-

Kac suivante .
ét(-r) _E [(p(x + Wt)ef Is V(I+Ws)d5:| :

ou (W;)¢>0 est un mouvement Brownien standard. Il est toutefois préferable de ne pas utiliser
directement cette formulation et de passer par une méthode d’échantillonnage préférentiel, le
facteur exponentiel pouvant étre la cause d’une grande variance. On utilise donc plutot en pratique
la fonction f;(z) = @(2)®;(z)/ (i, ) qui nous permet de donner une autre expression du membre
de droite de (3.11) :

(@, Hy) _ Jo "2 @) felw)da
<¢ta90> fﬁft ) .

La fonction f est solution de

{atﬂx) = 34f(@) + V- (L@ f(@) - 55 @), (o) 0,00 x 2
fole)  =¢*@)/{p,p), z€0

Cette équation aux dérivées partielles s’interpréte comme 1’équation vérifice par la fonction h
définie par
| gtahlads =& [g(xe s 0]
Q
ot (X¢)>o suit la dynamique

dXy = —T2(X,)dt + dW;
Xo  deloi ¢?/ (¢, 9) '

Toutefois, il se trouve que les fonctions f et h sont en général distinctes, sauf si la fonction
d’essai ¢ a le méme ensemble de zéros, appelé ensemble des neeuds en physique, que le véritable
état fondamental 1. Il est quand méme possible de calculer la quantité

fQ = ht )d IE{EE( Ve i He(x, )ds:|
E

Epuo(t) = IR ht - [ R (XL >ds}
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qui est une approximation de E(t). En fait, il est montré dans [21] que, sous de bonnes hypothéses,
la quantité Eppre(t) converge en temps long vers une constante Epyc, qui est une surestima-
tion de E pouvant aussi s’exprimer comme la solution d’un probléme variationnel. Plus précisé-
ment, Epyo est 'énergie fondamentale de l'opérateur H restreint & une composante connexe de
2\ ¢71(0). Cette erreur systématique diie au choix de ¢ est connue sous le nom d’approzimation
des neeuds fizes.

3.3.2 Estimateurs zéro biais/zéro variance

Il peut également étre intéressant, par exemple dans le cas du calcul des forces dans ’approxi-
mation de Born-Oppenheimer, d’estimer la dérivée Y E de I'énergie fondamentale d’un opérateur
de Schrodinger H)y dépendant d’un paramétre A (pour une fonction fy dépendant d’un paramétre,
on notera par 99 fy la dérivée en 0 de f par rapport & A). En effet, si I'on pose Hy = —A + V),
ou V) est ’énergie potentielle créée par une certaine position des noyaux indexée par un parameétre
A, le calcul de 8YF, intervient dans le calcul des forces (3.8).

Cela peut également permettre de calculer la moyenne d’une observable, puisqu’en posant
Hy = H+ \O pour un opérateur O, la dérivée de I’énergie fondamentale par rapport & A est égale
a la moyenne de I’'observable O. En effet, si ) désigne le vecteur propre normalisé associé a F,
on a

REN = 8 (x, Hxton) = 2(Rpx, HY) + (1, O H1p)
= 2E (8¢, ¥) + (¢, OY)
= (1, 09) .

Les estimateurs présentés dans la partie 3.3.1 sont des estimateurs dont le biais et la variance
sont trés petits si ¢ est choisie proche de ¢, puisque la variable aléatoire %E(X ) devient une
constante égale & la valeur E & estimer quand ¢ = 9. En fait on peut montrer que le biais et la
variance sont de I'ordre de 6% dans une certaine métrique, oil

5 = o/\ (. p) =¥

dans le cas de la méthode de Monte Carlo variationnelle, et

o =/ (p, ) =

dans le cas de la méthode de Monte Carlo diffusive.

Si ’on veut généraliser ces estimateurs & petit biais et petite variance au cas de la dérivée en A
de I’énergie il semble naturel d’utiliser, par exemple pour la méthode Monte Carlo variationnelle,
I’égalité

0
o, - of (1)) g [ B

(0:0) ¢ (X)] ’

ot X a pour loi ¢?/ (p, ¢). Cependant Pestimateur obtenu ne vérifie pas la propriété d’ordre élevé
pour le biais et la variance, notamment car il ne devient en général pas constant si ¢ = 1.

Une idée pour trouver des estimateurs & petit biais et petite variance, introduite dans [7, 68|
est de choisir une fonction d’essai dépendante de \. L’erreur s’exprimera alors a la fois en fonction
de Derreur entre ¢ et 1, mais aussi de Perreur entre 9y, et d%¢,. On trouve alors les bons
estimateurs en exprimant les dérivées

0 _ a0 <<P/\aH/\90/\>) 0 _ a0 <<90/\aH,\¢/\>>
0\ E\ = 05 (7@0)\, o) et OyE\ =0, 7<50,\,1/)>\>
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comme des espérances relativement & o2/ (¢, p,) et o/ (p,1). L'estimateur intéressant ici est
I’estimateur obtenu par la méthode de Monte Carlo diffusive qui est plus précis, car non biaisé. Le
probléme est que I’estimateur obtenu n’est en fait pas calculable, puisqu’il dépend de la fonction 1)y
qui est inconnue. Une maniére d’échapper a ce probléme est d’utiliser une diffusion dépendant de A.
Plus précisément, si 'opérateur de Schrodinger H) est de la forme —A + V), au lieu d’appliquer
un estimateur précis mais non calculable & une trajectoire de dynamique de Monte Carlo diffusive,
on dérive ’égalité
ot Haea X)‘)ds

E | Haea(xMe o (XS :|

E)\: <1/))\,H)\30/\> _ hm [ Px ( t)
(¥, @) t—o0 E [e J H”’A(xg)ds]

(3.12)

PN

pour obtenir une approximation, en temps long de GQE,\.
Dans (3.12), X} suit une dynamique de la forme

dX)} = V(XM dt + dW;.

La dérivation de (3.12) par rapport a A fait donc apparaitre des termes dépendants de la dérivée
en \ de T; de X}, appelée vecteur tangent qui vérifie 'équation différentielle ordinaire & coefficients
aléatoires

Ty = V2V (X0) - Ty — VA (XD).

Le premier terme du membre de droite va créer des accroissements exponentiels de la norme de T;
au voisinage des maxima et des points selles du potentiel Vj. Le vecteur T} est donc un facteur
multiplicatif pouvant prendre de grandes valeurs, faisant augmenter la variance.

Il est possible de réduire la variance de T; en utilisant le formalisme des formules de Feynman-
Kac : on va simuler des copies du processus (X3, T;) que I’on rééchantillonnera a intervalles réguliers
de sorte & multiplier les copies dont le vecteur tangent prend de grandes valeurs.






4

Schéma numeérique pour une loi de conservation scalaire
fractionnaire

4.1 Lois de conservation

On appelle loi de conservation un systéme d’équations aux dérivées partielles de la forme
d ..
Opuy(z) + Za%' ( 7 (ug (2), .. ,ul(x))) =gi(x), i=1,...,1, (z,t) eRYx (0,00). (4.1)
=1

Ce type d’équation traduit, sous forme différentielle, le bilan d’une certaine grandeur extensive
physique, comme par exemple, la masse, I’énergie, ou encore I’entropie. La quantité u(x) corre-
spond & la quantité de grandeur extensive de type ¢ au point x & l'instant ¢.

Le deuxiéme terme du membre de gauche de (4.1) traduit le flux de la grandeur 4, alors que le
membre de droite est un terme source, correspondant a la création (ou a la destruction) de cette
grandeur extensive, au taux gi(z) au point x. Pour un panorama sur les lois de conservation, voir
par exemple [62].

4.1.1 Notions de solutions pour les lois de conservation scalaires

On considére dans cette partie des lois de conservation scalaire, c’est-a-dire pour lesquelles
I’espace de départ est de dimension 1. Pour simplifier ’analyse, on considére une équation sans
terme source. On obtient donc 1’équation

{ Orve(w) + a(A(ve(2))) = 0, (,1) € R x (0,00) (4.2)

vo donné

On suppose par la suite que la condition initiale vy est bornée. Cette équation aux dérivées partielles
est remarquable par le fait qu’elle peut admettre des solutions irréguliéres, méme si sa condition
initiale est trés lisse.

La méthode naive pour résoudre I’équation (4.2) est de chercher des solutions réguliéres. Pour
ce faire, on cherche, dans ’espace-temps R x (0,00), des chemins, appelés caractéristiques, le
long desquels la solution est constante, correspondant & des lignes de propagation de l'informa-
tion contenue dans la solution. Concrétement, étant donnée une solution réguliére v de la loi de
conservation (4.2), on cherche une fonction ~,; satisfaisant :

vt () = vo(70),

pour tout temps ¢t. En dérivant cette équation par rapport au temps, on obtient I’équation suivante,

ive = A'(ve(me)).- (4.3)
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Comme v est constante le long des trajectoires de ~y, cette équation peut se récrire

Oy = A'(vo(70))-

Ainsi, la caractéristique issue de 2 & I'instant 0 a pour équation v = x + t A’ (vo(x)).

L’équation (4.2) est alors entiérement résolue si les différentes caractéristiques constituent une
partition de I’espace temps R x (0, 00) : il suffit d’attribuer a v;(z) la valeur vo(zg), ot zg est le
point d’origine de la caractéristique passant par le point (x,t).

Cette approche ne donne plus de résultat lorsque les caractéristiques peuvent se couper, ot
lorsqu’elles ne remplissent pas I'espace. Cette situation est illustrée par les deux exemples suivants :
pour A(z) = 22 /2, considérons les conditions initiales vo(x) = 1(g,o0) () €t vo(z) = 1(_c 0). Dans
le premier cas, les caractéristiques se répartissent en deux catégories : pour zy < 0 elles, ont pour
équation x = xg, et pour xg > 0, I’équation est x = xg+t. On voit alors qu’aucune caractéristique
ne vient occuper le domaine {0 < x < t}. Ce phénomeéne est l'expression d’une onde de détente
régularisante. Dans le deuxiéme cas, en revanche, les caractéristiques ont pour équation = = z¢ si
2o >0o0ux=u2x9+tsia <0, et par chaque point du méme domaine {0 < x < t} passent alors
deux caractéristiques. Ici, on observe la propagation d’une onde de choc.

On doit donc chercher une autre méthode pour résoudre cette équation. On voit que ce
phénoméne de croisement des caractéristiques entraine la non existence de solutions réguliéres.
Il faut donc affaiblir la notion de solution pour pouvoir chercher des solutions & I’équation dans
un espace plus étendu.

Une maniére d’affaiblir la notion de solution est d’utiliser la théorie des distributions, c¢’est-
a-dire que l'on teste la validité de la solution en intégrant par parties contre une fonction test
réguliére : une solution faible sera alors une fonction v de L>°(R x (0,00)) (par exemple) telle que
pour toute fonction ¢ réguliére & support compact, on a

/vogao +/ /A(vt)(?mgatdt =0.
R o Jr

Toutefois, il se trouve que la notion de solution a été ici trop affaiblie, et que ’on perd 'unicité
de la solution. Il faut donc utiliser une notion de solution intermédiaire entre solutions faibles et
fortes.

La “bonne” notion de solution pour la loi de conservation est la notion de solution entropique
introduite en 1970 par Kruzhkov dans [44]. L’idée ici est de rajouter un petit terme de diffusion a
I’équation, rendant ainsi la dynamique sous-jacente irréversible. Le terme de diffusion ajouté ayant
un effet régularisant, I’équation obtenue aura de bonnes propriétés mathématiques. On fera alors
tendre le terme de diffusion vers 0, et la suite de solutions de I’équation régularisée convergera, vers
une solution de I’équation (4.2), qui sera la “bonne”; au sens ou elle retranscrira bien les propriétés
physiques de I’équation.

Plus précisément, ’équation

07 (x) = 0 Avy (z) — 0z (A(vf (2))), (z,t) € R x (0,00) (4.4)

a une unique solution v7, qui appartient & I’espace de Lebesgue a poids 1.°°((0, 00), L ((1+2%)~1))
et qui converge dans ce méme espace, quand o tends vers 0, vers une limite v qui se trouve étre une
solution faible de (4.2). Tl faut donc trouver un critére permettant de caractériser cette solution
parmi toutes les autres solutions faibles de (4.2). Si 'on multiplie I’équation (4.4) par o' (vy), o n
est une fonction convexe, on obtient formellement

Or(n(vf (x))) + 0= (V(v] (2))) = o' (v7 (2)) A(vf (x)),

ot la fonction 1) est une primitive de A’n’. En intégrant en espace et en temps contre une fonction
test réguliére & support compacte, et en intégrant par parties de sorte a faire agir les dérivations
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sur la fonction test, on obtient la formulation intégrale :

/n(vo)v 500+/ / n(vy )0’ o + (v )Oyv gatdt+o/ /n(vf)Av”gptdt
o JRr

—0/ /U o (v])] 0z vy |2

Par la convexité de n, si ’on suppose que la fonction test ¢ est positive, le second membre de cette
égalité est positif et la troisiéme intégrale du membre de gauche tend vers 0. Par conséquent, en
prenant la limite 0 — 0, on obtient l'inégalité

/RH(UO)QOO JF/O /}RU(Ut)atsﬁt + P (vy)Opprdt > 0. (4.5)

Cette inégalité, qui traduit I’évolution irréversible de la solution de (4.2) caractérise la limite v
de v7 parmi toutes les solutions de (4.2). On a donc trouvé la bonne notion de solution :

Définition 4.1. On appelle solution entropique de l’équation (4.2) une fonction v de l’espace
L>°((0,00), LY*((1 + 2?)~1)) satisfaisant inégalité (4.5) pour toute fonction convexe 1), et toute
fonction positive réguliére a support compact p.

4.1.2 Lois de conservation scalaires fractionnaires

Il est naturel de s’intéresser au comportement de I’équation obtenue en ajoutant a l’équa-
tion (4.2) non pas un terme de diffusion classique comme dans (4.4), mais un terme de diffusion
fractionnaire obtenu & partir d’une puissance non entiére du Laplacien —(—A)%, avec a dans
Pintervalle (0,2). Pour des exemples physiques faisant intervenir ce type d’opérateur de diffusion,
voir [72]. L’opérateur (—A)% peut étre défini sur un espace de fonctions suffisamment réguliéres
en passant par la transformée de Fourier :

(—=4)2p(8) = €]"¢(8).

On voit sur cette expression que cet opérateur est un opérateur de dérivation d’ordre «a. Il peut
se récrire sous une forme intégrale :

At =, [ EENED Ty sy,

ou la constante ¢, est une constante dépendant de la normalisation choisie dans la définition de la
transformée de Fourier. Il est a noter que le noyau 1<, sert a faire converger I'intégrale qui sinon
serait singuliére, mais que la valeur de r ne joue pas sur la définition de l'opérateur, la mesure
kfiﬁ étant symétrique par rapport a l'origine.

Ce type d’opérateur est un cas particulier d’opérateur de Lévy. Un tel opérateur est de la forme

Lo(r) = / (0 +9) — () — 30 (2)11y1<1) do(y),

ou v, appelée mesure de Lévy de £ est une mesure intégrant la fonction 1 A 2. Dans le cas du
Laplacien fractionnaire, la mesure de Lévy est ca%.
On peut alors s’intéresser & ’équation

vy () + 02 (A(vs(2))) = —0(=A) 2w(x), (x,t) € R x (0,00). (4.6)

La valeur du paramétre a joue un role crucial sur le comportement des solutions de (4.6). En
effet, on a vu au paragraphe 4.1.1 que la loi de conservation (4.2) non visqueuse peut créer des
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chocs, alors que ’ajout d’un terme de diffusion régularise la solution. En conséquence, les deux
termes de diffusion et de transport jouent des roles antagonistes, et le comportement des solutions
de I’équation (4.6) va se déduire de la force relative de chaque terme. Le terme de diffusion est
d’ordre «, alors que le terme de transport est d’ordre 1, par conséquent, si « est plus grand que 1
le comportement global de la solution de (4.6) sera diffusif et les solutions seront réguliéres, alors
que si « est plus petit que 1, le terme de transport domine et I’on peut observer des chocs. Cette
apparition de chocs dépend en réalité de la taille des conditions initiales, voir par exemple [5].

On pourrait également remplacer dans (4.6) le Laplacien fractionnaire par un opérateur de
Lévy L quelconque. La distinction entre opérateur suffisamment régularisant ou pas se ferait alors
sur l'intégrabilité de la mesure de Lévy au voisinage de 0 : si [, [y| A 1dv(y) = oo, la diffusion
est dominante par rapport au terme de transport. Si [ |y| A 1dv(y) < oo le terme de transport
domine.

Au vu de ces considérations, il n’est pas étonnant que ’analyse mathématiques du cas o > 1
soit plus simple que celle du cas o < 1. Dans le premier cas on a en fait existence et unicité d’une
solution faible pour 1’équation (4.6), définie comme une fonction satisfaisant 1’égalité

Joeot [ [ Awpoupars [~ [ -2

pour toute fonction test réguliére .
Dans le cas contraire, le terme de transport domine I’équation, et il est nécessaire de passer
par une généralisation de la notion de solution entropique, définie par Alibaud dans [3].

wl@

@i (z)dt = 0.

Définition 4.2. Une fonction v de L°° est dite solution entropique de (4.6) si elle vérifie, pour
tout réel positif r, pour toute fonction convexe n et toute fonction positive réguliére a support
compact p, l'inégalité

[ntwn@nante)+ [ [ atwe)au(e) + otute)oneosa

dydzdt
+ca/ //{|y|>r} w(@)wnle +9) =~ wle)enla) y| 1+
dydzdt

%A AAMQﬁm@m%@+w—%uww@%@»mﬁgZQ

ot 1) est une primitive de n' A’

On peut remarquer que cette formulation est composée, outre des termes déja présents dans la
formulation entropique de I’équation (4.2), de deux intégrales, 'une portant sur les grandes valeurs
du paramétre y, ’autre sur les petites valeurs. Grace a la convexité de la fonction 7 utilisée dans
la formulation entropique, on voit que si la formulation est vérifiée pour un parameétre r donné,
elle est aussi vérifiée pour tous les v’ tels que ' > r. Par conséquent, la formulation entropique
doit étre comprise dans la limite » — 0.

Cette notion de solution entropique est effectivement nécessaire pour assurer 'unicité de la
solution. En effet dans [4] une solution faible qui n’est pas solution entropique est exhibée.

4.2 Interprétation probabiliste des lois de conservation scalaires

4.2.1 Interprétation probabiliste par dérivation en espace

La perturbation (4.4) de la loi de conservation (4.2) décrite dans la section précédente étant
une équation parabolique non linéaire, on peut se demander si une interprétation probabiliste de
cette équation existe, ainsi que pour les équations (4.2) et (4.6).
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Pour trouver cette interprétation probabiliste, il faut en fait considérer non pas les équations
(4.2), (4.4) ou (4.6) elles-mémes, mais en fait 1’équation satisfaite par la dérivée u = d,v de leurs
solutions. Les trois équations se récrivent alors

Oy () + Op (A" (H * ug(z))ug(z))) = 0, (4.7)
Orue(z) + 0p (A (H * ug(x))ug(z))) = %Aut(z) (4.8)

et o
Opu(x) + O0p (A (H x ug(x))us(x))) = f%(fA)%ut(:c). (4.9)

Dans ces trois équations, H désigne la fonction de Heaviside H = 19 o), de sorte que H *u est la
primitive de wu.

Formellement, si ug est une mesure de probabilité, c’est-a-dire si vy est une fonction croissante
avec des limites 0 et 1 en 400, ’équation (4.8) correspond a ’équation de Fokker-Plank associée
& une solution de ’équation

{dXt = A'(H xue(Xy))dt + od W, (4.10)

Xo de loi ug

ou uy est la loi & I'instant ¢t de X;. On a donc une équation différentielle stochastique non linéaire
au sens de McKean, avec une dérive dépendant de la fonction de répartition de la solution. On
reconnait une perturbation de l’équation des caractéristiques (4.3) par un mouvement Brownien.
Si I'on remplace la loi exacte u; par la loi empirique d’un systéme de particules (X{);eq1,. w1, le
systéme d’équations satisfait par le systéme de particules est

)

dx; =A (% Z;\le 1XgSXti) dt + odW}
(XQ)iz1,...n deid. de loi ug

les particules interagissent donc a travers leur fonction de répartition empirique.

Cette interprétation se généralise immédiatement au cas ol ugy est une mesure positive quel-
conque, c’est-a-dire si vy est une fonction croissante bornée, quitte & renormaliser les coefficients
de ’équation. On peut toutefois généraliser cette approche au cas ou la condition initiale est a
variations bornées et non constante, en suivant la méthode de [34]. En effet, la dérivée ug de la
condition initiale sera alors la différence de deux mesures finies, et on pourra supposer, quitte a
renormaliser, que la variation totale de cette mesure est une mesure de probabilité |ug|. La dérivée
de Radon-Nikodym ~ = dd\ml est ug-presque partout a valeurs dans {—1,1}. Cette fonction ~ cor-
respond alors & un signe attaché a chaque particule. Dans le systéme de particules, ’approximation
naturelle de u; est alors % vazl 1 Xingy(Xé), qui est une fonction de répartition empirique signée
du systéme de particules. Le systéme d’équations différentielles stochastiques décrivant I’évolution
du systéme de particules est alors

{ dx;=A' (% Zjvﬂ legxg’Y(Xg)) dt + odWy (4.11)

(X8)i1,...n  iei.d. de loi |uol

Ce systéme de particules a été étudié dans [14,17,18,36,63]. Le systéme de particules vérifie
un résultat de propagation du chaos vers une solution de I’équation différentielle stochastique
non linéaire (4.10), et la loi de cette solution vérifie ’équation (4.4). De plus, on peut estimer
Ierreur dans I'approximation du processus non linéaire par un systéme de particules discrétisé en
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temps. L’erreur est de 'ordre de \/—% + At, ot N est le nombre de particules et At est le pas de
discrétisation.

On peut signaler également que le comportement en temps long de ce type de systéme de
particules a été étudié, dans [38] et indpendamment dans [56], avec des méthodes différentes.

Quand le paramétre o tend vers 0, la solution entropique de I’équation (4.4) converge vers
la solution de ’équation (4.2), il serait donc naturel que la solution probabiliste converge vers la
solution de I’équation non visqueuse dans la limite o — 0.

La dynamique limite du systéme de particules (4.11) quand o tend vers 0 & nombre de par-
ticules N fixé est la dynamique des particules collantes, voir par exemple [19,35]. Dans cette
dynamique, on tire des particules (X{) selon la loi |ug|, chacune étant initialement dotée d’une
masse 1 ou -1 donnée par y(X{). Les particules sont ensuite lancées initialement & la vitesse

A’ (% Zjvzl ’Y(Xé)lxggxg , ce qui n’est autre que la dynamique (4.11) ou l'on a posé o = 0.
Quand deux particules se rencontrent, elles se retrouvent collées en une seule particule dont la
masse est la somme des masses des particules, et dont la vitesse est telle que le moment cinétique
est conservé.

Toutefois on peut aussi penser a faire tendre le coefficient de diffusion vers 0 en méme temps que
le nombre de particules tend vers I'infini. Dans ce cas, il est nécessaire d’adapter la dynamique pour
pouvoir prouver la convergence de la fonction de répartition empirique vers la solution de (4.2).
En effet, si deux particules de signes opposés se croisent, leur contribution dans la formulation
entropique approchée vérifiée par le systéme de particules porte le mauvais signe, ce qui fait que
I’on ne retrouve pas la formulation entropique en passant & la limite. Au niveau de la solution, un
croisement de deux particules de signes opposés se traduirait par une augmentation de la variation
totale, ce qui est en opposition avec I'irréversibilité de 1’équation (4.4). La solution est alors de
tuer tout couple de particules de signes opposés entrant en contact, leur contribution au moment
ou elles se touchent étant de toutes facons nulle. L’existence de ce systéme de particules se montre
a partir du théoréme de Girsanov appliqué & un mouvement Brownien réfléchi sur les bords du
simplexe. On a alors également un résultat de convergence de la fonction de répartition empirique
signée vers la solution entropique de (4.2), [36].

4.2.2 Processus de Lévy

L’interprétation probabiliste de la loi de conservation & diffusion anormale (4.6) passe par
l'interprétation probabiliste de l'opérateur —(—A)%, qui est un cas particulier d’opérateur de
Lévy. Ces opérateurs sont les générateurs infinitésimaux des processus de Lévy.

Les processus de Lévy sont par définition des processus a accroissements indépendants et
stationnaires. Il s’agit donc d’une généralisation du mouvement Brownien, puisqu’on ne présuppose
plus de continuité sur les trajectoires du processus, ce qui améne naturellement a ’apparition de
sauts. On peut montrer que la loi d’un processus de Lévy est entiérement caractérisée par la loi de sa
position a l'instant 1. On s’intéresse donc uniquement & la fonction caractéristique de la position
du processus & l'instant 1. Selon la formule de Lévy-Khintchine, cette fonction caractéristique
sécrit of (u) = ¥, ot ¥(u) est de la forme

¥(u) = iou — o*u’®/2 + / e — 1 —iuzly, < v(dz),
R
oll v est une mesure intégrant la fonction 1 A z2. Le noyau 1).<1 peut étre remplacé par toute
fonction équivalente & 1 en zéro et convergeant suffisamment vite vers zéro en l'infini. Dans cette
expression, le terme iau correspond & une dérive «, et le terme —o?u? /2 correspond & une diffusion
Brownienne de coefficient o. Le terme intégral correspond & une dynamique de sauts. La mesure v
décrit la distribution des sauts par unité de temps, les différents sauts étant distribués selon une
mesure de Poisson d’intensité v(du)dt. La condition d’intégrabilité de 1 A 22 pour v traduit le fait
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que les grands sauts doivent étre en nombre fini, tandis que les petits sauts, s’ils peuvent étre
en nombre infini, doivent étre suffisamment petits pour que leur somme correctement recentrée
converge dans L2(£2).

L’interprétation probabiliste de la loi de conservation fractionnaire (4.6) est alors

dXt = A,(H * ’U,t(Xt))dt + O'st, (412)

o

ou le processus (L;)¢>0 a pour générateur —(—A)=.

A priorion n’a pas de résultat d’existence ou d’unicité pour cette équation différentielle stochas-
tique. On n’a pas non plus existence du systéme de particules associé, car le processus dirigeant,
Péquation est un processus de Lévy dont la mesure est singuliére. Dans [39], le systéme de par-
ticules analogue de (4.11) est é¢tudié dans le cas a@ > 1, avec une condition initiale monotone,
c’est-a-dire avec v = 1. Dans ce cas particulier, on peut prouver l’existence du systéme de partic-
ules, ainsi que la propagation du chaos vers une solution de ’équation non linéaire (4.12). On a
également convergence de la fonction de répartition empirique vers la solution de (4.6).

Une maniére de contourner ce probléme de non existence est de passer en temps discret, en
utilisant un schéma d’Euler. On obtient alors le schéma suivant

N
i 1 j i i
R > 1y, <xi Y Xiny) | v+ 0(Ligsyny = Liny )
j=1

ou hy est le pas de temps, que ’on va faire diminuer au fur et & mesure que le nombre de particules
augmente, et ot les (L%);>o sont des processus indépendants de générateur —(—A)2.

Un autre probléme se pose au niveau du meurtre des particules. En effet, en temps discret, les
particules ne peuvent pas réellement se trouver & la méme position. Il faut alors tuer, & chaque pas
de discrétisation, les couples de particules de signes opposés se trouvant a une distance inférieure
A un certain seuil €.

On montre sous certaines conditions sur la vitesse de convergence des trois paramétres ey, hy
et oy, que la fonction de répartition empirique signée converge vers la solution de I’équation (4.2)
ou (4.6), suivant la limite choisie sur hy. Les considérations sur la valeur du parameétre o font
que les conditions de cette convergence ne sont pas les mémes si « est plus grand ou plus petit
que 1. Pour étre précis, on montre les résultats suivants, dans lesquels F'V désigne la fonction de
répartition empirique signée du systéme de particules :

N
1 [
FtN(z) = N Z ]‘XZSI’Y(XO)ﬂ
1=1

le processus X étant obtenu en interpolant linéairement entre les valeurs X]ihN

Théoréme 4.1. Supposons 0 < a < 1, et soit oy = o une suite constante. Si les deux suites ey
et hy tendent vers O et satisfont

N~ <4 sup |A'|hy <en, et NV < N~ gy
[_171]

—1/A

pour un certain réel positif \, et si, pour a =1, hy <eyN , alors a tout horizon T > 0,

T
Jim i EHFtN_th]LI(

dt = 0,
)

dx
1+m2
ot vy est la solution entropique de (4.6).

Théoréme 4.2. Sicy, hy et oy tendent toutes trois vers 0 et satisfont
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N~ <4 sup |A'|hy <en
[_171]

. . 1-1
pour un certain X > 0, et si, quand o > 1, oy < ey “N_i, alors, pour tout T > 0,

T
Jim i E|FN - utHLl(

dt = 0,
)

da
1+a2
ot vy est la solution entropique de (4.2).

Ici, une hypothése supplémentaire est nécessaire quand « > 1, car dans ce cas le terme dominant le
processus est la diffusion, alors que le terme dominant ’équation limite est le terme de transport.
1l faut donc s’assurer que la diffusion ne perturbe pas trop la dynamique de transport. Pour a < 1,
en revanche le terme de transport est déja dominant.

Théoréme 4.3. Supposons 1 < a < 2. Si oy = o est constant et que ey et hy tendent vers 0,
alors pour tout T > 0,

N—o0

T
lim i E|FY - “th(ﬁ) dt = 0,

ot vy et la solution faible de (4.6).
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Existence, unicité et convergence d’une approximation
particulaire pour le processus de la Force Biaisante
Adaptative

Résumé : Nous étudions une méthode de calcul d’énergie libre introduite dans [25,32], qui est
basée sur le comportement en temps long d’une équation différentielle stochastique non-linéaire.
Le terme non-linéaire est une espérance conditionnelle par rapport & une des coordonnées de
la solution. Dans [48], la convergence en temps long d’une éventuelle solution est prouvée, sous
quelques hypothéses de régularité.

Dans le présent article, nous montrons que cette équation a effectivement une unique solution,
sous quelques conditions, et nous étudions une approximation particulaire basée sur un estimateur
de P’espérance conditionnelle de type Nadaraya-Watson. Ce systéme de particules converge vers
la solution de I’équation non-linéaire quand le nombre de particules tend vers 'infini, et quand le
noyau de Nadaraya-Watson converge vers une masse de Dirac.

Nous donnons également une vitesse pour cette convergence, qui est illustrée par quelques sim-
ulations numériques dans un cas simple.

Mots-Clés : Calculs d’énergies libres, équations différentielles stochastiques, équation de Fokker-
Planck, systémes de particules en interaction, espérance conditionnelle, estimateur de Nadaraya-
Watson

Abstract : We study a free energy computation procedure, introduced in [25,32], which relies on
the long-time behavior of a nonlinear stochastic differential equation. This nonlinearity comes from
a conditional expectation computed with respect to one coordinate of the solution. The long-time
convergence of the solutions to this equation has been proved in [48], under some existence and
regularity assumptions.

In this paper, we prove existence and uniqueness under suitable conditions for the nonlinear
equation, and we study a particle approximation technique based on a Nadaraya-Watson estimator
of the conditional expectation. The particle system converges to the solution of the nonlinear
equation if the number of particles goes to infinity and then the kernel used in the Nadaraya-
Watson approximation tends to a Dirac mass.

We derive a rate for this convergence, and illustrate it by numerical examples on a toy model.

Keywords : Free energy calculations, nonlinear stochastic differential equation, Fokker-Planck
equation, interacting particle system, conditional expectation, Nadaraya-Watson estimator
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Introduction

Free energy computations are an important problem in the field of molecular simulation
(see [24]). The difficulty of those computations lies in the fact that most dynamics in molecu-
lar simulations are highly metastable : many free energy barriers prevent a good sampling. We
study here the adaptive biasing force (ABF) method, which was introduced in [25,32] to get rid
of those metastabilities.

The typical problems one can think about are the study of a structural angle in the confor-
mation of a protein, or the measure of the evolution of a chemical reaction. Mathematically, each
configuration of the system is modelized by an element of a high-dimensional state space D, typ-
ically an open subset of R?, which is endowed with a probability measure, called the canonical
measure. This measure is given by ([, e #V @ dz)~te=#V(®dz, where V denotes the potential
energy undergone by the physical system, and /3 is proportional to the inverse of the temperature
of the system.

For some z in the state space, one is interested in a particular quantity, denoted by &(z), £

being assumed to be a smooth function from D to the one-dimensional torus T. The quantity
&(x) has to be understood as a coarse-grained information on the system, which is the relevant
information for the practitioner. In the examples above, £(x) would be a structural angle in a
protein with conformation x, or a number measuring the evolution of a chemical system in state
x.
We call free energy the effective energy associated to the quantity &(x), that is, the function A(z)
such that e~ #4(*)dz is the image measure of the canonical measure by the function £. Our objective
is to compute numerically the function A. When D = R, a naive method to do so is to simulate,
for a given random variable X and an independent R¢—valued Brownian motion W, the process
defined by the (overdamped) Langevin dynamics

AX; = —VV(X;)dt + /28~ 1AW, (5.1)

which, under some regularity assumptions on the potential, is ergodic and admits the canonical
measure as unique invariant measure. This approach appears to be untractable in practice, since
the convergence to equilibrium is very slow, due to multiple metastabilities appearing in most
problems : typically, a molecule moves microscopically within times of order 10~'° seconds, while
the typical time scale of the macroscopic moves is of order 10~ seconds.

The idea of the ABF method is to prevent the process X; from staying in metastable states by
introducing a biasing force which repel X; from the states where it stayed for too long a time. To
do this, we use the following representation of A, that can be deduced from the co-area formula
(see [48]) :

A'(z) = E[F(X)E(X) = 2], (5.2)

where X is a random variable distributed according to the canonical measure, and F' is the function
defined by
veE- vy 1 < V¢ )
F(z) = ——=—— —=div| =5 | . 5.3
D= v 3 \[ve )

The function A’ is called the mean force. Actually, (5.2) also holds when X is distributed according
to the measure

—1
( / eﬂ(V(r)JrWoE(r))dz) BV @+ Woe(@) gy
D

which is the canonical measure associated with the biased potential V 4+ W o £ where W is any
smooth function.

Equation (5.2) leads us to consider the following dynamics, which should get rid of metasta-
bilities for a well chosen ¢ since it “flattens” the energy landscape in the & direction (see [48] and
Lemma 5.1.2 below for more precise statements) :
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{dXt ==V (V- A0 =B~ In(|VE[?)) (Xo)|VE[72(Xe)dt + /2871 VE]H(X,)dW,
At(z) =E[F(Xy)[E(Xe) = 2].

(5.4)

The second equality in (5.4) shows that if X is distributed according to the canonical measure
associated with the potential V' — A o £, then the biasing force A} is actually the derivative A’
of the free energy, and the first equation in (5.4) consists in a Langevin dynamics associated to
the potential V' — A o £. Consequently, the dynamics (5.4) admits a stationary point : A}, = A’
and Law(X;) = ([, e PV=4°9dz)~te=AV-40)dz. The diffusion term |V&|~1(X,) in (5.4) (and
the associated modifications of the drift term) is required to obtain natural longtime convergence
results, but a constant diffusion term can also be used, see [48] for more details.

If we actually have convergence to this stationary state, we have a method, that should be
efficient (i.e. that should not see the metastabilities), to sample the canonical measure up to a
known perturbation e°¢. This algorithm has thus two applications : it allows the computation
of the free energy A, and it can be used as an adaptative importance sampling method for the
canonical measure.

The long time behavior of Equation (5.4) has been studied in [48], where it has been proven
that for a sufficiently regular solution, one has, in some sense, an exponential convergence to the
stationary state, with a rate that is better (for a well chosen £) than the rate of convergence to
equilibrium for (5.1).

The practical difficulty in simulating (5.4) is to compute the conditional expectation, which is
a highly nonlinear term. Stochastic differential equations involving conditional expectations have
already been studied, in a case where the conditional expectation is computed with respect to
a random initial condition (see [66,69]) or where the variable whose conditional expectation is
computed is fixed (see [28]). Our situation is much more complex since both the conditioning
and the conditioned variables change with time and are affected by the previous conditional
expectations.

The same difficulty arises in Lagrangian stochastic models which are commonly used in the
simulation of turbulent flows (see [16]). The main difference between the system studied in [16]
and (5.4) is that the authors considers a Langevin dynamics with noise only on the velocity.
The lack of ellipticity then leads to additional difficulties. In our setting we are able to derive
a quantitative error estimate for the particle discretization while this seems more difficult for
Langevin dynamics.

In this paper, we prove that existence and uniqueness hold for Equation (5.4) under suitable
conditions, and we study an approximation of X; by an interacting particle system (see Theo-
rems 5.1.3 and 5.1.4 below).

The paper is organized as follows. In Section 5.1 we state our main results.

Section 5.2 is devoted to some uniqueness and regularity results. More precisely, we prove that
the time marginals of a solution to Equation (5.4) satisfy some partial differential equation. Then,
under an integrability condition on the initial condition, we prove uniqueness for the solutions to
this equation, so that the nonlinear term in (5.4) is reduced to a bounded drift coefficient. We
thus prove pathwise uniqueness and uniqueness in distribution for the solutions of (5.4).

Section 5.3 is devoted to existence results. More precisely, we introduce a regularization of the
dynamics (5.4) involving two parameters a and e, which is another nonlinear stochastic differential
equation whose nonlinearity is less singular. We prove that strong existence, pathwise uniqueness
and uniqueness in distribution hold for this equation and then we show that the solutions to
this stochastic differential equation converge to some process which satisfies (5.4) in the limit
(a,e) — (0,0), yielding strong existence. We also prove that this convergence holds with rate

O(a+ /e).
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In Section 5.4 we introduce an interacting particle system to approximate the regularized
dynamics, and we prove a propagation-of-chaos result for this particle system. We also derive a
rate of convergence for this propagation of chaos.

In Section 5.5, we illustrate the efficiency of the particle approximation of the ABF method
and the rate of those convergences with some numerical examples in small dimension.

Notation

We denote by T = R/Z the one dimensional torus, and for © € R, we denote by {z} the
fractional part of x, that can be seen as a projection of x on T. In the following, we will work
in two different domains D : T x R%! or T?. The case D = T x R?~! will be called the non
compact case, and the case D = T¢ will be called the compact case. For € R?, depending on
the case considered, we will also denote by {z} the element of T x R?~! (resp. T?) defined by
{2} = ({2}, 22,...,29) (vesp. {z} = ({z'},...,{z})).

In the following, we will call “function defined on T” (resp. on T x R?~! resp. on T?), a
Z—periodical (resp. Z—periodical in the first coordinate, resp. Z?-periodical) function defined on
R (resp. on R?). Integrals on T, T x R?~! or T¢ mean integrals on [0, 1), [0,1) x R?~! or [0,1)4.

We denote by L2(T9) the space of functions on T¢ whose square is integrable on T¢, and by
H!(T?) the space of functions in L2(T%) whose weak gradient is square integrable on T?. We use
similar notations on T x R?~! and T.

For two functions f and g defined on T x R4~ or T, we denote f % g the convolution with
respect to the first coordinate, that is,

Frat) = [ 5=yl a0y

If f is defined on T, we also use the notation f * g to denote
f *g(m) _ /Ef(xl o yl)g(yl,:EQ"'d)dyl.

When f and g are defined on D = T x R%~! or T%, the convolution in all the coordinates is denoted
[xg:
frglx) = / fla' — gt a2d 92...d)g(y1’y2...d)dyldy2...d_
D

In the following, we call “probability measure on T” (resp. on T x R4~!, T¢) a nonnegative Z-
periodical (resp. Z-periodical with respect to the first coordinate, Z%-periodical) measure y such
that 12([0,1)) = 1 (vesp. u([0,1) x R¥1) =1, u([0,1)4) = 1).

When {X} is a random variable taking values in T (resp. in T x R?~! T9), we call “distribution
of {X}” or “law of {X}” the probability measure y on T (resp. on T x R?~! T%) such that

BIA((X)) = [ f@hlds).

For a given probability measure y on T x R4™! (resp. a probability density u) and a given
bounded function g, we denote ;9 (resp. u9(x!)dz!) the marginal on T of the measure g.uu (resp.
g(z)u(x)dx). Namely :

and
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In particular, p' is the first coordinate marginal of 1. When we do not specify the measure in an
integral, it is the Lebesgue measure.
We will need the weighted spaces

d—1 def L/r
Lp(w) = ’lﬂ S LP(T x R ) S.t. ||¢||Lp(w) = (/E s |1p|pw) <00 p,

for 1 < p < oo, and

1/2
H' (w) = {w € H'(T x R'™") 5.t 19wy = (/T (P vep) w) < oo}

with w(z) = (1 + [22+4?)*, for some A > (d — 1)/2. Notice that w does not depend on the first
coordinate z!, and that there is a positive constant K such that

d
Vo € T x R [Vw(z)| < 20(1 + |24 A1 Z |z < Kw(z). (5.5)

i=2
We will use several times the following statement :

Lemma 5.0.1 For a bounded function g, and u € L.?(w) one has, for some constant K,

||Ug||1L2(T) < KHg”]LDO(’]I‘x]Rd*l)”u”]Lz(w)-

If moreover, g has bounded derivatives and u € H'(w), then

1w [l (ry < Kllgllw oo (rxma—) 1wl w)-

The same inequalities hold with the non weighted norms in the right-hand side, for u respectively
in L2(T%) and H'(T9).

Proof. Recall that we assumed A > %=1, so that 1 is integrable on R? : [, 1dz < co. Conse-
quently, we have the estimation

||Ug||12LZ(1r) = / ‘/ gu
T [JRa-1
< ||9||]]2ﬁ<> TxRd—1 / / |u|2w/ l
- ( X ) T Rd—1 Rd—1 W

< K9l oo mneme) 11l 2 -

2

The proof is similar in the space H!(w).

In the following, K will denote some positive constant, whose value can change from line to
line.

5.1 Assumptions and statement of the main results

In this paper, we consider a particular case of Equation (5.4) to simplify the argumentation :
we assume 3 = 1 (this can be realized by a change of variable), D = T x R?"! or D = T¢9,
We consider as reaction coordinate the first coordinate function £ : D — R defined by &(z) =
&(xt, 2%, .. 2?) = x'. This should not change the theoretical results, but will simplify the proofs.
The definition (5.3) of F' is then reduced to
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F=0V,

where V is defined on T? or T x R4~1.

The two settings D = T? and D = T x R?~! will be respectively called the compact and the
non-compact case. Our results hold in both settings, and the proofs are mostly identical, with
some slight additional difficulties in the non compact case. Thus, in those situations, we only give
the proofs in the non-compact case.

With those assumptions, Equation (5.4) rewrites

dX, = (= VV(X,) +E [0V (X)) [{X}}] ex)dt + V2dWs, (5.6)

e1 denoting the first vector in the canonical basis of R%. We will call solution to Equation (5.6)
a process {X;} where X, satisfies (5.6). The initial condition of (5.6) is a random variable de-
noted Xy, and is supposed to be independent of the Brownian motion W. We denote by P, the
law of { X}, which is a probability measure on D.

To ensure the integrability of 9,V (X;), we make the following assumption :

Assumption i V' is a twice continuously differentiable function, which has bounded first and
second order partial derivatives.

Notice that Assumption i yields boundedness of the drift coefficient in (5.6). In the compact case,
assumption i is satisfied as soon as V' is a twice differentiable function.

We have to make some assumptions on the initial condition Xy. What is needed to prove our
results will depend on whether we consider the compact or the non compact case. In the compact
case, we consider the following assumption :

Assumption ii The probability measure Py has a density po lying in L2(T?) and whose first
coordinate marginal p} is bounded from below by a positive constant. (Notice that p} is a probability
density on T.)

In the non compact case, we will need a stronger assumption : we have to control the decay of
the initial condition at infinity, so we work in the weighted space L?(w). We will use, in addition
to Assumption ii, the following one :

Assumption iii The density py of Py lies in both L' (w) and L?(w).

Notice that Assumptions iii implies that {Xo} has finite moments of order less than 2\, and
that Assumption i then yields a control on the corresponding moments of any solution to (5.6),
uniformly in ¢t € R :

Lemma 5.1.1 Under Assumptions i and iii, on any bounded time interval [0, T], the moments of
order less than 2\ of any solution X of (5.6) are bounded :

sup E[|X;]*] < o0.
0<i<T

Proof. This comes from the boundedness of the drift coeficient bs(z) = —VV (z)+E[0,V(X)| X! =
x'], which holds in regard of Assumption i. Indeed, we have E[|X;|?*] = E[|Xo + fot bs(Xs)ds +
V2W P < K (E[|Xo[*] + t2* + 1), which is bounded on [0, T7.

According to the following fundamental lemma, the solution to (5.6) samples efficiently the
coordinate reaction state space T.

Lemma 5.1.2 Denote by P; the law of {X;}, where X, is a solution to Equation (5.6). Then, P}
has a density p;, such that p' satisfies the heat equation on T with initial condition p}. Thus, p*
is uniquely defined on T x [0,00), and smooth on T x (0,00).
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Proof (Proof of Lemma 5.1.2). Let f be a smooth function on T. One has, by Ito’s formula
OE [f(X})] = —E [/(X)0V(X)] + E [f'(X)E [0,V (X)) { X }]] + E [/"(X])] -

But, f being a function on T, f/(X}) only depends on {X}}, so that the two first terms in the
right hand side cancel. Then, it holds that

OE[f(X)] =E[f"(X})],

which is exactly the heat equation in the weak sense for ¢ — p}, p} being the distribution of {X}}.
For uniqueness and regularity of this solution, see [26, Chapter XIV].

Lemma 5.1.2 allows us to rewrite equation (5.6) using the distribution of {X}}. Indeed, since
P} has a density, the measure given for A C [0,1) by PV (4) = E [01V (X)14({X}})] also has
a density p?lv. We can thus write

alv(

dX; = <VV(Xt) + %61) dt + \/ith,

P, = distribution of {X,}.

(5.7)

Moreover, under Assumption ii the density p; satisfies 0 < infy p} < p}, uniformly in time, thanks
to the maximum principle. This assumption will consequently prevent the denominator in the
second term of (5.7) from vanishing.

In view of Equation (5.7), a natural particle approximation of X; is then obtained using the
Nadaraya-Watson estimator of a conditional expectation (see [70]), given, for some parameter 7
and for a positive integer IV, by the system of N stochastic differential equations

N 1 1
Zm:l wn(Xgn,N - XQm,N)alv(Xgm,N)
N 1 1
D m—1 ‘Pn(XZn,N - Xgm,N)

dXy, v = (vwxgjnw) + 61> dt+V2dW, 1<n <N

(5.8)
where (W/") is a sequence of independent Brownian motions, and ¢,, is a smooth approximation
for the Dirac measure at the origin on T. For the initial condition, we work with the following
assumption

Assumption iv The initial condition of Equation (5.8) is (X{,, y)o<n<n = (Xo,n)o<n<n, where
(X0,n)nen is a sequence of i.i.d random variables with density po, and independent of the Brownian
motions (W{")¢>0.

We also need an assumption on the shape of ¢,. The parameter = («,¢) will be chosen
in (0,00)?, and ¢, will have the form

@n(x) = a+ Y (x), (5.9)

where 1. is a sequence of mollifiers on T as e — 0. Namely, assuming ¢ < 1/2, ¢, is a smooth
non-negative Z-periodical function, such that ). =0 on [-1/2,1/2]\ [—¢, €] and such that

1/2

e = 1.

—1/2
A simple way to construct such a sequence is to consider a smooth non-negative function
defined on R, with support in [—1,1] such that fR’L/) = 1, and then consider the Z-periodization

e of P = %1/)(;) (¢ is well defined for e < 1/2). This example makes the following assumption
natural :
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Assumption v The function 1. satisfies

K K
”7/}8”]1,00(’]1‘) < = and ||7/};||]L°°(’]1‘) < =

The reason for adding a positive constant « to the mollifier is to avoid singularities at the de-
nominator in the right-hand side of (5.8). Notice that (5.9) yields strong existence and uniqueness
for (5.8), since the drift is globally Lipschitz continuous.

We are going to prove the following two results :

Theorem 5.1.3 [Existence and uniqueness of the solution]| In both the compact and non compact
cases, under Assumption i, weak existence holds for Equation (5.6). If P denotes the distribution
of a solution, then for all s > 0 the time marginals Ps of P admits a density ps, such that for all
0<t<T,

p € L®((t,T),L3(D)) (| L2((t, T), H'(D)). (5.10)

Moreover, under both Assumptions i and ii for the compact case, and under Assumptions i, i
and iii for the mon compact case, strong existence, pathwise uniqueness and uniqueness in distri-
bution also hold, and one can take t = 0 in (5.10).

Theorem 5.1.4 [Particle approzimation of the process X,] Let us consider the processes X n n
defined by (5.8). Then, under Assumptions i, ii, v and v in the compact case, and the additional
Assumption iii in the non-compact case, it holds that, for any positive T, and for o and € small

enough,
E LV (X tnN)‘Pn( XZ’nl,N) 1 e%>
~ .

N )
Zn:l (1077( thn N)

T
E / Y
0
Theorem 5.1.3 is a consequence of Theorem 5.2.8 and Corollary 5.3.10 below, and Theorem
5.1.4 is a consequence of Theorems 5.3.11 and 5.4.1 below.
The convergence rate in Theorem 5.1.4 is certainly not optimal. Indeed, it is natural that, for
the error to vanish, the number N of particles should go to infinity as & goes to zero, but the

dependency of N on e which is required for the control of the error in Theorem 5.1.4 to go to zero
is certainly pessimistic. This is discussed more precisely in Section 5.5.

dt :0<a+\/2+

Lo (T)

5.2 Notion of solution, regularity and uniqueness results

In this section we consider the Fokker-Planck equation associated to the nonlinear stochastic
differential equation (5.6) and prove that uniqueness holds for weak solutions of this partial dif-
ferential equation. From this uniqueness result, the study of Equation (5.6) can be reduced to the
study of a linear stochastic differential equation. We can thus prove uniqueness for Equation (5.6).

Let us derive the Fokker-Planck equation associated to Equation (5.6). Let 1 be a twice con-
tinuously differentiable function. Applying Ito’s formula and taking the expectation, we obtain
that the law P, of a weak solution {X;} to equation (5.6) satisfies

/1/; )dPr(z /w )Py (a //v¢ YV (2)dP(z dt+/ /Aw )P, (z)dt
(5.11)
/ [ ot (CW( 1)) aPy(a)dt,

which is a weak formulation of the following partial differential equation
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1

"V
8P, = div (P,VV + VEB,) — &, <Ptp; ) : (5.12)
t

with initial condition Py. Using integration by parts, we introduce a stronger definition for solutions
to (5.12) which will allow us to prove existence and uniqueness.

Definition 5.2.1 In the compact case, a function u is said to be a solution to (5.12) if, for any
positive T,

— u belongs to L>°((0,T),L2(T4)) NL2((0,T), H'(T%)) ;

~ for any function ¢ € H'(T?), we have :

61V
at/ utw:f/ utvvwf/ Vut~V1/)+/ w0y, (5.13)
D D D D Uy

in the sense of distributions in time ;
— Uo = Po-
In the non compact case, u is said to be a solution to (5.12), if, for any positive T,
~ u belongs to L°°((0,T),L?(w)) N L2((0,T), H (w)) ;
— for any ¢ € H'(w)

0%

O /D uhw = — /D wVV - (wVy + YVw) — /D Vug - (wV + YVw) + /D m uz;% (81(1/;)7;;,)

holds in the sense of distributions in time;

~ Uo = po-

Notice that (5.13) is a variational formulation of (5.12) in the space L?(T¢) and that (5.14) is
a variational formulation of (5.12) in the space L2 (w).

These conditions make sense. Indeed, in both cases, the conditions on w and 3 are such that
the variational formulations (5.13) and (5.14) are well defined (notice that one has |Vw| < Kw).
Moreover, for the compact case, if u lies in IL2((0, 7), H*(T4)), and satisfies (5.13) then d;u lies in
L2((0,T), H=1(T9)), so that (see [51, page 23]) u lies in C([0, T],L2(T¢)), allowing us to define the
value of u at time £ = 0. The same argument holds for the non compact case.

5.2.1 Existence of regular densities for solutions to the nonlinear equation

In this section, we consider a solution X to Equation (5.6) and we denote by P; the law
of {X;}. We show that P, has a density p;, and that p is a solution to Equation (5.12), in the
sense of Definition 5.2.1.

Lemma 5.2.2 Consider both the compact and the non compact cases. Under Assumption i, for
any t > 0, P; admits a density p, with respect to the Lebesque measure satisfying the following
mild representation

t t "V
Pt = Gt * PO + / Vths * (vas)ds — / 81Gt75 * <p;Tp5) dS, (515)
0 0 s
where Gy is the density of /2 times the Brownian motion on D, namely

1 le—kep |?
Gila) = gm > €
(47rt) / kez

for the non-compact case, and
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_lz— k\z
Gt(z 47Tt d/2 Z
kezd

for the compact case.

Proof. Let x be a smooth function with compact support on T x R~ and T > 0. Then, for
t € [0, 7], the function ¢ defined by

Q/Js = Gt—s * X,

is the unique smooth solution to the following problem

(5.16)

05 = —Apon (0,t) x T x RI—1
Wy =X on T x R-1,

Computing 14(Xs) by Ito’s formula and using (5.16) we get

t t
/ APy = / Yod Py — / / AtpydP,ds + / / A, dP,ds
TxRd—1 TxRd—1 TxRd—1 TxRd-1
t "V
—/ / -VVdAP; ds+/ / 811/15 dP,ds
0 'J1‘><]R'i*1 TxRd—1 s

o0V
:/ dePO—/ / . VVdP, ds+/ / alwépé dP.ds.
TxRd—1 0 'J1‘><]R'i*1 TxRd—1 s

Using the expression of 1; and Fubini’s Theorem, we have :

t
/ XdPt :/ X(Gt*PO)+/ X/ VGt,S*(PSVV)dS
TxRI—1 TxRI—1 TxRd—1 0

t palv
*/ X/ 81Gts*< sl P5> ds.
TxRI—1 0 Ps

This last equation being true for any smooth function y with compact support, then P; is given
by the right-hand side of (5.15), which is an integrable function, so that for any positive ¢, P; has
a density p; satisfying (5.15).

In regard of the following lemma, p necessarily satisfies some integrability conditions.

Lemma 5.2.3 In both the compact and the mon compact case, under Assumptions i and ii, p
lies in 1L°°((0,7),L2(D)) for any T > 0, and we have ||p||L<(o,) L2(p)) < C, where C is some
constant only depending on Py, VV and T.

In the non compact case, under Assumptions i, ii and i, p lies in L>°((0,T),L?(w)) for any
T >0, and we have a bound ||p||lL~((0,7),12(w)) < C, where C is some constant only depending on
Py, VV and T.

We only give the proof of Lemma 5.2.3 in the non compact case, the one in the compact case being
similar.

Proof. The mild formulation (5.15) will allow us to prove that u € L>((0,7),L%(w)). Since po
lies in both L!(w) and L?(w), it lies in L9 (w), for any 1 < ¢ < 2. We first prove that we have a
uniform in time estimate in L(w), 1 < ¢ < 2, for p;.

From equation (5.15), it follows

ds. (5.17)

t
Ipdlescor < Woolioge + | 19Ge—2* (V52 o + ] .
La(w

p61V
ath—s*( 51 Ps)
Ds

One has, from Jensen’s inequality,
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IVGi—s * (VVps)||Eq(w) <K (IVGi—s| *ps)? w
TxR4—1

SK (|VGt—s|q*ps)w
TxRd—1

—K / / VG () |pa(z — y)w(z)dzdy.
TxRd—1 JTxRd—1

Now, notice that w(z) < K (1 + |y?¢* w(z —y) = 7(y)w(x — y), so that
IVGis % (VVP) o) SK/ / IVGis ()7 (y)ps (z — y)w(z — y)dady
TxRI—1 JTxRI-1
Klplw [ VG ().
TxRI-1

In view of Lemma 5.1.1, ||ps||r1(w) is bounded. Moreover, one has for 0 < s <t < T,

IVGi—s(y)|*n(y) = (1 + Jy* 1)

Y e
t—s
keZ
q
<1 N |y2...d|2)\/q) Z |y _ k61|67‘y4?tkf;)‘2 |
RSV, V= '
(t — s)Ma i Vi—s

€

K
(t — 5)a@+D;2

<

2

Then, since a function f with polynomial growth satisfies f(x)e ™" < K e="/2 for some con-

stant K, using Holder’s inequality, we deduce,

K
(t — 5)a(@+D;2

q
_ly—keq?
E e 8(t—s)

IVGi—s(y)|"7(y) <

kEZ
a
_aly— keq|? qd ly— ke1\2 7
(d+1)/2 E e~ 16(t—s) E e 16T
t— s ‘1
( kEZ kEZ

7q\y( key
16(t—s
STy d+1>/2 Ze !

where ¢’ satisfies % + % = 1. Consequently, one has, for 0 < s <t < T,

1/q K
(/H'X]Rdl |VGtS(y)|q7T(y)dy> S (t — s)(dJrl)/?*d/?q . (518)

The last term in (5.17) can be bounded in the same way, so we deduce that fg IVGi—s %

NV . .
(VVDs)|lLaqw) + H&th_s * (p;ol ) ds is finite as soon as

La(w)

d
1< _— 5.19
¢< = (5.19)
In view of (5.17), p lies in L>°((0, 7)), LT x R?~1)) for all T and all ¢ satisfying (5.19), and we
have a bound on its norm depending only on Py, VV and T'. We now bootstrap this estimate to
reach a uniform-in-time L.?(w) bound for p.
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Let ng be an integer large enough so that

ng + 1 d
< )
no +1/2 d—1

-1
and define for n = 0,...ng, ¢ = n’:gjb and ¢, = (% +n (% — 1)) . Notice that (¢n)n=0...no

satisfies go = ¢, qn, = 2 and
1 1 1
1+ =—+-,
n+1 an 9
so that, according to Young’s Inequality, convolution continuously maps L9 x L9 to LL9"+!. Con-

sequently, we have for n < nyg

1/qn+1

IVGion (WVplinws <K ([ (VG wp) (@ulois)
TxRA—1

In+1 1/qn+1
K ( / ( [ NGlwnG- y)dy) w(z)dx) .
TxRI-1 TxRI-1

We have w(z) < w(z — y)n(y) < w(x — y)+/"71(y), since ¢, < gny1, yielding, by Young’s
inequality and the polynomial growth of 7,

VG s (ol <k ([ ([ 9Gwm/m
TxRd—1 TxRd—1
dn+1 1/qn+1
x ps(z — y)w(z — y)l/q"dy> dz)
=K|(|[VG—s|m /1) % (pw/ ) ||pan 1 (pxpa-1)

<K||VGis|m!/ T+ | parwma—1y [Pl Lan ()

K
= (t — s)(dJrl)/Qfd/(Qq) ||ps||Ian (w)s

the last inequality being proved in the same way as (5.18) is. As a result, for n < ng,

! 195 llLan (w)
[1PellLan 1wy < llPollLants (w) +K/0 (f = )@ /2 d/0) ds.

By induction on n, since m is integrable on [0, ¢], this estimate shows that p lies in
L>*((0,T), L?(w)), for all positive T'. Since we control sup;c(o 7} [[Pt||Lao (w) by a constant depending
only on Py, VV and T', we also have such a control on supc(o 7 [|P#]/L2(w)-

Now, we prove that p is a solution to Equation (5.12) in the sense of Definition 5.2.1. First, we
show that it satisfies the regularity condition.

Lemma 5.2.4 In the compact case, under Assumptions i and ii, one has
p € L ((0,7),L2(T%)) (L ((0,T), H"(T?)) . (5.20)

Moreover ||pl|iee((0,r),L2(14y) + IPllL2((0,1) 101 (1)) < K, where K only depends on VV', Py and T
In the non compact case, with the additional Assumption i, one has

p €L ((0,T),L(w)) (L2 ((0,7),H" (w)) . (5.21)

Moreover ||pl|Lee((0,1),L2(w)) + [IPllL2((0,7),11 (w)) < K, where K only depends on VV, Py and T'.
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Proof. According to Assumption ii, py lies in L?(D). Consequently, from Lemma 5.2.3, we
know that P, has a density p; such that p € L>°((0,7),L?(D)). We now prove that p lies in
L2((0,T),H(D)). We know that p lies in L°°((0,7"),L*(D)) c L?((0,T),L*(D)), and that pZIIV
is in L°°([0,T] x D), so that the function f defined by

o0V
f=div(pVV) — & (ppl p)

lies in IL2((0,T"),H~1(D)). Consequently, it can be shown, for example using a Galerkin approxi-
mation (see [26, Chapter XVIII]) that the problem

{at” —Av=/, (5.22)
Vo = Po,

admits a unique weak solution v in the space L>°((0,7),L*(D)) N L?((0,T),H'(D)). Here, “weak
solution” means that for any 1 in H' (D),

at/Dwvﬁ/wat:/Dw (5.23)

holds. Thanks to an a priori estimate, we can find a bound K depending only on VV, Py and T,
such that this weak solution lies in the ball of radius C in the spaces L>((0,7),L*(D)) and
L2((0,T),H*(D)). For the non compact case, notice that under Assumption iii, f satisfies for any
Y € H' (w),

o0V
/ fww’=/ PV - () — 2 pamww)]
TxRd—1 TxRd—1 p
<K PVl + K / Il
TxRd—1 TxRI-1
<KUYl (w),

the last bound being deduced from Lemma 5.2.3. From the following a priori estimate,

1
§8t||vt||i2(w) = —/ V’UtV(’LU’Ut) +/ f’Ut’LU
TxRd—1

TxRd—1
< f/ |V |*w + K [0 Ve |w + K ||vg][m1 (w)
TxRd—1 TxRd-1
<~ S IVeulaqy + KllolEag + K
= B L2 (w) tIL2 (w) )
standard arguments show that v also lies in L°°((0,7),L?(w)) N L2((0, T), H!(w)), if po € L?(w).
We are now going to show that v is actually equal to the function p. For a fixed ¢ in [0, 7],

consider ¥y = G_gsx Y, solution to the problem (5.16), where x is some test function, and compute
s [ ¥svs. From [67, page 261, Lemma 1.2], we obtain

0, /D ate = /D e,

in the sense of distributions. Using the expression of 1, this equation rewrites

0. [ (Gesxriv. = [ Gt

which is equivalent to
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GS/DX(Gt_S*vs):/Dx(Gt_s*f). (5.24)

Since v € L2((0,T),H' (D)), and dsv € L2((0,T), H= (D)), then v lies in C((0,7"),L%(D)) (see [26,
Chapter XVIII, §1, Theorem 1], so that the left hand side in (5.24) is the derivative with respect
ot s of a function which is continuous in s. Moreover, one has

%
Gt—s * f = VGt—s * (pVV) - a167'15—5 * (ppl p) € Ll((oa t)a L2 (D))a

so that the right hand side in (5.24) is integrable in time. Consequently, integrating on [0, t], one
finds

¢ t nv
/ XUt = / X(Gi *po) +/ / X(VGi—s x (VVpg))ds — / / X (816',5_8 * (ps—lps)) ds.
D D D Jo D Jo Ds

Identifying in the sense of distribution, one has

t t nv
vy = Gt * po +/ VGi_s % (VVps)ds — / 01G_s * (p;Tps) ds. (5.25)
0 0 s
The right hand side in (5.25) is exactly the right hand side in (5.15), and (5.25) holds for all ¢ > 0,
so that v = p, and the regularity we wanted on p actually holds.

We finish this section by proving :
Lemma 5.2.5 The function p satisfies Equation (5.12) in the sense of Definition 5.2.1.

Proof. According to Lemma 5.2.4, in the compact case (resp. in the non compact case), for any ¢ >
0, p lies in L>°((0,T), L2(T%) N L2((0, T"), H'(T4)) (resp. in L.>°((0, T, L2(w) N L2((0,T), H! (w))).
Moreover, thanks to Ito’s Formula, p satisfies Equation (5.11) for any smooth test function .
But, according to the regularity of p;, and by the density of smooth functions in H!(T%) (resp. in
H!(w)), Equation (5.13) holds for any 1 in H!(T?) (resp. (5.14) holds for any ¢ in H'(w)). This
means that p; is a solution to (5.12) in the sense of Definition 5.2.1.

5.2.2 Uniqueness results

In this section we prove that uniqueness holds for solutions of Equation (5.12) in the sense of
Definition 5.2.1, yielding uniqueness for solutions of the nonlinear equation (5.6).

Uniqueness for the Fokker-Planck Equation

Theorem 5.2.6 In the compact case, under Assumptions i and i or in the non compact case
under Assumptions i, ©i and i, uniqueness holds for the solutions to the Fokker-Planck equation
(5.12) in the sense of Definition 5.2.1.

Proof. We only give the proof in the non compact case, which can be adapted straightforwardly
for the compact case by performing the same computations in the space L2(T%). Let u and v be
two solutions of (5.12) in the sense of Definition 5.2.1 with same initial condition ug = vg. We use
Gronwall’s Lemma to prove that ||us — v¢|r2¢p) = 0 for all ¢ > 0. Adapting the proof of [67, page
261, Lemma 1.2|, one has $0; [lu; — Utllf2 () = Jrsga- (ue — v¢)9(uy — vi)w. Consequently, since
u and v satisfy Definition 5.2.1, and using (5.5) and Assumption i, it holds that

1
§3t||ut = 0el T2y < Kllue = vellf2y + Kllur = vellLz ) [V = Vo) — [Vue = Vol [£2(,)

Vv 0%
Uy Uy
+ O1(ug —vp) | up—— —ve— | w
TxRd—1 Uy Uy
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We want to estimate the last term. Notice that, thanks to Lemma 5.1.2, u' = v!, so that

u61V v61v 61‘/ 61‘/
t t Uy Ut
/ 81 (ut - ’Ut) Ut 1T (%7 1 w = / 81 (ut - vt)ut 71’11_)
TxR4-1 Uy Uy TxRd-! Uy

,U61V

+/ al(ut — ’Ut)(’ut — ’Ut)t—l’w.
TxRd—1 u

t

Since 01V is bounded, the second term in the right-hand side is smaller than
K||ut — UtH]L?(w)HVUt - vth]L?(w);

and the first term is smaller than

2 1/2
u 2
e e (/ o i) (=) “’) |
e

Then,

5 1/2
/ uy av alv)2
=y w
TxRa-1 \U{ (Ut

1/2

[ (Y (), o)

1,5 P
H L oY)

IN

Uy ||Ut||L2(w)-

LLe=(T)

Uy

The function ¢ + ||u¢[|12(w) is bounded on [0,77], and, thanks to Lemma 5.1.2, Assumption ii and
the maximum principle, u' is bounded from below by some positive constant, so that

5 ) 1/2
Ut
Lo i) (v =) ) <1 =l
TxRI-1 \ Uy

To conclude, notice that, for any positive ~, H'/?*7(T) continuously imbeds in C(T) (see [1, page
217]). Consequently, interpolating H*(T) and L?(T) (see [51, Page 49], we obtain for a function f
in H'(T) and v € (0, %),

2— 1/2
1oy < KN fllszenery < Kl lIthey 11500 (5.26)

All the previous inequalities give us

1
§3t||ut — 02y + IV = Vorl[Fa gy < Kllue = villLz ) [ Ve = Vorllizw) + Kllue = 01 2
OV _ iV L2 Y orV 124
+ K udY — ol V| udY — oV I 1V e — Vil u)-

We finally obtain, from Lemma 5.0.1 and Young’s inequality ab < eaP + q’l(ps)’q/?’bq, holding
true for any positive a, b, €, p and ¢ such that 1—17 + % =1,

Aillue = vellf2 gy + IVUr = Vil E2 gy < Kllwr — vt 20,
yielding uniqueness through Grénwall’s lemma.

Remark 5.2.7 A more natural uniqueness proof can be performed, using an entropy estimate.
In particular, this proof does not require the introduction of the weighted spaces. Unfortunately, it
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does not apply to the solutions in the sense of Definition 5.2.1. Uniqueness actually holds in the
subspace of functions such that the following computations make sense.

Let w and v be two solutions of (5.12) with same initial condition ug = vo. Notice that from
Lemma 5.1.2, the functions u' and v' are equal. Define the relative entropy of u with respect to

v
E(t) :/ ulogg.
TxRd-1 v

If all quantities involved are finite, it holds that

El(t) = 8t </ U) +/ 8t’ll, 1Ogg */ at’l) E
TxRd-1 TxRd-1 v TxRA—1 v

"V
:0—/ uvvwogﬂ—/ vuv1og9+/ ut—0; log —
TxRd—1 v TxRd—1 v TxRd—1 u v
U U Y
+/ vVVV——i—/ VUV——/ v 1(’)1—
TxRd—1 v TxRd—1 v TxRd—1 u v

2 2
v U P vy U oo U
— _ 1 _ 1 —
= / ’V ’ +/ (u v ) 181 .
TxRd—1 U v TxRd—1 u v

But, using Csiszar-Kullback inequality, it holds that

v u u u v
[ o) Bo2en | ol
TxRd—1 u v TxRd—1 v u u- TV (RI-1)
u u u 1/2
<K v‘@l— / (—110g —) .
TxRA—1 v Rd—1 \U v

In conclusion, we find

2 9 2 o\ 1/2
E'(t) < —/ U—‘VE‘ +K / v a#‘ (B(t)?.
TxRd—1 u v TxRd—1 u v

We can conclude the proof using Young’s inequality and then Grénwall’s Lemma.

Uniqueness for the nonlinear process

Theorem 5.2.8 Pathwise uniqueness and uniqueness in law hold for Equation (5.6) in the com-
pact case under Assumptions i and ii, and in the non compact case under Assumptions i, ii and

Proof. As stated in Lemma 5.2.5, if X solves (5.6), then {X;} admits a density p; such that p
satisfies (5.12) in the sense of Definition 5.2.1. Thus, in regard of Theorem 5.2.6, p; is uniquely
defined. Consequently, Equation (5.6) rewrites
01V 1
X
dX; = (VV(Xt) + p;f)((lt)el) dt + v2dW;, (5.27)
e (A

where p; is the unique solution to Equation (5.12) in the sense of Definition 5.2.1. Notice that the
drift o
Pt (2h)

bt(:c) = *VV(JS) + W

€1
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in Equation (5.27) is bounded, so that pathwise uniqueness holds (see [45]), as well as uniqueness
in law, from the Girsanov Theorem.

5.3 A regularized approximate dynamics

To estimate the difference between the nonlinear process defined by Equation (5.6) and its
particle approximation (5.8), we introduce an intermediate process, called the regularized nonlinear
process, which is the natural expected limit as N goes to infinity of the particle approximation
(5.8). The nonlinear term in this equation is more regular than the one in (5.6), so that we can
show existence and uniqueness for this process.

The aim of this section will be, in a first time, to prove existence and uniqueness for the
regularized nonlinear process, see Theorem 5.3.1, and in a second time to show that the regularized
nonlinear process converges to the nonlinear process solution to (5.6) as £ and « go to zero, and
to estimate the rate of this convergence, see Theorem 5.3.11 below. This will yield an existence
result for the nonlinear process.

Under Assumption iv on the initial condition, for a fixed positive integer n, we expect the
sequence of processes (X, y)n>o defined by (5.8) to converge to a solution to

_ _ « POV
Xy, = <_VV(X;{n) - %(X;{;i)q) dt + v2dwy, 525
n * L4 :
P! = distribution of {X/" }

with initial condition (Xo,).

5.3.1 Existence and uniqueness for the regularized problem

In this section, we show that pathwise uniqueness, uniqueness in distribution and strong exis-
tence hold for the regularized dynamics.
We first show existence and uniqueness of a solution to (5.28), using a fixed point method.

Theorem 5.3.1 Consider both the compact and the non compact cases. Under Assumptions i
and v, strong existence and uniqueness hold for Equation (5.28).

Here we follow [64] : we show that a measure on the space of continuous paths from [0, 7] to R?
is the law of a solution to (5.28) if and only if it is a fixed point of some function @r. Then we
show existence and uniqueness of this fixed point by a contraction argument. This cannot be done
directly for Equation (5.6), since its nonlinear term is too ill-behaved, so that we do not have
contraction in that case.

For a probability measure z on the set Cr = C([0,T], R?) we denote by @7 (u) the distribution
on Cr of the process X defined by

/C (X3 — D)oV () dpu(x)
+ T

dX, = | —=VV(X;)
/C on(XE — 2D)du(z)

er | dt + v2dw, (5.29)

whose initial condition Xy has law Py and is independent of W. The distribution & (u) is well
defined since Equation (5.29), having global Lipschitz coefficients, has a unique strong solution.
Notice that, since

on x 1V Jop on(— )01V (2)dp(z)

Pn * i} ch oy (- — zf)dp(x) ’
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 is the distribution of a solution to (5.28) up to time 7T if, and only if &1 (u) = p. We will show
that such a p exists and is unique using Picard’s Theorem.

The Wasserstein metric Dy (1, p2) between two probability distributions p; and ps on Cr is
defined by

Dr(ur,ie) = inf [ A2~ yllerdn(z.).

CT ><CT

where IT = {m € P(Cr x Cr), 7 having p1 and po as marginal distributions} is the set of all cou-
pling of p1 and po, and ||.||c, is the uniform norm on Cr :

If = gller = sup [f(t) —g(t)].

te[0,T]

More generally, for ¢ € [0, 7], we set

Dia,pz) = int [ LA sup [o — yuldn(a.g).
mell CrxXCp SE[O,t]

Endowed with the Wasserstein metric, the space P(Cr) of probability measures on Cr is com-
plete. In order to apply a fixed point argument, we will need the following contraction lemma.

Lemma 5.3.2 Consider both the compact and non compact case. Let T be a positive time. Under
Assumption i, there is a positive constant K, not depending on t, satisfying

Dy(@r(ju1), Pr(pa)) < K /0 Dy (jur. p2)ds,

for all t in [0,T] and for all probability measures p1 and ps in P(Cr).

Proof. Let py and po be two probability measures on Cp. For i = 1,2, define X, ; by

| ealxd = shouy Gendusta)
S

dX,, = | —-VV(X,) er | dt + V24w,

| en(xt — ahaute)
Cr

with given initial condition X¢; = Xo, for i =1, 2.
Notice that
Jop n(- = 2DV (@)dpi(z) oy x pdy” (5.30)
ch on (- — xf)dp(x) P * /hl,t 7 '

and that from (5.9) and Assumption i, the numerator and the denominator of (5.30) are respec-
tively bounded from above and from below by positive constants depending only on n and V.
Then, for any x,y and 0 < s < T,

61‘/ 61‘/
Py * g Py * o g

—(z) — — ()| < K (lx —y[ A1+ Ds(p1, p2)) -
Pn ¥ 1 P * b °

Consequently,

t t
E[l/\”Xl —Xg”ct] SK(/ E[l/\”Xl _X2||Cs]d3+/ DS(/Ll,,U/Q)dS) s
0 0

for all ¢t <T. Using Gronwall’s Lemma, we then find, for any ¢t < T,
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t
E[LA|X) - Xale] < K / Da(ju1, p2)ds.
0

But
Dy(®4 (1), Pe(p2)) <E[LA[X1 — Xalle,]

since X; and X5 respectively have @;(u1) and @;(us2) as distributions, finishing the proof.

Proof (Proof of Theorem 5.3.1). Tterating Lemma 5.3.2, we find existence and uniqueness of a
fixed point of @7, given Xy, which yields uniqueness of the distribution P of the solution to (5.28)
on [0,T7.

The law P of any solution being unique, we can substitute the marginal of P at time ¢ in
Equation (5.28), and we obtain a linear stochastic differential equation with Lipschitz continuous
coefficients. Pathwise uniqueness holds for that kind of equation, so that weak existence and
pathwise uniqueness hold for (5.28). Consequently, from Yamada-Watanabe Theorem, it admits a
unique strong solution.

5.3.2 Convergence to the nonlinear process

We are now going to let £ and « go to 0 in (5.28).

We denote by X;' the unique strong solution to (5.28), with initial condition X, and Brownian
motion W" replaced with W. The distribution of {X;'} will be denoted P". We expect a possible
limit X of X" as 7 goes to 0 to be a solution to (5.6). To this aim, we define the following
martingale problem :

Definition 5.3.3 We say that a probability measure P on the space Cp of continuous paths is a

solution to the martingale problem associated to (5.6) if its time marginals P, admit a density p;
with respect to the Lebesgue measure, and if, under the measure P,

— the canonical process x € Cp is such that for any twice differentiable function which is
bounded as well as its first and second derivatives, the process

t t + MV 2
mt=w(wt)—w(:vo)+/0 Vw(xs)VV(xs)dS—/O Aw(g;s)ds_/o O () P 0

T ds, (5.31)

is a martingale with respect to the filtration o(xs,s < t).
— {xo} has law Py.

Notice that, since the drift coefficient is bounded, the Girsanov theorem shows that it is not
restrictive to assume that P; has a density.
We deduce from Theorem 5.2.8 the following result :

Proposition 5.3.4 In the compact case under Assumptions i and ii, or in the non compact case
under Asumptions i, ii and i, uniqueness holds for the martingale problem defined in Defini-
tion 5.3.3.

Our aim in this section will be to prove the following results :

Theorem 5.3.5 Let Assumptions i and ii hold.
In the compact case, (P"),~o converges as 1 goes to 0 to the solution of the martingale problem.
In the non compact case, the family of probability measures (P"),~o is tight, and any converging
subsequence converges to a solution of the martingale problem defined in Definition 5.3.3. Under
the additional Assumption iii, (Py,)y>0 actually converges to the unique solution.

As a corollary of Theorem 5.3.5, one has existence of solutions to (5.6) (under regularity assump-
tions on the initial condition).
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From Proposition 5.3.4, in order to prove Theorem 5.3.5, it is enough to prove that the family
(P")y>0 is tight, and that any converging subsequence converges to a solution of the martingale
problem.

Our first step will be to derive the Fokker-Planck equation satisfied by the distribution of { X;'}.
Let 1 be a smooth bounded function on D, with bounded derivatives. Applying Ito’s formula to
(X]") and taking the expectation, we find that

T T oy % POV
/ YdPl = / po(x)da +/ / (A — Vo - VV) AP dt +/ / 81¢n7’£1dPt"dt.
D D o Jp o Jo oy * PP
(5.32)
Equation (5.32) is a weak formulation of the following partial differential equation
© x POV
O P = div (P'VV +VP]) — o, | P/ —Lt— | (5.33)
O * Ptn,

We are going to show that P, or more precisely, its density, is actually a solution to equation
(5.33) in the following stronger sense.

Definition 5.3.6 A function u is said to be a solution to (5.33) with initial condition po if, in
the compact case,

— u belongs to L>°((0,T),L2(T4)) NL2((0,T), H'(T%)) ;

~ for any function ¢ € H'(T?), we have :

61V
at/ wp = —/ utvv-vw—/ vUt-v¢+/(alw)ut% (5.34)
D D D D

n * Uy

in the sense of distributions in time ;
— Uo = Po-
In the non compact case these conditions are replaced by
~ u belongs to L°°((0,T),L?(w)) N L2((0,T), H (w)) ;
— for any function v € H(w), we have :

0%

O / uw = — / wVV - (wVi+§Vw) - / Vg - (wVih +§Vw) + / (010)u, P
D D D »

(‘077 * Uy
(5.35)

in the sense of distributions in time ;
— Uo = Po-

As for Definition 5.2.1, these conditions make sense.
With this definition, one has the following result :

Lemma 5.3.7 Consider both the compact and the non compact cases. Under Assumptions i and i,
the distribution P;' of {X['} has a density p] with respect to the Lebesgue measure such that p"
satisfies (5.33) in the sense of Definition 5.3.6.

Moreover, the family (p"),o is bounded in 1L>°((0,T),L*(D)) N L*((0,7),H'(D)) and, in the
non compact case, under Assumption iii, (p"),>o is bounded in L°°((0,T),L?(w))NL2((0,T), H' (w)).

Proof. Since the drift coefficient in (5.28) is bounded, following the proof of Lemmas 5.2.3 and
5.2.4, we obtain that P’ has a density pj, where p” satisfies the first condition in Definition 5.3.6.
Applying Ito’s formula to ¢ (X;') for some smooth 1, we find that (5.34) ((5.35) in the non compact
case) holds for a smooth v. Using the density of smooth functions in H!(T x R4~1), it holds for
any v in H'(T%), and the same is true for H!(w) in the non compact case.
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To prove that p” is bounded independently of 7, notice that from the boundedness of VV,
n,01V
the function % is bounded from above uniformly with respect to 7. Consequently, from

$n*Pt .
Cauchy-Schwarz inequality,

1 © *p"’alv
SO crnsy = = 1900 Eagozany = [ o0V [ @ P
2 TxRd-1 TxRd-1 P * Dy’

< - HVP?H]%Z('JIde*l) + K|Ip} lL2(rxre-1y VDL L2 (T xR 1)

where, the constant K does not depend on 1. We finish the proof using Young’s inequality, and
then Gronwall’s Lemma.
The proof is similar in the non compact case.

Thanks to Lemma 5.3.7, we can prove the relative compactness of the family p” in a nice sense.

Lemma 5.3.8 Consider both the compact and the non compact cases. Under Assumptions i and
i, for any bounded open domain O in D, the set (P"\o)n>0 of restrictions of the functions p"
to O is relatively compact in the space L?((0,T),L?(0)). Moreover, the set (P"),~¢ of laws of the
solution is tight.

Proof. We first prove the relative compactness of p" in L?((0,7),1L?(0)). We use the fact that for
a bounded open domain O and for p,q € (1,00), the space

E,,={f €LP((0,T),H'(0)), such that 9,f € LI((0,7),H *(0))}

imbeds compactly in L?((0,7),L*(0O)) (see [50, page 57|). We already know that the set (p7),~0
is bounded in L2((0, T'), H'(D)), so that the set (p”|o)y>o is bounded in L*((0,T), H'(0)). Thus,
it is enough to show that (9;p" p)y>0 is bounded in LI((0,T),H'(0)), for some ¢ € (1,00) to
finish the proof. The following equation holds

oy 97"
Op" = div(p"VV) 4+ Ap" — Oy ])’7777’5”71 ,
Pn * Dt

showing, since (p"),>0 is bounded in L2((0,7), H' (D)), that (9;p");>0 is bounded in L2((0,T), H~*(D)),
thus, 0;p" is bounded in IL*((0,7'), H™*(0)). This shows that (p,,)y>0 is relatively compact in
L2((0,7),L%(0)).

Now we prove the relative compactness of (P"),~o in P(Cr). For this aim, we use Kolmogorov
compactness criterion. At time ¢ = 0, X is equal to Xy, independently of 7. Consequently, the
family (X{),>0 is tight. To conclude the proof, it is enough to show that for some positive constants
a, band K,

supE[|X7 — X7|] < K|t — 5[+
n>0

for 0 < s,t <T. Since VV is bounded, we have, for 0 < s,t <T and p > 1,

1/p
+E[W, - W,["]'? +E

p

t 7,00V ( x,1
E[|X;7—X;7|p}1/p§E / (pn*u'r ( T )d

t
VV(X7)dr
/s (X7 on *ugﬂl(X;%l)

p11/p
T ‘|

SK(|t75|+|t—s|1/2).

This rewrites
E[IX7 — XI1"] < K|t — s,

for some positive K. Taking p = 3, Lemma 5.3.8 follows.
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As a consequence of Lemma 5.3.8, using a diagonal argument, we can extract a subsequence
of n — 0, still denoted 7 such that :
— p" converges almost everywhere on (0,7) x D and in L2((0,7),L?(0)) = L?((0,T) x O) as
1 goes to 0, for any bounded open domain O to a function p°.
~ P" converges in P(C([0,T])) as 1 goes to 0 to a probability measure PY.
To let n go to zero in (5.28), we finally need the following lemma.

Lemma 5.3.9 Consider both the compact and the non compact cases. Under Assumptions i and
i, the limit p° of p" is such that p? is the density of the time marginal of P° for almost all times t.

Moreover, the convergence of p" to p° also holds in IL1((0,T) x D) and up to a second subsequence
HV 0,0,V

(‘077 * p"?v
———— converges almost everywhere on (0,T) x T to

extraction, T
(1077 * pm

W as m goes to zero.

Proof. We first prove that p” converges to p° in L'((0,7T) x D). One has

/OT/DIP"—pOI=/OT/D(p”—pO)+2/OT/D(p"—p°)‘
2/0T/D<pnp°>.

But p” converges almost everywhere to p°, and (p” —p°)~ is bounded from above by the integrable
function p°. Consequently, by the Lebesgue theorem, p” converges to p® in L1((0,7) x D).

A consequence of this convergence and of the boundedness of 01V is that the sequences
(p"91V),~0 and (p™1),~0 converge in L1((0, 7)) x T) respectively to p>?1V" and p1.

As a consequence, @, * ! and ¢, * p"?V also converge in L} ((0, 7)) x T) to the same limits.
Therefore, up to the extraction of a second subsequence, we have pointwise convergence almost
©n * pn,aﬂf

Pn * prt

Now we show that p? is for almost all ¢ the density of the time marginal PP of PY. Since P"

converges to P? as ) goes to 0 in P(Cr), then E [#(X")] converges to E [#(X?)] as  goes to 0, for

any bounded continuous functional ¥ on Cp. Taking a function of the form ¥ (Y') = fOT O(t)W(Y;)dt

everywhere for the denominator and the numerator of

where ¥ and 6 are bounded and continuous, one has

E[(X")] = /OT o(t) (/MWI @py) dt.

Moreover, since p" converges to p° in L'((0,T) x T x R?~1), one has

/OT (e(t) /Tde—l @p?) dt =0 /OT o(t) (/’]I‘X]Rdl @p?) dt.
/OTW)@ <X?>dt] = / “o) < / M) dat,

so that, almost everywhere, p? is the time marginal of PY.

As a result,

E

We can now prove Theorem 5.3.5. We want to prove that P is a solution to the martingale
problem defined in Definition 5.3.3. It is enough to show that for 0 < s; < ... <s, < s <, any
bounded continuous function g and any twice differentiable function v with bounded derivatives,
one has [, g(ws,,...,2s,)(my — ms)dP? = 0.

Under the probability measure P, the canonical process « € C([0,T1]) is such that
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t t t OV (1
ml = wlen) — va) — [ Aote)is + [ TV )Tow)as — [ ona EL g,
0 0 0 on *pd(wh)

is a martingale. We thus have

[ gt )l = mparr —o.
Cr

Consequently, denoting 77 = (&, &)

/ g(zsl,...,xsn)(mtfms)dpo <
Cr

+

[ 9G] — (e — )
Cr

Taking lim sup;;_,, limsup, _,,, we obtain :

/ 9(Xsyys ., xs, ) (My — ms)dPO‘ < lim sup lim sup
Cr n—0 n—0

/ 9(sy,. . s, ) (m] —mT)dP"|.
Cr

(5.36)
Indeed, g(zs,, ..., s, )(m; —m?) is a bounded continuous function of =, and P" converges to P°.
Moreover, we have
g(‘r517 cee 7xsn)((m? - m?) - (mt - mS))dPO
t OV 0,01V
$p * P b7
= / / 9(Tsyy s Tsy ) 01(27) [ ! *Tﬁ@ - ;01 ‘| (5671—) dr dPO(x)
CrJs ©p * Pr T
t ~ ’F]1alv 0 61‘/
$p * P by
SK/ / [ T 1 ()| P2 (y) dy dr.
s JD Yi * Pr p'r
NV 0,01V
This last integral goes to 0 as 77 goes to 0, since the function [‘p;*fg- —— p;oyll ] converges almost

everywhere to 0 on [s,t] x D, and is bounded fom above by some positive constant. To conclude,
we estimate the right hand side in (5.36) :

/ G(Ears - 20, )(m] — mT)AP(z)
Cr

= /C 9(@sy, - x5, ) (mf —mT) — (m] — m?))dP"(x)

n,01V 7,01V

=/ 9(Tsys s T, /alw R e o _fntP = | (z7)d7dP" ()
*p.r’ (pn*p,,-

f |

Cr

[ ]

Pn *p”’alv( DN *pﬁ’alv(wi)
n,1
py x I (z1) ei xpr (1)
oo *x PPV (y) i x p2OY (y)
n,1
©Pn * Pr ) Y7 * PZ’ (y)

dP"(x)dr

P2 (y)dydr.
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1 converges in L'((s,t) x T), and since

This last integral tends to 0 as 7 and 7 go to 0, since p™
oo P2V (y) i x p2OY (y)
1 7,1
on PP (y) Pt (y)
Theorem 5.3.5.

is bounded and converges almost everywhere to 0. We then obtain

5.3.3 Another existence result for the nonlinear process

From Theorem 5.3.5, we know that existence holds for (5.6) under some regularity assumptions
on the initial condition. Indeed, if P? is the limit of some subsequence of P", then the canonical
process x defined on the canonical space (Cz, PY) is a solution to Equation (5.6). By approximating
the initial condition by regular densities, one can relax the regularity assumption.

Theorem 5.3.10 Consider both the compact and non compact cases. Under Assumption i, weak
existence holds for Equation (5.6) with given initial condition Xo. Moreover, for positive s, the
law of {Xs} has a density ps such that, for 0 <t < T,

p € L((t,T),L*(D)) (| L((t, T), H'(D)).
Notice that, under the hypotheses of Theorem 5.3.10, we have no uniqueness result.

Proof. Theorem 5.3.5 yields existence for (5.6) when the initial condition satisfies Assumption ii.
To prove existence without assumption on the initial condition, we use approximations of the
initial condition. Let (p§)ren be a sequence of probability densities satisfying Assumption ii and
converging to p° in P(D) (for example, this sequence can be obtained by convolution with a
gaussian kernel). From Theorem 5.3.5, there exists a solution (XF) to Equation (5.6) driven by
a Brownian motion W defined on some probability space ({2, F,P), such that X% admits pf as
density.

As in the proof of Lemma 5.3.8, we can apply Kolmogorov criterion, so that the family of
distributions P* of ({X[})o<i<r is tight. Consequently, we can extract from (P*) a converging
subsequence whose limit is denoted P. To prove that P satisfies the martingale problem defined
in Definition 5.3.3, we need some estimate on the time marginals of P*, uniformly in k.

According to Lemma 5.2.4, the law of { X/} has a density p¥ such that p* lies in L>°((0,T'), L?(D))

and L2((0, T), H!(D)). Notice that the drift coefficient b¥(X;) < —VV (X,) +E[0,V (X,)|{X} e

in Equation (5.6) is bounded, so that we can apply the Girsanov Theorem. Indeed, define

1 t
1t = exp (- [ ket - / 1058 Pas)
0

Novikov’s Condition is satisfied for this process, so that the formula
Qx(A) = E[14Lj],
for A € o(Wy)s<t, defines a probability distribution Q on 2 such that, under Qy, the process

1 1t
7 (xf—Xx§) Wﬁﬁ/o VE(XF)ds

is a Brownian motion. Denote 7F the law of {XF} under Q. Notice that since, under Qx, X} is
the sum of v/2 times a Brownian motion at time ¢ and an independent random variable XPE, 4F has
a density with respect to the Lebesgue measure which is bounded by t'i% where K is a constant,
not depending on k and t. As a result, for a given function ¢ in L?(D), one has
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= [E [y (X})]]
k k)1
= ’]EQk [7/’ (Xt) (Lt) H
1
([ vant) mlaty”
D

K
S 1¥llL2(py >

/D b(@)dP ()

IN

where K is a positive constant, which does not depend on k since |bk| is bounded from above
by ||VV||Le. Consequently, for any 0 < ¢t < T, ||p’§||]Lz(D) is bounded uniformly in &k and in
s € [t, T]. Moreover, since p* is a solution to Equation (5.12) in the sense of Definition 5.2.1 one
has, from (5.13)

ONPsR2(py < —IVDEIR2 () + KDL IR 2 ()

so that (p*)ken is also bounded in L2((¢t,T), H(D)). Adapting the proof of Lemma 5.3.8, we find
that the family (pf,) is compact in L*((¢, T),L*(0)) for any open subset O of D. By a diagonal
argument, and using the proof of Lemma 5.3.9 we can thus construct a subsequence k,, such that

— P*» converges to a probability measure P° whose time marginals P, have a density pY, for

all t > 0,
— pkn converges almost everywhere on (0,7) x D and in L*((0,T) x D) to p°,
pk‘n,alv p0761V
— ——— converges almost everywhere on (0,7) x D to —5—
p s b

Then, adapting the proof of Theorem 5.3.5, we see that P° solves the martingale problem.

5.3.4 Rate of convergence

We are going to exhibit a control on the rate of the convergence of p” to p. Moreover, we give

* 7’[,61‘/ 01
Pn P — and the biasing force A} = b 7— which is the

oy x P b

an estimate of the difference between

quantity one is interested in practice.
Theorem 5.3.11 Under Assumptions i and ii, one has, in the compact case,
19" = plles(0,7),2(ray) + 12" = PllLz(o,7) 1 (1)) < K (a4 Ve),

and, in the non compact case, under the additional Assumption i

19" = pllLes(0,1),L2w)) + 12" = PllLz(0,m), 1 (w)) < K (a+Ve),

for some positive constant K not depending on « and €. Moreover, we have the following bound
on the estimation of the biasing force :

0,01V oV
on x Pt Dyt
1

1
$n * pf bt

<K (a++e).

L2((0,T),L>=(T))

Proof. We give the proof in the non compact case, the one in the compact case being very similar.
Similar calculations as in the proof of Theorem 5.2.6 yield :

1
§3t||pt — PR (w) + IV = VD! |1R2() < Kllpt — 7 l|L2(0) I VP = VDY IL2(0) + K|t — 271172 ()

% 7,01V
p p * P
+ IV = Vipillizw) ([P — PP =57 . :
pt pt * 8077 ]Lz(w)
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We now estimate the last term.

61V 7’[61‘/

p P —pp P ‘ pa (pflv — o xpy’ alv)
1 1
by pt * P L2 (w) pt L2(w)
1 1
OV
+ Pt@n*P? ! (T‘ﬁ)
pt @W*pt ]Lz(w)
néhv
Pn *P
+ || (pe pt)nitl
‘Pn*pt LZ(w)
1 R%
<||pt||]L2(w) (pt — @y xp )
Le=(T)
7’[61V
Pn *D 1
+ 1pellp2 () nitm(%*p? *ptl)
t(@n*pt ) Loo('[r)
7]61V
Pn *P.
+ || (e = p))
Son*pt ]LQ(w)

From Lemma 5.1.2, p} is bounded from below uniformly in time. Using this together with the facts
that 9,V is bounded and p € L>°((0,7),L?(w)), one obtains

0,V OV

P L
p 1 pt 7,1

Py pt * Pn

L2 (w)
Consequently, we have to estimate |[p} — ¢, * pi' ||~ (t) and P2V — o, *p?’alVH]Loo(T). One has,
for v € (0,1/2),

P2 — @+ P72V Nlo(my < [l *

< Ko+ ||p;

o] (e}
Mo ery + 197 = @5 * p2Y oo (my

61V 7]61V

( 61V n81

o cry + 1P = @ % D7V ||Loo ()

,0 1/2 1%} 1/2
< K (ot I = pr Yy oY =™ st ) + I — on s

H(T) L2(T)

1/2+ 2 (3] 19}
< K (a+ o= oI e = o 134ny ) + 162 = 0 5 52 e .

Likewise, we have

1/2+ 1/2
Yl lpe = PP lithny’ + I} = 0 % P 1L n)-

It = on * P! L (ry < Kot Kllpe —
To conclude, notice that, in view of Lemma 5.0.1, p?lv lies in H!(T). Thus paw is Holder con-
tinuous with exponent 1/2 and constant C|p*" || (t) (see [20, Corollaire IX.13]). Consequently,
since 1. = 0 outside [—¢, €],

P OV 1
<K (||p B e Lo (m) + lPr — @5 * P lLoo(ry + llpt *p?H]LZ(w)) .

||IL°° (T)
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OV () — o, * T « OV (1)dx NV () — pV(z —
oY @) =g s @] = o [ 50V @+ [0 @) =0 = )y

K (a 1 ey [ w€<y>¢§dy)
K <a+ I ey v [ wsmdy)

< K (a+ Velpellm ) - (5.37)

<
<

The same inequality holds for p!

Ipt (z) — o * pi(2)] < K (@ + Ve|pilli w)) -

Gathering all the previous inequalities, we obtain,

1
50tIPt = P llL2 (w t = VPellL2(w) = t — Pt |12 (w) t — VD¢ L2 (w) t — Pt L2 (w
50 = P2y + IVPe = VDL IE2 () < Kl = 27 2 | VPe = VP llL2y + Kllpe = P2
1/2 1/2—
+ Kllpe = o]l oy Ipe = o7 150y 1VPe = Vo7 )
+ K (a+ \/EHpt”Hl(w)) Ve — VpillL2(w)
+ Ka||[Vp: = Vi |2 (w)-

Consequently, from Young’s inequality,
Bllpe — PYIIF 20y + 1VDF = VDil[F2) < K (||pt — Y [IF2() + 0 + 5||pt||1%11(w)) :
Gronwall’s Lemma yields the first statement of Theorem 5.3.11, noticing that p lies in L?((0, T"), H' (w)).
For the second statement, arguing as we did above, it holds that
7,01V NV

Pn * Dy Pt
1 1
$n * pf Dy

1 OV 0
< K<Hpi—wn*p? H +Hson*pt ! —ptIVHLm(T))

Lee(T)

Lee(T)
< K (a+Velpilla o + lpe — o7l (w)) -

We finish the proof by squaring this inequality and then integrating.

5.4 An interacting particle system approximation

In this section, we prove the convergence of the interacting particle system to the regularized

0,01V
Pn*py

nonlinear processes, and we estimate the difference between the regularized biasing force oo T
t

and its particle approximation.

Theorem 5.4.1 Let T be a positive time. Under Assumptions i, i, iv and v, the solution
(X{, N)n>1 of (5.8) with initial condition X{, = Xon converges to the solution X/, to (5.28)
with initial condition Xy, in the following sense : for all 1 <n < N, and for ¢, <1,

1 K
e ae?

E :
VN

sup ‘thn _XZH’NM <
t€[0,T]

K being some constant not depending on «, € and N.
Moreover, one has
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1
E sup @n*pn’alv 561)7 Zn 15077(':6 7Xz7n N)alv( tnN)
tef0.7]crer | P * P 25:1 on(z! X?nlN)

Notice that the the right hand side of (5.38) explodes when € goes to 0 for a fixed value of N, so
that the size of € has to be chosen carefully depending on the value of N. We will also investigate
this point numerically in the next section.

To simplify notation, we omit the subscript N and the superscript 1. We first establish the
following inequality :

1 &
] < \/Neas . (5.38)

Lemma 5.4.2 We have, for e,a < 1, and for any t in (0,T],

_ K [ n
Xt,n—Xt,n|§a—€2/O <|Xs,n— m\+ Z|Xm— m\)derK/A Ns,

where K does not depend on «, € and t, and A?’N is defined by

N
1 _ _ _ _
Z (pU(Xsl,n - X;,m)alv(X&m) - (1077 *p’g,(%V(X;n)

) |

N
1 .
NE (X1, — X1,.) —onxpPH(XL,)

Proof. From the definition of X, , and X, ,, we have

t
| Xt — Xin| < '/ (VV(XM) - VV(XM)) ds

m=1 5077 B Xsl,m)alv(XSym)d /t ¥n *pz’alv(Xsl,n)d
S — = S| .
m 1 5077(X51,n - X;,m) 0 ¥n *p’g’l(X‘s{n)

First, ‘ JE(VV(Xyn) = V(X)) ds| is bounded from above by K [ | X, — X,.,|ds, since VV
is Lipschitz continuous. Now, we decompose

|Zm ) <pn — XLV (Xom)  onxp??V(XL,)
D m—1 ‘Pn(Xsl,n - Xin) Pn *pgﬁl(Xsl,n)
. ‘zﬁ_l on(Xin = Xn)OV (Xom) — Eony on(Xin = X300V (Xom)
- Yoy Pn (X = XL ) Yo n (X = X1 )
| Emm (X = XL)AV (Kam) g+ p27V (XL | (5.3
27]:]1:1 ‘Pn(Xsl,n - Xsl,m) Pn * pgyl(Xsl,U

Using Assumptions i and v, the first term in the right hand-side of (5.39) can be bounded
by a82 (|XS n— Xs,n| + % Zfizl | Xs.m — X51m|) , and the second term in the right hand side of
(5.39) can be bounded by KA.

Proof (Proof of Theorem 5.4.1). As a consequence of Lemma 5.4.2, we get, for a,e <1,

N

K [T _ 1 S TN
sup | X¢n—Xin / sup (Xsn — Xsn| + — sup | Xsm — Xom dt—i—K/ A de.
telo, T]l < ag? Jy ( €[o,t] ‘ ’ N mz: s€0,t] | | 0 !

Taking the expectation, and using the exchangeability of the couples (X, X,,)1<n<n, we get
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_ K [T B T
E sup |Xt,n — Xt,n| < ? E sup |X51n — Xs,n| dt + K/ E [A?,N} dt.
(6% 0 o

t€[0,T] s€[0,1]

By Gronwall’s lemma, one obtains

T
E| sup |[Xin— Xin|| < KeﬁT/ E {Af’N} dt.
t€[0,T] 0

To conclude, we estimate fOT E[A7N]dt. Let
m Y Y ,0 Y
B = on(Xhy = X100V (X m) = 0q x 9V (X))
and
Ut = Sﬁn(th,l - thm) — ¥n *p?,l(XgJ).

We have, for t < T', using again the exchangeability of the couples (X,,, X;,)1<n<n,
2
[Ea7~]" < B [(47™)?]
N 2 N 2
K 1 . 1 .
< |E <Nmz_:lq5t ) +E (Nmz_:lgpt )
K m m/ m m/
— s 2 (]E [@t o ]+E[Wt 'z D

But the &7 and " are centered for m > 2, and, for m # m/, 7" and &}, (as well as ¥
and LZ/t’"/) are independent conditionally on X ;. Therefore the double products vanish, and, by
exchangeability

K

B @D +E[@)?).

N2 K(N—1)
[EAp"] < =5 (B[@9)7] +E[#2)?) +
a
But one has E [(97)?] + E [(¥?)?] < Ke2 and E [(9})?] + E [(#})?] < Ke~2, and the first
assertion in Theorem 5.4.1 follows.
For the estimation of the force, adapting the proof of Lemma 5.4.2, we see that

N
‘Pn*pg’alv 1 e (@t = X N0V (X N)
E | sup ™ () — N . T
tel0.1] | P * Dy Din=1 (@t = X n)
1 1 &
<—E | sup |— on(@t = X))V (X ) — « pl OV (z1)
R D S A A
| X % N
+—E| sup |— on(zt = X1 ) — o x Pt (2Y)|| + —=E | sup Xin — Xim
@ |tefo,1] anl ol " nepe o) as*N te[o,T];‘ ‘
K
Cac?

VN

Indeed, (p,(z" — X101V (Xen) — o * 082 (@))neqr. vy as well as (o, (et — X},) — o, *
p?’l(:ﬁl))ne{ 1..N}, are i.i.d. centered random variables whose variance is bounded by 552, uniformly
in time.
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5.5 Numerical results

In this section we give some numerical simulations to illustrate our previous results. Here, the
parameter «, which was introduced to enable theoretical estimations, is taken to be 0.

Notice that the discretization method used here in the simulations and based on a Nadaraya-
Watson estimator is different from the classical implementations of the ABF technique [32]. Indeed,
in molecular dynamics codes, time averages are used in order to smooth the problem : first the
equation on A; given in (5.4) is typically replaced by

D.A1(z) = T(BF(X)IE(X) = 2] - 4)

which makes A; vary more smoothly. Second, in addition to the particle approximation, an ergodic
average for the computation of the conditional expectation in (5.4) is used.

In order to accelerate the convergence, one can also use a selection mechanism that gives more
weight to particles located in less explored areas (see [47]).

5.5.1 Efficiency of the ABF method

Let us introduce a low dimensional example to illustrate the efficiency of the ABF method and
its particle approximation.

In this first example, we simulated the particle approximation with 1000 particles, in the
potential defined for (z,y) in [-2,2] X R by

Vi(z,y) = 5% ¥ — pe~ (@1 =v" _5e—(=+ D) =y 4 954 1 029", (5.40)

and extended periodically in the x direction with period 4. The level sets of V; are depicted on
Figure 5.1.

On Figure 5.1, we also plotted the position of the particles after 2000 iteration of an Fuler-
Maruyama approximation of Equation (5.8) with a time step of 0.01. The value of the parameters
are ¢ = 0.01, § = 10 and N = 1000. On Figure 5.2, we plotted the graph of the mean force
(computed by numerical integration, which is still possible due to the low dimensionnality), and
the value of the approximate mean force computed on a regular grid. The L'—distance between
the two functions is 6.93 x 10~2, while the L' —norm of the function A’ is 12.9.

Notice that without biasing force, one obtains a very poor sampling, since the particles do not
escape from the well they started in : see Figure 5.3, where we plotted 200 independent simulations
of a Langevin dynamics (5.1) using 2000 iterations of an Euler-Maruyama scheme of time step
0.01.

On Figure 5.4 we show the ! distance between the actual value of the mean force A’ and its
approximation at time 20, obtained for one simulation of the system, as a function of the number
of particles used in the simulation. Using a least square regression, we find that the slope of the
curve is approximatively —0.59, which matches with the theoretical rate of N—1/2,

5.5.2 Tuning of the parameters

In Theorem 5.4.1, we showed that the particle approximation converges as € goes to 0 and
N goes to infinity, provided that ¢ does not go to zero too fast compared to N. The practical
difficulty that one encounters to apply this result is to choose a good scaling for € in term of V.

On Figure 5.5, we can see the ! error between the mean force and its aproximation at time
20, as a function of the parameter ¢, using N = 1500 particles.

Actually, for a fixed value of N, there is only a small range of values for ¢ for which the error
is small.
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Fig. 5.1. Contour plot of the potential Vi with the positions of 1000 particles at time ¢t = 20.

Fig. 5.2. Particle approximation of the mean force. The smooth curve is the actual value of the mean
force, the rough one is the approximation.

Fig. 5.3. 200 independent realizations of a Langevin dynamics at time ¢ = 20.
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Fig. 5.4. Error as a function of N (logarithmic scale).

Fig. 5.5. Error as a function of ¢.

First, the limit of the error as ¢ goes to 0 does not even vanish as N tends to infinity. The
reason is that, since the particles interact with each other in a range of ¢, the number of particles
which interact with a given particle is of order eN. Hence, when ¢ tends to 0 while N is fixed,
the particles cannot see each other. Therefore, the natural limit of the particle system in the limit
e — 0, N fixed, should be a system of independent particles following the dynamics

dX; = (=VV(Xy) + e101V(Xy)) dt + /28~ 1dW,.

Unfortunately, in the general case, the drift in the above dynamics is not obtained as the gradient
of a potential, so that no invariant measure for X; is known. This would consequently induce a
non vanishing bias in the estimation of A.

For example, for the potential V(z,y) = %(y — sin(27z))?, one can prove that the dynamics
obtained by canceling the force on the reaction coordinate z, namely the couple ({X;},Y;) defined
by the dynamics

dX; =+2dW},
dY; = (=Y; +sin(27X;)) dt + v2dW?

converges in law to the couple (&, [;° e *sin(2x(¢ + V2W;))ds + G), where W is a standard
Brownian motion, £ is uniformly distributed on T, and G is a standard normal random variable,



5.5 Numerical results 63

independent of W. This is not the correct limit distribution, since the law of Y conditionned to
the value of {X} should be Gaussian, which is not the case here.

For a large value of ¢, the behavior of the particle system can be really different from the
expected behavior of the dynamics (5.4). In the following example, the particles, instead of freely
visiting the z axis, keep stuck in the local minima they started in. Indeed, the large value of ¢
made that the biasing term is close to the mean of 9;V (X*) on all particles, whose value is close to
0. Consequently, the biasing force is not large enough to prevent the particle from being trapped
in the local minima.

In the following example we considered the potential V; defined in (5.40), took ¢ = 1, and sim-
ulated 200 particles during 2000 iterations of time step 0.01. The result can be seen on Figure 5.6.

Fig. 5.6. Bad sampling due to a too large value of €.

One way to increase the sample size while keeping the number N of particles fixed is to include
time averages for the estimation of the conditional expectation. This is actually the common
practice in the applied community (see [24,32]).

5.5.3 Discussion on the choice of the reaction coordinate

We now give another example to illustrate the limitations of the ABF method. We consider
the 4-periodical potential (in the z-direction) defined for (z,y) in [—2,2] x R by

‘/2(1',:(]) — 3€—z2—(y—1/3)2 _ 36—32—(11—5/3)2 _ 56—(1—1)2_112 _ 56_(I+1)2—y2 + 02$4 +02(y _ 1/3)4,
(5.41)
whose level sets are depicted on Figure 5.7. This potential has been introduced in [55].

The potential V5 displays two deep minima approximately located at (41, 0). There is a max-
imum located at (0,0.5), so that there are two possible paths between the main minima. The
first one is a direct path meeting a saddle point approximately at (0, —0.3). The other path goes
through two saddle points at (£0.5,1) and a small minima at (0,1.5). Even if the first path is
more direct than the second one, the prefered path in low temperature regimes will be the second
one, since its energy barrier is smaller.

We simulated the particle approximation of the ABF method with N = 1000 particles, window
width e = 0.01, after 2000 iterations of an Euler-Maruyama scheme of time step 0.01, and plotted
the positions of the particles on Figure 5.7.

At the low temperature 5 = 10, the particles are expected to hop from one well to the other
mainly through the upper channel, which is not the case here. This is due to a bad choice of
the reaction coordinate. Indeed, the biasing force only acts in the = direction, so that a particle
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Fig. 5.8. Biased evaluation of the biasing force due to a bad choice of the reaction coordinate. The smooth
curve is the value of the mean force. The rough curve is the approximation. Here, the approximation does
not see the variations of the mean force around 0.

trapped in the left side well will naturally escape through a horizontal path, and will take the lower
channel. As a result, the computation of the force is clearly biased, because of the poor sampling
of the upper channel, see Figure 5.8, the L' —distance between the two functions is of 0.4.

We still have convergence to the correct mean force, but at a slow rate, since the reaction
coordinate has not been chosen in an optimal way. Indeed, with the same parameters, but after
2.10% iterations, the result is much better, see Figures 5.9 and 5.10. The L' —distance between the
mean force and its approximation is of 0.15, while the function A’ has ! —norm 10.9.
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Fig. 5.10. Approximation of the free energy corresponding to Figure 5.9. The smooth curve is the free
energy, the rough one is the approximation.
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Sensibilité d’une diffusion par rapport & un paramétre

Résumé : On présente des estimateurs d’ordre élevé utilisés en chimie quantique pour le cal-
cul d’éléments propres d’opérateurs de Schrodinger. Précisément, on cherche a calculer I’énergie
fondamentale de I'opérateur ainsi que sa dérivée par rapport a un parameétre. Dans le cadre de la
méthode de Monte Carlo diffusive, le calcul de cet estimateur nécessite I'introduction d’un proces-
sus de diffusion dont le terme de dérive dépend d’un parameétre, ainsi que le calcul de la dérivée
de ce processus par rapport & ce paramétre, appelée processus tangent. Nous montrons que la
moyenne de 'estimateur peut étre obtenue comme une moyenne en temps long sur les trajectoires
de la diffusion et de son vecteur tangent. Un calcul efficace de cette moyenne en temps demande
un controle sur la variance du processus tangent. Nous donnons quelques conditions assurant que
cette variance est finie, et nous présentons quelques méthodes particulaires permettant de réduire
cette variance.

Mots-Clés : Méthode de Monte Carlo variationnelle, méthode de Monte Carlo diffusive, équa-
tions différentielles stochastiques, réduction de variance, formules de Feynman-Kac.

Abstract : We present high-order estimators used in the fields of quantum Monte Carlo
methods for the computation of eigenvalues of Schrédinger operators and of their derivatives with
respect to some parameter. In order to compute this high order estimator in the case of the Diffu-
sion Monte Carlo method, we use a diffusion process whose drift term depends on some parameter.
One then needs to compute the derivative of this process with respect to the parameter, called
the tangent process. We show that the expectation of the estimator can be obtained as the long
time average on the paths of the diffusion and its tangent vector. Efficient computation of the
expectation requires a control of the variance of the tangent vector. We give conditions for this
variance to be finite, and present some particle methods to reduce this variance.

Keywords : Variational Monte Carlo method, diffusion Monte Carlo method, stochastic dif-
ferential equations, variance reduction, Feynman-Kac formulee.
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6.1 Eigenvalues of Schrédinger operators

In quantum mechanics, the state of a physical system is entirely described by a wave function
which is a complex valued function whose squared modulus |p|? is a probability density describing
the probability of observation of the different states of the system, for a human observer. The
fundamental equation of quantum physics is the following partial differential equation, the so-
called Schrédinger equation, which describes the evolution of the wave function :

. 1
10ppr = §A<'0 — V. (6.1)

In equation (6.1), the function V is the potential energy associated with the system. Since |p|? is
a probability density, the natural function space for considering ¢ is the space L2(£2) of square
integrable functions, where (2 is the state space of the system, assumed to be some open connected
subset of R%. The scalar product of .2(2) is denoted

(o, 9) = /Q Y.

For nice potentials, the Schrédinger operator Hy = f%Acp + Vi has nice diagonalization
properties, namely a real, discrete, and bounded from below spectrum. Thus the resolution of the
Schrédinger can be reduced to the computation of the eigenelements of H. Indeed, if the initial
condition ¢q of equation (6.1) can be decomposed as

0o = At
k=0

where the (¢x)r>0 are the eigenvectors of H, then the solution ¢; of (6.1) can be written

oo
Yt = Z )\ke_iEktwka

k=0

where the (Ej)r>0 are the respective eigenvalues of the (¢ )r>0. Practitioners are especially in-
terested in the eigenvector associated with the smaller eigenvalue, called the ground state.

Depending on the type of particles considered, the natural space in which the wave function
lies can be a strict subspace of L?(§2). Indeed, if the considered system is composed of N indis-
tinguishable bosonic particles, we only consider the space

L2 (R)"Y) = {p € LA®)™), Vo € 6, plar,- -, a8) = 9Eo(1)s -+ To())}

of symmetric square integrable functions, and if the system is composed of N indistinguishable
fermionic particles, we consider the space

Lg ((RB)N) = {QD € L2((R3)N), Vo € Gy, go(:z:l, .. .,l‘N) = E(O’)(p(l'g(l), R al‘a(N))}

of antisymmetric square integrable functions. This last example is fundamental in the domain of
electronic structure computations, since electrons are fermions. The aim of electronic structure
computation is to describe the quantum state of an entire molecule, that is to say, to compute
the wave function associated with the physical system composed of every electrons and nuclei
composing the molecule. However, an exact computation of this wave function is not affordable in
practice, because the dimensionality of the corresponding problem is very high : for example for
the molecule Lig, the dimension is 8 x (3 + 1) x 3 = 96, as each of the eight atoms of lithium is
composed of three electrons and one nucleus evolving in three dimensions.
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A natural way to simplify the problem is to fix the positions of the nuclei, and to consider
only the electrons. This is known as the Born-Oppenheimer approximation. Since the electrons are
indistinguishable fermionic particles, the wave function of the system lies in the space /\Z]\;1 L2(R3),
where N, is the number of electrons considered. The potential undergone by the electrons depends
on the location of the nuclei. It is typically of the form

V(z) = ZVl(%’) + Y Valw — ),

1<i<j<N

where the first term in the right hand side describes the electron-nuclei interaction, while the
second term describes the electron-electron interaction. Usually, V2(y) only depends on |y, and
Vi is of the form

K 1
Vl(:c) = —Zk Zpk * m,
k=1

where each (pg)r=1,. . x describes the shape of a nucleus with charge z;. The (pr)r=1...,
either of the form §,, (point-like nuclei), or are smooth functions with compact support and unit
integral (smeared nuclei).

To compute the actual structure of the molecule, one has to compute the electronic structure
when the nuclei are fixed in the correct position. One could find this correct configuration by
computing the force exerted by the electrons on the nuclei. This force can be expressed as the
derivative of the ground state energy with respect to the positions of the nuclei.

Our setting will be the following : we consider the Schrédinger operator H, defined on a dense
subspace D(H) of some Hilbert space H, the latter being a subspace of the space L?(§2) of square-
integrable functions, the choice of H depending on the considered problem. We assume that V is
such that H is bounded from below, and that the smallest eigenvalue of H

.....

E = int {{p, He) 0 € D(an) (¢, 9) = 1}, (6.2)

is nondegenerate and isolated. Examples of such potential functions V' can be found in [21]. In
equation (6.2), D (qx) denotes the domain of the following quadratic form, called energy functional,

1
(¢ Hoh = [ 5IV0P + Vgl
2

which satisfies the inclusions D(H) C D (qm) C H. In the expression of F, the infimum is reached
for some normalized eigenvector 1) associated with F.

For the problem of computation of forces, we consider a family of self-adjoint operators (H))xer
depending smoothly on a real parameter. We assume that H) has a smallest eigenvalue E\, which
is nondegenerate and isolated, and we denote by 1, an associated normalized eigenvector chosen
to depend smoothly on A. One desires to compute the derivative 9 Ey of the fundamental energy
with respect to A, at A = 0 (from now on, for a quantity @, depending on A\, we denote by GQQ,\
the derivative of @) with respect to A at A = 0).

This setting is also useful for the computation of the mean (v, Ov) = fn 1O of some observ-
able O with respect to the ground state 1) of H. Indeed, if one considers the perturbed operators
Hy = H + \O, then the ground state vy of the operator Hy taken at A = 0 is equal to the ground
state v of the operator H and one has, using the self-adjointness of H) :

NEx = (x, Hathr) = 2(83%n, Evbo) + (1o, Othg) = (o, Otho) (6.3)

since the normalization condition on %) yields <821/)>\,1/)0> = 0. Equation (6.3) is known as the
Hellmann-Feynman theorem in the physics literature.
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6.2 An asymptotic variance reduction method : the zero bias/zero
variance principle

In practice, computing the smallest eigenvalue of H or H) by deterministic methods is made
quite hard by the high-dimensionality of the considered problems : for example, for the Lig molecule
in the Born-Oppenheimer approximation, the dimension of the problem is 8 x 3 x 3 = 72. That is
why probabilistic methods have been developed for treating this problem, especially Monte Carlo
methods. The idea is to rewrite the desired quantity as the expectation of some random variable
fu(X?¥) where f, is some function depending on the ground state 1) and X¥ is a random variable
whose distribution also depends on 1. Then, one can perform the computation by sampling N
independent realizations (Xn’w)ne{l,...,N} of the random variable X%, where N is some large
integer, and computing an empirical mean, namely :

1 N
E[fs(X¥)] = Am ;fw(XW)-

Another possibility is to use a Markov process (X}’ )t>0 which is ergodic with respect to the law
of X?¥. Then, one can perform the computation using the long time convergence of ergodic means :

E [fy(X¥)] = lim —/ fu(X)d

Of course, in most cases, the exact ground state cannot be known explicitly, so that one has
to use an approximation f, of fy using a trial function ¢ one thinks to be close to the exact
ground state v, and sample a random variable X ¥ whose distribution is an approximation of the
distribution of X¥.

For those methods to be efficient, one needs to control two parameters measuring the error of
the considered simulation, the bias

E[fo(X?) = fu(XV)],

measuring the systematic error in the computation, and the variance

B | (7,0x9) - Blfx])

measuring the statistical error. These quantities have to be estimated in terms of the error on
guessing the ground state, namely §¢ = ¢ — 1.

In this section, we present a method for computing the values E or (’)f\JE,\ with optimized
estimators introduced in [7,68] such that the bias and variance are of high order with respect

to 0.

6.2.1 The variational Monte Carlo setting

The variational Monte Carlo (VMC) method relies on the fact that for a nice function ¢, the
overdamped Langevin dynamics

_Vp

AX = === (X)dt + AW, (6.4)

is, under suitable conditions, ergodic with invariant distribution ©?/ (p, ¢) . Thus, if X is a random
variable with law ¢?/ (p,¢) it is possible to compute expectations of the form E[f(X)] using

ergodic means = fOT f(X;)dt on the trajectory of (X;)i>o0.
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Computation of the ground state energy

One can give a probabilistic interpretation to the ground state energy of a self adjoint operator

H by using the probability density /2. Indeed, one has
Hy o Hvy
E= | vHYy= | —y*=E [—
Q o v ()
where X is some random variable with distribution 2/ (1, ).
Using the variational Monte Carlo method with some trial function ¢, one can compute the
expectation E [%(X )} where X is distributed according to the density ¢?/ (¢, ). Notice that
this quantity is an overestimation of the actual fundamental energy F. since the latter is the

smallest eigenvalue of H, so that

<X>} ,

= w.ay < 210 _g [
(0, )

An important property of this method is an asymptotic variance reduction property called the
zero bias/zero variance principle in the physics literature, see for example [7,68]. The point of
the zero bias/zero variance principle is that, in the case where the trial probability ¢?/ (i, @) is
exactly the fundamental state 12, the function % is constant and equal to the exact ground state

He
®

).

energy E, so that an estimator of £ based on the random variable HTw(X ) has neither bias nor
variance. When ¢ is an approximation of 1, this is not true anymore, but one can estimate the
bias and variance in terms of 61 = ——&— — ).

VAep)

Proposition 6.2.1 Let X be a random variable distributed according to ©*/ (¢, ) = (¢ + 61)2.
Then the random variable %(X) is an estimator of the fundamental energy E whose bias and
variance satisfy

’]E {%(X)} - E’ + Var <%(x>> = O(sv2).

The O notation above being understood in the sense of the norm ||¢||% = (¢, ) + (Hp, Hp) .

Proof. The bias satisfies, using the self-adjointness of H and the relation (H—FE)y = \/{p, p) (H — E) §v,

E [%(X)- _E = <90’ (H—E)(p)) _ <(H_E)90a6w> _ <(5’L/J, (H—E)(S’L/J) — 0(61/12)

e (0, ) a (0, )

For the variance, notice that

E (%(X) -E {%(X)DQ =E (%(X) - E>2 + O(69?).
Moreover, -
E (%(X) - E)2 _ He- Eé:ff —EC) _ w5y — Boy, How — Eov)

=0(69?),

yielding the zero variance principle.

Computation of the energy derivative

A natural method to compute 8f\JE,\ adapted from section 6.2.1 would be to use the equation
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OREx = R (x, Hator) = (vo, B Havho) + 2 (034, Evbo)

=E {ngwo (X)] :

where X is distributed according to 1. Since the distribution 12 is unknown, one could think
of sampling a random variable X from a distribution 32/ (o, o) close to 12 and computing
the mean of the random variable 0 Hx o /40 (X) through the variational Monte Carlo procedure.
However to have a zero variance principle, the function 8§H A%0/%o has to be constant when the
trial function ¢q is exactly, up to a multiplicative constant, the ground state 1y, which is not
the case in general. More precisely, when one samples from (1o + 610)?, the bias is only of order
O(d1p) and the variance does not vanish as 15y goes to zero, unless the function 8§H Ao /g 18
constant.

However, using a modified function E[pg, ¢,] instead of the naive choice 9 Hxpo/¢o, one
can recover the zero bias/zero variance principle. Indeed, let @) be a trial function chosen so that
there exists some constant ¢ such that cp) is close to 1) and such that caggm is close to 881/»\.
Performing the following computation

50 <<‘PA;H>\90>\>) 80< Hyoxn o3 >

U (pan o) 2 ex Jo#R
:/ <5§HWO L Hoox | Heo 03%) P8 o JowoHeo [g po0ien
2] ©0 ©0 wo o ) [o¥8 (fQ gg%)Q
NH H® Ho 05 Hyo) 0%
) K MNP0 T AP n Y0 OxPx 72<<P07 o) ,\SOA) (X)],
©o ©o Po %o {¢0,%0) o

one can see that the random variable

NH HY Ho 05 Hyg) 0%
5[(,00,83(,0)\]()() _ < A1aPo + APA + P0 OXPA 2<900a ©o) A‘PA) X),
Y0 %0 $o o (0, 0)  #o

where X has distribution ¢3/ (0o, po), is an unbiased estimator of 9) E\ when ¢y = ci)y, for some
constant c. Note that E[pg, Dpx] actually does not depend on the whole family (), but only
on g and its derivative 89¢,.

Proposition 6.2.2 Let ——2— = 1)) +01 be some perturbation of 1y depending smoothly on A

vV A{exen)

and let X be a random variable with distribution o3/ (¢o, o).
Then the random variable E[po, 0¢02\](X) is an estimator of OYE\ whose variance and bias
satisfy

[E[ L0, 821(X) — BREN] | = 0607 + F00856n)

o)

The O above are considered in the norm ||@||3;, = (@, ) + (Hp, Hp) + (03 Hxp, 0y Hxgp) .

and

8950/\

®o

ag%\

2 [[0%00l|Zr, + O3 + 01O ).

Var(E[cpo,agsﬁA](X)) <K (1 + ' Lo<(£2)

Proof. Since 1, and \/ﬁ = 1)) + 01y are normalized, one has

(Ua,0x) = 1= (thx 4+ 09x, Y + 0Un) = (U, ¥n) + 2 (00x, ¥a) + (0x, 0 ) ,

yielding (51, 12) = —3 (0ha, 01bx) . As a consequence, it holds that
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E[lon. A1) = 08 (2D ) 09 (0 460, (0 + 00

{@x,0)
=V E + 20% (Ex (5)x,100)) + 05 (5ex, Hx61)
=ONEx — 0 (Ex (6¥x, 0Yx)) + O (5ox, HAS1x)
=03 Ex + O(895 + 510036¢»),

so that we have the zero bias principle.
For the zero variance principle, notice that the variance

E l(f[wov Real(X) — X (%)fl

is {0, o) times the integral of the square of the function

H H H
(5[%, RNprl(X) — R <M>) w0 =08 Hypo + HRpy — %33% — 008 (M)

<§0A3S0)\> <S0)\a @k)
H H
42 ( ¥0 8§<p,\ _ {0 <P0>ag%) (6.5)
¥o <5007<P0>
H H H H
0 ( N2 m>) o +2( wo (o, soo)) 005,
2N {©x, o) ®o (¢0, o)

But one has
Hxpx  (px, Hxoxn)  (Hx — Ex)0v n

©x (pr,02) ©x

As a consequence, equation (6.5) rewrites

(100 Renlx) - of (2R ) g (DS gy 4 (L2000 ) gy,

(0, (Ex — H))0wy) .

(©x, ©x) A ©o
+ (9(51/}3 + 51/108951/»\)
0
—(H — B)oo 2P 1 3 (Hy — En) 605)

2]

+ 0693 + 390 R0y) (6.6)

Squaring equation (6.6), one can see that the variance of E[pg, d\px](X) is given by

Var(€lgn 0eal(X) = [ ((H - E>5wo%) ((H - E>5wo% - 200((Hy — By &m)

+ O(6¢F + 51000 51x)

<K |[1+ ‘
Le=(£2)

yielding the desired zero variance principle.

32 2
®o

53 PN

2]

169013, + Q895 + 510036%),
Lo (£2)

6.2.2 The diffusion Monte Carlo setting

In practice, the variational Monte Carlo method presented in 6.2.1 is used to obtain a good
trial function ¢, but the actual computation of the ground state energy is made using the so-called
diffusion Monte Carlo (DMC) method, which is unbiased, and thus more accurate.

This method relies on the fact that the solution to the partial differential equation
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0xPi(x) = —HP:(x) for (t,z) € [0,00) X £2,

for a given initial condition &y = ¢, is equivalent to the function e~ (1, ¢) as t goes to infinity,
provided (1, ¢) # 0. As a consequence, one can compute the ground state of H through the

formula = -
Wrp) ok (e p)
Indeed, the quantity F(t) = <fq§f;‘§> is an overestimation of E and the convergence holds at

exponential rate, since we assumed that E is a nondegenerate isolated eigenvalue of H.
From the Feynman-Kac formula, one has the following representation for @,

ufw) = E [pla + Wy)e™ o Vit 6.7)

where (W;);>0 is a standard Brownian motion, yielding a natural probabilistic method to com-
pute &;. However, in practice, the exponential factor yields a large variance, making this inter-
pretation unsuitable for precise computations. Practitioners thus use some importance sampling
method by considering the function fi(x) = @(z)®.(x)/ (¢, ) which gives another expression for
the quantity E(t) :

B fg%‘e(x) +(z)dx

Jo fe(z)dz

The function f satisfies the following partial differential equation

E(t)

{atf ~hAT-v-Gn -2 (6.8)

fo =&/ {p, )

where the drift term b is defined by
Ve

b(x) = —(x).

() . ()

This partial differential equation has an interpretation as the density of a weighted diffusion.
Indeed, if one defines h as

/ g(x)h(z)de = E [g(Xt)e_ Jo #E (X)ds]
(9]

where the process (X;);>o follows the dynamics
dX; =0b(X;)dt + dW,
{ ¢ (Xp)dt + dWW (6.9)

X, distributed according to ¢?/ (¢, )’

then the function h is a solution to equation (6.8). In this probabilistic interpretation, the weight
Hep/o is the so called local energy which is a constant when ¢ is chosen to be the exact ground
state. Thus one can expect Hp/p to have smaller fluctuations than V if the trial function ¢ is
well chosen. Moreover the drift b is such that the distribution ¢? is invariant for this process. For
those reasons, one expects this interpretation to have a smaller variance than the interpretation
(6.7).

However, the function A is not necessarily equal to f This phenomenon is due to the fact
that the sample paths of the diffusion (6.9) stay inside the connected components of the set
{z € 2,p(x) # 0}. In fact, the function h can be explicited through the formula

ht(x):go(ac)QIE e g%(Xs)ds ’
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showing that h¢(x)/¢(z) vanishes on the set of zeros of ¢, whereas this property has no reason to
hold for the function f/p = &;.
We have a probabilistic method for computing the quantity

_ [t He s
FE t f.Q ] t )d o ]E |:£[£(Xt)e 0 o (Xs)d i|
DMC( ) tht B |: ft H“’(X )ds:|

which should be an approximation of E(t). Actually, under some regularity assumptions,
Jm Epare(t) = Epve = inf{(x, Hx), x € D(gu), (x; x) = L 1(0) C x 1 (0)}

see for example [21]. Moreover, Epy¢ is an overestimation of the ground state energy E, and
the equality holds if and only if the sets of zeros of ¢ and ¢ are equal. The set of zeros of ¥ is
known in the physics literature as the set of nodes of the ground state. The subsequent error in
the computation of F is called the fized node approzimation. The diffusion Monte Carlo energy
Epnye can also be expressed as

N
Epume = mininf{(x, Hx), x € D(gn), (x; x) = 1, x supported in "} (6.10)

where the (£2"),=1,.. ~ are the connected components of {z € £2, ¢(z) # 0}.

In conclusion, the diffusion Monte Carlo method allows to sample, in the long time limit, a
random variable whose law is ¥V )/ <1/)FN, <p>, where ¢ is a trial function, and ¢ is the ground
state of a modified operator H'" depending on the choice of ¢. In particular, the function "¢
has a constant sign. The operator HF'™V is obtained as the restriction of the operator H to the
space of function whose support is contained in one of the 2" achieving the minimum in (6.10).

The energy case

Let ¢ be a trial function such that (p, 1) # 0, and denote 6v) = ¢/ (¢, 1) — 1. To compute the
ground state energy by the diffusion Monte Carlo method, we use the equality

(@, H1)

E=eay

which implies that the ground state energy FE is the expectation of the random variable H—f(X ),
where the random variable X has distribution ¢t/ (p, ). As a consequence,

Proposition 6.2.3 If X is distributed according to o/ (p, ), the random variable %(X) is an
estimator of E, which has no bias, and whose variance satisfies

159113

Lo°(£2)

Var <%(X)> < K {p,v) Hw

for some constant K, with ||o||% = (p,¢) + (Hp, Hp).

Proof. For the bias, just notice that E (%‘Q(X)) = <€;‘{’$§> =FE.

For the variance, it holds that
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var (2200 = | (2200 - E>

 (He - Bo, Hpt — BV)
(0, 9)
v

=<%¢w<H6w—zwwmﬂﬁw—z%w>;>,

concluding the proof.

Notice that Proposition 6.2.3 shows that the only bias encountered in the diffusion Monte Carlo
method is due to the fixed node approximation.

The energy derivative case : a theoretical zero bias/zero variance estimator

For the energy derivative, perform the following derivative :

agE)\ _ ag ( H)\QO)\ SOAZDA )
o ox Joeatn
_ RNHyxpo  HRpx | Hepo Ra Nox | N ©otbo
= + + ~E + .
Q %o %o o Yo %o Yo Jo woto

As a consequence, one can obtain the derivative of the energy as the mean of the random variable

9% H o n HOS px + Hepo 3¢x Eagﬂb\ E3§¢A> (X)
©o ©0 wo Yo o ©0 ’

fMﬁ%Mﬂ<

where X is distributed according to the density w10/ (@0, 10) . The statement of the zero bias/zero
variance principle for this estimator is the following :

Proposition 6.2.4 The estimator F|pg, 03¢x](X) has no bias
E[F[p0, Rpal(X)] = 3En,

and satisfies the following zero variance principle :

80
Var (Flio, B3pal(X)) < K (o, o) <1 + ‘ A )
1/10 Lo (£2)
80
x ’ L ‘ S (160l sz + 1096%Al,) %,
#0 || (£2) ®0 |l ()

in the norm |p||3;, = (¢, ) + (He, Ho) + (03 Hxp, O Hrp), for some constant K .
Proof. By definition, the expectation of F[pg, d)pa](X) is

(ox, Hxvx)

E [Flpo, 0pal(X)] = o8 < {(©x,Pn)

) = \FE\.
The variance is given by the integral over (2 of

©oto
(©0,%0)
_ o
= {0, %0) " <3§HA500 + HRpx + Hepo ;\;f/\ —-F <3§¢A% + 33%) - 3§E,\<Po>
Yo  Hep

< (621%%@ CHRe L P00, (aﬁw i am@) - aswo) |
®o ®o $o ®o

(Flp0, Bl (X) — YEy )
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In this expression, the first factor in the right hand side reads

09 09
R(Hypr) — (Exps) + (Hypo — Egy) zfA==3%fh5¢A—lﬁ5¢A) (Hto — Ediy) ;fA
while the second factor reads
aO
(8 (Hxpx) — OX(Expn)) :ﬁ—Jr(Hsﬁo — Eyo) ;% = 03 (Ha0pr— EAWA):ﬁz (Hovo — Edvho) A?

yielding the given variance for the estimator F @, 0%¢a](X).

In practice, how to perform the energy derivative case ?

The weakness of the estimator F[po, 0%¢,](X) presented in section 6.2.2 is that it cannot be

computed in practice, since the ground state 1y is unknown. In a first time, a natural way to avoid

64P>\N6¢>\
©o

this difficulty is to use the approximation , yielding the following modified estimator :

NH HO Hon 89 g0
Flenoforl(x) = (B0 Hlon | Fio Do _yBon) (x,
¥0 ©o ©o  ©o ©o

Proposition 6.2.5 The estimator F|po, N or(X) satisfies the following zero bias principle

L“W)) ,

2
(1650l ez, + 0R6%A I 11,
Lo (£2)

ORha

%o

+ [16%0 13

£ [Floo. 04212 - 3] < (0. 00) (||6wo|H||aS<m||H =

= (02)

in the norm ||p||% = (¢, ) + (Hp, Hp), and the following zero variance principle
A (pr,¥r)

Yo
{0, v0) +’ I[,OO(Q)> ‘ ®o

~ 2
+ [E | Flvo. Real(X)] — 8En]

52 2
¥o

Var (]}[900,52%]()()) < <

Proof. Notice that the error between F and F is given by

0 0

whose mean is given by

Hepo — Epg

0 0 _
2 (po,%0) o (Bpato = ORaeo)

_ / Hovo — Bdbo

‘/5%51@@mem@%ww—$WMM+&wa%ﬂﬁl)
0 (0, %0)

(00, o) (309atho — B3Yx6Y0))

the last equality being deduced from the self adjointness of H. Since the estimator F[pq, 0¢x](X)
is unbiased, we deduce the zero bias principle for the estimator Fpg, 0%¢a](X).
From the zero bias property, the variance of F satisfies

Var(Flyn, 8ox]) < B | (Flon 8821(X) - 8883 | + [E [Flon, 8oal0)] - o4

As a consequence, the variance is given, up to a term of order two in 69 and 9951y, by the
integral over (2 of the function
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o
(@0, o) o

99 2
(GQHWO + HOpx + Hpp 222 — 2E 0, — GQEA%)

®o
Nx ) ? Yo
©o (0, %0) o

_ <ag((HA — B\)px) + (H — E)py

0 2
- <8§(<%’%> (Hx = Ex)0¢a) + {po, Yo) (H — E)dto 820?) (@oii) %o’

which is of order two in §¢by and 8%8v, yielding the zero variance principle.

As Proposition 6.2.4 shows, the computable zero bias/zero variance estimator F of the energy
derivative is not unbiased anymore, which makes it much less accurate than the estimator F,
which is not computable. A way to avoid this problem is to consider a A—dependent diffusion.
Indeed, if Hy = —A+ V) is the fixed-node operator associated with the trial function ¢y, and
is the associated ground state, then

¢+ H
By = 0P iy , (6.11)
(hrpa) o o [e— I ﬂg%\o@)ds]

where the process (X}\);>¢ satisfies the dynamics
dX} = —VV\(X)dt + dW;.

Derivating equality (6.11) with respect to A, and assuming one can exchange the limit and the
derivative, one finds

Hypn)
9Ey = 89 <M> o
e A <(pkaw)\> ( )
t— 00 (P)\ (po
t t Heg (30
7/ BN (M) (X%) + v (M) (X0) .Tsds) - Ji e (Xs)ds}
0 A %0

< B [o i o) T

_E [%(Xto)e— s <X2>ds}
¥o

t t Heg [0y 1.
= |: (/ 82 (M) (XS) +V <H800> (Xg) : Tst) e fo ) (Xs)d§:|
0 g Yo

B [em I 500

In equation (6.12), 7; = 9)X;" is the so-called tangent vector of the process (X;')i>0. Equa-
tion (6.12) could be a good way to compute the zero bias/zero variance approximation of 93 Ey,
provided one can give a control on the tangent vector Ty.

6.3 Sensitivity of a diffusion with respect to some parameter

In view of sections 6.2.1 and 6.2.2, it is natural to consider some family of diffusion processes
with a common diffusion term and a drift depending on some real parameter X : let (V) )aer be a
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family of smooth functions depending smoothly on A, and consider the solutions of the following
family of Langevin dynamics on {2 :

, AER, (6.13)

dX} = —1VWi(X})dt + dW,
X} =Xo

where V denotes the gradient with respect to the space variable, and (W;);>o is a standard d-
dimensional Brownian motion. The initial condition X is some random variable which does not
depend on .

Since we are going to use the long time behavior of this process, we assume that the trajectories
never explode :

Assumption i The potential V) is such that pathwise existence and uniqueness hold for the pro-
cess (X7)i>0, for any positive time t.

A sufficient condition for Assumption i to be satisfied is the following drift condition
x-VVy(z) > alz]® +b

for some real numbers a and b.

We assume fQ e ") dz < oo for all A, and, up to modifying Vy by an additive function not
depending on z, we can also assume that all 7, = e~"*(#)dz are probability measures. It is well
known that the measures 7 are invariant probability measures under the dynamics (6.13). This
condition yields the ergodicity of the trajectories :

Proposition 6.3.1 For all A € R, the potential V) is such that the dynamics (6.13) is ergodic,
with invariant measure wx. Namely, for a function f in L'(wy), almost surely, for any initial

condition,
N

Moreover, one has convergence in law of the time marginals : for any bounded function f, it holds
that

B, [ sam.
Proof. The process (X;')¢>0 is a diffusion whose trajectories are defined for any positive time, so
that the existence of an invariant probability measure is equivalent to ergodicity ; see for example
[41] for a proof of this fact in a more general setting. As a consequence, the process (X7 );>0
satisfies a law of large numbers, see [52].

For some Markov semigroup, the convergence in law of the time marginals holds as soon as the
kernel of the generator is reduced to the space of constant variables. This follows from the spectral
decomposition of the semigroup, see for example [8]. In our case, this condition is automatically
satisfied, as one obviously sees on the following integration by parts formula

/Ru(:c) <%Au(z) — %vvo(x)-vu(z)> e V0@ = %/}R|vu(z)|%*vo<$>dx.

Our aim is now to compute the derivative

lim Jo /4™ = Jo FAmo 89 (/Q fd7r,\> , (6.14)

A—0 A

for f in some family C of smooth functions. We need an assumption to ensure that [, fdmy is
differentiable :
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Assumption ii The potential V) is smooth enough with respect to A so that for all functions f
in C, the quantity fQ fdmy is smooth with respect to .

For example, this assumption is satisfied if the family V) is smooth with respect to A and is
such that for any f in C there exists some integrable nonnegative function ¢ satisfying almost
everywhere

YA ER, |0xVa(2)f(2)e )| < g(2).

According to the ergodicity assumption, it is natural to approximate (6.14) by the quantities
( fo f(x} dt) or 9% (E[f(X;")]) in the long time limit. In Proposition 6.3.5, we give a few
conditions under which the equalities

(hm—/fX/\dt>hm—/ AN (f(XM)d
T—oo T

0 (1 A : 0 A
& (Jim B [£(X)]) = lim E[08(F(X7)]
hold. The function f being supposed smooth, the computation of this derivative can be done by

computing the tangent vector, defined as the derivative of the trajectory X with respect to the
parameter A :

and

= AX].

Indeed, we then have 8% (f(X})) =T, - Vf(X)).
From the regularity of V), with respect to A, standard differential equation arguments yield the
following proposition :

Proposition 6.3.2 For any t > 0, the function X — X} is almost surely differentiable. As a
consequence, the definition of the tangent vector makes sense. Differentiating (6.13) with respect
to \, we obtain the following ordinary differential equation whose coefficients depend on X} :

{atTt = —%58VV/\(X?) - %VQVZ)(X?)Tt (6 15)

To =0
The tangent vector 7T; can take large values, since the second term in the right-hand side of
(6.15) will provide exponential growth for T}, when X? is close to a local maximum of V;, or

when X7 crosses a saddle point of V.
We have the following expression of 7} as an integral :

Proposition 6.3.3 For s,t in [0,00), we define the so-called resolvent R(s,t) of equation (6.15),
solution of the following ordinary differential equation :

8tR(Sﬂ t) - *éVQV()(X?)R(S, t)
R(s,s) =1d .

The resolvent satisfies the semi-group property : for any r,s,t in [0,00), R(s,t)R(r,s) = R(r,t).
One can recover the tangent vector from the resolvent through the following formula :

1 t
T, = 7/ R(s, )03V Vi (X0)ds. (6.16)
0

Proof. In view of the differential equations satisfied by T} and R(s,t), one has, since R(t,0) =
R(0,t)71
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1 1 1
0:(R(t,0)T}) :ER(t, 0)V2Vo (X)) R(0,t)R(t,0)T; — 5R(t, 0)AVVA(XD) — 5R(t, 0)V2 Vo (X)) Ty
1
=— 3R 0)0SV VA (XD).

Integrating over [0, ], one obtains
1t
R(L0)T, = — / R(s,0)00V V3 (X0)ds.
0

The result follows by using the semi-group property.

We need some assumption on the convexity of the potential for R(s,t) to be well-behaved.

Assumption iii The potential V) satisfies
/ min Spec (V2Vy(z)) e~ @) dz > 0. (6.17)
Q

While Assumption iii is automatically satisfied in dimension 1 from a simple integration by parts,
this is not the case in higher dimension. If one applies the integration by parts formula in higher
dimension, one only obtains that

/ Vo (z)e 0@ dy
o)

is a positive definite matrix, so that the minimum of its spectrum is positive. A counterexample is
given by a tensor potential Vy(z) = W(xz1) + ...+ W{(zy) with a well chosen function W. Indeed,
in this case the left hand side of equation (6.17) rewrites

d
m_in(W”(:Ei))ei > W(Ii)dxl .dxg=E {ml? W”(Xi)} 7
Rd K3 1=

where X; are i.i.d random variables with distribution e=" @) dz. If W is chosen so that W” is
bounded and has a strictly negative minimum, then the sequence (Izn_dl? W"(X;) | converges in
probability as d goes to infinity to the constant random variable min W, which is negative. Then
from the dominated convergence theorem, the quantity E |:IlI£d1{1 W”(Xi)} is negative when d is

large enough.

Lemma 6.3.4 Under Assumptions i and iii, the matriz R(0,t) almost surely converges to 0 as t
goes to infinity, at exponential rate.

Proof. For any vector x, one has

OIR(O0, t)z|* = — (R(0, £)a) " V2Vo (XP) (R(0, t))
< — min Spec (V2Vo(X7)) | R(0, t)z||>.
As a consequence, from Proposition 6.3.1, ||R(0,¢)z||? is smaller than Ke™ Jo minSpec(VVo(XJ))ds,
By ergodicity, — fot min Spec (V2V,(X?)) ds is equivalent to —¢ [, min Spec (V2Vy(z)) e~ "0(®)da
as t goes to infinity, and thus ||R(0,t)x||? converges to 0, with any rate e %%, 0 < B <
[, minSpec (V2Vy(z)) e~ "0 dz.

Agsumption iii is not necessary for Lemma 6.3.4 to hold. Indeed, if the matrices A; commute,
for example in the case of a tensor potential Vo(x) = W (z1) + ...+ W(xq), Lemma 6.3.4 is always
true, even in the cases when Vj does not satisfy Assumption iii. However, some assumption is
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needed, as there exists some family of matrices (A;) converging in the Cesaro sense to a negative-
definite matrix, for which the solution of 9;R; = A;R; does not vanish as t goes to infinity. An
example of this phenomenon is given by

10 cost sint
Ar =2 (0 3) 2, where 2, = ( sint cost) ‘

Indeed, the family (A;):cr converges in the Cesaro sense to —Id as t goes to infinity, but the
associated matrix (Ry;)tcr diverges. To show this last point, consider the matrix M; = QtT R;.

. - 01
Since 0:82; = <_1 0) ,

1-1
ot (1)

-1
-3
—1 —+/3 and —1 + /3, the latter being positive, so that R; diverges as t goes to infinity.

To prove the long time convergence, one will also need the couple (X?,T;) to be ergodic.
However, the dynamics followed by this dynamics is not strongly elliptic, since it is driven by a one
dimensional Brownian motion. Consequently, one needs another assumption to ensure convergence
of the Cesaro means for the couple (X?,T;). We consider the following Hérmander condition for
the dynamics of (X, T;) :

holds. As a consequence, R; = (2; exp (t G )) 0F . The eigenvalues of the matrix G _é) are

Assumption iv Assume that the potential Vy is such that for any (z,7) in 2 x RY, the matriz

(@g (33‘6(&6) +> Vi) - Tk))
k=1

4]
s nonsingular.

This condition is for example realized if Vj is a quadratic potential and that the Hessian matrix
of &YV} is everywhere nonsingular.
We can now prove our main result.

Proposition 6.3.5 Let Assumption i, ii, i and iv hold, and assume that O\V'Vy is bounded and
that the measure e~V° satisfies a Poincaré inequality. Let X}* be a solution of (6.13). Then,

1 [* 1 [F
g&£<;ﬁfmmﬁw<g&fﬁfmm@R(Amm>

lim 0% (B [(x})]) = 88 ((lim m@ﬁ=@(émﬂ.

t—o00 —

and

To prove Proposition 6.3.5, one first needs to know the long time limit of the trajectory and its
tangent vector :

Lemma 6.3.6 Under Assumption i and iii, if GQVV,\ is bounded, as t goes to infinity, the couple
(X, T;) converges in law to the couple

(Yo,%/ R(O,t)&QVV,\(Yt)dt> ,
0

where Y follows the Langevin dynamics (6.13) at A =0, but starting at equilibrium, that is to say,
with Yy distributed according to e=Vo®)dz, and R(0,t) is the reversed resolvent associated with' Y :
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O R(s,t) = —1R(s,t)V*Vp(Y7)
R(s,s) =1d .

Proof. The integral [ R(0,1)09V Vi (Y;)dt is almost surely well defined, from Proposition 6.3.4
and from the boundedness of VV,. To prove Lemma 6.3.6, we are going to use a time reversal
argument.

We construct a coupling of the trajectory (Xp):>o with another process (Y;"):>, following the
Langevin dynamics (6.13), but being at equilibrium. Denote by p; the density of the distribu-
tion of X7, and define p; = pf/\;%vo. Let U and Z; be mutually independent random variables
which are independent of X{ and of the Brownian motion (W;);>¢ driving (X?), such that U
is uniformly distributed over [0,1], and Z; is distributed according to C(e~"°®) — p,(x))Tdz,
C' being a normalization constant. We define the position of the process (Y, )i>o at time 7 by
Y] = X%y<, (x.)+ Zr1usp, (x,), Which is distributed according to m. One has P(Y] # X?) =
H|p-(z)dz — mo||ry. For t > 7, let Y, evolve according to the dynamics (6.13) with Brownian
motion (W:)>0, which admits 7y as an invariant measure; Y, is thus distributed according to mo
for all t > 7, and satisfies P(Vt > 7,V = X?) = 1 — 1| p-(z)dz — 70| 7v-

From Proposition 6.3.3, one has

1 t
(X0, Ty) = (XS,—5/0 R(s,t)&RVVA(XQ)ds),

and from the time reversibility of the dynamics (6.13), we have the equality in distribution, for
0<7<t,

19

t t—T1
<Yt77%/ RT(s,t)@QVV)\(Y;)ds) <Y0,%/ R(O,s)@EVVA(YS)dS) ,
T 0

where R7 is the resolvent associated with Y7 :

, Vs, t>T.

O:R" (s,t) :—%VQVO(YtT)RT(s,t)
R7(s,s) =1d

As a consequence, for any bounded Lipschitz continuous function ¢,

i 1 t—T1 ~
E|o(X), Th) — ¢ (Yo,—§/ R(O,S)GRVV,\(YS)dsH
L 0

- 1 ¢

r T t
—2 [~ (7 [ R 08VAas - 5 [ R0 as)|
L 0

T

T t
+E [(p (Y[%/ R(s,t)@QVVA(XS)dsf%/ RT(s,t)agva(Y;)ds>
0

t
— <Y[%/ RT(s,t)agva(Y;)dsﬂ.

The first term in the right-hand side of (6.18) is smaller than 2|/l P(X? # Y) = ||¢]|Le () |0 —
pr(2)dz||ry, which converges to 0 as 7 goes to infinity. Indeed, from Cauchy-Schwarz inequality

2 1/2 1/2
Ipr(o)de ~mollry < ( [ (1_ P;@) Vo) gy ( / e_v0<z>dx) |
9] e~ O(I) o
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and from Poincaré inequality, the quantity [,,(1 — —25;)%e~"° vanishes as 7 goes to infinity.
The second term in (6.18) is smaller than E [2||g0||]Loo(Q) A (%|¢|Lip Jo I R(s, )8V Vy (XS)Hdsﬂ .

A direct adaptation of Lemma 6.3.4 shows that R(s,t) vanishes as ¢ goes to infinity, yielding from
Lebesgue’s theorem that the second term in (6.18) vanishes as ¢ goes to infinity. One can thus
conclude the proof by letting ¢ and then 7 go to infinity.

Proof (Proof of Proposition 6.3.5). Denote by p the distribution of the initial condition X§. From
assumption iv, which is a hypoellipticity assumption on the process (X?,T;), the convergence in
distribution in Lemma 6.3.6 actually holds almost surely in the Cesaro sense. Thus, one can write

T
lim ag( FXM) dt) = lim —/ V(X)) T,dt
T— 00 0
— - 3 [V [T RODRVV (]
0

1 0o - e
Z—Q/QVf(:E)-/O E; {R(O,t)GQVVA(XI?)} At e V@) 4y
f(@)V - </ E, {R(O,t)@QVVA(XtO)} dt evo<z>> de.
2 0

The function E, [R(O, OV (X? )} has an interpretation in terms of partial differential equation.

Indeed, let v be the solution to the following partial differential equation :

v =1Av—1iVu -V,
Vo == 8§V>\ .

Then Vv satisfies the following equation :

(6.19)

du = 32Au—IVu-VVy—iViu
uy =NV '

In the above formula, Au denotes the vector whose coordinates are Au?, and Vu - VVj denotes
the vector whose coordinates are Vu' - VVj. By the Feynman-Kac formula,

Voi(z) = E, [R(O,t)&QVV,\(Xf)} .

Indeed, let u satisfy equation (6.19) and apply Tto’s formula to the process R(0, s)u!_ (X?). One
obtains that, for any 7 in {1,...,d},

R(0, t)uy(X7) — ui(Xg)

b 1 : : 1, . 1 ,
f/ R(s,t) <§V2V0uf£_s — Opuy_, + §Aué_s - §VV0 : Vu;_s) (Xs)ds (6.20)
0

is a martingale. Since u satisfies (6.19), then the integral in (6.20) is zero, and R(0, t)uj(X?) —
uf(XJ) is a martingale. Since ug = 9)VVy and X§ = z almost surely under E,, one obtains

ug(z) = B, |R(0,£)0VV (X,)] .

As a consequence,
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T11_I>1;O<9/\< /fXA dt) /f (/ Vvt(z)dte_VO(””))dz

:/ fla )/ Vo) (Auy(z) — Vo(x) - VVo(x)) dt da

/ / 8t’l)t dt e Vo z)d xZ.

The function v; converges as t goes to infinity to the mean value of vy :

tlim ve(x) :/ NV (y)e o Way = 89 (/ evo(y)dy) =
e 2 0

As a consequence,

T
Th—>néo 2 (%/0 f(XtA)dt> = _/Qf(iﬁ)ag\/,\(x)e_v"(z)dx =09 (/Q f(;g)e—Vx(w)dx)
8 (. [ o).

completing the proof for ergodic means. The proof is essentially the same for the convergence of
the time marginals, up to replacing convergence of ergodic means by convergence of the marginals.

6.4 Numerical computation and variance reduction through particle
filtering

Numerically, the computation of (6.14) through the expression

o ( / fdm) — B[T, - VF(XD)

can be efficiently performed provided T} has a small variance. This is ensured under some assump-
tions :

Proposition 6.4.1 Assume that V is a-convez, for some positive o, and that GQVV,\ is bounded.
Then, Ty has a bounded variance uniformly in time.

Proof. From Proposition 6.3.3, T; has an explicit form :
1t 0 0
Tt = —5 R(S,f)a}\v‘/}\(}(‘S )dS
0

Since Vj is a—convex R(s,t) < e~*(!=%) holds. It is sufficient to control the expectation of T} in
order to control Var(7};). One has
t 2
( / R(s, t)@QVV,\(Xg)ds> ]
0

t 2
(K/ eo‘(ts)ds> ] < 0,
0

1
E[T?] =4E

so that T; has a finite variance.
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In practice, the potential V; is not convex, and the second term in the right hand side of (6.15)
will provide exponential growth for 7} in the neighborhood of the saddle points and local maxima
of Vy. As a consequence, the vector T; will have a large variance.

One can reduce the variance of T; by using a particle filter, based on the following Feynman-Kac
representation :

1, T 1T
where 0 < tg <t; <...<t, =t. For a detailed overview of Feynman-Kac formula, see [27].

A possible way to reduce the variance of the vector T} is to use a resampling procedure. The
principle is to simulate a large number N of copies of the system, and from time to time to
kill some of the copies and to multiply other ones. The aim of this resampling is to have more
precision on the copies having a large tangent vector by reproducing them. As a consequence at
each resampling, N new copies of the system will be created and evolve independently, but starting
form position picked at random amongst the positions before the resampling, the positions with
the larger T; being the most likely to be chosen. One can think of two ways of choosing at what
time performing the resampling : either with a pre-determined schedule, or when there is too much
discrepancy between the sizes of the different tangent vectors.

6.4.1 Particle filtering with deterministic time grid

In this section we present a resampling algorithm where the resamplings occur at each step of
a pre-determined schedule 0 < to <t; <....

1. Initialization : Up to time ¢y, run N independent copies of the stochastic differential equa-
tion (6.13) for A = 0 starting at x, and of the associated tangent equation (6.15) starting at 0.
Let (X¢,T¢)i=o.. .~ be the result of those simulations, let Ty"* = T¢, and set k = 1.

2. Iteration :

.....

a) Up to time ¢, run N independent copies of the stochastic differential equation (6. 13) for
A = 0 starting at X}, and of the associated tangent equation (6.15) starting at T} _,.
Let (X}, T})i=o,...~ be the result of those simulations.
b) Randomly and independently choose ()N(}C, T,i, ||T,S’i||)i:1,___,N amongst the triples (X}, T}, ||T]S’j1||)i:1,...,N,

Tl

each triple having a weight proportional to —+"- T

N

¢) Increment k and start again from step (a).

The purpose of the number ||T,SZ|| is to keep track of the norm at time to of the particle labelled i.
One cannot set ¢y = 0 since the initial condition of the tangent vector is Ty = 0, preventing us from
dividing by || T3, ||- This algorithm is designed to be unbiased, up to a computable renormalization :

Proposition 6.4.2 For all k> 0, it holds that

Elﬁ (Win

q=1 i=1

[

N N i
) Z (Xi) - === | T II] E[Vf(Xt,) Ty (6.21)

-1l I

Proof. We are actually going to prove the following result : for any j in {0,...,k}

Ll:[l (N Z 1||> N Z VI ||T’|| H H} (6.22)
||qu|| 1 N N ”TJQ,Z'”
( g - )NZP““‘”“”(XJ”TJ‘) 1T

IITZII

-+ |[]

q=1
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where P, denotes the semi-group of the Markov Process (X, T})¢>0, and ¢ denotes the function
o(x,t) = Vf(x) - t. Equation (6.22) gives the desired result for j = 0.

Equation (6.22) is trivial for j = k. Now, let 0 < j < k. One has, because of the choice of
weights for the resampling,

N T | ) N & it I
Lg=1 i=1 17g—1 i=1
[i—-1 N i N 0,i i
=K } (i ”TQH )izpt t (Xl Tl)HT 1” % ”T]H
i Ni:l ITgl) N I T
—1 7
. H Z I N el
- AT t t;
SN ST ) N IT5_4
Now, applying the Markov property, it holds that
7 (s Il S iy T3
E ~ ~ P —t~<P(XZ‘,T?) ~J-_1
Lg=1 ( g ||T11|> ; c o HT]‘Z—1||
[j—1 N HTzH HTOJ H
A i A 7 -1
(Nz| 1) B P T B ) )
Lg=1 i=1 -1 j—1
[1—1 i 70
N ] R U i
- NZ Z ti—tj—1ttp— tj ( -1+ 5— 1) TZ
o \ NV ST 175 |
= i T
=K Tz
H(NZHW i NZ oot - ”nw i

As a consequence equation (6.22) holds by induction.

6.4.2 Particle filtering with random time grid

In section 6.4.1, the times at which a resampling was performed were chosen a priori. It is
possible to adapt our algorithm in order to resample at better chosen times, that may depend on
the result on the trajectory. The purpose of the resampling is to reduce variance, when a particle
has a dominant weight. It could thus be a good idea to resample when the weights have become
too unbalanced.

Let (w;)i=1...n be a family of weights (that is w; > 0 and ), w; = 1). Then the entropy of the
weights

H(w) = Zwl log(Nw;)
is a nonnegative number, thanks to Jensen’s inequality, and is equal to zero if and only if w; = %
for all . H(w) is maximal when all w; are 0 except for one index iy such that w;, = 1, and then
H(w) = log N. Hence the entropy is a good measure for the “nonuniformity” of a distribution.

Consequently, we can perform the algorithm of section 6.4.1, but with random times (¢;);>1
corresponding to instants when the relative entropy of the weights is too large, for example, as
soon as the entropy is greater than % log N. More precisely, t( is a deterministic positive time, and

T} 1
thy1 = inf ¢t >ty H M > ~log N
754l i=1..,N 2
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6.4.3 Particle merging

The couple (T}, X;) is measurable with respect to the o—field generated by the random variables
X, and Wﬁ := (Wy)s<r<t- As a consequence, one can write X; and T} as measurable functions of
(X5, W!). We denote

X, = F(Xs, W), and T; = G(Xs, W) T + H(Xs, W)

Indeed, in view of the equality (6.16) and using the semigroup property of R(s,t), one can see
that T} is an affine function of Ts. Conditioning with respect to (X, W?), one has

E[Vf(X;) T}] =E [V f(F(Xs, W))) - (G(Xs, WOTs + H(X,,WY))]
=E [E [Vf(F(Xs,WV))) - (G(Xs, WHTs + H(X,, WY)) | X, WE]]
=E[Vf(F(X:, W) - (G(Xs, WHEIT,| Xs, W] + H(X,, W)

From the independence of T and WYL, one can finally write
E[Vf(X:) - T\ = E[Vf(F(Xs, W0)) - (G(Xs, WOE[TS| Xo] + H (X, W)

As a consequence, if one defines T} to be the solution to

{atft = —LVW\(XD) — 12V, (XO)T) .

T, =E[T,|X]

then, for any ¢ > s, )
E[Vf(Xt) - Ty = E[V f(X¢) - T3]

As a consequence, replacing the tangent vector T} by its conditional expectation E[T|X ] does not
affect the value of the expectation. It is thus possible during the numerical simulation to merge
close particles and associate the obtained particle with a tangent vector equal to the mean of the
merged particles.

6.4.4 Numerics

The particle method described in section 6.4.1 has been studied numerically on the following
toy model. Let (V))xer be the following family of potentials

Va(@) = Ljgs1 (2 — sgn(:z:))2 + 1‘1‘31)\(:132 —1)%

corresponding to a potential quadratic at infinity with a double well. The parameter \ describes
the height of the potential barrier between the two wells. The graph of these functions is plotted
on Figure 6.1, for A = 0.8 (lower curve), A = 1 (middle curve) and A\ = 1.2 (upper curve).

On Figure 6.2, an approximation of

fR 22e~ A (@) qy
EN ( T R (6.23)

at A = 1 has been computed with two different methods :

— on the left, through a Monte Carlo method with 20000 independent realizations of a Langevin
process on the time interval [0, 10], relying on the ergodicity of the Langevin dynamics with
respect to the measure e~ ;

— on the right, the with the resampling procedure described in 6.4.1, also with 20000 particles.

There have been four resampling at regular steps on the interval [0, 10].



6.4 Numerical computation and variance reduction through particle filtering 91

Fig. 6.1. Graph of the potential V) for \ with respective values 0.8, 1, and 1.2.

The exact value of the derivative (6.23) has been plotted on Figure 6.2 as an horizontal line.
The curve is the approximate value computed in real time, with a 95% confidence interval.

The confidence intervals have been computed using 400 independent realizations of the de-
scribed algorithm. At final time ¢ = 10, the variance is 0.0155 without resampling, and 0.0038
with resampling.

AN Sy I N

0.257 0.257

0.10 0.107

Fig. 6.2. Approximation of (6.23). Left : using a Monte Carlo procedure on a Langevin dynamics. Right :
using resampling.
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Convergence d’une approximation particulaire pour une loi
de conservation scalaire fractionnaire

Résumé : Dans cette partie, nous nous intéressons a ’approximation de lois de conservation
scalaires par des systémes de particules en interaction probabiliste. Ces lois de conservation pour-
ront inclure un terme de diffusion d’ordre non entier o € (0,2]. Quand o < 1 ou si le terme de
diffusion est absent (équation non visqueuse), la solution de la loi de conservation se caractérise par
une formulation entropique. L’interprétation probabiliste de la loi de conservation fractionnaire
est basée sur une équation différentielle stochastique dirigée par un processus de Lévy a—stable
et comportant un terme de dérive non-linéaire au sens de McKean. L’approximation particulaire
correspondante est construite en discrétisant ’équation en temps grace & un schéma d’Euler et en
remplacant la non linéarité par une interaction entre les particules. A chaque particule est affecté
un signe dépendant de sa condition initiale. A chaque pas de discrétisation, on tue les éventuels
couples de particules suffisamment proches ayant des signes opposés, puisque la contribution des
croisements de tels couples de particules aurait le mauvais signe au vu de la formulation entropique.
Nous prouvons la convergence de ’approximation particulaire de la loi de conservation quand le
nombre de particules tend vers 'infini, alors que la distance de meurtre, le pas de temps, et dans le
cas non-visqueux, le coefficient de diffusion tendent vers 0 dans des proportions précises dépendant
de la position relative de a et de sa valeur critique 1.

Mots-Clés : Equations aux dérivées partielles non-linéaires, systémes de particules en interaction,
schéma d’Euler, processus de Lévy a-stables.

Abstract : In this chapter, we are interested in approximating the solution to scalar conservation
laws using systems of interacting stochastic particles. The scalar conservation law may involve a
fractional Laplacian term of order o € (0,2]. When o < 1 as well as in the absence of this term
(inviscid case), its solution is characterized by entropic inequalities. The probabilistic interpre-
tation of the scalar conservation law is based on a stochastic differential equation driven by an
a-stable process and involving a drift nonlinear in the sense of McKean. The particle system is
constructed by discretizing this equation in time by the Euler scheme and replacing the nonlin-
earity by interaction. Each particle carries a signed weight depending on its initial position. At
each discretization time we kill the couples of particles with opposite weights and positions closer
than a threshold since the contribution of the crossings of such particles has the wrong sign in
the derivation of the entropic inequalities. We prove convergence of the particle approximation
to the solution of the conservation law as the number of particles tends to infinity whereas the
discretization step, the killing threshold and, in the inviscid case, the coefficient multiplying the
stable increments tend to 0 in some precise asymptotics depending on whether « is larger than



96 7 Approximation particulaire pour une loi de conservation scalaire fractionnaire

the critical level 1.

Keywords : Nonlinear partial differential equations, interacting particle systems, Euler scheme,
a-stable Lévy processes.
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Introduction

We are interested in providing a numerical probabilistic scheme for the fractional scalar con-
servation law of order «

d(t, ) + o (—A) 2u(t, x) + O, A(v(t,x)) =0, (t,z) € Ry xR, (7.1)

where —(—A)?% is the fractional Laplacian operator of order 0 < o < 2 (defined in Section 2),
and A is a function of class C! from R to R. We also consider the equation obtained by letting
o — 0 in (7.2), namely the inviscid conservation law

Ov(t,x) + 0, A(v(t,x)) =0, (t,z) € Ry xR. (7.2)

These equations have already been studied intensively from a deterministic point of view, see
for example [5,12,13,22,23,33] and references therein.

In [36,39], these equations are interpreted as Fokker-Planck equations associated with some
stochastic differential equations nonlinear in the sense of McKean, which can be approximated
by a particle system. Interacting particle systems have already been used for the study of general
nonlinear Markov semigroups in [42,43]. However, in our setting, the dependence of the drift in
the law of the solution is not regular enough for directly applying those results.

We introduce an Euler time discretization of the particle system and show the convergence of its
empirical cumulative distribution function to the solution of (7.1). We also study its convergence
to the solution of (7.2) as the parameter o goes to 0.

Euler schemes for viscous conservation laws have already been studied in [14], [15], [17] and [18],
where a convergence rate of 1/ VN + At is derived in the case a = 2, N denoting the number of
particles, and At being the time step.

To give the probabilistic interpretation to (7.1) we consider the space derivative u = d,v of a
solution v to equation (7.1), which formally satisfies

Opuy = —0*(—A) 2wy — 0, (A'(H * ug)uy) (7.3)

where H = 1| ) denotes the Heaviside function. When g is a probability measure, that is, when
the initial condition vy of Equation (7.1) is a cumulative distribution function, Equation (7.3) is
the Fokker-Planck equation associated with the following nonlinear stochastic differential equation

Ut = law of X, ’

{dXt = odL§ + A'(H * uy(X,))dt
where L¢ is a Markov process with generator —(—A)%, namely v/2 times a Brownian motion for
«a = 2, and a stable Lévy process with index « in the case a < 2, that is to say a pure jump Lévy
process whose Lévy measure is given by c,dy/|y|'*®, where ¢, is some positive constant.

We can still give a probabilistic interpretation to Equation (7.1) if the initial condition vy has
bounded variation, is right continuous and is not constant. Indeed, in that case vy can be written
as vo(z) = a+ [*__dug(y) = a+ H x ug(z) for some finite measure ug. By replacing vo(z) by
(vo() — a) (Juo|(R))~" and A(z) by A(a + z|uo|(R))(Juo|(R))™" in (7.1) (Juo| denoting the total
variation of the measure ug), one can assume without loss of generality that a = 0 and that |ug|
is a probability measure. We denote by v = dug/d|ug| the Radon-Nikodym density of uo with
respect to its total variation. Notice that + takes values in {£1}.

Then, Equation (7.3) is the Fokker-Planck equation associated with
dX, =odLy + A'(H « P,(X,))dt (7.4)
P = lawof X ’ '
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where P denotes the measure defined on the Skorokhod space D of cadlag functions from [0, c0)
to R by its Radon-Nikodym density dP/dP = ~(f(0)), with f the canonical process on D, and P
denotes its time marginal at time ¢, i.e the measure defined by P;(B) = Jp v (f0)1p(f(t)dP(f),
for any B in the Borel o—field of R.

The rest of the paper is organized as follows :
In Section 1 we define the particle approximation for the stochastic differential equation (7.4).
Section 2 is devoted to the definition of the different notions of solutions used in the article.
In Section 3, we analyze the convergence of the time-discretized particle system to the solution of
the conservation law in different settings : for a constant or vanishing diffusion coefficient and any
value of 0 < v < 2.
Finally, we present some numerical simulations in Section 4. Those simulations are compared with
the results of a deterministic method described in [29].

In the following, the letter K denotes some positive constant whose value can change from line
to line.

7.1 The particle approximation

In this section we construct a discretization of (7.4) consisting of both a particle approximation
in order to approximate the law of the solution and an Euler discretization to make the particles
evolve in time. The idea is to introduce N particles X V-1, ..., XNV which are N interacting copies
of the stochastic differential equation (7.4), where the actual law P of the process is replaced by
the empirical distribution of the particles N=1 SN | §yn.:.

In continuous time, those particles are driven by N independent Brownian motions or sta-
ble Lévy processes with index o and undergo a drift given by A’(H x @l (.)), with gl =
N1t Ef;l ’7(Xév7i)(thZV,i. The natural way to introduce the measure i) in the dynamics is to
give each particle a signed weight equal to the evaluation of v at the initial position of the parti-
cle. Then, H * il¥ (x) is simply given by the sum of weights of particles situated left from x.

The entropy solution to (7.1) has a nonincreasing total variation (see [3]), which can be inter-
preted probabilistically as a compensation of merging sample paths having opposite signs. For a
more precise statement in the case o« = 2, see Lemma 2.1 in [36]. It is thus natural to adapt this
behavior in our particle approximation by killing any merging couple of particles with opposite
signs.

In [36] Jourdain proves, for « = 2 in continuous time, the convergence of the particle system
to the solution of the nonlinear stochastic differential equation through a propagation-of-chaos
result. Moreover, the convergence of the signed cumulative distribution function H x iy to the
solution to Equation (7.1) is also proved, as well as convergence to the solution to the inviscid
equation as o — 0. In [39] the same results are generalized to the case 1 < a < 2, assuming v = 1
in the case of a vanishing viscosity. However, the existence of both the nonlinear process and the
particle system is a much more challenging problem in the case a < 1, since the driving Lévy
process is somehow weaker than the drift. This remains, to our knowledge, an open question. Even
recent papers treating stochastic differential equations including a drift term only deal with the
case a > 1; see for example [57,73].

A natural way to ensure existence of the approximation is to transpose the problem into discrete
time using an Euler discretization. In discrete time, the probability of seeing two particles actually
merging is 0. To adapt the murders from the continuous time setting, we thus kill, at each time
step, any couple of particles with opposite signs separated by a distance smaller than a given
threshold e going to zero as N goes to co. However, one has to be careful, since one can have
more than two particles lying in a small interval of length 5. To be precise, the particles are
killed in the following way : kill the leftmost couple of particles at consecutive positions separated
by a distance smaller than the threshold ey and with opposite signs. Then, recursively apply the
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same algorithm to the remaining particles. This can be done with a computational cost of order
O(N). The essential properties satisfied by this killing procedure are the following :
— to each killed particle is attached another killed particle, which has opposite sign and lies at
a distance at most £y from the first particle.

— after the killing there is no couple of particles with opposite signs in a distance smaller

than ey.

— the exchangeability of the particles is preserved.

— after the murder, the quantity H * ¥ (XtN Z) remains the same for any surviving particle.

We are going to describe the killed processes by a couple (f, k) in the space K = D x [0, co| of
cadlag functions f from [0, c0) to R endowed with a death time x € [0, 00]. The space K is endowed
with the product metric d((f, k), (9, kg)) = ds(f,g) + |arctan(r ;) — arctan(k,)|, where dg is the
Skorokhod metric on D, so that (K, d) is a complete metric space. It could seem more natural to
consider the space D([0,00), R U {9}) of paths taking values in R endowed with a cemetery point
0. However the corresponding topology is too strong for proving Proposition 7.3.4.

The precise description of the process is the following : each particle will be represented by a
couple (X1 kN) € K. Let (X{)ien be a sequence of independent random variables with common
distribution |ug| and let hxy > 0 denote the time step of the Euler scheme. At time 0, kill the
particles according to the preceding rules, that is to say, set k¥ = 0 for killed particles, which will
not, move anymore. Those particles will not be taken into account anymore. Now, by induction,
suppose that the particle system has been defined up to time khy, and kill the particles according
to the preceding rules (i.e. set HlN = khy and XtN’i = X,?,Q;V for all t > khy, if the particle with
index 7 is one of those). Then let the particles still alive evolve up to time (k + 1)hy according to

1

Ni , _
AxNi= A > y(Xg)lxmgxlm dt +ondLy,

néy>khN

where (L%);cn is a sequence of independent a-stable Lévy processes for a < 2, or a sequence of
independent copies of v/2 times Brownian motion, which are independent of the sequence (X8)ien-
The particle system is thus well-defined, by induction.

Let uV = N7! Zfil d(x~.i Ny € P(K) be the empirical distribution of the particles. For a
probability measure @ on K and ¢t > 0, we define a signed measure Q:on R by

Gu(B) = /’C 15(f(5) Lestr (£ (0)AQ(f, ),

for any B in the Borel o—field of R. With these notations, on the interval [khy, (k + 1)hn), a
particle, provided it is still alive, satisfies

AxNi = A (H . (ng)) dt + ondLi.

Notice that the sum of the weights of alive particles jij (R) = N=' Y v, v(X{) is constant in
time, since the particles are killed by couples of opposite signs.

7.2 Notion of solutions

In this section, we recall the different notions of solutions that are associated with the equa-
tions (7.1) and (7.2). Indeed, due to the shock-creating term 9,.(A(u¢)), the notion of weak solution
is too weak, and does not provide uniqueness when the diffusion term is not regularizing enough.
The best suited notion in those cases is the notion of entropy solution.
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In [44], Kruzhkov shows that for vy € IL.°°((0,00)) existence and uniqueness hold for entropy
solutions to (7.2), defined as functions v € L*°((0,00) x R) satisfying, for any smooth convex
function 7, any nonnegative smooth function g with compact support on [0, 00) x R and any v
satisfying ¢ = n’ A/, the entropic inequality

[ i+ [ N ( [ ntw)ag+ w<vt>awgt) at >0, (7.5)

It is well known that this entropy solution can be obtained as the limit of weak solutions to (7.1)
as 0 — 0 in the case a = 2.

Weak solutions to (7.1) (see [36]) are defined as functions v € L>°((0,00) x R) satisfying, for
all smooth functions g with compact support in [0, c0) X R,

/vogo—i-/ /Utatgtdt—ao‘/ /Ut(—A)%gtdt—i—/ /A(vt)amgtdtzo. (7.6)
R o Jr o Jr o Jr

For o < 2, we denote by (—A)?% the fractional symmetric differential operator of order « that
can be defined through the Fourier transform :

An equivalent definition for (—A)?% uses an integral representation

(—A) 3 u(z) = —ca / uz +y) - “ﬁfﬂ;l“’“u @y,

for any r € (0, 00) and some fixed constant ¢, (see [31]), depending on the definition of the Fourier
transform.

In [36] and [39], it has been proven, using probabilistic arguments, that existence and uniqueness
hold for weak solutions of (7.1), for 1 < o < 2. Similar results had already been proven in [30]
using analytic arguments. However, for 0 < a < 1, the diffusive term of order « in (7.1) is somehow
dominated by the shock-creating term, which is of order 1, so that a weak formulation does not
ensure uniqueness for the solution. We thus have to strengthen the notion of solution, and use
entropy solutions to (7.1), defined in [3] as functions v in L°°((0, c0) x R) satisfying the relation

/ (vo)g0 +/ / (0£)0s gt + Vi (v¢) O gy) At
/ //{ ‘ } v ( )vt(ac +|yo|gﬁ; Ut(x)gt(x)dydxdt o
y|>r
— _ 81
+ Ca/o /R/{y<T} n(vt(x))gt(ac + oy) |§Tl(fl 0y0xg¢(x) dydadt > 0

for any r > 0, any nonnegative smooth function g with compact support in [0, o0) X R, any smooth
convex function 1 : R — R and any 1 satisfying ¢/ = n/ A’. Notice that from the convexity of 7,
the entropic formulation (7.7) for a parameter r implies the entropic formulation with parameter
r’ > r. Also notice that, using the functions n(z) = £z, an entropy solution to (7.1) is a weak
solution to (7.1).

In [3], Alibaud shows that existence and uniqueness hold for entropy solutions of (7.1) pro-
vided that the initial condition v lies in L°°(R). The entropy solution then lies in the space
C ([0,00), L' (dz/(1 + 2?))). He also proves that the entropy solution to (7.1) converges to the
entropy solution to (7.2) in the space C([0,T],LL .(R)) as o — 0.

loc
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7.3 Statement of the results

The aim of this article is to prove the three following convergence results, each one correspond-
ing to a particular setting.

Theorem 7.3.1 Assume 0 < o < 1. Let oy = o be a constant sequence. Let e and hy be two
sequences going to zero and satisfying the inequalities

N~ <4 sup |A'|hy <ep, and N~V < N=12gy
[7111]

for some positive \. For o = 1, also assume hy < exN~Y*. Then, for any T > 0,

T
lim E||H * iy’ thLl( = )dth

N—o00 0

where v, denotes the entropy solution to the fractional conservation law (7.1).

Theorem 7.3.2 Let ey, hy and oy be three sequences going to zero such that

N <4 sup [A]hy < ey
[7171]

for some A > 0. If a > 1, also assume oy < E}V_EN’%. Then, for any T > 0,

T
lim E||H*ﬂfv—thLl<diz)dt:0,
1422

N—o00 0

where v, denotes the entropy solution to the inviscid conservation law (7.2).

The additional assumption for « > 1 comes from the fact that in this case, the dominant term is
the diffusion, while in the limit there is no diffusion anymore. The assumption ensures that the
diffusion is weak enough not to perturb the approximation. For o < 1, the dominant term is the
drift, as in the limit, so that no additional condition is needed.

Theorem 7.3.3 Assume 1 < o < 2. Let oy = o be a constant sequence, and let e and hy be
two sequences going to zero. Then, for any T > 0,

T
lim EHH*ﬁ,{V—vt\]Ll(li_,,z)dt:o,

N—o0 0

where vy denotes the weak solution to the fractional conservation law (7.1).

In order to prove those three theorems, we will have to control the probability of seeing particles
merging. In the case a < 2, this is mainly due to the conjunction of the small jumps of the stable
process and the drift coefficient, while the large jumps of the stable term do not play an essential
role. As a consequence, for a < 2, we consider another family of evolutions coinciding with the
Euler scheme on the time discretization grid, for which we consider differently the jumps which
are smaller or larger than a given threshold r. The choice of this parameter has to be linked to the
parameter r appearing in the entropic formulation (7.7), since they play a similar role : the third
term in (7.7) corresponds to the effect of jumps larger than r in the driving Lévy process and the
fourth term corresponds to jumps smaller than r. This evolution is designed so that on the first
half of each time step, the process will evolve according to the drift and the small jumps, and on
the second half of each time step, it will evolve according to the large jumps. More precisely, let

Vi(dy,dt) = Y Seariy
ALI#£0
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be the jump measure associated with the Lévy process L? and let

dydt

ﬁl(dyadt) = V’L(dyadt) — Co |y|1+a

be the corresponding compensated measure, so that

Li= / yv' (dy, dt) + / yi' (dy, dt),
0.8]x {|y|>r} O.4)x{ly|<r}

where the right hand side does not depend on 7. We define the process X™V:*" by
XN,i,T _ Xé +O_NLN,i,T 4 O.NAN,i,T +AN’i,

where :
— LY"" is the large jumps part defined by

LY = / yv' (dy, ds),
(O.a(t)]x {1y >r}

khn for t € [khN,(k+1/2)hN]

where aft) = {khN +2(t = (k+1/2)hy)  for t € [(k+1/2)hn, (k+ 1)hn]

. This process

is constant on intervals [khy, (k+1/2)hy] and behaves like a Lévy process with jump measure

1y >r2¢ady/|y[* T on intervals [(k +1/2)hn, (k + 1)hy].
- Aév’” is the small jumps part, defined by

Aiv’i’T :/ 7' (dy, ds),
(0,6()]1x{|y|<r}

khy +2(t — khy)  for t € [khy, (k+1/2)hy]

where b(t) = { . This term behaves like
(k+1)hy fort € [(k+1/2)hn, (k+ 1)hn]

a Lévy process with jump measure 1)<, 2cqdy/|y[*t* on intervals [khy, (k+1/2)hy] and is

constant on intervals [(k+1/2)hy, (k+1)hy]. Notice that the process AV" is a martingale.

ANt is the drift part, which satisfies AY"" = 0, is constant over each interval [(k+1/2)hx, (k+

1)hy], and evolves as a piecewise affine process with derivative 24" (H x [y, - (X,i\,ifv)) on

intervals [khy, (k+ 1/2)hn].

One can check that for any r, the process (XU ... XN:N7) is equal to (XV1,..., XN¥N) on
the time discretization grid up to the killing time. Conditionally on the positions of the parti-
cles at time khy, the particles evolve independently on [khy, (k 4+ 1)hy], and the evolution on
[khn, (k4 1/2)hy] is independent of the evolution on [(k+ 1/2)hy, (k+ 1)hy]. Since the entropic
formulation (7.7) with parameter r is stronger than the one with parameter ' > r, we have to
make the parameter r tend to zero in order to prove the entropic formulation for any parameter.
However, this convergence has to satisfy some conditions with respect to N, hy and ey. We will
explain later why a suitable sequence ry exists under the conditions given in the statement of

Theorem 7.3.1.

In order to prove Theorems 7.3.1 and 7.3.2, we introduce p™¥°", the empirical distribution of

the processes (X407 k) :

N
1
N,r __ )
1 = = E 6(XN,7,,7‘,K/£V) S P(/C),

i=1

and 7" the law of V7.
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The following proposition is the first step in the proof of Theorems 7.3.1, 7.3.2 and 7.3.3.

Proposition 7.3.4 — Assume o < 2. For any bounded sequences (hy), (on) and (en), and
for any sequence (rn), the family of probability measures (7™V'"N) ey is tight in P(P(K)).
— Denote by 7 the law of u~. For any bounded sequences (hy), (on) and (cy), the family
of probability measures (7)) yen is tight in P(P(K)).

Proof. We first check the tightness of the family (7™V")yen.

As stated in [64], checking the tightness of the sequence 7"~ boils down to checking the
tightness of the sequence (Law (X1~ V). Owing to the product-space structure, we can check
tightness for X~-1:"~ and k¥ separately.

Of course, tightness for x{ is straightforward since it lies on the compact space [0, cc], and it
is enough to check tightness for the laws of the path (X™:17~). For simplicity, we will assume that
A = 0, which is not restrictive since A’ is a bounded function so that the perturbation induced
by A belongs to a compact subset of the space of continuous functions, from Ascoli’s theorem (also
notice that the addition functional from DxC([0, c0)) to D is continuous). We use Aldous’s criterion
to prove tightness (see [2]). First, the sequences (Xév’l’TN)NeN and (supjq 7 |AX NN ) ey are

tight, since (X""1"V) is constant in law and (sup[o 7y [AX N LN |) is dominated by the identically
’ N

<sup O’N) sup |AL1} .
N [0,T+supy hn] N

Then let 7y be a stopping time of the natural filtration of X'~ taking finitely many values,
and let (6n)nen be a sequence of positive numbers going to 0 as N — oo. One can write

distributed sequence

N,1,rn N,1,rN
P(‘X Lrw _ x N,

TN+ON

>e) <P (on AN — AN

TN+ON

> 5/2)
> 5/2) (7.8)

N,I,ry 7 N,lrn
LTN+(5N LTN

+P(UN

§P< sup UN|£§TN|25/2>+P< sup JNI»CfTNIZE/?),

te[0,6n] te[0,6n]

where

| yr(dy.d) and £77 = [ yw(dy, dt),
0,¢]x{ly|<r} (0,t]x{|y|>r}

the measure v being the jump measure of some Lévy process £ with Lévy measure 2c,dy/|y[t T,
and 7 is the compensated measure of v. Now, using the maximal inequality for the martin-
gale (L?TN)tG[OV(;N], noticing that (ﬁg)re[o,u is also a martingale, we deduce

t€[0,0n] re[0,supy rN te[0,0n])

P ( sup |LETV] > 5/201\[) < sup P ( sup |57 > 5/20N>
]

< 20ye ! sup E (|£5§; )

re[0,supy N
_ -1 <supy TN
= 20ye IE (|£5N |)

— 0.
N—o0

For the large jumps parts, one writes
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P( sup |£7™|>¢/20n | <P sup |L|+ sup |L57N]>¢/20n
te[O,éN] tE[O,(SN] tE[O,(SN]

<P ( sup |L¢ > 5/401\1) +P ( sup |57V > 5/40N>

t€[0,0n] t€[0,0n]

— 0.
N—o0

As a consequence, the family (Law(X™N:173)) ey is tight in D.

Thus, the family (77" yep is tight.

The proof is essentially the same for the tightness of (7V) yen, with a few simplifications, since
we do not treat separately large and small jumps. It also adapts in the case a = 2, since the
Gaussian distribution has thinner tails than the a—stable distribution for o < 2.

The use of the path space K instead of D([0,00),R U {9}) for a cemetery point 9 is crucial
in the proof of Proposition 7.3.4, since in the latter case, we need to control the jumps occurring
close to the death time in order to prove tightness. The following example is illustrative : if we
consider a sequence f, of paths starting at 0, jumping to 1 at time 1 — 1/n, and being killed at
time 1, then f, does not converge in D([0,00), R U {3d}), while it does in K.

The following lemma deals with the initial condition of the particle system.

Lemma 7.3.5 If 7 is the limit of some subsequence of ™ or ™"~ | then for m°°-almost all Q,
for all A in the Borel o—field of R,

Qol4) = / 1201 50)e AdQ(f. ) = [uo(4). (7.9)

In particular, x is @—almost surely positive for 7°°-almost all Q.

Proof. In a first time, we control the probability of seeing a particle dying within a short time.

Let us write the Hahn decomposition uBL —ug of the measure ug, the measures uBL and u, being
positive measures supported by two disjoint sets BT and B~. From the inner regularity of the
measure ug, for any § > 0, one can find a closed set F* C B* such that ug (F+) > uf (B*) — 6.
The complement set O~ = (F7)¢ is then an open subset of R, which can thus be decomposed as a
countable union of disjoint open intervals O~ = (J,>_;|am, b [. For a large enough integer M, and
for e5 > 0 small enough, the set 0% = (JM_ Ja, + €5, b — e[ is such that ug (0°) > ug (0~) — 6.
Consequently, we can write R as a partition

R=FtU(B NO°)UB’,

where B? = (F+ U (B~ N 0°%))° has small measure |ug|(B%) < 26, particles starting in F'+ have
a positive sign, and particles starting in (B~ N O°%) have a negative sign. Let N be large enough
to ensure ey < e5/3. The distance between any element of F* and any element of 0° is larger
than 5. As a consequence, if the particles with index ¢ and j kill each other before time 7, then
either one of them started in B°, or one of the particles i and j moved by a distance larger than
£5/3. This writes

Card {i, kN < 7'5} = 2Card {(i,j),i < j, XN~ and XN kill each other}

< 2Card {i,XéV’i”"N eBor sup | XN — X[ > 55/3} .
te[0,7]

As a consequence, if 75 > 0 is small enough so that P(sup,e(g ] (XN XN > e5/3) <6
(this can be achieved using an adaptation of (7.8)), then
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1 2 . .
P(kY < 15) = ~E (Card {i,x} < 75}) < ~ <Card{ XN e B or sup |XVUTN — X > 55/3}>

tE[O,Tg]
<2P (XS e B)+2P | sup |X;UN - X{UTV| > e5/3
tE[O,Tg]
< 66.
Consequently,

oo N

T < Tims T — i N .

E" (Qk<71)) < thlnf E™ (Q(k <7)) thmf P(ky <71) e 0

Thus for n°°-almost all @), x is (Q—almost surely positive. As a consequence, for any bounded

continuous function ¢,
B | [ ()00 1) - [ wdlu
R

— i ’/ 0))dQ(r, f) — /Rsod|uo| —0

] [ 1oe70)aQe. 1) = [ dlual| =

from the law of large numbers.
The main step in the proof of Theorems 7.3.1, 7.3.2 and 7.3.3 is the following proposition :

Proposition 7.3.6 Let ey and hy be two sequences going to zero.

— If on is a constant sequence and 0 < o < 1, suppose N-Ve < N=V2ey and N=> <
dsup_y 4 |A'[hn < en for some positive A. If a =1, also assume hy < N—Y%eyn. Then,
there exists a sequence (rn) of positive real numbers such that the limit of any converging
subsequence of TN gives full measure to the set

{Q € P(K),H * Qq(x) is the entropy solution to (7.1)}.

— Let oy be a sequence going to zero and assume N~ < 4supp_y |A'lhy < en for some

positive . If 1 < a < 2, also assume oy < 5 "N VX Then

{Q € P(K), H  Qq(x) is the entropy solution to (7.2)}
is given full measure by any limit of a converging subsequence of ©N'"N . for a well chosen
sequence (rn), in the case a < 2, and by any limit of a converging subsequence of ™ if
a=2.
~ If on is a constant sequence and 1 < a < 2, the limit of any converging subsequence of T
gives full measure to the set

{Q € P(K),H * Q(x) is the weak solution to (7.1)}.

Proposition 7.3.6 will be proved in Section 7.3.1. We first admit it to complete the proofs of
Theorems 7.3.1, 7.3.2 and 7.3.3. We need the following lemma.

Lemma 7.3.7 Let o < 2 and rn be a sequence of positive numbers going to zero. Then, for any

T >0,
T

lim E|[H * iy — H il ™|, e )dt:0.

N—oo [ 1422

Proof. By exchangeability of the particles, one has
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T
/EHH*[L,{VfH*[Lt rNHLI( e t<]E// Z‘1XN1<1 1ywirn o,
0 N
>t
/\ﬂ')dt.

This last quantity goes to zero, since the processes X V-1 and X V1"~ coincide on the discretization
grid, whose mesh goes to zero. Indeed, for t € [khy, (k+ 1)hy)

dadt
22+ 1

T
N1 N1r
< /0 E(lnfzt‘Xt - X,

E (1K{V>t|XtN117TN - X15N71| A ”) <E (ln{V>t|XtN7LTN - XI?}]LM A 7T) +E (ln{\’>t|XtN71 Xin TN| A ”)
< Kh\*. (7.10)
For this last estimate, we used, for an a—stable Lévy process L, the inequality

E(|LJ A1) < KE (|Lt|0‘/2) = Kt/2.

From Lemma 7.3.7, it is sufficient to show Nlim fOT]EHH « il TN — V[l 1(—azydt = 0 in order to
—00 1tz
prove Theorems 7.3.1 and 7.3.2.

Proof (Proof of Theorems 7.3.1-7.3.2-7.3.3). We write the proof for Theorems 7.3.1 and 7.3.2 in
the case a < 2. The proof of Theorem 7.3.2 with o = 2 and Theorem 7.3.3 is the same, with 7%
replacing 7"~

Let ¥ be a Lipschitz continuous approximation of 7, with P(y(X}) # v*(X})) < 1/k (see [36],

Lemma 2.5, for a construction of such a 7*). One has, by exchangeability of the particles,

dadt
H ~N ’I‘N ’
/ / ‘ Y —ul(@) 241

dad
SE/ / oo H(z — Xphry ‘V(Xév’l’m) - Vk(XéVJ,TN)‘ :z:;c—i-tl (7.11)
d
227 ([T ]| [ ittt - 00 00000 - ue)| )

From the assumption on 7%, the first term in the right hand side of (7.11) is smaller than 27 /k
which tends to zero as k goes to co. The bounded function

dadt

R>tH :E_f(t)) (f( ))dQ(fa )_Ut( ) 1'2—4’1

is continuous. From Proposition 7.3.6, the second term in the right hand side of (7.11) converges,
as N goes to oo to

([

This term goes to zero as k tends to infinity using the argument of the beginning of the proof
with X V1"~ replaced by the canonical process .

LoseH(z — £(1) (F(£(0)) = 7(£(0))) dQ(. ,i)’ xd—ﬂ> -

7.3.1 Proof of Proposition 7.3.6

This section is devoted to the proof of Proposition 7.3.6. Since the hardest part of this proof
is the first two items, we do not give all details for the third item and for the second one in the
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case a = 2. Indeed, for these two last settings, the separation of small jumps and large jumps is
not necessary for the proof.

Let rx be a sequence of positive real numbers, going to zero as N — oo, which will be explicited
later. Let » > 0 and ¢ be reals numbers,  a smooth convex function, ¢ a primitive of A’n’ and g a
smooth compactly supported nonnegative function. We define the function ¢;(z) = ffoo g:(y)dy.
Note that ¢ is smooth, and nondecreasing with respect to the space variable. We consider a
subsequence of 7"~ still denoted 7™>"N for simplicity, which converges to a limit 7°°. We want
to prove that, for 7°°—almost all @, the function H*Q, satisfies the entropy formulation associated

with the corresponding case.
One can write, for any k& > 0 and t €]khy, (k + 1)hxn],
N,
xin))

P(Ezy,m A RN >tXN”:XtN’j’T):IE(IP’<Hz],m AN > 4, XN = x N

) )

i3, N N.,i N,i N.j N.j N.,i N,i
Z;,L ke Al BN Akhﬁjf — Al ST Akhgf + L VT Lkhﬁjf — L} N.j,r + L ,37

E(P(Ez,j,n /\H >, JNZ”’k’NfX ’J X,i\,]L’JiJrAiV — AN(x

where we denote

From the conditional independence of the processes LV:47 LN:Gr  ANAT and AN37 the random
p p b b b
N.i

variable Zz’j’N’k has a density. As a consequence, since the process Afv’j — A, is deterministic
on [khy, (k + 1)hy] conditionally to (Xli\}[{f,)qa the above probability is zero, meaning that for all
time ¢ > 0, the alive particles XtN TN almost surely have distinct positions. As a consequence, the

function 7 (H * uN i (:c)) is the cumulative distribution function of the signed measure

N __ § : 4 )
ft = wt5Xt1V,1,rN,

n{v>t
where
=1 i & | =0~ (x3)
Wi = tul>t | [ Ao TN RASE
KN >t KN >t
XtN,],TNSXtN,‘L,TN XN,],TN<XtN,‘L,TN

g (o () < (g (57900))

Let ((m)men be the increasing sequence of times which are either a jump time for some LY:47~
(i.e. a jump of size > ry for XNV4"~) or a time of the form khy /2. One has

£O 5900 Z £§ma(p4m <€gn,1a90<m71>
m=1
=2 Z W,y (@cm (X Nf_”v) = Pl (Xg;ﬁfN)) (7.12)

N >0 m=
m . .
5 (i (X77) e (32))
m=

+
K>

>0
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Notice that these infinite sums are actually finite, since the function ¢, is identically zero when

t is large enough, and since the process (L7~ . LN:N'~) has a finite number of jumps on
bounded intervals.
We consider the first term in the right hand side of (7.12). Denote by v*" = Z O(ALN-r 4 ApN i "
t t )
AX]N T £0

the jump measure associated with LY-»" + AN-%" and by

@7 0,7 dydt
v (dy,dt) =vw (dy; dt) — 2¢q (X:{Vllylgr + (1 Xt )l\y\>7") |y|1+a
its compensated measure, where x5 = > 77 Liihy, (k4+1/2)hy) (1)- Let us apply Ito’s formula on
the interval (Cm 1,Cm) If Cm 1 = khy for some integer k, then (,, = (k + 1/2)hy, and almost
surely X(k+ Dy = X( )hN holds. As a consequence

N,i,r 4T
Plk+5)hn (X(kJr%)hN*)  Phhn (thN )

Wby (43 N N
=/ Bppe (X7 )dE + 2/ Ouipr(X 0T A (H * [l (thfv’T)) de
khy khy

+ [ (x4 o) = o X0) oyl 6 v g,
kh,(k+1/2)hn) J{ly|<r}

+ O'N/ 8I<pt(XN”) (/ yﬁi’r(dy,dt)> .
(khn,(k+1/2)hn) {ly|<r}

If ¢,,—1 is not of the form khy, then the process X™:*" is constant on the interval [(;n—1,(m),

and one has ¢, (XC Y — 06y (Xé\;’z: = [ Ovpr(X; X"")dt. Summing over all the intervals

(Cm-1,Gn), Equation (7.12) writes, denoting 7, = max{(m, Cm < t},

50 7900 Z / 8t90t Ner) + 2Xt 8x80t(XNZTN)A/ (H* ~N, TN(Xj_\tf,’L',TN))) dt
k>0
- i ir 2dydt
+a Y / wy, X / (X7 ony) = u(XY) = onydap (X)) S
20 {lyl<r} |y

N i N,
+ Z > wh e, (XYY —wi e, (XY

xkN>0 large jump
at Cm

+ Z > Wi, —wE, )ee, (X (7.13)

kN>0 Cm of the
form kh

. . N.,i,
+ Z Z (wém o wénlfl )SQC"" (X<7n1 TN)

ni >0 Cm of the
form (k+1/2)hn

+ My.

Here, the third, fourth and fifth terms correspond to the second term in the right hand side of
(7.12), and My is a martingale term given by

My =Y / /{ ‘ }(%(XN”NJrUNy) sot(XN”N)) TN (dy, dt).
yl<rn

kN >0

Equation (7.13) can be rewritten
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Ty =T{+Ty+Ty+TR + My,

where T, = — (¢}, o), T% is the sum of the two first terms in the right hand side of (7.13), Ty
is the third one, T the fourth one and T, the fifth one.

The following four lemmas, whose proofs are postponed to Section 7.3.2, deal with the asymp-
totic behavior of the terms My, Th — Th, T and Ty

Lemma 7.3.8 For some positive constant K,

2 2—«
Koyry

E|My|?* < N

holds. The equivalent term in the case o = 2,

=on Z/ w! 9, (X7 )AL,

R>0

satisfies the same estimate :

2 012\7
E|My|* < K2

Lemma 7.3.9 — It holds that

IE‘ — Ty +T% +/ / (n(H * ﬂt M)Orgr + 2xt (H * ~NTN)&Cgt) dt + / gon (H MN "Mydzx

_N.r dydzdt
w2 [T [ [ @) Gl + own) = ) — onvdhante) TR =
<
{lyl< "‘N} |yl N—oo
- IfTN S 1/O'N, then
N dydadt .
o [ [ [ @) (ol + o) - (o) - onvdaa (o) T | < Ko
{\y\<m} lyl

The following lemma gives two estimates for the term Ty, the first being useful for a constant
viscosity oy = o, and the second for vanishing viscosity oy — 0.

Lemma 7.3.10 — The error term

E

Tg+2ca/0 (- X //{y>TN}H*~N’“N( ) (H 507 o oy) — H o« B () gul) oot

goes to zero if N~'r® goes to 0.
— It holds that
E|TY| < K(onry ® +0%).

Lemma 7.3.11 One has E|Ty | v 0.
— 00

We now have to control the probability for the last remaining term T% to be negative. If
there is no crossing of particles with opposite signs between khy and (k + 1/2)hy, for any k,

then T3 > 0. Indeed, let X (Nk_ill/’g) hy S <X (]Zj_"l/g\; h, Pea maximal sequence of consecutive
particles with same sign. The sequence (<p<k+1/2)hN (X(kilf;];)h]\,)) is thus a nondecreasing
=1,....q

sequence, and from the convexity of 1 and the fact that no partlcles with opposite signs cross,
q is the nondecreasing reordering of (wkhN )i=1,...q- Thus, from Lemma 7.3.13

.....

(w (k+1/2)hN)l—1 ,,,,,
below, Znﬁv >k (W0 (k+1/2)hN — Wi VP12 (X(k+1/2)hN) 18 nonnegative. It is thus sufficient to

dydzdt
ly[**e
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control the probability that two particles with opposite signs cross between khy and (k+1/2)hy.
Since after the murder there is no couple of particles with opposite signs separated by a smaller
distance than ey, this does not happen as soon as no particle drifts by more than £y /4 and no
particle is moved by more than £x/4 by the small jumps. The drift on half a time step is smaller
than sup;_; ;) |A’|[hn which is assumed to be smaller than ey /4. We control the contribution of
the small jumps in the following lemma, :

Lemma 7.3.12 Let By be the event

By = {¥k < T/hxVison [AG oy = AR

< €N/4}7

(k+1/2)hN

so that no crossing of particles with opposite signs between khy and (k+ 1/2)hy occurs on By .
One has, for a < 2,

P(BN) (17 exrp (KhNTN 7€N/4O'N7’N))NT/hN

For a = 2, we define the event By by
By = {vk < T/hy.¥i,on ’L;’kﬂ),w - L}chN‘ <en/4}.
Then, one has

P(By) > (1— Keap (—<2/(32hno%)) /"™

The proof will be given in Section 7.3.2.
We now gather all the previous information to prove that, depending on the case considered,
the entropic formulation or the weak formulation holds almost surely.

1. Constant viscosity oy = o, with index 0 < o < 1.
Define, for Q € P(K),

F(Q) = / H*Qogo+// (H « Qu)hg + 2x0 v(H  Q)g ) di

dydzdt
+ 2, / [ /{W} (H + QU * Qo + ovy) = 1 + Qla))an() T

+ 2, / N / /{ ygﬂn(H*@t(x))(gt(mey)—gt<x>—oNyamgtu»%

and

@ = [t Qo+ [ [ (300 < @org + vt  Qng)

&) , - ~ ~ dyd.’L‘dt
+ Ca /0 / Albe} N (H x Qu(x))(H x Qi(x + oy) — H *x Q¢(x)) gt () 7|y|1+a

> ~ dydzdt
+ ca / / /{ Q@)+ o)~ e) —oude ) [

Notice that from the convexity of 7, one has
0 (H = Qi(x))(H * Qu(x + oy) — H* Qu(x)) < n(H % Qulw + o)) — n(H = Qs(x)),

so that for any 0 < r <1/, one has F" < F" and FY < F](,/
From Equation (7.13), it holds, for N large enough so that ry < r, that

Fiy(uV7) 2 R (u) = T + (T T + T + T4+ My + R (6¥7)).
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From the assumptions made on £ and hy one can construct a sequence ry such that NV 1o —

o(rn), hnry® =o (ENTX,l) and %exp (—en/4ory) — 0. Indeed, set 7y = ey N/}, Then,
one has N~1/ep !t < KN~1/2% and Z—gr}{o‘ = hyey*N©@=1/22 this last term going to zero
for any value of a. Then % goes to infinity at the rate of a power of N, and ey /ry = N/}
as well. Thus, %exp (—en/4ory) tends to zero.

As a consequence, from Lemmas 7.3.8,7.3.9,7.3.10 and 7.3.11, E | =T + TR + T + T + My + F3¥ (V)|
goes to zero as N tends to infinity, and the event By defined in Lemma 7.3.12 is such that
P(By) — 1. On the event By, T is almost surely nonnegative, so that, from the uniform
boundedness of F}; with respect to N, g (FL(Q)7) = E(F5(pN"~)~) goes to 0. To
show that the entropic formulation holds almost surely, we need a continuous approxima-
tion of FY and F". We define F™° and FJ’{;‘; by replacing every occurrence of H * Q; in
the definitions of F" and Fy by [ 1esiH(. — FE)Y°(f(0)dQ(f, k), where 4° is a Lipschitz
continuous approximation of v, with P(y(X3) # 7°(X3)) < § (see [36], Lemma 2.5, for the
construction of v°). Then, for any fixed § and r, the family {F"} U {FJ’{;‘;, N € N} is equicon-
tinuous for the topology of weak convergence. Indeed, let Q¥ be a sequence of probability
measures on C converging to @ as k goes to infinity. From the continuity of the application
K — R,(f k) = 1u=0f(0), QF converges weakly to Qo (where Qp and QFf are defined as
in (7.9)), and from the continuity of the applications K — R, (f, k) — 1H>tfy5(f(0))1f(t)§y on
theset {(f, k) € K, f(t) = f(t—), f(t) # y}, for all t in the complement of the countable set, {t €
[0,00), QS (t) # f(t=)} U {k = t}) > 0}, the quantity [, 1o H (. — f(t))7°(f(0))dQ"(f, &)
converges almost everywhere to [ LesH (.— f(£))v°(f(0))dQ(f, &). From Lebesgue’s bounded
convergence theorem, we deduce that
sup [ (Q") = Fy* (Q) + |F™(@") = F*(@Q)] 70

k—o0

yielding equicontinuity for {F™°} U {FX,’S,N € N}. Moreover, since the sequence yN con-
verges x-weakly to 1/2 in the space L>°((0, 00)), F;,"S converges pointwise to F"° as N goes to
infinity. Ascoli’s theorem thus implies that FJ’{;‘; converges uniformly on compact sets to F"™9.
From the weak convergence of 77V""~ to 7°°, one thus deduces

E”VIFR(Q)T] — ETTFTQ)7].

N—o0

Moreover, for any ¢ > 0, any y, and any probability measure @ satisfying Qo = |ug| (with Qo
defined as in (7.9)), which holds true for 7°°—almost all @ from Lemma 7.3.5, one has

]H « Quly) — /’C LeseHy — £(0)7(£(0)dQ(f. v)

< / Iy = +|dluo| < 6,
R

N, n

yielding convergence to 0 for E™ |[F"(Q)~ — F™(Q)~| + E™
goes to 0, uniformly in N. As a consequence, writing

IFR(Q) — FR'(Q)| as &

N,ory

E™ (F"(Q)7) <E™"|F(Q)™ — F™*(Q)™| + [E™ (F™(Q)7) —E™ "™ (FR*(Q)7)

TNIER Q) — FR(Q)TIHETY (FR(Q))

+E”™

we deduce that F"(Q) is nonnegative for 7> —almost all . We just have to notice that
Lemma 7.3.5 yields that, 7°° —almost surely, H * Qg = vy to conclude that the entropy formu-
lation holds 7°° —almost surely.

. Vanishing viscosity on — 0.
We define
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~ o0 ~ ~
FR(@ = [« Qugo+ [ [ (a1 x Qg+ 2 vt + Qujo.g) at
R 0o JRr

and

FQ) = /RU(H % Qo)go + /OOO/R (n(H % Q)0 + V(H Qt)axg) dt.

Regularized versions F ;{;5 and F of FY, and F are also considered using the function ~°
instead of 7. In the case @ < 2, the same arguments as above, using the second parts of
Lemmas 7.3.9 and 7.3.10 will show that the entropy formulation holds 7°°—almost surely for

22—«
onNT —
TN and onTy @ gO to zero,

H % Q, provided that there exists a sequence ry such that
rn <oyt hnry® = o(en(onry)™t) and %exp (—en/donrNn) — 0.
— For a < 1, any sequence ry going to zero with a very quick rate will fit.

1/

. 1-1 " .
— For o > 1, since we assumed oy < €, * N~/" these conditions are satisfied by the sequence

Py = LN AT

In the case o = 2, Ito’s formula writes

N N (k+1)hN N
Sp(k+1)hN (X(ki‘rl)hz\]) — ‘thN (th’N) :/kh atQDt(Xt ’ )dt
N

(k+1)h N N N
+ 2/ Dppr (X)) A/ (H . (th,;)) dt.
khn

s / / 02 (XN dt
(khn,(E+1)hn) J{|y|<r}

+oN / Dppr(XVHALE.
(khn,(k+1)hnN)

The three first terms are treated as in the case a < 2, and the stochastic integral is dealt

with using Lemma 7.3.8. For the entropic inequality to hold, we need to control the crossing
2

of particles with opposite sign. From Lemma 7.3.12, if %exp (f?’Q;TNhN) goes to zero, then
N

no crossing occurs. Since our assumptions yield hyo% < 3N~V and N/hy < KNt this

condition holds true.

Constant viscosity on = o, with inder 1 < o < 2.

In this case, since we want to derive a weak formulation, we do not need to consider separately

large and small jumps. As a consequence it is enough to study the process XtN ”

Let g be a smooth function with compact support, and define for @ € P(K),

F(Q) = /R HOogo+ /0 - /R 401 0hgydt—0° /0 h /R HxOu(—A)% gudt+ /O h /R A(H+0)d, 1.

Let ¢i(z) = [*_ g¢(y)dy. One has

1 N N 1 N.i N
D IRCOREIC A EEEDY VXS )P ny (X 1yny)
R?’>O k=0 N,JLV:(k-i-l)hN
R i N N,i
+ > (X5 ) (‘P(kJrl)hN (Xt 1yhy) — Phhn (thN))
k=0 K:,]L-V>k‘hN

From Ito’s formula, in the case o < 2, when ¥ > khy,
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Pl 0nn (Xt 1ynn ) = P (Xigh) (7.14)
(k+1)hx (k+1)hn .
:/ atgot( 7Z)d.?f +/ Glgot( ’I)A/ (H * ,U'khN (Xli\f[;;\f)) dt
khz\] k'hN
dydt

e | [ (o 4 o) = X = 1 crromdnen (6
(khn,(k+1)hy) JR lyl

+f (X 4 ) = i 0620) 7y, ),
(khyn,(k+1)hN) JR

We denote 7, = max{khy,khy < t}. Multiplying (7.14) by %1KN>khN’y(XéV’i), summing
over i and k, and integrating by parts, one obtains

/QOH*[L{)V:*/ /atgtH*,ut dt+/ / )% goH * iy dt
R

N N/O 3 (XD (XN A (H * fich y (XI?}]{;)) d

KN >Ty
1 1 7 1 ~3
+ % > A (%(Xﬁ’ +oy) — e X[ )) 7' (dy, dt)
(0,00) xR N>,
I « N, N,i
N Z Z VX NP+ 1 (X3 1yny ) (7.15)

k=0 K:,]L-V:(k-i-l)h]\]

Combining an adaptation of Lemma 7.3.14, stated in Section 7.3.2, with A replacing 7, and
integrating by parts, the difference

N/ Z N0 (XA (H*MkhN(thN dt+/ /&cgt (H * gN)dt

R >Tg

tends to zero in L'. Using an adaptation Lemma 7.3.8, the the fourth term in the right hand
side of (7.15) goes to zero in 2. The fifth term tends to zero in ! since

1 & N,i N,i
NZ Yo v e rny Xty

k=0 kN =(k+1)hN

1 N.i N,j
SN Z Z ’w(kﬂ)’w (X(k+1)hN) = Pkt+1)hn (X(szl)hN)’
k=0 pairs {i,5} killled

at time (k+1)hn
SKEN.

As a consequence, E“N|F(Q)| = E|F(u)| tends to zero. We conclude by regularizing the
function v as in the two first points, that E™ |F(Q)| = 0. Thus, F(Q) = 0 almost surely, so
that H = Q almost surely satisfies the weak formulation.

The case @ = 2 is treated in the same way, the only difference lying in the nature of the
stochastic integral.

7.3.2 Proofs of Lemmas 7.3.8 to 7.3.12

In this section, we give the proofs of the previously admitted lemmas of Section 7.3.1.

Proof (Proof of Lemma 7.3.8). Since the particles are driven by independent stable processes and
since the inequality |wf| < & holds for some constant K not depending on ¢, i and N,
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2

EMy =E Z/ s </{ }((pt (X2 - owy) - @t(XN”N))ﬁi’TN(dy’dto
y|<rn

m>0

. dydt
<202 coE Z/ wt )?x; / Wllgtlloo)” —ira
{lyl<rn) 9]

kN >0

2 ,2—« o)
OxNT
<K-NN_ 2 dt.

A similar proof with stochastic integrals against Brownian motion yields the result for a = 2.

Proof (Proof of Lemma 7.3.9). Integrating by parts, one finds

Z/ ’U_)tatht N g TN dt = / / H * ‘U,t 8tgtdt + / / 8tgtdt

yielding, from Lemma 7.3.14 below,

’LUTtatht NZTN dt+/ / H*’U,t 8tgtdt*/ / ~N N 8tgtdt

From the constancy of /i) " (R) and an integration by parts, one has

_TN / / ~NTN Gtgtdt / gon(H * IU,N TN)

Another integration by parts yields

N
> ) 1,7 L0, i, d dt
2cq Z/ wZXz]eV/ Pt (XN N+ aNy) Pt (XN N) — oNYOzpt ( X" N) yfm
~ Jo {lyl<rn} [yl
i=1

o _N.r dadydt
— e, / W / /<gt<z+oNy>—gt<z>—oNyamgxz))n(Hwé“N(z)) wd
{lyl<rn} |y

H 0.
N—oo

N dxdydt
+ 2¢q Xt TARRN gt (z + ony) — gi(x) — onYOzgi()) fy
|y [t e
0 {lyl<rn}

e _N.r dzdydt
——2, [ / / (90(z + ony) — G1(2) — onyPage(2) n(H * i () T
0 {lyl<rn} |y

Moreover, from the regularity of A and 7, it holds that
~N,r 1,7 ~N,r 1,7 ~N,r 1,7 1
wh A (H g (XNAr)) = g (s s (X)) = g (Hox g7 (XN75 ) 1o <N> ,
so that

— 0,

—00

22/ wh N duin (X)) A () ez [ [ duguota e gl At |
0 R

from an adaptation of Lemma 7.3.14 (replacing n by 1 in the definition of w?). This concludes the
proof of the first item of Lemma 7.3.9.
To prove the second item, observe that the change of variable z = oy yields, for ry < %,
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o N.r dydxdt
% / W / / n(H % i (2)) (g0l + owy) — i) — onyuge(2)) St
0 J{lyl<ra) [l

> N dzdaxdt
2o [ [ | @) o+ 2) = o) — Bugele))| T
0 R J{|z|<1} |2

Proof (Proof of Lemma 7.8.10). First notice that

=) / (1—xiv)/ </ wtdptf) vi (dy, dt),
0 {lyl>rn} \JR

N
K >0

with p defined by the following formula (V"N being the measure obtained by moving in the
expression of i)~ the particle X;"""*"V to the position X"V + o) :
4 =y,i,N, ~N,
ot =0, (n(H*,ui” ™Y —n(H * i, TN)) )

To prove the second item in Lemma 7.3.10, we integrate by parts, and, using the definition
of i¥'»N"N and the compactness of the support of g, it holds that

‘ / @tdpg’i
R
dydt

E|T3| < K/ (1— xgv)/ (ony) AN e < K(of + onry ).
0 {ly|>rn} |y

(ony) A1

Y (7.16)

= [ et s ) i i) | <
R

so that

Now let, us prove the first item of Lemma 7.3.10. Applying the same martingale argument as
the one used to prove E|My| — 0, and using the upper bound K/N in (7.16), one has

2

° ;| dydt K
E|TS — 20&/ (1 —XN)/ /gatdpy’z < .
N 0 s e Z R L)yt ry N

n,{-v >t

Let us give a more explicit expression for p?"". For simplicity, we denote

- 1 : V(X§) 1 :
wz = 1}€£V>t n N Z W(Xg)]‘XtN'jvTN SXtNViYTN-'rO'Ny + T -7 N Z W(Xg)]‘XtN'j’TN SXtNViYTN-‘rO'Ny
N Nag
J J
and for i # j,
” 1 (X7) 1
~i,5,% 7
wllfj = 1I€£V>t]‘l€jN>t 77 N W(Xé:)lXtN'vaN SXtNVL'TN i TO - 77 N Z W(Xé:)lXtN'vaN SXthivTN
sl s

One can write



116 7 Approximation particulaire pour une loi de conservation scalaire fractionnaire

y._E:y,i_E:% ) _E:i )
Py = Py = wt(SXtN’“TN-i-aNy wt(SXtN,w,rN

N N N
Ky >t Ky >t Ky >t

§ : § : PC2Y P ) ) ) ) ) )
—+ (wt wt) 1Xt1V,1,rN<XtN,],rN 1Xt]V,J,TN+a_Ny<Xt]V,I,TN 5XtJV,1,TN
kN>t \ kN>t
i J

E : E : PO P i ) ) ) . )
+ (wt7 ’ — wt) 1XtN,J,rN<XtN,1,rN ].XtIV,1,rN<XtN,J,rN+a_Ny 6XtN,1,rN.

N N
Ky >t K >t

(7.17)

In this expression, the two first terms deal with particles jumping from the site XtN BTN 6 the
site XtN’i’TN + onvy, while the third term corresponds to the jump from right to left of the particle
labeled 5 above the particle labeled ¢ and, conversely, the fourth term corresponds to the jumps of
particle j from left to right over particle i. Notice that this last equality, as well as (7.18) below,
only holds when each XtN’i’TN + ony is distinct from all XtN’j’TN. However, for all ¢, this condition
holds dy-almost everywhere, which is enough for our purpose.

In the entropic formulation (7.7), the term that should appear for large jumps is given by

o dydt
[ (i) 2
o J{yl>rat \Ur |yl

of =0y (n’(H*ﬁiv”N) (H*ﬂiv’”(- —ony) — H*/jiV’TN))

1 i ~N,r N,i,r 1 i ~N,r N,i,r
= >~ X (H*ut N (x NN +0Ny)) Oy sy~ N D VXN (H*Mt N (X N)) Oyt

Rf\l >t n,{-v >t

where

£ S0 (H Y (XY ) — H o g (X))

Rf\’>t
% (77/ (H % ﬂév’TN (Xt]vﬂ:,TN)) _ 77/ (H % ﬂév’TN (XtN,i,rN_))) 5XNYMN- (7.18)

When computing the difference p! — o} integrated against some bounded function, using Taylor
expansions for 7, one can check that, up to an error term of order O (%) the first terms in the
right hand side of (7.17) and (7.18) cancel each other, the second terms as well, and so does the
sum of the two last term in (7.17) with the last one in (7.18). Consequently,

e dydt o N dydt K
1= | (/wtdpy) - [Ta-a | (/gotday)— <
/0 s eny Uk ) e o " s eny WU L) Jy|tte

— « .
Nr$y

This concludes the proof.

Proof (Proof of Lemma 7.3.11). For a time ¢, of the form khy, no particle moved in the interval

(Cm-1,Cm), so that wém — wémil = 0, unless the particle labeled 7 has been killed at time (p,.
Hence,

N
. . N,
Tj\l[ = Z Z (me - wémfl)gogm (XCmZ TN)
i=1 (,, of the
form khy

D DD DR SIHC i)

Cm of the  gN=¢
form khn !
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This sum is actually a sum over pairs of close particles with opposite signs; thus

N j N.j,
T ={ > > (e (XL) 4wl e, (XET))
Cm of the  pairs {i,j} of particles
form kh killed at time (;,
N7 s N.,j,
< ¥ z k., + 1w, [lelloo + [0, _ | [ (XE7) = e (XT)

Cm of the pairs {i,5} of particles
form kh N killed at time

1
SK(N‘FEN)-

Indeed, a couple (i,7) of killed particles is such that |Xgn’i’TN — Xgn’j’TN| < ey and is made of
particles with opposite signs, so that

. : . : : 1 K
i i ~N,r N,i,r
wl,, +ul, | = \(wxo) (X)) ' (H G (X)) + 0 (N)\ <15

Proof (Proof of Lemma 7.3.12). Notice that from the independence of the increments, denoting
by L= a Lévy process with Lévy measure cal‘y‘g,«‘y‘dﬁ, one has

P(By) = P(on|L5N| < en /4N

NT/h
:(17P(O'NTN|£§A1[T;]Q|ZEN/4)) N.

Since the Lévy measure ca1|y|§1|y|d% has compact support, the random variables Etgl have ex-
ponential moments, and Chernov’s inequality yields

P (aNrN|£Sl ol > EN/4) <E (exp (}Kgl _
hNTN hNTN

N )) exp (—en/4onrn) = exp (Khnry® —en/4onry)

where the constant K does not depend on N.
2 2
In the Brownian case a = 2, we use the tail estimate fAO; e dx < Ke M for positive M.

Lemma 7.3.13 Let a1 < ... < ay and by < ... < by be two nondecreasing sequences of real
numbers. Then the quantity Zfil aibg(;y for some permutation o is mazimal when o(i) = i for
all 7.

Proof. From optimal transportation theory (see [71, page 75]), the quantity Zfil(ai — bo(s))? is
minimal when o is the identity. Expanding the square, we see that Zf;l(ai —byi))? = Zf;l(af +
b?) — 225\7:1 aiby(;)- Thus, vazl aiby(;) is maximal if and only if vazl(ai — by(iy)? is minimal,
concluding the proof.

Lemma 7.3.14 Let f be some bounded function with compact support on [0,00) x R which is
smooth with respect to the space variable. If hy goes to zero and oy is bounded, then

. - N,z,'r‘N _
Jim E NZ>O/ wh ) fi (X0 ) e = o,

Proof. First notice that when ¢ is not in an interval [khy, (k + 1/2)hy], one has w; = wt, , since
no particle moved between 74 and t. Then, one can write, from the assumptions on f,
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Z/ —wh) (x0T ) ar] < Z/ A (Wi (XN =t (X)) ae

KN >0

K , .
+= > / Xt ‘XtN’”N — Xﬁ[*”N‘ A 1dt.
Integrating by parts, one can see that

) / ¥ (wh X — (N )

KN >0

Xt

H o i () ) = (H» 7 (2)) ) O fulr)dact

K
< / X / Z 1 NZTN<1<XN1TN—|—1 NN g x NN Oy ft(z)dadt

kN>0

N,i,rn N,z,r
_N/ Wy ‘X ~x! N’/\ldt
kN >0

We conclude the proof by writing

T
N/ W Z [V X At = /O X Ly [XV07 = XN Atar
>0

<T (hN sup |A'|+E ((0N|A2VJ’V1’TN|) A 1)) .

[_171]

This last quantity tends to zero when hy goes to 0.

7.4 Numerical results

In this section, we illustrate our convergence results by giving some numerical simulations. We
simulated the solution to the fractional and the inviscid Burgers equations

Oy + %am(qﬁ) +0%(—=4)% =0 and dyu+ %81(13) =0,

corresponding to the choice A(x) = x2?/2, with different values for the parameter a.

One can find an explicit exact solution to the inviscid Burgers equation (see [46]) and we
compare the result of the simulation to this exact solution in the vanishing viscosity setting.
However, to our knowledge, no explicit solutions exist in the case of a positive viscosity coefficient
for a < 2, so that we have to compare the result of our simulation with the one given by another
numerical method. Here, we use a deterministic method, introduced by Droniou in [29].

7.4.1 Constant viscosity (on = o)

We give three examples of approximation to the viscous conservation law. In Figures 7.1, 7.2 and
7.3, we show the approximation of the solution starting at 1{_g.2,0.9) to the viscous conservation
law with respective indices a = 1.5, « = 1 and o = 0.1 and diffusion coefficient ¢ = 1 using
N = 1000 particles, with parameters h = 0.01 and ¢ = 0.04 at simulation times 0.25, 0.5, 0.75
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and 1. The continuous line is the simulated solution, and the dotted line is the “exact” solution
obtained with the deterministic scheme of [29] using small time and space steps.

We now investigate the convergence rate of the error, that is the Riemann sum on the dis-
cretization grid associated with the integral in Theorems 7.3.1, 7.3.2 and 7.3.3. In Figure 7.4 is
depicted the logarithmic plot of the error as a function of N where we used the relation hy = 10/N,
and ey = 40/N, with N ranging from 10 to 10000, in the three cases « = 0.5, 1 and 1.5. In the
case a < 1, this relation between N, hy and ey satisfies the condition of Theorem 7.3.1. These
pictures make us expect a convergence rate of \/—%, corresponding to the optimal rate analyzed

theoretically in [17,18], in the case o = 2, without killing.
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Fig. 7.1. Approximation of the conservation law with index o = 1.5.
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Fig. 7.2. Approximation of the conservation law with index o = 1.

Behavior as h — 0

We give in Figure 7.5 the approximation error in terms of the time step h, for a fixed number
of particles, in a logarithmic plot. We set the parameter ¢ to be equal to 4A so that the condition
of Theorem 7.3.1 is satisfied. We took N = 340000 and o = 1. We set « = 0.5, =1 and a = 1.5
respectively. The different parameters h range from 1 to 278. In [17,18] it is shown, in case a = 2



120 7 Approximation particulaire pour une loi de conservation scalaire fractionnaire
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Fig. 7.3. Approximation of the conservation law with index o = 0.1.
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Fig. 7.4. Error in the approximation of the conservation law with indices @« = 0.5, 1 and 1.5 as IV tends
to infinity, in a log-log plot. The respective slopes are —0.46, —0.41 and —0.56. The upper and lower lines
show the 95% confidence interval.

and the initial condition is monotonic, that the error is of order h. In view of Figure 7.5, it seems
that the convergence rate is still of order &, even for a < 2 and any initial condition with bounded
variation.

7.4.2 Vanishing viscosity (on — 0)
We consider the Burgers equation
v = 0 (u?/2)

with initial condition ug(x) = 1;_3 _2] — 1j2,3, which is the cumulative distribution function of
the measure d_3 — d_o + d2 — d3. In that case, the solution of the Burgers equation is explicit and
given by the expression

. r+3 r—3
u(t, z) = min (T’ 1) 1[—3,min(—2+g,—3+\/ﬂ,o)] + max (T’ _1> 1[max(2—%,3—\/2_t70),3]'

We compare the function u to the function obtained by running the Euler scheme with a small
diffusion coefficient 0. One can expect the approximation to be better for large values of «. Indeed,
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% 5 -4 3 2 a4 -0

Fig. 7.5. Log-log plot of the error as h tends to zero, with a fixed number of particles, at respectively
a = 0.5, 1 and 1.5. The slopes are equal to 1 up to an error of 0.01.

for small values of «, the particles tend to jump very far away, and subsequently “disappear” from
the simulation. The consequence of this behavior is that the solution is somehow decreased by a
multiplicative constant.

For large values of «, the approximation is quite good, even for not so small diffusion coefficients.
Figure 7.6 gives the result of the simulation of the Euler scheme with parameters o = 1.5, ¢ = 0.04,
o = 0.1 and h = 0.01, at the different times 2, 4, 6 and 8 for N = 10000 particles. Figure 7.7 gives
the same simulation for « = 1. In the case o < 1, and especially when « is small, one needs to take
a very small value for the diffusion coefficient in order to have a reasonable approximation of the
solution. Indeed, the approximation depicted in Figure 7.8 is the appproximation of the solution
at times 2, 4, 6 and 8 for diffusion coefficient & = 10~%. Here, we used 10000 particles killed at a
distance ¢ = 0.01, the time step being h = 0.01. In Figure 7.9 we show the same simulation, with
diffusion coefficient changed to o = 1072,

1.0

05

0o==""

-0.5]

-1.0 ~1.

-4 -3 -2 -1 0 1 2 3 -4 -3 -2 -1 0 1 2 3

Fig. 7.6. Approximation of the inviscid conservation law by a fractional Euler scheme with index oo = 1.5
and diffusion coefficient 0.1.
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Fig. 7.7. Approximation of the inviscid conservation

and diffusion coefficient 0.1.

1.0

0.5

Fig. 7.8. Approximation of the inviscid conservation law by a fractional Euler scheme with index o = 0.1

and diffusion coefficient 107%.

Fig. 7.9. Approximation of the inviscid conservation law by a fractional Euler scheme with index o = 0.1

and diffusion coefficient 10712,
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